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ENTIRE SOLUTIONS IN BISTABLE REACTION-DIFFUSION
EQUATIONS WITH NONLOCAL DELAYED NONLINEARITY

ZHI-CHENG WANG, WAN-TONG LI, AND SHIGUI RUAN

Abstract. This paper is concerned with entire solutions for bistable reaction-
diffusion equations with nonlocal delay in one-dimensional spatial domain.
Here the entire solutions are defined in the whole space and for all time t ∈ R.
Assuming that the equation has an increasing traveling wave solution with
nonzero wave speed and using the comparison argument, we prove the exis-
tence of entire solutions which behave as two traveling wave solutions coming
from both ends of the x-axis and annihilating at a finite time. Furthermore, we
show that such an entire solution is unique up to space-time translations and is
Liapunov stable. A key idea is to characterize the asymptotic behavior of the
solutions as t → −∞ in terms of appropriate subsolutions and supersolutions.
In order to illustrate our main results, two models of reaction-diffusion equa-
tions with nonlocal delay arising from mathematical biology are considered.

1. Introduction and main results

In this paper, we are concerned with entire solutions of the bistable reaction-
diffusion equation with nonlocal delay of the form

(1.1)
∂u

∂t
= d∆u + g

(
u (x, t) ,

∫ 0

−τ

∫ ∞

−∞
h (y,−s)S (u (x + y, t + s)) dyds

)
,

where x ∈ R, t > 0, d > 0, ∆ is the Laplacian operator on R, τ > 0 is a given
constant, and h ∈ L1 (R × [0, τ ]) is a nonnegative kernel satisfying

(H1)
∫ τ

0

∫∞
0

h (y, s) dyds = 1 [normalization];
(H2) h (x, t) = h (−x, t) for (x, t) ∈ R × [0, τ ] [spatial symmetry];
(H3)

∫ τ

0

∫∞
0

eλyh (y, s) dyds < ∞ for λ ≥ 0 [convergence].
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For the sake of convenience, we set

(h ∗ v) (x, t) =
∫ 0

−τ

∫ ∞

−∞
h (y,−s) v (x + y, t + s) dyds

for any v ∈ C
(
R2

)
. Then the spatial symmetry condition (H2) implies that

(h ∗ v) (x, t) =
∫ τ

0

∫ ∞

−∞
h (y, s) v (x − y, t − s) dyds.

The nonlinearity is induced by the functions g and S, which satisfy the following
assumptions:

(F1) g ∈ C2 ([0, 1] × [S(0), S(1)] , R) and ∂2 g (u, v) ≥ 0 for (u, v) ∈ [0, 1] ×
[S(0), S(1)]; S ∈ C2 ([0, 1] , R) and S′ (u) ≥ 0 for u ∈ [0, 1].

(F2) g (0, S(0)) = g(1, S(1)) = 0, ∂1g(0, S(0)) + ∂2g (0, S(0))S′(0) < 0, and
∂1g(1, S(1)) + ∂2g (1, S(1))S′(1) < 0.

We will assume that (1.1) has an increasing traveling wave solution with the wave
speed c. Hereafter, a traveling wave solution of (1.1) always refers to a pair (φ, c),
where φ = φ(ξ) is a function in R and c is a constant, such that u(x, t) := φ(x+ ct)
is a solution of (1.1) and

(1.2) lim
ξ→−∞

φ(ξ) = 0, lim
ξ→+∞

φ(ξ) = 1.

We call c the traveling wave speed and φ the profile of the wave front. These
assumptions about the existence of traveling wave solutions have been justified for
a number of important special cases of (1.1) and some more general cases. For
example, if h(x, t) = δ(t)δ(x), δ(·) is the Dirac delta function, then (1.1) reduces to
the local equation without delay

(1.3)
∂u

∂t
= d∆u + g (u, S(u)) , x ∈ R, t > 0.

There are many well-known results on traveling wave solutions of (1.3) with bistable
nonlinearity; see Fife and McLeod [12, 13], Volpert et al. [39], etc. For the related
results on convergency of solutions of (1.3), one can refer to Martin and Smith [27]
and Poláčik [31, 32].

If S(u) = u and h(x, t) = δ(t − τ )δ(x), then (1.1) reduces to the local equation
with a discrete delay

(1.4)
∂u

∂t
= d∆u + g (u (x, t) , u (x, t − τ )) , x ∈ R, t > 0, τ > 0.

For Huxley nonlinearity, Schaaf [36] showed that there is exactly one wave speed c
such that (1.4) has a nontrivial strictly increasing traveling wave solution. More-
over, he gave the asymptotic behavior of such a traveling wave solution at infinity.
Smith and Zhao [38] further proved the global asymptotic stability, Liapunov sta-
bility and uniqueness of traveling wave solutions of (1.4) with a bistable nonlinear
term.

If h(x, t) = δ(t)J(x), then (1.1) reduces to the nonlocal equation

(1.5)
∂u

∂t
= d∆u + g

(
u (x, t) ,

∫ ∞

−∞
J (x − y)S (u (y, t)) dy

)
, x ∈ R, t > 0.

Chen [7] proved the existence, uniqueness and global asymptotic stability of trav-
eling wave solutions of (1.5) by developing the so-called squeezing technique.
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If g(u, v) = −αu + v, S(u) = b(u) and h(x, t) = δ(t − τ )J(x), then (1.1) reduces
to the nonlocal equation

(1.6)
∂u

∂t
= d∆u − αu (x, t) +

∫ ∞

−∞
J (x − y) b (u (y, t − τ )) dy, x ∈ R, t > 0, τ > 0,

which was studied by Ma and Wu [26]. Under the bistable assumption, they proved
the existence, uniqueness and global asymptotic stability of traveling wave solutions
of (1.6).

Recently, Wang et al. [42] studied the reaction advection diffusion equation with
nonlocal delay and a bistable nonlinear term of the form
(1.7)
∂u

∂t
=d∆u + B

∂u

∂x
+ g

(
u (x, t) ,

(∫ 0

−τ

∫ ∞

−∞
h (x−y,−s) S (u (y, t+s)) dyds

)
(x, t)

)
,

and established the existence, uniqueness and global asymptotic stability of travel-
ing wave solutions of (1.7).

Since time delay and nonlocality play very important roles in biological and
epidemiological models (see Britton [5] and Ruan [34]), they have a crucial effect
on the dynamics of the equation (1.1); see Gourley et al. [19], Li et al. [23, 24],
Wang and Li [40] and Wu [45]. There has been significant progress in the study
of traveling wave solutions for both bistable and monostable equations; see, for
example, Ai [1], Ashwin et al. [2], Billingham [4], Faria et al. [14, 15], Gourley and
Kuang [17, 18], Liang and Wu [25], Ou and Wu [29], Ruan and Xiao [35], Wang et
al. [41, 43], Wu and Zou [46], Zou [48], and the references cites therein.

On the other hand, it has been observed that traveling wave solutions are special
examples of the so-called entire solutions that are defined in the whole space and for
all time t ∈ R. In particular, Chen and Guo [8], Fukao et al. [16], Guo and Morita
[20], Hamel and Nadirashvili [21, 22], Morita and Ninomiya [28] and Yagisita [47]
have shown that the study of entire solutions is essential for a full understanding
of the transient dynamics and the structure of the global attractors. These studies
showed the great diversity of different types of entire solutions of reaction-diffusion
equations in the absence of time delay. By constructing a global invariant manifold
with asymptotic stability, Yagisita [47] proved that, for the bistable equation, there
exists an entire solution which behaves as two traveling wave solutions coming
from both sides of the x−axis and annihilating in a finite time. The stability
and uniqueness of entire solutions were also considered. Yagisita’s argument was
substantially simplified by Fukao et al. [16], and the existence of an entire solution
emanating from the unstable standing pulse solution of (1.1) was also obtained. For
the Fisher-KPP equation, Hamel and Nadirashvili [21] established five-dimensional,
four-dimensional and three-dimensional manifolds of entire solutions, respectively,
by combining two traveling wave solutions with different speeds and coming from
both sides of the real axis and some spatially independent solution. In [22], Hamel
and Nadirashvili further considered the existence of entire solutions of the Fisher-
KPP equation in high-dimensional spaces and obtained an amazingly rich class of
entire solutions. Chen and Guo [8] and Guo and Morita [20] developed a unified
approach based on the comparison principle to find entire solutions for both the
bistable and monostable cases. Furthermore, Chen et al. [9] considered entire
solutions of reaction-diffusion equations with bistable nonlinearities for the case
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c = 0. Morita and Ninomiya [28] showed some novel entire solutions which are
completely different from these observed in [8, 16, 20, 21, 22, 47].

However, the above mentioned results are only concerned with entire solutions of
reaction-diffusion equations in the absence of time delay and nonlocality. The issue
of the existence of entire solutions for a general bistable equation with nonlocal delay
including the Huxley equation [36] and the single population with stage structure
and distributed maturation delay [3] is still open. The goal of this paper is to
resolve this issue.

In this paper, we consider some new types of entire solutions of (1.1). Our
method is to construct appropriate supersolutions and subsolutions and then show
the existence of the desired entire solutions by comparison and the continuity of the
semiflow, which is inspired by Chen and Guo [8] and Guo and Morita [20] and are
done in Section 4. Before doing that, we study the asymptotic behavior of traveling
wave solutions at infinity in Section 3. Furthermore, the uniqueness and stability
of such an entire solution are established in Section 5.

Throughout the paper, we always assume that (H1), (H2), (H3), (F1) and (F2)
hold. Now we state our main results in this paper.

Theorem 1.1. Assume that equation (1.1) admits an increasing traveling wave
solution φ with speed c > 0. Then for any given constants θ1 and θ2 there exists
a solution Φ (x, t) of (1.1) defined for all (x, t) ∈ R2 such that 0 < Φ (x, t) < 1,
∂Φ
∂t > 0 and

lim
t→−∞

{
sup
x≥0

|Φ (x, t) − φ (x + ct + θ1)| + sup
x≤0

|Φ (x, t) − φ (−x + ct + θ2)|
}

= 0.

In particular, the entire solution is Liapunov stable. Furthermore, assume that
h(x, t) = J(x)δ(t − τ ) and Φ̃ (x, t) is another solution of (1.1) satisfying 0 <

Φ̃ (x, t) < 1 and

(U+) there exist constants a > 0 and T0 ∈ R, and functions l (·) and r (·)
such that for all t ≤ T0 and s ∈ [−τ, 0],

(1.8){
Φ̃ (x, t + s) ≥ β0 ∀ x ∈ (−∞, l (t)] ∪ [r (t) ,∞) ,

Φ̃ (x, t + s) ≤ α0 ∀ x ∈ [min {l (t) + a, r (t) − a} , max {l (t) + a, r (t) − a}] ,

where α0 and β0 are constants satisfying

(1.9) g (u, S (u)) < 0 in u ∈ (0, α0] and g (u, S (u)) > 0 in u ∈ [β0, 1).

Then Φ̃ (x, t) is also Liapunov stable, and there exist x0 ∈ R and t0 ∈ R such that

Φ̃ (x, t) = Φ (x + x0, t + t0) for any (x, t) ∈ R
2.

Theorem 1.2. Assume that equation (1.1) admits an increasing traveling wave
solution φ with wave speed c < 0. Then for any given constants θ1 and θ2 there
exists a solution Φ (x, t) of (1.1) defined for all (x, t) ∈ R

2 such that 0 < Φ (x, t) < 1,
∂Φ
∂t < 0 and

lim
t→−∞

{
sup
x≥0

|Φ (x, t) − φ (−x + ct + θ1)| + sup
x≤0

|Φ (x, t) − φ (x + ct + θ2)|
}

= 0.
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In particular, the entire solution is Liapunov stable. Furthermore, assume that
h(x, t) = J(x)δ(t − τ ) and Φ̃ (x, t) is another solution of (1.1) satisfying 0 <

Φ̃ (x, t) < 1 and

(U−) there exist constants a > 0 and T0 ∈ R, and functions l (·) and r (·)
such that for all t ≤ T0 and s ∈ [−τ, 0],{

Φ̃ (x, t + s) ≥ β0 ∀ x ∈ [min {l (t) + a, r (t) − a} , max {l (t) + a, r (t) − a}] ,
Φ̃ (x, t + s) ≤ α0 ∀ x ∈ (−∞, l (t)] ∪ [r (t) ,∞) ,

where α0 and β0 are constants satisfying

g (u, S (u)) < 0 in u ∈ (0, α0] and g (u, S (u)) > 0 in u ∈ [β0, 1).

Then Φ̃ (x, t) is also Liapunov stable, and there exist x0 ∈ R and t0 ∈ R such that

Φ̃ (x, t) = Φ (x + x0, t + t0) for any (x, t) ∈ R
2.

Remark 1.3. If there exists τ0 ∈ (0, τ ) such that h(x, t) satisfies
∫ τ

τ0

∫∞
−∞ h(x, t)dxdt

= 1, that is,
∫ τ0

0

∫∞
−∞ h(x, t)dxdt = 0, then Φ̃ (x, t) in Theorems 1.1 and 1.2 is still

a translation of Φ, respectively. See Remark 5.9.

Remark 1.4. For the case h(x, t) = δ(x)δ(t), Theorem 1.1 concludes Theorem 1.1(i)
of Fukao et al. [16], Theorem 1.1 of Guo and Morita [20] and Theorem 1.1 of Yagisita
[47]. Theorem 1.2 concludes Theorems 1 and 2 of Chen and Guo [8].

In the following, we give two applications of Theorems 1.1 and 1.2.

Example 1.5. Consider the typical Huxley nonlinearity

g (u, v) =
{

u (1 − u) (v − a) for 0 ≤ u ≤ 1, v ∈ R,
u (1 − u) (u − a) otherwise

with a ∈ (0, 1), a �= 1
2 . This is a special case of equation (1.1) with S (u) = u

and h (x, t) = δ (x) δ (t − τ ), τ ≥ 0. Following Theorem 3.13 of Schaaf [36, p. 603],
we know that (1.1) has an increasing traveling wave solution with speed c > 0 if
a ∈

(
0, 1

2

)
and an increasing traveling wave solution with speed c < 0 if a ∈

(
1
2 , 1

)
.

Thus, Theorems 1.1 and 1.2 hold for (1.1) with the Huxley nonlinearity when
a ∈

(
0, 1

2

)
and a ∈

(
1
2 , 1

)
, respectively.

Example 1.6. Al-Omari and Gourley [3] derived a nonlocal reaction-diffusion
model for a single population with stage structure and distributed maturation delay,
namely,

(1.10)

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

∂ui

∂t = Di∆ui + b (um (x, t)) − γui (x, t)

−
∫ τ

0

∫
Ω

G (x, y, s) f (s) e−γsb (um (y, t − s)) dyds,

∂um

∂t = Dm∆um − d (um (x, t))

+
∫ τ

0

∫
Ω

G (x, y, s) f (s) e−γsb (um (y, t − s)) dyds,
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where
∫ τ

0
f(s)ds = 1, Ω ⊂ RN is open and bounded, G(x, y, t) is the solution subject

to the homogeneous Neumann boundary condition of
∂G

∂t
= Di∆xG, G(x, y, 0) = δ(x − y).

