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ABSTRACT. A Smirnov word is a word over the positive integers
in which adjacent letters must be different. A symmetric function
enumerating these words by descent number arose in the work of
Shareshian and the second named author on ¢-Eulerian polynomi-
als, where a t-analog of a formula of Carlitz, Scoville, and Vaughan
for enumerating Smirnov words is proved. A symmetric function
enumerating a circular version of these words by cyclic descent
number arose in the work of the first named author on chromatic
quasisymmetric functions of directed graphs, where a t-analog of
a formula of Stanley for enumerating circular Smirnov words is
proved.

In this paper we obtain new t-analogs of the Carlitz-Scoville-
Vaughan formula and the Stanley formula in which the roles of
descent number and cyclic descent number are switched. These
formulas show that the Smirnov word enumerators are polynomi-
als in ¢ whose coeflicients are e-positive symmetric functions. We
also obtain expansions in the power sum basis and the fundamen-
tal quasisymmetric function basis, complementing earlier results of
Shareshian and the authors.

Our work relies on studying refinements of the Smirnov word
enumerators that count certain restricted classes of Smirnov words
by descent number. Applications to variations of g-Eulerian poly-
nomials and to the chromatic quasisymmetric functions introduced
by Shareshian and the second named author are also presented.
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1. INTRODUCTION

We consider words w = wjws...w, over the alphabet of positive
integers P with no adjacent repeated letters; that is w; # w;,, for all
i€n—1]:={1,...,n—1}. We refer to these words as Smirnov words
as is often done in the literature; see e.g. [15], 12], 20} 3], 22| 13|, 23].

For n > 1, let W,, be the set of Smirnov words of length n. Now
define the Smirnov word enumerator

W (x) := Z Ty
weWn,
where X := x1,%9,... is a sequence of indeterminates and =z, :=
Tapy Tagy * * * Tap,, - Clearly W, (x) is a symmetric function. Carlitz, Scov-
ille, and Vaughan [6l, equation (7.12)] derived the generating function
formula

n dis1l ei(x)2’
(1.1) ; Wh(x)z" = - Zi;(i "D

where e;(x) is the elementary symmetric function of degree i. An im-
portant consequence of this formula is that W, (x) is e-positive, which
means that when expanded in the elementary symmetric function basis
for the ring of symmetric functions, the coefficients are nonnegative.
The symmetric function W, (x) was also considered by Stanley [32]
in the context of chromatic symmetric functions and by Dollhopf,
Goulden, and Greene [§] in the context of pair avoiding word enu-
merators. Stanley also considered a circular version of Smirnov words,
that is Smirnov words whose first and last letter are different. Let

W#(x) := Z Ly

w1 # Wn
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Stanley [32, Proposition 5.4] proved

o 11— 1) e;(x)z
(1.2) Y WE(x)2" = 12_:1§>(2(i _)1);(;)()21"

It follows from this formula that W7 (x) is e-positive.
Given any word w € P", where n > 1, the descent number of w is
defined by

des(w) :=|{i € [n — 1] : w; > w1}
and the cyclic descent number is defined by

(1.3) cdes(w) := [{i € [n] : w; > wiq1}],
where w,,11 := w;. Now define the refined Smirnov word enumerators
W,(x,t) = Z tdes@y,
weWy,
Wn(x, t) = Z gedesw) g,
weWn,
W7 (x,t) = Z gdes@ly
w e Wy
w1 F Wy
W7 (x,t) = Z godes@ly
w e Wy
w1 F Wy

The first and fourth of these Smirnov word enumerators have been
studied before. The main objective of this paper is to study the other
two Smirnov word enumerators. We start with a brief review of what
is known for W, (x,t) and W7 (x,t).

1.1. Summary of known results. The refined Smirnov word enu-
merator W, (x,t) arose in the work of Shareshian and the second named
author on ¢-Eulerian polynomials [26]. Stanley (personal communica-~
tion) observed that the r = 1 case of [26], Theorem 1.2] is equivalent to

the following t-analog of (|1.1J),

(1.4) Z W (x, t)2" = — Zizﬂi]f e;(x)z'

o1 D isa tli = 1]; ei(x)2"’
where A
=1ttt s
[n]; A+ o

Indeed, this follows from [26, Equation (7.7) and Theorem 3.6]; see [30,
Section 4.1]. (For another proof of (1.4)), see Remark [5.6]) It follows
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from (1.4) that W, (x,t) is e-positive, that is, W,,(x,t) is a polynomial
in t whose coefficients are e-positive symmetric functions.