If the bounded domain Ω is replaced by the whole real line (−∞,∞), then the
second equation of (1.10) reduces to

∂um

∂t
= Dm∆um − d (um (x, t))

+
∫ τ

0

∫ ∞

−∞

1√
4πDis

e
−(x−y)2

4Dis f (s) e−γsb (um (y, t − s)) dyds.
(1.11)

Ma and Wu [26] considered a special case (1.6) of (1.11). In [42], we showed that
(1.11) has an increasing traveling wave solution under the following conditions:

(C1) There exist 0 ≤ a1 < a2 < a3 such that εb(ai) − d(ai) = 0, i = 1, 2, 3;
εb(u) − d(u) < 0 for u ∈ (a1, a2); εb(u) − d(u) > 0 for u ∈ (a2, a3), where
ε =

∫ τ

0
f(s)e−γsds.

(C2) b(·), d(·) ∈ C2([a1, a3]), b′(·) ≥ 0, εb′(a1) < d′(a1), εb′(a2) > d′(a2),
εb′(a3) < d′(a3).

Assume that (C1) and (C2) hold. If the wave speed of the traveling wave solution
of (1.11) is nonzero, then the existence and stability of the entire solutions of (1.11)
follow from Theorems 1.1 and 1.2. If there exists τ0 ∈ (0, τ ) such that

∫ τ

τ0
f(s)ds =

1, which contains the case f(s) = δ(t−τ ), then the uniqueness of the entire solutions
in Theorems 1.1 and 1.2 and Remark 1.3 are valid for (1.11).

2. Preliminaries

In this section, we state some definitions and establish the comparison theorem
for (1.1), which is needed in the sequel.

Let X = BUC (R, R) be the Banach space of all bounded and uniformly con-
tinuous functions from R into R with the usual supremum norm. Let X+ =
{ϕ ∈ X : ϕ (x) ≥ 0, x ∈ R} . It is easy to see that X+ is a closed cone of X and
X is a Banach lattice under the partial ordering induced by X+. By [10, Theorem
1.5], it then follows that the X−realization d∆X of d∆ generates a strongly con-
tinuous analytic semigroup T (t) on X and T (t)X+ ⊂ X+, t ≥ 0. Moreover, we
have

T (t)ϕ (x) =
1√
4πdt

∫ ∞

−∞
exp

(
− (x − y)2

4dt

)
ϕ (y) dy,(2.1)

x ∈ R, t > 0, ϕ (·) ∈ X.

Let C = C ([−τ, 0] , X) be the Banach space of continuous functions from [−τ, 0]
into X with the supremum norm and let C+ = {ϕ ∈ C : ϕ (s) ∈ X+, s ∈ [−τ, 0]} .
Then C+ is a positive cone of C. As usual, we identify an element ϕ ∈ C
as a function from R × [−τ, 0] into R defined by ϕ (x, s) = ϕ (s) (x) . For any
continuous function w : [−τ, b) → X, b > 0, we define wt ∈ C, t ∈ [0, b), by
wt (s) = w (t + s) , s ∈ [−τ, 0] . Then t �→ wt is a continuous function from [0, b) to
C. For any ϕ ∈ C[0,1] = {ϕ ∈ C : ϕ (x, s) ∈ [0, 1] , x ∈ R, s ∈ [−τ, 0]} , define

F (ϕ) (x) = g

(
ϕ (x, 0) ,

∫ 0

−τ

∫ ∞

−∞
h (x − y,−s)S (ϕ (y, s)) dyds

)
.
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By the global Lipschitz continuity of g(·, ·) on [0, 1]× [S(0), S(1)] and S(·) on [0, 1],
we can verify that F (ϕ) ∈ X and F : C[0,1] → X is globally Lipschitz continuous.

Definition 2.1. A continuous function v : [−τ, b) → X, b > 0, is called a superso-
lution (subsolution) of (1.1) on [0, b) if and only if

(2.2) v(t) ≥ (≤)T (t − s) v (s) +
∫ t

s

T (t − r)F (vr) dr

for all 0 ≤ s < t < b. If v is both a supersolution and a subsolution on [0, b), then
it is said to be a mild solution of (1.1).

Definition 2.2. A function v : (−∞, T ) → X, T ∈ R, is called a supersolution
(subsolution) of (1.1) on (−∞, T ) if and only if for any T ′ < T , w (t) : [−τ, T−T ′) →
X defined by w (t) = v (t + T ′) for t ∈ [−τ, T −T ′) is a supersolution (subsolution)
of (1.1) on [0, T − T ′).

In [42, 43], we have established the following existence and comparison result.

Theorem 2.3. For any ϕ ∈ C[0,1], (1.1) has a unique mild solution u (x, t; ϕ) on
[0,∞) which is a classical solution to (1.1) for (x, t) ∈ R × (τ,∞). Furthermore,
for any pair of supersolutions ϕ+ (x, t) and subsolutions ϕ− (x, t) of (1.1) on [0, b)
with 0 ≤ ϕ+ (x, t) , ϕ− (x, t) ≤ 1 for x ∈ R, t ∈ [−τ, b), and ϕ+ (x, s) ≥ ϕ− (x, s) for
x ∈ R, s ∈ [−τ, 0], 0 < b ≤ ∞, we have ϕ+ (x, t) ≥ ϕ− (x, t) for x ∈ R, 0 ≤ t < b
and

ϕ+ (x, t) − ϕ− (x, t) ≥ Θ (J, t − t0)
∫ z+1

z

(
ϕ+ (y, t0) − ϕ− (y, t0)

)
dy

for any J ≥ 0, x and z ∈ R with |x − z| ≤ J , and t > t0 ≥ 0, where

Θ (J, t) =
1√
4πdt

exp

(
−L1t −

(J + 1)2

4dt

)
, J ≥ 0, t > 0,

and L1 = max(u,v)∈[0,1]×[S(0),S(1)] |∂1g (u, v)|. In particular, if there exists x0 ∈ R

such that ϕ+(x0, 0) > ϕ−(x0, 0), then ϕ+(x, t) > ϕ−(x, t) for any x ∈ R and t > 0.

Remark 2.4. For τ = 0, that is, for the equation without delay, Theorem 2.3 still
holds.

3. Asymptotic behavior of traveling wave solutions

In this section, we will discuss the asymptotic behavior of traveling wave solutions
of (1.1) at infinity. Define a function

G (λ) =
∫ τ

0

∫ ∞

−∞
h (y, s) e−λ(y+cs)dyds

=
∫ τ

0

∫ ∞

0

h (y, s)
(
eλy + e−λy

)
e−λcsdyds, λ ∈ C,

where c ∈ R is a constant. Since e−iImλy and e−iImλcs are bounded, G (λ) is well
defined in C. Obviously, G (0) = 1.

Lemma 3.1. For λ ∈ R, G (λ) satisfies

∂

∂λ
G (λ) =

∫ τ

0

∫ ∞

0

h (y, s)
[
(y − cs)eλ(y−cs) − (y + cs)e−λ(y+cs)

]
dyds
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and
∂2

∂λ2
G (λ) =

∫ τ

0

∫ ∞

0

h (y, s)
[
(y − cs)2eλ(y−cs) + (y + cs)2e−λ(y+cs)

]
dyds > 0.

The lemma can be proved by condition (H3) and Lebesgue’s dominated conver-
gence theorem, so its proof is omitted.

Define two complex functions ∆0 (λ) and ∆1 (λ) by

∆0 (λ) = dλ2 − cλ + ∂1g (0, S(0)) + ∂2g (0, S(0))S′(0)G (λ) ,

∆1 (λ) = dλ2 − cλ + ∂1g (1, S(1)) + ∂2g (1, S(1))S′(1)G (λ) ,

where λ ∈ C. Then it is easy to see that the following result holds.

Lemma 3.2. The equation ∆i(λ) = 0 has two real roots λi1 < 0 and λi2 > 0 such
that

∆i(λ) =

⎧⎨⎩
> 0 for λ < λi1,
< 0 for λ ∈ (λi1, λi2) ,
> 0 for λ > λi2,

where i = 0, 1.

In the following, we investigate the asymptotic behavior of traveling wave solu-
tions at infinity. Our method is similar to that of Carr and Chmaj [6] which has
been used by Wang et al. [43] (see also Diekmann and Kaper [11]). We first provide
a technical lemma about the asymptotic behavior of a positive decreasing function,
which is given by Carr and Chmaj [6, Proposition 2.3] and is important to prove
our results.

Lemma 3.3. Let � (λ) =
∫∞
0

u (ξ) e−λξdξ with u (ξ) being a positive decreasing
function. Assume that � has the representation

� (λ) =
E (λ)

(λ + α)k+1
,

where k > −1 and E is analytic in the strip −α ≤Reλ < 0. Then

lim
ξ→+∞

u (ξ)
ξke−αξ

=
E (−α)

Γ (α + 1)
.

Lemma 3.4. Assume further that φ̃ (t) is an increasing traveling wave solution of
(1.1) satisfying 0 < φ̃ (t) < 1 and (1.2). Then φ̃′ (t) > 0 and limt→±∞ φ̃′ (t) = 0.

The proof of Lemma 3.4 follows from Theorem 2.3 and a similar argument to
Lemma 2.5 of Smith and Zhao [38].

Theorem 3.5. Assume that φ (t) is an increasing traveling wave solution of (1.1)
satisfying (1.2) with wave speed c ∈ R. Then

(i) limt→−∞ e−λ02tφ(t) = a02, limt→−∞ e−λ02t (h ∗ φ) (t) = a02G (λ02) and
limt→−∞ e−λ02tφ′(t) = λ02a02, where

(h ∗ φ)(t) =
∫ τ

0

∫ +∞

−∞
h(y, s)φ(t − y − cs)dyds

and a02 > 0 is a constant.
(ii) limt→∞ e−λ11t(1 − φ(t)) = a11, limt→∞ e−λ11t ((1 − (h ∗ φ) (t))) =

a11G (λ11) and limt→∞ e−λ11tφ′(t) = −λ11a11, where a11 > 0 is a constant.
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Proof. Let U(t) = 1 − φ(t) and define V (t) =
∫ τ

0

∫∞
−∞ h (z, r)U (t − cr − z) dzdr.

Since U (t) satisfies −dU ′′(t) + cU ′(t) = −g (1 − U(t), (h ∗ S (1 − U)) (t)), then

U (t) =
1

d (λ2 − λ1)

[∫ t

−∞
eλ1(t−s)H (U) (s) ds +

∫ ∞

t

eλ2(t−s)H (U) (s) ds

]
,

where H (U) (t) = −g (1 − U(t), (h ∗ S (1 − U)) (t))+L1U (t), L1 is defined in The-
orem 2.3, and

λ1 =
c −

√
c2 + 4dL1

2d
, λ2 =

c +
√

c2 + 4dL1

2d
.

By virtue of −g (1 − U(t), (h ∗ S (1 − U)) (t))+L1U (t) ≥ 0, for β = max {−λ1, λ2} ,

d

dt

[
U (t) eβt

]
=

eβt

d (λ2 − λ1)

[
β

∫ t

−∞
eλ1(t−s)H (U) (s) ds + β

∫ ∞

t

eλ2(t−s)H (U) (s) ds

]
+

eβt

d (λ2 − λ1)

[
λ1

∫ t

−∞
eλ1(t−s)H (U) (s) ds + λ2

∫ ∞

t

eλ2(t−s)H (U) (s) ds

]
≥ 0.

Set

L=max

⎧⎨⎩
max |∂11g (u, v)| , max |∂2g (u, v) S′′ (w)| + max |∂12g (u, v) S′ (w)| ,

max |∂2g (u, v) S′′ (w)|+max |∂21g (u, v)S′ (w)| , max
∣∣∂22g (u, v) S′2 (w)

∣∣ ,
u, w ∈ [0, 1] , v ∈ [S (0) , S (1)]

⎫⎬⎭,

�1 = ∂1g (1, S(1)) + ∂2g (1, S(1))S′(1) < 0

and

�2 = ∂1g (1, S(1)) − ∂2g (1, S(1))S′(1) < 0.

Since limt→+∞ U(t) = 0 and limt→+∞ V (t) = 0, there exists t′ > 0 such that for
any t > t′,

−1
4
�1 [U (t) + V (t)] > L

[
(1 + 2G(2β))U2 (t) + 2U (t)V (t) + V 2 (t)

]
.

Then by Taylor’s expansion, for any t > t′,

dU ′′(t) − cU ′(t)

= g (1 − U(t), (h ∗ S (1 − U)) (t))

≥ −∂1g (1, S(1))U (t) − ∂2g (1, S(1))S′(1)V (t)

− L
[
(1 + 2G(2β))U2 (t) + 2U (t)V (t) + V 2 (t)

]
= −1

4
�1U (t) +

1
2
�2 (V (t) − U (t)) − 1

4
�1V (t) − 1

4
�1 (U (t) + V (t))

− L
[
(1 + 2G(2β))U2 (t) + 2U (t)V (t) + V 2 (t)

]
≥ −1

4
�1U (t) +

1
2
�2 (V (t) − U (t)) − 1

4
�1V (t) .(3.1)

Now we show that for any t ∈ R, U (t) is integrable on [t, +∞) and there exists ρ > 0
such that supt∈R

U (t) eρt < +∞. By Fubini’s theorem and Lebesgue’s dominated
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convergence theorem, we have, as y → +∞,∫ y

t

(V (s) − U (s)) ds

=
∫ y

t

∫ τ

0

∫ ∞

−∞
h (z, r) (U (s − cr − z) − U (s)) dzdrds

= −
∫ y

t

∫ τ

0

∫ ∞

−∞
(z + cr)h (z, r)

∫ 1

0

U ′ (s − θ (cr + z)) dθdzdrds

= −
∫ τ

0

∫ ∞

−∞
(z + cr)h (z, r)

∫ 1

0

∫ y

t

U ′ (s − θ (cr + z)) dsdθdzdr

= −
∫ τ

0

∫ ∞

−∞
(z + cr)h (z, r)

∫ 1

0

[U (y − θ (cr + z)) − U (t − θ (cr + z))] dθdzdr

→
∫ τ

0

∫ ∞

−∞
(z + cr)h (z, r)

∫ 1

0

U (t − θ (cr + z)) dθdzdr.

Since limt→+∞ U ′ (t) = 0 by Lemma 3.4, integrating (3.1) from t to +∞, we have
that for any t > t′ ,

−dU ′ (t) + cU (t) − 1
2
�2

∫ τ

0

∫ ∞

−∞
(z + cr)h (z, r)

∫ 1

0

U (t − θ (cr + z)) dθdzdr

≥ −1
4
�1

∫ +∞

t

U (s) ds − 1
4
�1

∫ +∞

t

V (s) ds,

which implies that U (t) and V (t) are integrable on [t, +∞).
Now we define a function W (t) =

∫ +∞
t

U (s) ds, which is decreasing and satisfies
limt→+∞ W (t) = 0 and W (t) ≤ W (0) − t for t ≤ 0. Obviously,∫ +∞

t

V (s) ds =
∫ +∞

t

∫ τ

0

∫ ∞

−∞
h (z, r)U (s − cr − z) dzdrds

= lim
y→+∞

∫ y

t

∫ τ

0

∫ ∞

−∞
h (z, r)U (s − cr − z) dzdrds

= lim
y→+∞

∫ τ

0

∫ ∞

−∞
h (z, r)

∫ y

t

U (s − cr − z) dsdzdr

=
∫ τ

0

∫ ∞

−∞
h (z, r)

∫ +∞

t

U (s − cr − z) dsdzdr

=
∫ τ

0

∫ ∞

−∞
h (z, r)W (t − cr − z) dzdr.

Integrating (3.1) from t to +∞ with t > t′, we get

−dU ′ (t) + cU (t)

≥ −1
4
�1W (t) +

1
2
�2

[∫ τ

0

∫ ∞

−∞
h (z, r)W (t − cr − z) dzdr − W (t)

]
−1

4
�1

∫ τ

0

∫ ∞

−∞
h (z, r)W (t − cr − z) dzdr.(3.2)
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Note that∫ y

t

∫ τ

0

∫ ∞

−∞
h (z, r) [W (s − cr − z) − W (s)] dzdrds

= −
∫ y

t

∫ τ

0

∫ ∞

−∞
(cr + z) h (z, r)

∫ 1

0

W ′ (s − θ (cr + z)) dθdzdrds

= −
∫ τ

0

∫ ∞

−∞
(cr + z) h (z, r)

∫ 1

0

[W (y − θ (cr + z)) − W (t − θ (cr + z))] dθdzdr

→
∫ τ

0

∫ ∞

−∞
(cr + z) h (z, r)

∫ 1

0

W (t − θ (cr + z)) dθdzdr as y → +∞.

Then, for any t > t′, (3.2) implies that

dU (t) + cW (t) − 1
2
�2

∫ τ

0

∫ ∞

−∞
(cr + z)h (z, r)

∫ 1

0

W (t − θ (cr + z)) dθdzdr

≥ −1
4
�1

∫ +∞

t

W (s) ds − 1
4
�1

∫ +∞

t

∫ τ

0

∫ ∞

−∞
h (z, r)W (s − cr − z) dzdrds,(3.3)

which means that W (t) and
∫ τ

0

∫∞
−∞ h (z, r)W (t − cr − z) dzdr are integrable on

[t, +∞).
Since W (t) is decreasing, then for any t ∈ R, we have

(z + cr)h (z, r)W (t − (z + cr)) ≥ (z + cr)h (z, r)
∫ 1

0

W (t − θ (z + cr)) dθ.

Again, for z + cr ≥ 0,

W (t − (z + cr)) = W (t) +
∫ t

t−(z+cr)

U (s) ds ≤ W (t) +
∫ t

t−(z+cr)

U (t) eβ(t−s)ds

≤ W (t) +
1
β

eβ(z+cr)U (t) .

Consequently, by (3.3), we have

dU (t) + cW (t) − 1
2
�2W (t)

∫ τ

0

∫ ∞

−cr

(cr + z) h (z, r) dzdr

− 1
2β

�2U (t)
∫ τ

0

∫ ∞

−cr

(cr + z) eβ(z+cr)h (z, r) dzdr

≥ dU (t) + cW (t) − 1
2
�2

∫ τ

0

∫ ∞

−cr

(cr + z)h (z, r)W (t − (cr + z)) dzdr

≥ dU (t) + cW (t) − 1
2
�2

∫ τ

0

∫ ∞

−∞
(cr + z) h (z, r)

∫ 1

0

W (t − θ (cr + z)) dθdzdr

≥ −1
4
�1

∫ +∞

t

W (s) ds.

Thus, there exists a sufficiently large K > 0 such that for any t > t′ and any p > 0,

K [U (t) + W (t)]≥−1
4
�1

∫ +∞

t

[U (s) + W (s)] ds ≥ −p

4
�1 [U (t + p) + W (t + p)] .
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Choosing p0 > 0 sufficiently large, then there exists θ0 ∈ (0, 1) such that for any
t > t′, θ0 [U (t) + W (t)] ≥ U (t + p0) + W (t + p0) . Let e (t) = [U (t) + W (t)] eρt,
where ρ = 1

p0
ln 1

θ0
> 0. Then e (t + p0) = [U (t + p0) + W (t + p0)] eρ(t+p0) ≤

θ0 [U (t) + W (t)] eρ(t+p0) = e (t). In view of limt→−∞ [U (t) + W (t)] eρt = 0, then
supt∈R

{[U (t) + W (t)] eρt} < ∞, which implies that supt∈R
{U (t) eρt} < ∞.

Next we prove that limt→+∞ e−λ11tU (t) exists. For λ with −ρ <Reλ < 0, we
define a two-sided Laplace transform of U by

� (λ) ≡
∫ ∞

−∞
e−λtU (t) dt.

Note that for t ≤ 0, h (y, r)U (t − cr − y) e−Reλt < h (y, r) e−Reλt and for t > 0,

h (y, r)U (t − cr − y) e−Reλt = h (y, r)U (t − cr − y) eρ(t−cr−y)eρcreρye(−ρ−Reλ)t

≤ M̃h (y, r) eρcreρye(−ρ−Reλ)t,

where M̃ = supt∈R
{U (t) eρt}; then h (y, r)U (t − cr − y) e−Reλt is integrable on

(r, y, t)∈ [0, τ ]×R×R. Since e−iImλt is bounded and hence h (y, r)U (t − cr − y) e−λt

is integrable on (r, y, t) ∈ [0, τ ] × R × R, by Fubini’s Theorem, we have∫ ∞

−∞
e−λtV (t) dt =

∫ ∞

−∞
e−λt

∫ τ

0

∫ ∞

−∞
h (y, r)U (t − cr − y) dydrdt

=
∫ τ

0

∫ ∞

−∞
h (y, r) e−λ(cr+y)

∫ ∞

−∞
e−λ(t−cr−y)U (t − cr − y) dtdydr

= � (λ)
∫ τ

0

∫ ∞

−∞
h (y, r) e−λ(cr+y)dydr

= � (λ)G (λ) .

Since

dU ′′ (t) − cU ′ (t) + ∂1g (1, S(1))U (t)

+ ∂2g (1, S(1))S′(1)V (t)

= ∂1g (1, S(1))U (t) + ∂2g (1, S(1))S′(1)V (t)

+ ∂2g (1, S(1))S′(1)V (t)

+ g (1 − U (t) , (h ∗ S(1 − U)) (t)) ,

we have

∆1 (λ) � (λ) =
∫ ∞

−∞
e−λt [∂1g (1, S(1))U (t) + ∂2g (1, S(1))S′(1)V (t)

+g (1 − U (t) , (h ∗ S(1 − U)) (t))] dt.(3.4)

By limt→+∞ U (t) = 0 and limt→+∞ V (t) = 0, we have

∂1g (1, S(1))U (t) + ∂2g (1, S(1))S′(1)V (t) + g (1 − U (t) , (h ∗ S(1 − U)) (t))
= O

(
U2 (t) + V 2 (t)

)
as t → +∞. Hence, the right-hand side of equality (3.4) is defined for λ with −2ρ <
Reλ < 0. Now we use a property of Laplace transforms (Widder [44, p. 58]). Since
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U (t) > 0, there exists a real number ϑ such that � (λ) is analytic for ϑ < Reλ < 0
and � (λ) has a singularity at λ = ϑ. Hence, � (λ) is defined for Reλ > λ11.

We rewrite (3.4) as∫ +∞

0

U (t) e−λtdt = −
∫ 0

−∞
U (t) e−λtdt +

1
∆1 (λ)

∫ ∞

−∞
e−λt [∂1g (1, S(1))U (t)

+∂2g (1, S(1))S′(1)V (t) + g (1 − U (t) , (h ∗ S(1 − U)) (t))] dt.

Note that
∫ 0

−∞ U (t) e−λtdt is analytic for Reλ < 0. Also, the equation ∆1 (λ) = 0
does not have any zero with Reλ = λ11 other than λ = λ11. In fact, let λ = λ11+iγ;
then ∆1 (λ) = 0 implies

− ∂2g (1, S(1))S′(1)
∫ τ

0

∫ ∞

−∞
h (y, r) e−λ11(y+cr) [cos γcr cos γy−sin γcr sin γy] dydr

= dλ2
11 − dγ2 − cλ11 + ∂1g (1, S(1))

(3.5)

and

2dγ − cγ − ∂2g (1, S(1))S′(1)

×
∫ τ

0

∫ ∞

−∞
h (y, r) e−λ11(y+cr) [sin γcr cos γy + cos γcr sin γy] dydr = 0.

By using ∆1 (λ11) = 0, then (3.5) can be rewritten as

−dγ2 = ∂2g (1, S(1))S′(1)
∫ τ

0

∫ ∞

−∞
h (y, r) e−λ11(y+cr)

[
2
(
sin

γcr

2

)2

+ 2
(
sin

γy

2

)2

−4
(
sin

γcr

2

)2 (
sin

γy

2

)2

+ sin γcr sin γy

]
dydr.

Since

2
(
sin

γcr

2

)2

+ 2
(
sin

γy

2

)2

− 4
(
sin

γcr

2

)2 (
sin

γy

2

)2

+ sin γcr sin γy

= 2
(
sin

γcr

2

)2 (
cos

γy

2

)2

+ 2
(
cos

γcr

2

)2 (
sin

γy

2

)2

+ sin γcr sin γy

≥ 4
∣∣∣sin γcr

2
cos

γcr

2
sin

γy

2
cos

γy

2

∣∣∣+ sin γcr sin γy

= |sin γcr sin γy| + sin γcr sin γy ≥ 0,

we have −dγ2 ≥ 0, which implies γ = 0.
Since U(t) is decreasing, then Lemma 3.3 implies that limt→∞ e−λ11t(1−φ(t)) =

limt→∞ e−λ11tU(t) exists. Take limt→∞ e−λ11t(1− φ(t)) = a11. We now prove that
limt→∞ e−λ11tφ′(t) = −λ11a11. From Lebesgue’s dominated convergence theorem,
we know that

lim
t→∞

e−λ11tV (t)

=
∫ τ

0

∫ ∞

−∞
h (z, r) e−λ11(z+cr)

[
lim

t→∞
e−λ11(t−z−cr)U (t − z − cr)

]
dzdr

= a11

∫ τ

0

∫ ∞

−∞
h (z, r) e−λ11(z+cr)dzdr = a11G (λ11) .
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Since as t → +∞,

g (1 − U (t) , (h ∗ S(1 − U)) (t))
= −∂1g (1, S(1))U (t) − ∂2g (1, S(1))S′(1)V (t) + O

(
U2 (t) + V 2 (t)

)
,

then

lim
t→∞

e−λ11tg (1 − U (t) , (h ∗ S(1 − U)) (t))

= −a11 [∂1g (1, S(1)) + ∂2g (1, S(1))S′(1)G (λ11)] .

Using limt→∞ U ′(t) = 0 and integrating the two sides of the equality dU ′′ (t) =
cU ′ (t) + g (1 − U (t) , (h ∗ S(1 − U)) (t)) from t to +∞ , we have

dU ′ (t) = cU (t) −
∫ ∞

t

g (1 − U (s) , (h ∗ S(1 − U)) (s)) dt.

Thus,

lim
t→∞

e−λ11tφ′(t) = − lim
t→∞

e−λ11tU ′(t)

= −ca11

d
+

1
d

lim
t→∞

e−λ11t

∫ ∞

t

g (1 − U (s) , (h ∗ S(1 − U)) (s)) dt

= − c

d
− limt→∞ e−λ11tg (1 − U (t) , (h ∗ S(1 − U)) (t))

dλ11

= −a11 [cλ11 − ∂1g (1, S(1)) − ∂2g (1, S(1))S′(1)G (λ11)]
dλ11

= −a11λ11.

We have completed the proof of the first conclusion. The remainder can be proved
by similar arguments. The proof is complete. �

4. Existence of entire solutions

We study the following ordinary differential equation:

(4.1)
d

dt
p (t) = c + Neαp(t), t ≤ 0,

where N , c and α are positive constants. Solving this equation explicitly, we have

(4.2) p (t) = p (0) + ct − 1
α

ln
{

1 +
N

c
eαp(0)

(
1 − ecαt

)}
.

It is clear that the solution p (t) is monotone increasing. Let

(4.3) ω = p (0) − 1
α

ln
{

1 +
N

c
eαp(0)

}
.

Then from the identity p (t)−ct−ω = − 1
α ln {1 − recαt /(1 + r)} and r= Neαp(0)

/
c,

it follows that for some positive constant R0,

0 < p (t) − ct − ω ≤ R0e
cαt, ∀t ≤ 0.

We note that the above argument about p(t) was first given by Guo and Morita
[20] (see also Fukao et al. [16]). In the sequel of this section, we always assume
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that (1.1) has an increasing traveling wave solution φ with wave speed c > 0. By
Theorem 3.5, there are positive constants k, K, µ, η such that

keλ02t ≤ φ (t) ≤ Keλ02t, keλ02t ≤ (h ∗ φ) (t) ≤ Keλ02t (t ≤ 0) ,(4.4)

ηkeλ02t ≤ ηφ (t) ≤ φ′ (t) , ηkeλ02t ≤ η (h ∗ φ) (t) ≤ φ′ (t) (t ≤ 0) ,(4.5)

ηµeλ11t ≤ η (1 − φ (t)) ≤ φ′ (t) , ηµeλ11t ≤ η (1 − (h ∗ φ) (t)) ≤ φ′ (t) (t ≥ 0) .

(4.6)

Lemma 4.1. There exists T < 0 such that u (x, t) defined by

u (x, t) = min {φ (x + p (t)) + φ (−x + p (t)) , 1}

is a supersolution of (1.1) on (−∞, T ). p (t) is defined by (4.1) with α = λ02,
p (0) ≤ 0 and

N ≥ max

{
2LK2

ηk
,
4LK

ηµ
,
4
(
L + 1

2 +
∫ τ

0

∫∞
0

h (y, r) e2βydydr
)
K

η

}
,

where L and β are defined in Theorem 3.5.

Proof. Define

A+
1 =

{
(x, t) ∈ R

2 : φ (x + p (t)) + φ (−x + p (t)) > 1
}

,

A−
1 =

{
(x, t) ∈ R

2 : φ (x + p (t)) + φ (−x + p (t)) < 1
}

.

If (x, t) ∈ A+
1 , then u (x, t) = 1 and

∂u

∂t
− d∆u − g (u (x, t) , (h ∗ S (u)) (x, t)) = −g (1, (h ∗ S (u)) (x, t))

≥ −g (1, S (1)) = 0.

Now we consider the case (x, t) ∈ A−
1 . In this case, u (x, t) = φ (x + p (t)) +

φ (−x + p (t)). Consequently,

∂u

∂t
− d∆u − g (u (x, t) , (h ∗ S (u)) (x, t))

= p′ (t) [φ′ (x + p) + φ′ (−x + p)] − d [φ′′ (x + p) + φ′′ (−x + p)]
−g (φ (x + p) + φ (−x + p) , (h ∗ S (u)) (x, t))

= [p′ (t) − c] [φ′ (x + p) + φ′ (−x + p)] + g (φ (x + p) , (h ∗ S (φ)) (x + p))
+g (φ (−x + p) , (h ∗ S (φ)) (−x + p))
−g (φ (x + p) + φ (−x + p) , (h ∗ S (u)) (x, t))

= [φ′ (x + p) + φ′ (−x + p)] Neλ02p − R (x, t) ,

where

R (x, t) = g (φ (x + p) + φ (−x + p) , (h ∗ S (u)) (x, t))

− g (φ (x + p) , (h ∗ S (φ)) (x + p)) − g (φ (−x + p) , (h ∗ S (φ)) (−x + p)) .
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Since for r ≥ 0,

p (t − r)

= p (0) + c (t − r) − 1
λ02

ln
{

1 +
N

c
eλ02p(0)

(
1 − ecλ02(t−r)

)}
= p (t) − cr

+
1

λ02
ln

{
1 + N

c eλ02p(0)
(
1 − ecλ02t

)
1 + N

c eλ02p(0) (1 − ecλ02t) + N
c eλ02p(0)ecλ02t (1 − e−cλ02r)

}
≤ p (t) − cr,

it follows that

ξ (y, r) = u (x − y, t − r) − φ (x + p (t) − y − cr)

≤ φ (x − y + p (t − r)) + φ (−x + y + p (t − r)) − φ (x + p (t) − y − cr)

≤ φ (x − y + p (t) − cr) + φ (−x + y + p (t) − cr) − φ (x + p (t) − y − cr)

= φ (−x + y + p (t) − cr) .