Equation (1.4)) can be restated as

(1.5) 1+ Walx,t)z" =

n>1

(1-t)E()
E(tz) —tE(2)’

where
E(z) = Zen(x)z".
n>0

The expression on the right hand side of (or its image under the
involution w that takes e,(x) to the complete homogeneous symmetric
function h,(x)) has arisen in various other contexts. Stanley obtained
the expression when considering the representation of the symmetric
group on the cohomology of the toric variety associated with the dual
permutohedron [31]. A conjecture of Shareshian and the second named
author [28] 29, 30], proved by Brosnan and Chow [4] and subsequently
by Guay-Paquet[I8], generalizes the connection between the Smirnov
word enumerator and the toric varieties to a connection between chro-
matic quasisymmetric functions and Hessenberg varieties. The expres-
sion also arose in the work of Shareshian and the second named author
on the representation of the symmetric group on homology of Rees
products of posets [27].

By combining with a result of Stembridge [35], one obtains an
expansion of wW,,(x,t) in the power sum symmetric functions py(x).
The expansion is given by

I\

(1.6) wW,(x,t) = Z Ay (1) H[Ai]t p,\(x)7

z
An i=1 A

where A,,(t) is the mth Eulerian polynomial, z, is a constant associated
with the partition A = (A\; > Ao > -+ > Ny)), and [()) is the length
of \.

Recall that the Eulerian polynomials A, (t) have two well-known
combinatorial interpretations, which are given by

(1.7) A (t) = Z pdes(o) _ Z fexe(@),

geG, ceG,

where &,, is the symmetric group on [n], and des and exc are MacMa-
hon’s classical equidistributed permutation statistics, descent number
and excedance number, respectively.

In [25, 26] Shareshian and the second named author introduce a g¢-
analog of the exc interpretation of A, (¢) and in [29] they introduce a
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g-analog of the des interpretation of A, (t). These g-analogs are shown
to be equal in |29, Theorem 9.7]. They are defined by

An(q,t) = Z qmaj(o)fexc(a)texc(a) _ Z qmajZQ(Uil)tdeS(O')’

O’GGn UEGn

where maj is MacMahon’s classical major index and maj., is a per-
mutation statistic whose definition is given in Section [} By taking
the stable principal specialization of both sides of , the following
g-analog of Euler’s classical formula is established in [26] for the exc
interpretation of A, (q,t) and in [29] for the des interpretation:

(1.8) 1+ Z An(Q7 t) [;]nq[ - eXIEj(;)t)—e};I;Z(iij(Z)

n>1

Y

where

)yl = [nlgln —1]g...[1], and exp,(z):=)

In [24], Sagan, Shareshian and the second named author use the ex-
pansion of wW,(x,t) in the power sum basis to show that A,(q,?)
evaluated at any nth root of unity is a polynomial in ¢ with positive
integer coefficients. For results on cycle-type refinements of the exc
interpretation of A,(q,t) see [29, [19] 24].

The Smirnov word enumerator Wf (x,t) arose in the work [9] 10, 1]
of the first named author on chromatic quasisymmetric functions of
directed graphs. The first named author proves the t-analog of ,

i o it[i — 1]y €;(x)2"
(1.9) > W, 1)z" = 1§ZZ;[1€[Z' _] 1]te(i<))<>zi

from which e-positivity of W7(x,t) follows. (A subsequent alterna-
tive proof of was given in [I].) As a consequence of a general
result obtained in [9, [10, IT] on power sum expansions of chromatic
quasisymmetric functions, the first named author also obtains the fol-
lowing expansion analogous to :

(1.10)
(N D p
e — 1 £ _ 1.2
W (x, )= ) ntAl(A)_l(t)H[)\z]t T ntln — 1)~
AbEn i=1
(A >1



6 ELLZEY AND WACHS

1.2. New results. In this paper we obtain results for W, (x,t) and
W7(x,t), analogous to those described above. For instance, we prove

the t-analog of ([1.1),

. St lei(x) 2
(1.11) W, (x,t)2" = = -
nZZ; L= s tli — 1p ei(x)2

and the t-analog of ((1.2)),

= =

From this it follows that W, (x,t) and W7(x,t) are symmetric in x
and e-positive. We also obtain expansions in the power sum symmetric

functions analogous to (1.6 and ((1.10)).

Equation (|1.11]) can be restated as

2 E(tz
(1.13) > Walx,1)2" = g(tz;f)ftffr?(;;

By specializing |D using an expansion of Wn(x) in the fundamental
quasisymmetric functions, we obtain the cyclic analog of (|1.8]),

o 2" (1—1)2 exp,(t2)
1.14 qmaJEQ(J 1)tcdes(a) — ot q ]
(1.14) Z ( Z [n]y!  exp,(tz) —texp,(2)

n>1 \oe6,

Our work relies on studying restricted Smirnov word enumerators
that are components of all the Smirnov word enumerators discussed
above. For n > 1, let

Ws(x,t) = Z pdesw) g
w1 < Wn

W2 (x,t) := Z pdesw) g
w1 > Wn

W=(x,t) = Z ey,
W1 = Wn
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Clearly

(1.15) Wa(x,t) = Wi(x,t)+ W, (x,t)+ W, (x,t)
(1.16) Wo(x,t) = tWS(x,t) + W (x,t) + Wi (x,1)
(1.17) W7(x,t) = WI(x,t)+W.(x,1)

(1.18) W7 (x,t) = tW(x,t) + W2 (x,t).