Consequently,

R (x, t)
≤ g (φ (x + p) + φ (−x + p) , (h ∗ S (u)) (x, t)) − g (φ (x + p) , (h ∗ S (φ)) (x + p))

−g

(
φ (−x + p) ,

∫ τ

0

∫ ∞

−∞
h (y, r)S (ξ (y, r)) dydr

)
=

∫ 1

0

[∂1g (φ (x + p) + θφ (−x + p) , ζ (x, t))φ (−x + p)

+∂2g (φ (x + p) + θφ (−x + p) , ζ (x, t))

×
∫ τ

0

∫ ∞

−∞
h (y, r)S′ (φ (x + p − y − cr) + θξ (y, r)) ξ (y, r) dydr

]
dθ

−
∫ 1

0

[
∂1g

(
θφ (−x + p) ,

∫ τ

0

∫ ∞

−∞
h (y, r)S (θξ (y, r)) dydr

)
φ (−x + p)

+∂2g

(
θφ (−x + p) ,

∫ τ

0

∫ ∞

−∞
h (y, r)S (θξ (y, r)) dydr

)
×
∫ τ

0

∫ ∞

−∞
h (y, r)S′ (θξ (y, r)) ξ (y, r) dydr

]
dθ

≤ L [φ (x + p)φ (−x + p) + φ (−x + p) (h ∗ φ) (x + p)

+φ (x + p)
∫ τ

0

∫ ∞

−∞
h (y, r) ξ (y, r) dydr

+ (h ∗ φ) (x + p)
∫ τ

0

∫ ∞

−∞
h (y, r) ξ (y, r) dydr

]
≤ L [φ (x + p)φ (−x + p) + φ (−x + p) (h ∗ φ) (x + p)

+φ (x + p) (h ∗ φ) (−x + p) + (h ∗ φ) (x + p) (h ∗ φ) (−x + p)] ,

where ζ(x, t) =
∫ τ

0

∫∞
−∞ h (y, r)S (φ (x + p(t) − y − cr) + θξ (y, r)) dydr.

Note that p (t) < 0 for all t ≤ 0. Let U (x, t) = R(x,t)
φ′(x+p(t))+φ′(−x+p(t)) . Now we

estimate U (x, t) .
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Case I: λ02 ≥ −λ11. We divide R into 3 regions.
(i) p(t) ≤ x ≤ −p(t). By (4.4), we have the estimate R (x, t) ≤ 4LK2e2λ02p.

Also, by (4.5), we have

φ′ (x + p) + φ′ (−x + p) ≥ η [φ (x + p) + φ (−x + p)]

≥ ηk
[
eλ02(x+p) + eλ02(−x+p)

]
= ηk

(
eλ02x + e−λ02x

)
eλ02p ≥ 2ηkeλ02p.

Hence, we have

(4.7) U (x, t) ≤ 2LK2

ηk
eλ02p.

(ii) x ≤ p(t). It follows from (4.6) that

U (x, t) ≤ 2L (φ (x + p) + (h ∗ φ) (x + p))
φ′ (−x + p (t))

≤ 4LKeλ02(x+p)

ηµeλ11(−x+p)

=
4LKeλ02p

ηµe(−λ11−λ02)xeλ11p
≤ 4LK

ηµ
eλ02p.(4.8)

(iii) x ≥ −p(t). By the symmetry U (−x, t) = U (x, t) and (4.8), we obtain

(4.9) U (x, t) ≤ 4LK

ηµ
eλ02p.

Thus, combining (4.7)-(4.9) yields ∂u
∂t − d∆u − g (u (x, t) , (h ∗ S (u)) (x, t)) ≥ 0.

Case II: 0 < λ02 < −λ11. In this case, since λ02 and λ11 satisfy

dλ2
02 − cλ02 + ∂1g (0, S (0)) + ∂2g (0, S (0))S′ (0)G (λ02) = 0,

dλ2
11 − cλ11 + ∂1g (1, S (1)) + ∂2g (1, S (1))S′ (1)G (λ11) = 0,

and G (λ02) < G (λ11), then

∂1g (0, S (0)) + ∂2g (0, S (0))S′ (0) G (λ02)

> ∂1g (1, S (1)) + ∂2g (1, S (1)) S′ (1)G (λ02) .

Set

κ = ∂1g (0, S (0)) + ∂2g (0, S (0))S′ (0)G (λ02)
−∂1g (1, S (1)) + ∂2g (1, S (1))S′ (1)G (λ02) .

Then there exists δ > 0 with δ ≤ S (1) − S (0) such that

∂1g (u, v) + ∂2g (u, v)w� < ∂1g (0, S (0)) + ∂2g (0, S (0))S′ (0) G (λ02) −
κ

2

for any u∈(1 − δ, 1), v∈(S (1) − δ, S (1)), w∈(0, S′ (1) + δ) and �∈(0, G (λ02)+ δ).
Take B > cτ such that[∫ τ

0

∫ −B

−∞
h (y, r) dydr +

∫ τ

0

∫ +∞

B

h (y, r) eβ(y−cr)dydr

]
max

u∈[0,1]
S′ (u) ≤ δ

2
G (λ02) ,
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where β = max {−λ1, λ2} is defined in Theorem 3.5. As in the proof of Theorem
3.5, we can show that φ (t) e−βt is decreasing. Thus, we have

∫ τ

0

∫ −B

−∞
+
∫ τ

0

∫ ∞

B

h (y, r)S′ (φ (x + p (t) − y − cr) + θξ (y, r)) ξ (y, r) dydr

≤
[∫ τ

0

∫ −B

−∞
+
∫ τ

0

∫ ∞

B

h (y, r)φ (−x + p (t)+y − cr) dydr

]
max

u∈[0,1]
S′ (u)

≤
[∫ τ

0

∫ −B

−∞
h (y, r) dydr+

∫ τ

0

∫ ∞

B

h (y, r) eβ(y−cr)dydr

]
max

u∈[0,1]
S′ (u)φ (−x+p (t))

≤ δ

2
G (λ02)φ (−x + p (t)) .

(4.10)

Since S′ (u) is continuous on [0, 1], then there exists ρ1 ∈ (0, δ) such that for u ∈
(1 − ρ1, 1], S′ (u) ∈ [0, S′ (1) + δ/ 2]. Noting that

lim
z→∞

∫ τ

0

∫ ∞

−∞
h (y, r)S (φ (z − y − cr)) dydr = S (1) and lim

z→∞
φ (z) = 1,

we can translate φ (z) along the z−axis so that for any z ≥ −B − cτ , φ (z) ∈
(1 − ρ1, 1] and for any z ≥ 0,∫ τ

0

∫ ∞

−∞
h (y, r)S (φ (z − y − cr)) dydr ≥ S (1) − δ.

Hence, φ (x + p (t) − y − cr)+ θξ (y, r) ∈ (1− ρ1, 1] for any x ≥ −p (t), y ∈ [−B, B]
and r ∈ [0, τ ] . Then, for any x ≥ −p (t), y ∈ [−B, B] and r ∈ [0, τ ] ,

S′ (φ (x + p − y − cr) + θξ (y, r)) ∈ [0, S′ (1) + δ/ 2] ,(4.11) ∫ τ

0

∫ ∞

−∞
h (y, r)S (φ (x + p − y − cr) + θξ (y, r)) dydr ∈ (S (1) − δ, S (1)) .(4.12)

In view of

lim
z→−∞

∫ τ

0

∫ B

−B
h (y, r)φ (z + y − cr) dydr

φ (z)
≤ lim

z→−∞

(h ∗ φ)(z)
φ (z)

= G (λ02) ,

we can take T1 ≤ 0 so that for any t ≤ T1 and x ≥ −p (t) ,

∫ τ

0

∫ ∞

−∞
h (y, r)φ (−x + p (t) + y − cr) dydr ≤ (G (λ02) + δ)φ (−x + p (t)) ,

(4.13)

(
∂2g (0, S (0))S′ (0)G (λ02) −

κ

2

)
φ (−x + p (t))

≤ ∂2g (0, S (0))S′ (0)
∫ τ

0

∫ ∞

−∞
h (y, r)φ (−x + p (t) + y − cr) dydr.(4.14)
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Thus, by (4.10)-(4.14), for any t ≤ T1 and x ≥ −p (t) , we have∫ 1

0

[∂1g (φ (x + p (t)) + θφ (−x + p (t)) , ζ (x, t))φ (−x + p (t))

+∂2g (φ (x + p (t)) + θφ (−x + p (t)) , ζ (x, t))

×
∫ τ

0

∫ ∞

−∞
h (y, r)S′ (φ (x + p (t) − y − cr) + θξ (y, r)) ξ (y, r) dydr

]
dθ

≤
[
∂1g (0, S (0)) + ∂2g (0, S (0))S′ (0)G (λ02) −

κ

2

]
φ (−x + p (t))

≤ ∂1g (0, S (0)) φ (−x + p (t)) + ∂2g (0, S (0))S′ (0) (h ∗ φ) (−x + p (t)) .

Consequently, for any t ≤ T1 and x ≥ −p (t) , we have

R (x, t) ≤ ∂1g (0, S (0)) φ (−x + p) + ∂2g (0, S (0))S′ (0) (h ∗ φ) (−x + p (t))

−
∫ 1

0

[∂1g (θφ (−x + p) , (h ∗ S (θφ)) (−x + p)) φ (−x + p)

+ ∂2g (θφ (−x + p) , (h ∗ S (θφ)) (−x + p))

×
∫ τ

0

∫ ∞

−∞
h (y, r)S′ (θφ (−x + p + y − cr))φ (−x + p + y − cr) dydr

]
dθ

≤ L′
[
φ2 (−x + p) + 2φ (−x + p) (h ∗ φ) (−x + p) + (h ∗ φ)2 (−x + p)

]
,

(4.15)

where L′ = L + 1
2 +

∫ τ

0

∫∞
0

h (y, r) e2βydydr.
As in the proof of Case I, we divide R into three intervals [p,−p] , (−∞, p] and

[−p,∞). In the interval [p,−p], we obtain the same estimate as (4.7) for U (x, t).
For x > −p > 0, by (4.15), we obtain

U (x, t) ≤ L′ [φ (−x + p) + (h ∗ φ) (−x + p)]2

φ′ (−x + p)
≤ 4L′K

η
eλ02(−x+p) ≤ 4L′K

η
eλ02p.

The estimate for x ≤ p can be derived as the case for x ≥ −p by the symmetry of
U (x, t) . Hence, ∂u

∂t − d∆u − g (u (x, t) , (h ∗ S (u)) (x, t)) ≥ 0.
In order to show that there exists T ≤ 0 so that u (x, t) is a supersolution of

(1.1) in R × (−∞, T ), we first show the following claim.

Claim. There exists T ≤ 0 so that for every t < T, there are only a finite number
of points in x ∈ R so that φ (x + p (t)) + φ (−x + p (t)) = 1.

In fact, if λ02 > −λ11, then for sufficiently large x > −p (t) ,

φ (x + p (t)) + φ (−x + p (t)) ≤ 1 − µeλ11(x+p(t)) + Keλ02(−x+p(t)) < 1

and for sufficiently large |x| with x < p (t) ,

φ (x + p (t)) + φ (−x + p (t)) ≤ 1 − µeλ11(−x+p(t)) + Keλ02(x+p(t)) < 1.

Similarly, we can show that for sufficiently large |x| > |p (t)| ,
φ (x + p (t)) + φ (−x + p (t)) > 1

if λ02 < −λ11. If λ02 = −λ11, we can take a T2 < 0 so that for t < T2, µe−λ02p(t) −
Keλ02p(t) > 0. Then for sufficiently large x > −p (t), t < T2,

φ (x + p (t)) + φ (−x + p (t)) ≤ 1 − µeλ11(x+p(t)) + Keλ02(−x+p(t))

= 1 − e−λ02x
(
µe−λ02p(t) − Keλ02p(t)

)
< 1.
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By the symmetry, for sufficiently large |x| with x < p (t), t < T2, φ (x + p (t)) +
φ (−x + p (t)) < 1. Now choose T = 0 if λ02 > −λ11, T = T1 if λ02 < −λ11 and
T = T2 if λ02 = −λ11. Then the claim follows.

So far, for T ≤ 0 defined in the above claim, we have proved for any x ∈ R and
t ∈ (−∞, T ) with (x, t) ∈ A+

1 ∪ A−
1 ,

(4.16)
∂u

∂t
− d∆u − g (u (x, t) , (h ∗ S (u)) (x, t)) ≥ 0,

and for every t < T , there are only a finite number of points in x ∈ R such
that φ (x + p (t)) + φ (−x + p (t)) = 1. In the following, we show that u (x, t)
is a supersolution of (1.1) in R × (−∞, T ). Assume that x (t0) ∈ R satisfies
φ (x (t0) + p (t0)) + φ (−x (t0) + p (t0)) = 1 for t0 < T . It is easy to see that
∂
∂xu (x (t0) − 0, t0) ≥ ∂

∂xu (x (t0) + 0, t0). By using the inequality (4.16) and a sim-
ilar argument as in [42] and [43] for the function

1√
4πd (t − r)

∫ ∞

−∞
e

−(x−y)2

4d(t−r) u (y, T ′ + r) dy, 0 ≤ r < t ≤ T − T ′,

we can show that for every T ′ < T, w(x, t) = u(x, t + T ′), where (x, t) ∈ R ×
[−τ, T − T ′), is a supersolution of (1.1) on R×[0, T−T ′). The proof is complete. �

Lemma 4.2. u (x, t) = max {φ (x + ct + ω) , φ (−x + ct + ω)} is a subsolution of
(1.1) on R × (−∞, 0), where ω is defined by (4.3).

Proof. When x > 0, v (x, t) = φ (x + ct + ω), hence,

∂u

∂t
− d∆u − g (u (x, t) , (h ∗ S (u)) (x, t))

= cφ′ (x + ct + ω) − dφ′′ (x + ct + ω) − g (φ (x + ct + ω) , (h ∗ S (u)) (x, t))
= g (φ (x + ct + ω) , (h ∗ S (φ)) (x + ct + ω))

−g (φ (x + ct + ω) , (h ∗ S (u)) (x, t)) ≤ 0.

Similarly, we can prove that for x < 0, ∂u
∂t −d∆u−g (u (x, t) , (h ∗ S (u)) (x, t)) ≤ 0.

Note that for every t < 0,

∂

∂x
u (0 + 0, t) = φ′ (ct + ω) > −φ′ (ct + ω) =

∂

∂x
u (0 − 0, t) .

Using a similar argument as in [42] and [43] for the function

1√
4πd (t − r)

∫ ∞

−∞
e

−(x−y)2

4d(t−r) u (y, T ′ + r) dy, 0 ≤ r < t ≤ −T ′,

we can show that for every T ′ < 0, w(x, t) = u(x, t + T ′) defined on (x, t) ∈
R × [−τ,−T ′) is a subsolution of (1.1) on R × [0,−T ′). The proof is complete. �

Proposition 4.3. Suppose that u (x, t) is a solution of (1.1) with initial value
ϕ ∈ C[0,1]. Then there exists a positive constant M > 0 such that for any ϕ ∈ C[0,1],

x ∈ R and t ≥ 2(τ + 1),
∣∣ ∂
∂tu (x, t)

∣∣ ≤ M ,
∣∣ ∂
∂xu (x, t)

∣∣ ≤ M and
∣∣∣ ∂2

∂x2 u (x, t)
∣∣∣ ≤ M ,

and for any ϕ ∈ C[0,1], x ∈ R and t ≥ 3(τ + 1),
∣∣∣ ∂2

∂t2 u (x, t)
∣∣∣ ≤ M ,

∣∣∣ ∂2

∂t∂xu (x, t)
∣∣∣ ≤

M ,
∣∣∣ ∂2

∂x∂tu (x, t)
∣∣∣ ≤ M ,

∣∣∣ ∂3

∂x2∂tu (x, t)
∣∣∣ ≤ M and

∣∣∣ ∂3

∂x3 u (x, t)
∣∣∣ ≤ M .
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Proof. First, by comparison, there is 0 ≤ u(x, t) ≤ 1 for any (x, t) ∈ R × [−τ,∞).
Note that for s ≥ τ and t > s,

u (x, t) =
∫ ∞

−∞

1√
4πd (t − s)

e−
(x−y)2

4d(t−s) u (y, s) dy

+
∫ t

s

∫ ∞

−∞

1√
4πd (t − r)

e−
(x−y)2

4d(t−r) F (ur) dydr.

(4.17)

Consequently,

∂

∂x
u (x, t) =

∫ ∞

−∞

−2 (x − y)
4d (t − s)

√
4πd (t − s)

e−
(x−y)2

4d(t−s) u (y, s) dy

+
∫ t

s

∫ ∞

−∞

−2 (x − y)
4d (t − r)

√
4πd (t − r)

e−
(x−y)2

4d(t−r) F (ur) dydr.

Then for s ≥ τ and t ∈ [s + 1, s + 5] , we have∣∣∣∣ ∂

∂x
u (x, t)

∣∣∣∣ ≤
∫ ∞

−∞

2 |y|
4d (t − s)

√
4πd (t − s)

e−
y2

4d(t−s) dy

+
∫ t

s

∫ ∞

−∞

2 |y|
4d (t − r)

√
4πd (t − r)

e−
y2

4d(t−r) dydr sup
v∈C[0,1]

‖F (v)‖X

=
1√

πd (t − s)
+

2
√

t − s√
πd

sup
v∈C[0,1]

‖F (v)‖X

≤ 1√
πd

+
4√
πd

sup
v∈C[0,1]

‖F (v)‖X ≡ M2.

Obviously, s ≥ τ is arbitrary, which implies that
∣∣ ∂
∂xu (x, t)

∣∣ ≤ M2 for any x ∈ R

and any t ≥ τ + 1. Moreover,

∂

∂x
u (x, t) =

∫ ∞

−∞

−2 (x − y)
4d (t − s)

√
4πd (t − s)

e−
(x−y)2

4d(t−s) u (y, s) dy

+
∫ t

s

∫ ∞

−∞

1√
4πd (t − r)

e−
(x−y)2

4d(t−r)
∂

∂y
F (ur) dydr.

Hence,

∂2

∂x2
u (x, t) =

∫ ∞

−∞

1√
4πd (t − s)

{
−2

4d (t − s)
+

4 (x − y)2

[4d (t − s)]2

}
e−

(x−y)2

4d(t−s) u (y, s) dy

+
∫ t

s

∫ ∞

−∞

−2 (x − y)
4d (t − r)

√
4πd (t − r)

e−
(x−y)2

4d(t−r)
∂

∂y
F (ur) dydr.

Thus, for s ≥ 2τ + 1 and t ∈ [s + 1, s + 5] ,∣∣∣∣ ∂2

∂x2
u (x, t)

∣∣∣∣ ≤ 1
2d (t − s)

+
∫ ∞

−∞

4 (x − y)2

[4d (t − s)]2
√

4πd (t − s)
e−

(x−y)2

4d(t−s) dy

+M2M4

∫ t

s

∫ ∞

−∞

2 |y|
4d (t − r)

√
4πd (t − r)

e−
y2

4d(t−r) dydr

≤ 1
d (t − s)

+ M2M4
2
√

t − s√
πd

≤ 1
d

+
4M2M4√

πd
≡ M3,
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where M4 = max {|∂1g (u, v)| + ∂2g (u, v) S′ (w) : u, v ∈ [0, 1] , w ∈ [S (0) , S (1)]}.
By the arbitrariness of s ≥ 2τ + 1, we have

∣∣∣ ∂2

∂x2 u (x, t)
∣∣∣ ≤ M3 for any x ∈ R

and any t ≥ 2(τ + 1). Since u (x, t) satisfies

∂

∂t
u (x, t) =

∂2

∂x2
u (x, t) + g (u (x, t) , (h ∗ S (u)) (x, t)) , x ∈ R, t > τ,

it follows that for any x ∈ R and any t ≥ 2(τ + 1),∣∣∣∣ ∂

∂t
u (x, t)

∣∣∣∣ ≤ M3 + max
u,v∈[0,1]

|g (u, S (v))| ≡ M1.

Constants M1, M2 and M3 are independent of x ∈ R, t ≥ 2(τ +1) and ϕ ∈ C[0,1].
Now we estimate ∂2

∂x∂tu (x, t) and ∂3

∂x3 u (x, t). Notice that
∣∣ ∂
∂xu (x, t)

∣∣ ≤ M2 for all
x ∈ R and t ≥ τ + 1. By (4.17), we have, for t ≥ 2τ + 1, that

∂

∂x
u (x, t) =

∫ ∞

−∞

1√
4πd (t − 2τ − 1)

e−
y2

4d(t−2τ−1)
∂

∂x
u (x − y, 2τ + 1) dy

+
∫ t

2τ+1

∫ ∞

−∞

1√
4πd (t − r)

e−
y2

4d(t−r)
∂

∂x
F (ur) (x − y) dydr,

which implies that ∂
∂xu (x, t) is a solution on t ≥ 2τ + 1 of the following equation:

∂

∂t
v (x, t) = d∆v (x, t) + ∂1g (u (x, t) , (h ∗ S (u)) (x, t)) v (x, t)

+∂2g (u (x, t) , (h ∗ S (u)) (x, t)) (h ∗ (S′ (u) v)) (x, t)

with initial value v (x, 2τ + 1 + s) = ∂
∂xu (x, 2τ + 1 + s), s ∈ [−τ, 0]. Applying

a similar argument as in the previous part and combining the continuous second
derivatives of g (u, v) and S (u), we can find a positive constant M5, which is in-
dependent of x, t and ϕ ∈ C[0,1], such that

∣∣∣ ∂2

∂x∂tu (x, t)
∣∣∣ ≤ M5 and

∣∣∣ ∂3

∂x3 u (x, t)
∣∣∣ ≤

M5 for any x ∈ R and t ≥ 3(τ + 1). Similarly, we can find a positive con-
stant M6, independent of x, t and ϕ ∈ C[0,1], such that

∣∣∣ ∂2

∂t2 u (x, t)
∣∣∣ ≤ M6,∣∣∣ ∂2

∂t∂xu (x, t)
∣∣∣ ≤ M6 and

∣∣∣ ∂3

∂x2∂tu (x, t)
∣∣∣ ≤ M6 for any x ∈ R and t ≥ 3(τ + 1).

Let M = max{M1, M2, M3, M5, M6}. The proof is complete. �

Theorem 4.4. There exists an entire solution Φ(x, t) of (1.1) such that

u(x, t) ≤ Φ(x, t) ≤ u(x, t), (x, t) ∈ R × (−∞, T ],

where u(x, t) and u(x, t) are given in Lemma 4.1 and Lemma 4.2, respectively.
Moreover,

(i) ∂
∂tΦ (x, t) > 0 on R2;

(ii) Φ (x, t) = Φ (−x, t) on R2;
(iii) limt→∞ ‖Φ (·, t) − 1‖L∞(R) = 0 and for any a > 0,

lim
t→−∞

‖Φ (·, t)‖L∞([−a,a]) = 0;
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(iv) For each a ∈ R, lim|x|→∞ ‖Φ (x, ·) − 1‖L∞[a,+∞) = 0;
(v)

lim
t→−∞

{
sup
x≥0

|Φ (x, t) − φ (x + ct + ω)|

+ sup
x≤0

|Φ (x, t) − φ (−x + ct + ω)|
}

= 0.

Proof. We denote a solution of (1.1) with initial data ϕ ∈ C[0,1] by u (x, t; ϕ). Define
(4.18)
un (x, t) = u (x, t; ϕn) , ϕn (x, s) = u (x, T − n + s) , (x, s) ∈ R× [−τ, 0] , n ∈ N.

Then un (x, s) = u (x, T − n + s) = u (x, T − (n + 1) + s + 1) ≤ un+1 (x, 1 + s),
from which un (x, n + s) ≤ un+1 (x, n + 1 + s) follows. On the other hand, we
see u (x, T + s) ≤ un (x, n + s) ≤ u (x, T + s) . Thus, by Proposition 4.3, there
exists a function ϕ∗ ∈ C[0,1] to which un (x, n + s) converges uniformly. Therefore,
Φ (x, t) := u (x, t − T ; ϕ∗) is defined for all t ≥ T − τ.

To prove the continuation of a solution backward in time from ϕ∗, we show that
given T ′ > 0, there is a function ϕT ′ ∈ C[0,1] such that ϕ∗ (x, s) = u

(
x, T ′ + s; ϕT ′

)
.

Fix an integer n1 > T ′ + τ . For n ≥ n1, put

wn (x, s) = un (x, n − T ′ + s) = u (x, n − T ′ + s; ϕn) ,

where ϕn is defined by (4.18). Then un (x, n + s) = u (x, T ′ + s; wn) and

wn+1 (x, s) = un+1 (x, n + 1 − T ′ + s) ≥ un (x, n − T ′ + s) = wn (x, s) .

Thus, there is a ϕT ′ ∈ C[0,1] such that limn→∞

∥∥∥wn − ϕT ′
∥∥∥

L∞(R×[−τ,0])
= 0. Here

we note that it is easy to prove that for any ϕ1, ϕ2 ∈ C[0,1],

‖u(·, t + ·; ϕ1) − u(·, t + ·; ϕ2)‖L∞(R×[−τ,0]) ≤ e(L1+L2)t ‖ϕ1 − ϕ2‖L∞(R×[−τ,0]) ,

where
L1 = max

u∈[0,1],v∈[S(0),S(1)]
|∂1g(u, v)|

and
L2 = max

u∈[0,1]
S′(u) max

u∈[0,1],v∈[S(0),S(1)]
∂2g(u, v).

It follows that un (x, n + s) = u (x, T ′ + s; wn), limn→∞

∥∥∥wn − ϕT ′
∥∥∥

L∞(R×[−τ,0])
=

0, and we see that ϕ∗ (x, s) = u
(
x, T ′ + s; ϕT ′

)
. Hence, Φ (x, t) is defined for all

t ∈ R.
Now we show that ∂

∂tΦ (x, t) > 0 on R2. Since u (x, t) is a subsolution of (1.1),
then un (x, t) = u (x, t; ϕn) ≥ u (x, T − n + t) for all R × [−τ,−T + n]. Again since
for any ε > 0, u (·, · + ε) ≥ u (·, ·) on R

2, it follows that u (x, ε + s; ϕn) ≥ ϕn (x, s)
for all (x, s) ∈ R× [−τ, 0]. By comparison and the uniqueness of solutions, we have
un (x, t + ε) = u (x, t; u (·, ε + ·; ϕn)) ≥ un (x, t) for any (x, t) ∈ R × (0, +∞). It
follows from the arbitrariness of ε that un (x, t) is increasing in t. Consequently, it
is easy to obtain ∂

∂tΦ (x, t) ≥ 0 on R2. Since ∂
∂tΦ (x, t) is a solution of the equation

∂

∂t
v (x, t) = d∆v (x, t) + ∂1g (u (x, t) , (h ∗ S (u)) (x, t)) v (x, t)

+∂2g (u (x, t) , (h ∗ S (u)) (x, t)) (h ∗ S′ (u) v) (x, t) ,
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combining ∂2g (u (x, t) , (h ∗ S (u)) (x, t)) ≥ 0 and S′ (u (x − y, t − r)) ≥ 0, then the
strong maximum principle (Protter and Weinberger [33]) gives ∂

∂tΦ (x, t) > 0 on
R2. The proofs of (ii), (iii), (iv) and (v) are straightforward. This completes the
proof. �

Remark 4.5. In fact, the existence of the entire solution Φ can be proved as in
Hamel and Nadirashvili [21] by applying Proposition 4.3.

5. Uniqueness and stability of entire solutions

In this section we show the uniqueness and stability of the entire solution Φ
found in Theorem 4.4 under condition (U+). In this section we always assume that
Φ̃(x, t) is an entire solution of (1.1) and satisfies (U+) and 0 < Φ̃(x, t) < 1. We will
use the method of Chen and Guo [8] to show that Φ̃ is only a translation of Φ.

Lemma 5.1. Let β0 be as in (1.9). Then there exists T1 ∈ R such that

(5.1) M (t) = inf
x∈R,s∈[−τ,0]

Φ̃ (x, t + s) < β0, ∀ t ≤ T1.

Proof. Let β∗ < β0 be a constant such that g (u, S (u)) > 0 in u ∈ [β∗, 1). Denote by
ξ (·) the solution of ξ′ (t) = g

(
ξ (t) ,

∫ τ

0

∫∞
−∞ h (y, s)S (ξ (t − s)) dyds

)
with initial

value ξ (s) = β∗, s ∈ [−τ, 0]. Then by Smith [37, Corollary 2.2, p82], ξ′ (·) ≥ 0 in
(0,∞), and hence, ξ (∞) = 1.

We argue by contradiction. Assuming that the assertion were not true, there
would exist a sequence {tj}∞j=1 such that limj→∞ tj = −∞ and M (tj) > β∗ for
all j. By comparison, M (t) ≥ infs∈[−τ,0] ξ (t − tj + s) for all t > tj . Fixing t and
letting j → ∞ gives M (t) ≥ limj→∞ infs∈[−τ,0] ξ (t − tj + s) = ξ (∞) = 1, which is
a contradiction. This completes the proof. �

From (1.8) and (5.1), the following functions are well-defined for all t ≤ T2 =
min {T0, T1} :

l̃ (t) = min
{

x : Φ̃ (x, t + s) = β0, s ∈ [−τ, 0]
}

,

r̃ (t) = max
{

x : Φ̃ (x, t + s) = β0, s ∈ [−τ, 0]
}

,

q (t) =
1
2

[
r̃ (t) − l̃ (t)

]
, m (t) =

1
2

[
r̃ (t) + l̃ (t)

]
.

Lemma 5.2. limt→−∞ q (t) = ∞.

Proof. Assuming that the assertion of the lemma were not true, then there exists an
L′ > 0 and a sequence {tj}∞j=1 such that limj→∞ tj = −∞ and 0 < r̃ (tj)−l̃ (tj) < L′

for each integer j > 0. Define

ϕ (L′; y, s)

=

⎧⎪⎪⎨⎪⎪⎩
0 when (y, s) ∈ [−L′, L′] × [−τ, 0] ,
β0 when (y, s) ∈ ((−∞,− (L′ + 1)] ∪ [L′ + 1,∞)) × [−τ, 0] ,
− (y + L′)β0 when (y, s) ∈ [− (L′ + 1) ,−L′] × [−τ, 0] ,
(y − L′)β0 when (y, s) ∈ [L′, L′ + 1] × [−τ, 0] .
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Denote by u (x, t; ϕ) the solution of (1.1) with initial ϕ. Since c > 0, by the
following Lemma 5.3, there exists a constant T (L′) such that β0 ≤ u (x, t; ϕ) ≤
1 for any t ≥ T (L′). Comparing ϕ (L′; ·, s) with Φ̃ (m (tj) + ·, tj + s), we have
ϕ (L′; ·, s) ≤ Φ̃ (m (tj) + ·, tj + s) for s ∈ [−τ, 0]. Thus, by comparison, we have
Φ̃ (m (tj) + ·, tj + t) ≥ u (·, t; ϕ) for all t > 0. This implies that M (tj + T (L′)) ≥ β0

for all integer j ≥ 0, which contradicts (5.1). The proof is complete. �

Let

α1 = min {u |g (u, S (u)) = 0 , u ∈ (0, 1)} ,

β1 = max {u |g (u, S (u)) = 0 , u ∈ (0, 1)}

and

Ca
[0,1] =

{
ϕ ∈ C[0,1]

∣∣ϕ ≤ α0 + α1

2
in (−∞,−a] × [−τ, 0] ,

ϕ ≥ β0 in [0,∞) × [−τ, 0]
}

.

Obviously, α0 < α1 ≤ β1 < β0. The following lemma was proved by Wang et al.
[42]; see also Chen [7, Theorem 3.1 ] and Smith and Zhao [38, Theorem 3.3]. We
note that though Theorem 3.1 in Chen [7] and Theorem 3.3 in Smith and Zhao [38]
require that the quasimonotone condition holds on a larger domain than [0, 1] ×
[S(0), S(1)] and [0, 1]2, respectively (see [7, (D3), p. 152] and [38, (H1), p. 515]),
their results still hold under (F1) if supersolutions and subsolutions are chosen as
in Wang et al. [42]. That is, take the smaller between 1 and the supersolution in
Chen [7] and Smith and Zhao [38] (or the larger between 0 and the subsolution) as
a new supersolution (a new subsolution).

Lemma 5.3. There exists a positive constant ν such that for any ϕ ∈ C[0,1] with

lim inf
x→∞

min
s∈[−τ,0]

ϕ (x, s) > β1 and lim sup
x→−∞

max
s∈[−τ,0]

ϕ (x, s) < α1,

the solution of (1.1) with initial value ϕ satisfies

|u (x, t; ϕ) − φ (x + ct + ξ)| ≤ Keνt ∀ x ∈ R, t ≥ 0,

for some K = K (ϕ) > 0 and some ξ = ξ (ϕ) ∈ R.

Now we consider ϕ ∈ Ca
[0,1]. Carefully observe the proof of Theorem 3.1 in [7],

the proof of Theorem 3.3 in [38] and the proof of Theorem 4.5 in [42]. We can
find two constants K ′ > 0 and ξ0 > 0 such that for all ϕ ∈ Ca

[0,1], K(ϕ) ≤ K ′ and
|ξ(ϕ)| ≤ ξ0. Let K0 = max{ξ0, K

′}.

Lemma 5.4. There exist positive constants ν and K0 such that for any ϕ ∈ Ca
[0,1],

the solution of (1.1) with initial value ϕ satisfies

|u (x, t; ϕ) − φ (x + ct + ξ)| ≤ K0e
νt ∀ x ∈ R, t ≥ 0

for some ξ = ξ (ϕ) ∈ R satisfying |ξ| ≤ K0.
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From (1.8), l (t) ≤ l̃ (t) < r̃ (t) ≤ r (t). Hence, for all t � −1,

Φ̃ (m (t) + x, t + s) ≥ β0 if |x| ≥ q(t),

Φ̃ (m (t) + x, t + s) ≤ α0 if |x| ≤ q(t) − a.

Since q (t) → ∞ as t → −∞, there exists T3 ≤ T2 such that for any t ≤ T3,
m (t) ∈ [min {l (t) + a, r (t) − a} , max {l (t) + a, r (t) − a}] .

Assume r ≤ T3. Define

ψ (x, s)=

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

Φ̃ (x + m (r) , r + s) if x ≥ −q (r) + a,

Φ̃ (−q (r) + a + m (r) , r + s)

− ηπ2(0)
6(M+1)

[
cos

(√
6(M+1)

η (x + q (r) − a)
)
− 1

]
+ ηπ1(s)

6(M+1) sin
(

6(M+1)
η (x + q (r) − a)

) if x < −q (r) + a,

where s ∈ [−τ, 0], η = min
{

α1 − α0, mins∈[−τ,0] Φ̃ (−q (r) + a + m (r) , r + s)
}
, M

is defined in Proposition 4.3, and

π1 (s)=
∂

∂x
Φ̃ (x+m (r) , r + s)

∣∣∣∣
x=−q(r)+a

, π2 (0)=
∂2

∂x2
Φ̃ (x + m (r) , r)

∣∣∣∣
x=−q(r)+a

.

Lemma 5.5. Assume that h(x, t) = J(x)δ(t − τ ); then for every ε and H > 0,
there exists r0 (ε, H) < 0 such that for any r ≤ r0,

(5.2)
∣∣∣u (x, t; ψ) − Φ̃ (x + m (r) , r + t)

∣∣∣ ≤ ε ∀ t ∈ [0, H] , x ∈ [0,∞).

Proof. Now let u (x, t; ψ) be the solution of (1.1) with initial value ψ (x, s). By Pazy
[30, Theorem 3.1], v (t) =

∫ t

0
T (t − s)F (us) ds is Hölder continuous on [0, +∞).

Also, since ψ (x, 0) ∈ D (d∆X), then T (t)ψ (0) is Lipschitz continuous on [0, +∞).
Thus, u (x, t; ψ) is Hölder continuous on [0, +∞). In view of the Lipschitz continuity
of ψ on [−τ, 0] , it follows that f (t) = F (ut) is Hölder continuous on [0, +∞). Fol-
lowing Pazy [30, Corollary 3.3], u (x, t; ψ) is a classical solution of (1.1) in (0, +∞).

Let v (x, t) = u (x, t; ψ) − Φ̃ (x + m(r), r + t). Then v(x, s) = 0 for all (x, s) ∈
(−q(r) + a, +∞) × [−τ, 0] and

∂

∂t
v (x, t) − d∆v(x, t) = g (u (x, t) , (h ∗ S (u)) (x, t))

− g
(
Φ̃ (x + m(r), r + t) ,

(
h ∗ S

(
Φ̃
))

(x + m(r), r + t)
)

.

Take v− (x, t) = max {−v (x, t) , 0} and v+ (x, t) = max {v (x, t) , 0}. Then

∂

∂t
v (x, t) − d∆v(x, t) ≤ L1v (x, t) + L2

∫ ∞

−∞
J(y)v+(x − y, t − τ )dy

if v(x, t) > 0 and

∂

∂t
v (x, t) − d∆v ≥ L1v (x, t) − L2

∫ ∞

−∞
J(y)v−(x − y, t − τ )dy

if v (x, t) < 0, where L1 and L2 are defined in Theorem 4.4.



SOLUTIONS IN R-D EQUATIONS WITH NONLOCAL NONLINEARITY 2073

Given ε > 0 and H > 0, there exists m ∈ N such that m − 1 =
[

H
τ

]
. Define

v+
j (x, t) = v+ (x, t + (j − 1) τ ) for any (x, t) ∈ R × [−τ,∞) and j ∈ {1, · · · , m}.

Let w
(
x, t; v+

j (x, 0)
)

be a solution of the following linear equation:
(5.3)

∂

∂t
w (x, t) − d∆w (x, t) = L1w (x, t) + L2

∫ ∞

−∞
J (y) v+

j (x − y, t − τ ) dy, t ≥ 0,

with initial value v+
j (x, 0). It is easy to see that v+

j (x, t) is a subsolution of (5.3)
on (x, t) ∈ R × [0,∞). Then for (x, t) ∈ R × [0, τ ],

v+
j (x, t) ≤ w

(
x, t; v+

j (x, 0)
)

= eL1t

∫ ∞

−∞

1√
4dπt

e−
(x−y)2

4dt v+
j (y, 0) dy

+
∫ t

0

eL1(t−s)

∫ ∞

−∞

1√
4dπ (t − s)

×e−
(x−y)2

4d(t−s) L2

∫ ∞

−∞
J (z) v+

j (y − z, s − τ ) dzdyds

≤ eL1τ

∫ ∞

−∞

1√
4dπt

e−
(x−y)2

4dt v+
j (y, 0) dy

+L2e
L1τ

∫ t

0

∫ ∞

−∞

1√
4dπ (t − s)

×e−
(x−y)2

4d(t−s)

∫ ∞

−∞
J (z) v+

j (y − z, s − τ ) dzdyds.

Claim. For given εj > 0 and Yj ≤ 0, there exists Yj−1 with Yj−1 < Yj which is
only dependent on εj and Yj , such that if

v+
j−1 (x, t) ≤ εj−1 := min

{
εj/

(
5eL1τ

)
, εj/

(
5L2τeL1τ

)}
for any (x, t) ∈ [Yj−1, +∞) × [0, τ ], there are v+

j (x, t) ≤ εj for any (x, t) ∈
[Yj , +∞) × [0, τ ].

We now prove the Claim. Take Zj > 0 such that

L2τeL1τ

∫ −Zj

−∞
+
∫ +∞

Zj

J (y) dy ≤ εj/ 5.

Furthermore, take Λ1j > 0 and Λ2j > 0 such that
∫ +∞

Λ1j√
4dτ

e−y2
dy ≤

√
πεj

5eL1τ and∫∞
Λ2j√
4dτ

e−y2
dy ≤

√
πεj

5L2τeL1τ . Let Yj−1 = min {Yj − Λ1j , Yj − Zj − Λ2j}. Notice that

v+
j (x, t − τ ) = v+

j−1 (x, t). If v+
j−1 (x, t) ≤ εj−1 for any (x, t) ∈ [Yj−1, +∞) × [0, τ ],
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then for any (x, t) ∈ [Yj , +∞) × [0, τ ], we have

eL1τ

∫ ∞

Yj−1

1√
4dπt

e−
(x−y)2

4dt v+
j (y, 0) dy ≤ εj/ 5,

eL1τ

∫ Yj−1

−∞

1√
4dπt

e−
(x−y)2

4dt v+
j (y, 0) dy ≤ eL1τ

∫ +∞

x−Yj−1

1√
4dπt

e−
y2
4dt dy

≤ eL1τ

∫ +∞

Yj−Yj−1

1√
4dπt

e−
y2
4dt dy =

eL1τ

√
π

∫ +∞

Yj−Yj−1√
4dt

e−y2
dy

=
eL1τ

√
π

∫ +∞

Yj−Yj−1√
4dτ

e−y2
dy ≤ eL1τ

√
π

∫ +∞

Λ1j√
4dτ

e−y2
dy ≤ εj/ 5,

L2e
L1τ

∫ t

0

∫ ∞

−∞

1√
4dπ (t − s)

e−
(x−y)2

4d(t−s)

×
[∫ Zj

−∞
+
∫ ∞

Zj

J (z) v+
j (y − z, s − τ ) dz

]
dyds

≤ L2τeL1τ

∫ Zj

−∞
+
∫ ∞

Zj

J (z) dz ≤ εj/ 5,

L2e
L1τ

∫ t

0

∫ ∞

Yj−1+Zj

1√
4dπ (t − s)

e−
(x−y)2

4d(t−s)

×
∫ Zj

−Zj

J (z) v+
j (y − z, s − τ ) dzdyds ≤ εj/ 5

and

L2e
L1τ

∫ t

0

∫ Yj−1+Zj

−∞

1√
4dπ (t − s)

e−
(x−y)2

4d(t−s)

∫ Zj

−Zj

J (z) v+
j (y − z, s − τ ) dzdyds

≤ L2e
L1τ

∫ t

0

∫ ∞

x−(Yj−1+Zj)

1√
4dπ (t − s)

e−
y2

4d(t−s) dyds

≤ L2τeL1τ

√
π

∫ ∞

x−(Yj−1+Zj)√
4dτ

e−y2
dy ≤ L2τeL1τ

√
π

∫ ∞

Λ2j√
4dτ

e−y2
dy ≤ εj/ 5,

which implies that for any (x, t) ∈ [Yj , +∞)× [0, τ ], v+
j (x, t) ≤ εj . Obviously, εj−1

and Yj−1 are only dependent on εj and Yj . Thus, we have shown the Claim.
Let εm = ε and Ym = 0. According to the Claim, we can choose {(εj , Yj) : j = 1,

· · · , m} such that when v+
j−1 (x, t) ≤ εj−1 < εj for any (x, t) ∈ [Yj−1, +∞)× [0, τ ],

there are v+
j (x, t) ≤ εj for any (x, t) ∈ [Yj , +∞)×[0, τ ]. In view of Yj−1 < Yj , εj ≤ ε

and v+
j (x, t) = v+

1 (x, t + (j − 1) τ ) = v+ (x, t + (j − 1) τ ), then if v+
1 (x, t) ≤ ε1 ≤ ε

for any (x, t) ∈ [Y1, +∞) × [0, τ ], there is v+ (x, t) ≤ ε for any (x, t) ∈ [0, +∞) ×
[0, mτ ]. By virtue of H ∈ [(m − 1) τ, mτ ], for any (x, t) ∈ [0, +∞)× [0, H], there is
v+ (x, t) ≤ ε if v+

1 (x, t) ≤ ε1 ≤ ε for any (x, t) ∈ [Y1, +∞)× [0, τ ]. To complete the
proof of the lemma, we only need to show that there exists r1 (ε, H) < 0 such that
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for any r ≤ r1, v+
1 (x, t) = v+ (x, t) ≤ ε1 for any (x, t) ∈ [Y1, +∞) × [0, τ ]. Define

v+
0 (x, t) = v+ (x, t − τ ) for (x, t) ∈ R × [0, τ ]. Then by a similar argument, we can

choose ε0 < ε1 and Y0 < Y1 such that when v+
0 (x, t) ≤ ε0 for (x, t) ∈ [Y0,∞)×[0, τ ],

there are v+
1 (x, t) = v+ (x, t) ≤ ε1 for any (x, t) ∈ [Y1, +∞) × [0, τ ]. Note that ε0

and Y0 are only dependent on ε and H. It is sufficient to set r1 (ε, H) < T3 such
that for any r ≤ r1, −q (r) + a ≤ Y0.

Similarly, we can choose r2 (ε, H) < T3 such that for any r ≤ r2, there is
v− (x, t) ≤ ε for any x ∈ [0,∞) and t ∈ [0, H]. Let r0 (ε, H) = min {r1, r2}.
This completes the proof. �

Lemma 5.6. Assume that h(x, t) = J(x)δ(t − τ ); then

lim
t→−∞

inf
z∈R,r∈R

∥∥∥Φ̃ (z + ·, t + ·) − Φ (·, r + ·)
∥∥∥

L∞(R×[−τ,0])
= 0.

Proof. Let ε > 0 be arbitrarily small. Set H such that K0e
−νHeντ = ε. Choose

r1 � −1 such that φ (−q (r) + cH + 2K0) < ε for r ≤ r1. Fix any r ≤ min {r0, r1}.
By Lemma 5.5,∣∣∣u (x, H + s; ψ) − Φ̃ (x + m (r) , r + H + s)

∣∣∣ ≤ ε ∀ x ≥ 0, s ∈ [−τ, 0] .

On the other hand, for some ξ ∈ [−K0, K0] ,

|u (x, H + s; ψ) − φ (x − q (r) + cH + cs − ξ)| ≤ K0e
−ν(H+s) ≤ ε

∀ x ∈ R, s ∈ [−τ, 0] ,

since ψ (x, s) ≤ α0+α1
2 for all x ≤ q (r) − a and s ∈ [−τ, 0], ψ (x, s) ≥ β0 for all

x ≥ q (r) and s ∈ [−τ, 0]. Thus, for all x ≥ 0 and s ∈ [−τ, 0],∣∣∣Φ̃ (x + m (r) , r + H + s) − φ (x − q (r) + cH + cs − ξ)
∣∣∣ ≤ 2ε.

Similarly, for all x ≤ 0 and s ∈ [−τ, 0], there exists some η ∈ [−K0, K0] such that∣∣∣Φ̃ (x + m (r) , r + H + s) − φ (−x − q (r) + cH + cs − η)
∣∣∣ ≤ 2ε.

Since

φ (x − q (r) + cH + cs − ξ) = φ ((x − (ξ − η)/ 2) − q (r) + cH + cs − (ξ + η)/ 2) ,

φ (−x − q (r)+cH+cs − η) = φ (− (x − (ξ − η)/ 2) − q (r)+cH + cs− (ξ + η)/ 2) ,

then for x ≥ − (ξ − η)/ 2 and s ∈ [−τ, 0],∣∣∣Φ̃ (x + (ξ − η)/ 2 + m (r) , r + H + s) − φ (x − q (r) + cH + cs − (ξ + η)/ 2)
∣∣∣ ≤ 2ε,

and for x ≤ − (ξ − η)/ 2 and s ∈ [−τ, 0],∣∣∣Φ̃ (x + (ξ − η)/ 2 + m (r) , r+H + s) − φ (−x − q (r)+cH + cs − (ξ + η)/ 2)
∣∣∣≤2ε.

If − (ξ − η)/ 2 ≥ 0, then for x ∈ [0,− (ξ − η)/ 2] ⊂ [0, K0] and s ∈ [−τ, 0],

|φ (x − q (r) + cH + cs − (ξ + η)/ 2) − φ (−x − q (r) + cH + cs − (ξ + η)/ 2)| ≤ ε.
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Thus, for x ≥ 0 and s ∈ [−τ, 0],∣∣∣Φ̃ (x + (ξ − η)/ 2 + m (r) , r + H + s) − φ (x − q (r) + cH + cs − (ξ + η)/ 2)
∣∣∣ ≤ 3ε

and ∣∣∣Φ̃ (x + (ξ − η)/ 2 + m (r) , r + H + s)

− [φ (x − q (r) + cH + cs − (ξ + η)/ 2) + φ (−x − q (r)

+cH + cs − (ξ + η)/ 2)]
∣∣∣ ≤ 4ε.

Obviously, for x ≤ 0 and s ∈ [−τ, 0],∣∣∣Φ̃ (x+ (ξ − η)/ 2 + m (r) , r + H + s) − φ (−x − q (r) + cH + cs − (ξ + η)/ 2)
∣∣∣≤3ε

and ∣∣∣Φ̃ (x + (ξ − η)/ 2 + m (r) , r + H + s)

− [φ (x − q (r) + cH + cs − (ξ + η)/ 2) + φ (−x − q (r)

+cH + cs − (ξ + η)/ 2)]
∣∣∣ ≤ 4ε.

For the case − (ξ − η)/ 2 < 0, we can obtain the same estimates. Define θ = θ(r, s)
with p (θ + s) = −q (r) + cH + cs − (ξ + η)/ 2, where p is defined in Section 4.
It is obvious that θ → −∞ is uniform for s ∈ [−τ, 0] as r → −∞. Again since
0 < p (t) − ct − ω → 0 as t → −∞, there exists r2 < min {r0, r1} such that for
r ≤ r2 and s ∈ [−τ, 0], θ < T and

|φ (±x − q (r) + cH + cs − (ξ + η)/ 2) − φ (±x + cθ + cs + ω)|
= |φ (±x + p (θ + s)) − φ (±x + cθ + cs + ω)| ≤ ε,

which implies that∣∣∣Φ̃ (x + (ξ − η)/ 2 + m (r) , r + H + s)

−max {φ (x + cθ + cs + ω) , φ (−x + cθ + cs + ω)}| ≤ 4ε

and∣∣∣Φ̃ (x + (ξ − η)/ 2 + m (r) , r + H + s)

− [φ (x + p (θ + s)) + φ (−x + p (θ + s))]
∣∣∣ ≤ 5ε.

Therefore, for any r ≤ r2 and s ∈ [−τ, 0],∣∣∣Φ̃ (x + (ξ − η)/ 2 + m (r) , r + H + s) − Φ (x, θ + s)
∣∣∣ ≤ 5ε.

Consequently, for any t ≤ r2 + H, we have

inf
z∈R,θ≤0

∥∥∥Φ̃ (z + ·, t + ·) − Φ (·, θ + ·)
∥∥∥

L∞(R×[−τ,0])
≤ 5ε.

Hence,

sup
t≤r2+H

inf
z∈R,θ≤0

∥∥∥Φ̃ (z + ·, t + ·) − Φ (·, θ + ·)
∥∥∥

L∞(R×[−τ,0])
≤ 5ε,

which implies that the assertion of the lemma holds. The proof is complete. �
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Lemma 5.7. There exist constants δ0 > 0, �0 > 0 and σ0 > 0 such that for any
r ∈ R, δ ∈ (0, δ0] and σ ≥ σ0,

W+ (x, t) = min{Φ
(
x, r + t + σδ

[
1 − e−�0t

])
+ δe−�0t, 1},

W− (x, t) = max{Φ
(
x, r + t − σδ

[
1 − e−�0t

])
− δe−�0t, 0}

are a pair of supersolutions and subsolutions of (1.1) on R × [0, +∞).

Proof. We only prove that W+ (x, t) is a supersolution of (1.1) on R × (0, +∞),
since a similar argument can be used for W−(x, t).

Since

lim
(u,v,r,s,�,�)→(0+,S(0),0+,S(0),S′(0),0)

[∂1g (u, v) + �e�τ∂2g (r, s) + �]

= ∂1g (0, S(0)) + S′ (0) ∂2g (0, S(0)) < 0

and

lim
(u,v,r,s,�,�)→(1−,S(1),1−,S(1),S′(1),0)

[∂1g (u, v) + �e�τ∂2g (r, s) + �]

= ∂1g (1, S(1)) + S′ (1) ∂2g (1, S(1)) < 0,

we can fix �0 > 0 and δ1 > 0 such that

(5.4) ∂1g (u, v) + �e�0τ∂2g (r, s) < −�0

for any

(u, v, r, s, �) ∈ [0, δ1] × [S(0), S(0) + δ1] × [0, δ1]
× [S(0), S(0) + δ1] × [S′(0) − δ1, S

′(0) + δ1]

and

(u, v, r, s, �) ∈ [1 − δ1, 1] × [S(1) − δ1, S(1)] × [1 − δ1, 1]
× [S(1) − δ1, S(1)] × [S′(1) − δ1, S

′(1) + δ1] .

Let δ0 ∈ (0, δ1) satisfy

(5.5) δ0e
�0τ

[
1 + max

u∈[0,1]
|S′ (u)| + max

u∈[0,1]
|S′′ (u)|

]
≤ δ1/ 4.

Since limt→∞ ‖Φ (·, t) − 1‖L∞(R) = 0, limt→∞ ‖(h ∗ S (Φ)) (·, t) − S (1)‖L∞(R) = 0
and limt→∞ ‖(h ∗ S′ (Φ)) (·, t) − S′ (1)‖L∞(R) = 0, there exists T4 > 0 such that for
(x, t) ∈ R × (T4,∞),

Φ (x, t) ∈ [1 − δ1, 1] , (h ∗ S (Φ)) (x, t) ∈ [S(1) − δ1, S(1)] ,(5.6)

(h ∗ S′ (Φ)) (x, t) ∈ [S′(1) − δ1/ 2, S′(1) + δ1/ 2] .(5.7)

Since limξ→−∞ (h ∗ φ) (ξ) = 0, limξ→−∞ (h ∗ S (φ)) (ξ) = S (0),
limξ→−∞ (h ∗ S′ (φ)) (ξ) = S′ (0), limξ→+∞ (h ∗ S (φ)) (ξ) = S (1) and
limξ→+∞ (h ∗ S′ (φ)) (ξ) = S′ (1), there exists X1 > 0 such that for ξ ≥ X1,

φ (ξ) ∈ [1 − δ1, 1] , (h ∗ S (φ)) (ξ) ∈ [S(1) − δ1, S(1)] ,(5.8)

(h ∗ S′ (φ)) (ξ) = [S′(1) − δ1/ 2, S′(1) + δ1/ 2] ,(5.9)
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and for ξ ≤ −X1,

φ (ξ) ∈ [0, δ1/ 4] , (h ∗ S (φ)) (ξ) ∈ [S(0), S (0) + δ1/ 2] ,(5.10)

(h ∗ S′ (φ)) (ξ) = [S′(0) − δ1/ 2, S′(0) + δ1/ 2] ,(5.11)

(h ∗ φ) (ξ) max
u∈[0,1]

|S′′ (u)| ∈ (0, δ1/ 8) .(5.12)

Since p (t) − ct − ω → 0 as t → −∞, there exists T5 ≤ T , where T is defined in
Lemma 4.1, such that for t ≤ T5,

(5.13) 2 [p (t) − ct − ω] max
u∈[0,1]

|S′′ (u)| · max
u∈[0,1]

φ′ (u) ∈ (0, δ1/ 8) .

Let κ1 = minξ∈[−X1,X1] φ
′ (ξ) > 0; then there exists a large σ1 > 0 such that

(5.14)
1
2
cσ1�0κ1 − �0 − 2 max

u∈[0,1],v∈[S(0),S(1)]
|g (u, v)| ≥ 0.

Let Ψ (x, t) = φ (x + ct + ω) + φ (−x + ct + ω). It is easy to prove that

lim
t→−∞

‖Φ − Ψ‖C0(R×(−∞,t]) = 0.

By interpolation ‖·‖C1 ≤ 2
√
‖·‖C0 ‖·‖C2 ; we have limt→−∞ ‖Φ − Ψ‖C1(R×(−∞,t]) =

0. Thus, there exists T6 ≤ T5 such that for any t ≤ T6,

(5.15) ‖Φ − Ψ‖C1(R×(−∞,t]) ≤
1
2
cκ1.

Since for each t ∈ [T6, T4], lim|x|→+∞ Φ (x, t) = 1, lim|x|→+∞ (h ∗ S (Φ)) (x, t) =
S′ (1) and lim|x|→+∞ (h ∗ S′ (Φ)) (x, t) = S′ (1), then there exists a large positive
number X2 such that for any |x| > X2 and t ∈ [T6, T4], (5.6) and (5.7) hold.

Let κ2 = min|x|≤X2,t∈[T6,T4]
∂Φ(x,t)

∂t . Take σ2 > 0 such that

(5.16) σ2�0κ2 − �0 − 2 max
u∈[0,1],v∈[S(0),S(1)]

|g (u, v)| ≥ 0.

Now define

A+
2 =

{
(x, t) : Φ

(
x, r + t + σδ

[
1 − e−�0t

])
+ δe−�0t > 1, (x, t) ∈ R × [0, +∞)

}
,

A−
2 =

{
(x, t) : Φ

(
x, r + t + σδ

[
1 − e−�0t

])
+ δe−�0t < 1, (x, t) ∈ R × [0, +∞)

}
.

If (x, t) ∈ A+
2 , then

N
[
W+

]
:=

∂W+

∂t
−d∆W+−g

(
W+ (x, t) ,

(
h ∗ S

(
W+

))
(x, t)

)
≥ −g (1, S (1)) = 0.
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If (x, t) ∈ A−
2 , let ξ (t) = r + t + σδ [1 − e−�0t]; we have W+ (x, t) = Φ (x, ξ (t)) +

δe−�0t. Then

N
[
W+

]
= δe−�0t [�0σΦ′

2 (x, ξ (t)) − �0] − g
(
W+ (x, t) ,

(
h ∗ S

(
W+

))
(x, t)

)
+ g (Φ (x, ξ (t)) , (h ∗ S (Φ)) (x, ξ (t)))

= δe−�0t [�0σΦ′
2 (x, ξ (t)) − �0] −

∫ 1

0

[
∂1g

(
Φ (x, ξ (t)) + θδe−�0t, ζ (x, t)

)
δe−�0t

+ ∂2g
(
Φ (x, ξ (t)) + θδe−�0t, ζ (x, t)

)
×
∫ τ

0

∫ ∞

−∞
h (y, s)S′ (Φ (x − y, ξ (t) − s) + θη (y, s)) η (y, s) dyds

]
dθ

≥ δe−�0t [�0σΦ′
2 (x, ξ (t)) − �0] −

∫ 1

0

[
∂1g

(
Φ (x, ξ (t)) + θδe−�0t, ζ (x, t)

)
δe−�0t

+ ∂2g
(
Φ (x, ξ (t)) + θδe−�0t, ζ (x, t)

)
×
∫ τ

0

∫ ∞

−∞
h (y, s)S′ (Φ (x − y, ξ (t) − s) + θη (y, s)) δe−�0te�0τdyds

]
dθ

≥ δe−�0t

{
�0σΦ′

2 (x, ξ (t)) − �0 −
∫ 1

0

[
∂1g

(
Φ (x, ξ (t)) + θδe−�0t, ζ (x, t)

)
+ e�0τ∂2g

(
Φ (x, ξ (t)) + θδe−�0t, ζ (x, t)

)
×
(

(h ∗ S′ (Φ)) (x, ξ (t)) + δe�0τ max
u∈[0,1]

|S′′ (u)|
)]

dθ

}
,

where

Φ′
2 (x, t) =

∂

∂t
Φ (x, t) , ζ (x, t)

=
∫ τ

0

∫ ∞

−∞
h (y, s)S (Φ (x − y, ξ (t) − s) + θη (y, s)) dyds

and

η (y, s) = W+ (x − y, t − s) − Φ (x − y, ξ (t) − s)

≤ Φ (x − y, ξ (t − s)) + δe−�0(t−s) − Φ (x − y, ξ (t) − s)

≤ Φ
(
x − y, ξ (t) − s + σδe−�0t [1 − e�0s]

)
+ δe−�0(t−s) − Φ (x − y, ξ (t) − s)

≤ δe−�0(t−s) ≤ δe−�0te�0τ ≤ δe�0τ .

Let σ0 = max {σ1, σ2}. Now we consider six cases.
Case (i). x ∈ R, ξ (t) > T4. By (5.4), (5.5), (5.6) and (5.7), we have N [W+] ≥ 0.
Case (ii). ξ (t) ≤ T6, |x| + cξ (t) + ω ≥ X1. Since for x > 0,

Φ (x, ξ (t)) ≥ φ (x + cξ (t) + ω) , Φ (x − y, ξ (t) − s)≥φ (x − y + cξ (t) − cs + ω) ,

Φ (x − y, ξ (t) − s) ≤ φ (x − y + p (ξ (t) − s)) + φ (−x + y + p (ξ (t) − s)) ,

then

S′ (Φ (x − y, ξ (t) − s))
≤ S′ (φ (x − y + ξ (t) − s + ω)) + φ (−x + y + cξ (t) − cs + ω) max

u∈[0,1]
|S′′ (u)|

+2 [p (ξ (t)) − cξ (t) − ω] max
u∈[0,1]

|S′′ (u)| · max
v∈R

φ′ (v) .
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Now by (5.4), (5.5), (5.8), (5.9), (5.12) and (5.13), for ξ (t) ≤ T6, x > 0 with
x + cξ (t) + ω ≥ X1, we have N [W+] ≥ 0. By the symmetry, we have N [W+] ≥ 0
for ξ (t) ≤ T6, and x < 0 with −x + cξ (t) + ω ≥ X1.

Case (iii). ξ (t) ≤ T6, |x| + cξ (t) + ω ≤ −X1. From (5.4), (5.5), (5.10), (5.11),
(5.12) and (5.13), it follows that N [W+] ≥ 0.

Case (iv). ξ (t) ≤ T6, −X1 ≤ |x|+cξ (t)+ω ≤ X1. By (5.14) and (5.15), we have
N [W+] ≥ 0.

Case (v). T6 ≤ ξ (t) ≤ T4, |x| > X2. By (5.4), (5.5), (5.6) and (5.7), there is
N [W+] ≥ 0.

Case (vi). T6 ≤ ξ (t) ≤ T4, |x| ≤ X2. It is easy to see that (5.16) implies
N [W+] ≥ 0.

Combining the above six cases, we have proved that for (x, t) ∈ A−
2 , N [W+] ≥ 0.

Thus, as in Lemma 4.1, we can prove that W+ (x, t) is a supersolution of (1.1) on
R × [0, +∞). �
Theorem 5.8. Assume that h(x, t) = J(x)δ(t − τ ); then for some (x0, t0) ∈ R2,

Φ̃ (x, t) = Φ (x + x0, t + t0) for any (x, t) ∈ R
2.

Proof. Fix an arbitrary t0 ∈ R. Define

η := inf
z∈R,r∈R

∥∥∥Φ (·, r + ·) − Φ̃ (· + z, t0 + ·)
∥∥∥

L∞(R×[−τ,0])
.

Fix any small δ ∈ (0, δ0]. By Lemma 5.6, there exist t1 < t0, z ∈ R and r ∈ R such
that ∥∥∥Φ (·, r + ·) − Φ̃ (· + z, t1 + ·)

∥∥∥
L∞(R×[−τ,0])

≤ δ.

That is, Φ (x, r + s) − δ ≤ u (z + x, t1 + s) ≤ Φ (x, r + s) + δ for any x ∈ R and
s ∈ [−τ, 0]. Furthermore,

max
{
Φ
(
x, r + σδ [1 − e�0τ ] + s − σδ

[
1 − e−�0s

])
− δe−�0s, 0

}
≤ Φ̃ (z + x, t1 + s) ≤ min {Φ (x, r − σδ [1 − e�0τ ]

+s + σδ
[
1 − e−�0s

])
+ δe−�0s, 1

}
.

By comparison, for all t ≥ 0,

max
{
Φ
(
x, r + σδ [1 − e�0τ ] + t − σδ

[
1 − e−�0t

])
− δe−�0t, 0

}
≤ Φ̃ (z + x, t1 + t) ≤ min {Φ (x, r − σδ [1 − e�0τ ]

+t + σδ
[
1 − e−�0t

])
+ δe−�0t, 1

}
.

Set t = t0 − t1 and r′ = r + σδ [1 − e�0τ ] − σδ [1 − e−�0t]. We then have∣∣∣Φ̃ (z + x, t0) − Φ (x, r′)
∣∣∣ ≤ 2δ + |Φ (x, r′ + (1 + e�0τ )σδ) − Φ (x, r′)|

≤
(

2 + (1 + e�0τ ) σ

∥∥∥∥∂Φ
∂t

∥∥∥∥
∞

)
δ.

Thus, η ≤
(
2 + (1 + e�0τ )σ

∥∥∂Φ
∂t

∥∥
∞
)
δ. Since δ is arbitrary, η = 0. Consequently, Φ̃

is a translation of Φ. This completes the proof. �
Remark 5.9. We note that the assumption h(x, t) = J(x)δ(t − τ ) is only used to
ensure that (5.2) holds. Obviously, if h(x, t) satisfies that there exists τ0 ∈ (0, τ )
such that

∫ τ

τ0

∫∞
−∞ h(x, t)dxdt = 1, that is,

∫ τ0

0

∫∞
−∞ h(x, t)dxdt = 0, we can show

that (5.2) holds via a similar argument to that of Lemma 5.5. Thus, the conclusions
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of Lemma 5.6 and Theorem 5.8 are still valid if h(x, t) satisfies that there exists
τ0 ∈ (0, τ ) such that

∫ τ

τ0

∫∞
−∞ h(x, t)dxdt = 1. However, it seems difficult to show

that (5.2) holds for a general kernel h(x, t). We also note that the assertions of
Lemmas 5.1-5.4 and 5.7 hold for a general kernel h(x, t) satisfying (H1)-(H3).

Theorem 5.10. The entire solution Φ of (1.1) founded in Theorem 4.4 is Liapunov
stable.

Proof. Given any ε > 0, for any ϕ ∈ C[0,1] with ‖ϕ − Φ (x0 + ·, t0 + ·)‖L∞(R×[−τ,0])

< δ ≤ δ0, where x0 ∈ R and t0 ∈ R are arbitrary constants, we have

max
{
Φ
(
x + x0, s + t0 + σ0δ (1 − e�0τ ) − σ0δ

(
1 − e−�0s

))
− δe−�0s, 0

}
≤ ϕ (x, s)≤min

{
Φ
(
x + x0, s + t0 − σ0δ (1 − e�0τ ) + σ0δ

(
1 − e−�0s

))
+ δe−�0s, 1

}
for all x ∈ R and s ∈ [−τ, 0], where �0, σ0 and δ0 are as in Lemma 5.7. By Lemma
5.7, it follows that

max
{
Φ
(
x + x0, t + t0 + σ0δ (1 − e�0τ ) − σ0δ

(
1 − e−�0t

))
− δe−�0t, 0

}
≤ u (x, t; ϕ) ≤ min {Φ (x + x0, t + t0 − σ0δ (1 − e�0τ )

+σ0δ
(
1 − e−�0t

))
+ δe−�0t, 1

}
for all x ∈ R and t > 0. Choose δ2 (ε) > 0 such that ‖Φ (·, t) − Φ (·, t + z)‖L∞(R) <

ε /2 for any |z| ≤ δ2 and t ∈ R. Furthermore, let δ∗ = min
{

ε /2 , δ2e−�0τ

σ0
, δ0

}
.

Then for any δ < δ∗,∣∣σ0δ (1 − e�0τ ) − σ0δ
(
1 − e−�0t

)∣∣ ≤ ∣∣σ0δ
(
e�0τ − e−�0t

)∣∣ ≤ σ0δe
�0τ ≤ δ2.

It follows that

Φ (x + x0, t + t0) − ε ≤ u (x, t; ϕ) ≤ Φ (x + x0, t + t0) + ε ∀ x ∈ R, t ≥ 0.

That is, for any ϕ ∈ C[0,1] with ‖ϕ − Φ (· + x0, · + t0)‖L∞(R×[−τ,0]) < δ∗, we have

|u (x, t; ϕ) − Φ (x + x0, t + t0)| ≤ ε

for all x ∈ R and t ≥ 0, which implies that Φ (x, t) is Liapunov stable. �
Remark 5.11. To prove Theorem 1.1, we only need to let

Φ̂(x, t) = Φ (x + (θ1 − θ2)/ 2, t + (θ1 + θ2 − 2ω)/ (2c))

and still denote Φ̂(x, t) by Φ (x, t).

Remark 5.12. Consider the case c < 0. Assume that φ (x + ct) is an increas-
ing traveling wave solution up to translation of (1.1) satisfying φ (−∞) = 0 and
φ (+∞) = 1. Let ψ (x − ct) = φ (− (x − ct)) . Then ψ (−∞) = 1 and ψ (+∞) = 0.
Let c′ = −c > 0 and χ (x + c′t) = 1−ψ (x + c′t) = 1−ψ (x − ct). Thus, χ (−∞) = 0
and χ (∞) = 1. We conclude that χ (x + c′t) is a traveling wave solution of the
following equation:

(5.17)
∂u

∂t
= d∆u − g (1 − u (x, t) , (h ∗ S (1 − u)) (x, t)) .

Take g∗ (u, v) = −g (1 − u,−v) and S∗ (u) = −S (1 − u) . Obviously, g∗ and S∗

satisfy the conditions (F1) and (F2). Then equation (5.17) reduces to

(5.18)
∂u

∂t
= d∆u + g∗ (u, (h ∗ S∗ (u)) (x, t)) .

Applying Theorem 1.1 to (5.18), we can prove Theorem 1.2.
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[32] P. Poláčik, Domains of attraction of equilibria and monotonicity properties of convergent
trajectories in parabolic systems admitting strong comparison principle, J. Reine Angew.
Math. 400 (1989), 32–56. MR1013724 (90i:58099)

[33] M. H. Protter and H. F. Weinberger, Maximum principles in differential equations, Prentice-
Hall, 1983. MR0219861 (36:2935)

[34] S. Ruan, Spatial-temporal dynamics in nonlocal epidemiological models, in “Mathematics for
Life Science and Medicine”, Y. Iwasa, K. Sato and Y. Takeuchi, eds., Springer-Verlag, New
York, 2007, pp. 99-122. MR2309365

[35] S. Ruan and D. Xiao, Stability of steady states and existence of traveling waves in a vec-

tor disease model, Proc. Roy. Soc. Edinburgh Sect. A 134 (2004), 991-1011. MR2099575
(2005i:35152)

[36] K. W. Schaaf, Asymptotic behavior and travelling wave solutions for parabolic functional
differential equations, Trans. Amer. Math. Soc. 302 (1987), 587-615. MR891637 (88g:35190)

[37] H. L. Smith, Monotone dynamical systems: an introduction to the theory of competitive
and cooperative systems, Mathematical Surveys and Monographs, 41, Amer. Math. Soc.,
Providence, RI, 1995. MR1319817 (96c:34002)

[38] H. L. Smith and X. Q. Zhao, Global asymptotic stability of travelling waves in de-
layed reaction-diffusion equations, SIAM J. Math. Anal. 31 (2000), 514-534. MR1740724
(2001c:35239)

[39] A. I. Volpert, V. A. Volpert and V. A. Volpert, Travelling wave solutions of parabolic systems,
Translations of Mathematical Monographs, 140, Amer. Math. Soc., Providence, RI, 1994.
MR1297766 (96c:35092)

[40] Z. C. Wang and W. T. Li, Monotone travelling fronts of a food-limited population model with
nonlocal delay, Nonlinear Analysis RWA 8(2007), 699-712. MR2289581 (2007i:35129)

[41] Z. C. Wang, W. T. Li and S. Ruan, Travelling wave fronts of reaction-diffusion systems
with spatio-temporal delays, J. Differential Equations 222 (2006), 185-232. MR2200751
(2006k:35156)

[42] Z. C. Wang, W. T. Li and S. Ruan, Existence and stability of traveling wave fronts in reaction
advection diffusion equations with nonlocal delay, J. Differential Equations 238 (2007), 153-
200. MR2334595

[43] Z. C. Wang, W. T. Li and S. Ruan, Traveling fronts in monostable equations with nonlocal
delayed effects, J. Dynamics and Differential Equations 20 (2008), 563-607.

[44] D. V. Widder, The Laplace transform, Princeton University Press, Princeton, NJ, 1941.
MR0005923 (3:232d)

[45] J. Wu, Theory and applications of partial functional differential equations, Springer-Verlag,
New York, 1996. MR1415838 (98a:35135)

http://www.ams.org/mathscinet-getitem?mr=2229998
http://www.ams.org/mathscinet-getitem?mr=2229998
http://www.ams.org/mathscinet-getitem?mr=2341686
http://www.ams.org/mathscinet-getitem?mr=1982017
http://www.ams.org/mathscinet-getitem?mr=1982017
http://www.ams.org/mathscinet-getitem?mr=2333414
http://www.ams.org/mathscinet-getitem?mr=967316
http://www.ams.org/mathscinet-getitem?mr=967316
http://www.ams.org/mathscinet-getitem?mr=2263404
http://www.ams.org/mathscinet-getitem?mr=2263404
http://www.ams.org/mathscinet-getitem?mr=2309573
http://www.ams.org/mathscinet-getitem?mr=2309573
http://www.ams.org/mathscinet-getitem?mr=710486
http://www.ams.org/mathscinet-getitem?mr=710486
http://www.ams.org/mathscinet-getitem?mr=997611
http://www.ams.org/mathscinet-getitem?mr=997611
http://www.ams.org/mathscinet-getitem?mr=1013724
http://www.ams.org/mathscinet-getitem?mr=1013724
http://www.ams.org/mathscinet-getitem?mr=0219861
http://www.ams.org/mathscinet-getitem?mr=0219861
http://www.ams.org/mathscinet-getitem?mr=2309365
http://www.ams.org/mathscinet-getitem?mr=2099575
http://www.ams.org/mathscinet-getitem?mr=2099575
http://www.ams.org/mathscinet-getitem?mr=891637
http://www.ams.org/mathscinet-getitem?mr=891637
http://www.ams.org/mathscinet-getitem?mr=1319817
http://www.ams.org/mathscinet-getitem?mr=1319817
http://www.ams.org/mathscinet-getitem?mr=1740724
http://www.ams.org/mathscinet-getitem?mr=1740724
http://www.ams.org/mathscinet-getitem?mr=1297766
http://www.ams.org/mathscinet-getitem?mr=1297766
http://www.ams.org/mathscinet-getitem?mr=2289581
http://www.ams.org/mathscinet-getitem?mr=2289581
http://www.ams.org/mathscinet-getitem?mr=2200751
http://www.ams.org/mathscinet-getitem?mr=2200751
http://www.ams.org/mathscinet-getitem?mr=2334595
http://www.ams.org/mathscinet-getitem?mr=0005923
http://www.ams.org/mathscinet-getitem?mr=0005923
http://www.ams.org/mathscinet-getitem?mr=1415838
http://www.ams.org/mathscinet-getitem?mr=1415838


2084 ZHI-CHENG WANG, WAN-TONG LI, AND SHIGUI RUAN

[46] J. Wu and X. Zou, Travelling wave fronts of reaction-diffusion systems with delay, J. Dynam.
Differential Equations 13 (2001), 651-687. (Erratum, J. Dynam. Differential Equations, DOI:
10.1007/s10884-007-9090-1.) MR1845097 (2003a:35114)

[47] H. Yagisita, Backward global solutions characterizing annihilation dynamics of travelling
fronts, Publ. Res. Inst. Math. Sci. 39 (2003), 117-164. MR1935462 (2003h:35142)

[48] X. Zou, Delay induced traveling wave fronts in reaction diffusion equations of KPP-Fisher
type, J. Comp. Appl. Math. 146 (2002), 309-321. MR1925963 (2004c:35233)

School of Mathematics and Statistics, Lanzhou University, Lanzhou, Gansu 730000,

People’s Republic of China

E-mail address: wangzhch@lzu.edu.cn

School of Mathematics and Statistics, Lanzhou University, Lanzhou, Gansu 730000,

People’s Republic of China

E-mail address: wtli@lzu.edu.cn

Department of Mathematics, University of Miami, P.O. Box 249085, Coral Gables,

Florida 33124-4250

E-mail address: ruan@math.miami.edu

http://www.ams.org/mathscinet-getitem?mr=1845097
http://www.ams.org/mathscinet-getitem?mr=1845097
http://www.ams.org/mathscinet-getitem?mr=1935462
http://www.ams.org/mathscinet-getitem?mr=1935462
http://www.ams.org/mathscinet-getitem?mr=1925963
http://www.ams.org/mathscinet-getitem?mr=1925963

	1. Introduction and main results
	2. Preliminaries
	3. Asymptotic behavior of traveling wave solutions
	4. Existence of entire solutions
	5. Uniqueness and stability of entire solutions
	References