It is an exercise in [16, Exercise 2.9.11] that W,s(x,t), W, (x,1),
and W~ (x,t) are symmetric in x. Here we derive results for W,=(x, t),
W (x,t), and W, (x,t) analogous to those of W,,(x,t), which not only
establish symmetry, but also e-positivity of W,s(x,t) and W~ (x,t).
When appropriately combined they yield the above mentioned results
for W, (x,t) and W7 (x,t). They also enable us to recover the previous
results for W, (x,t) and W7 (x,t). However they do not provide new
proofs of the previous results since their proofs rely on these results.

The Smirnov word enumerator is an example of a chromatic qua-
sisymmetric function. (The chromatic quasisymmetric functions are
a refinement of Stanley’s chromatic symmetric functions, which were
introduced by Shareshian and the second named author in [28], 29]).
Indeed, W, (x,t) is the chromatic quasisymmetric function of the nat-
urally labeled path graph with n nodes. In this paper our results for
W<(x,t) and W (x,t) are used to obtain new results in the study of
chromatic quasisymmetric functions. For instance, we use e-positivity
of W=(x,t) and W (x,t) to establish e-positivity of the chromatic
quasisymmetric function of the labeled cycle C),, providing an example
of an e-positive chromatic quasisymmetric function not covered by the
refinement of the Stanley-Stembridge e-positivity conjecture appearing
in [28, 29] nor by the directed graph version appearing in [9, [10] TT].

Smirnov words have been used in the literature to enumerate un-
constrained words; see e.g. [12, 21, 22, 23]. In a forthcoming paper
we use results discussed in this paper to obtain analogous results for
unconstrained words.

2. EXPANSION IN THE ELEMENTARY SYMMETRIC FUNCTIONS

In this section we derive formulas that refine ([1.4]) and ([1.9)) and then
use the refinements to prove ((1.11)) and (1.12)).
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Theorem 2.1. Let

(2.1) D(x,t,z) = 1-=> tli—1e;(x)z",

W) = Gl =3
bi(t) = t7 et = ' (i — )t
ci(t) = itli — 2]y,
for all i > 2. Then
(2.2) ZW;(x,t)z” = mZai(t) ei(x)z2"
23) Wi = ﬁzm(@ :(x) 7"
4 S Wi = m(el(x)z—Zci(t) e:(x)7").

Before proving the theorem, we observe that
ait)+0;(t) = 1+G+Dt+GE+ D)+ -+ G+ 024471
= [i]¢ +it[i — 2];.
Hence,
a;(t) + bi(t) — ci(t) = [ils,
which shows that Theorem [2.1]refines since W= (x,t)+ W (x,t)+
W=(x,t) = W,(x,t). Also

ta;(t) + bi(t) = dtli — 1],

which shows that Theorem also refines since tW,;S(x,t) +
W2 (x,t) = WZ(x,1).

We prove first. Then we use (2.4), (L.4), and (1.9) to derive
(2.2). Equation follows from ([2.2)). Our proof of uses the
transfer-matrix method discussed in [33, Section 4.7] and borrows in-
gredients from the first named author’s proof of in [10].

Before presenting the proof of , we give a brief review of the
transfer matrix method. A walk of length n on a directed graph G =
([k], E) is a sequence of vertices vg, vy, ..., v, such that (v;_1,v;) € F
for all ¢ € [n]. A walk is closed if vy = v,. We attach weights in some
commutative ring R to the edges of G. Let wt : E — R be the weight
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function. Now define the weight wt(w) of a walk w := vy, vy, ..., v, to
be the product wt(vo, v1)wt(vy,va) ... wt(v,—1,v,). For each i,j € [k],
define W, ;. to be the set of walks of length n from i to j and let

Uijn = Z wt(w).

wEWiJ,n

The transfer-matrix method enables one to express the generating
function ano Ui jn2" in terms of the adjacency matrix A for the edge
weighted digraph G. That is, A is the k x k matrix whose (¢, j)-entry
is

0 otherwise.

A e {Wt(i,j) if (i,j) € E
Theorem 4.7.2 of [33] states that for all ¢, j € [k],

n (1) det(I —zA : j,1)
(2:5) Z Uiin?" = det(I — zA) ’

n>0

where (B : 7,j) is the matrix obtained from B by removing row i and
column j.

Proof of (2.4). As in [32] and [10], we view a Smirnov word wyws ... w,
over the alphabet [k] as a walk wy,ws, ..., w, of length n — 1 on the

digraph G = ([k], E), where
E={(i,j):i,j € [k] and i # j}.

We let the edge weights belong to the commutative ring Z[z1, . . . , x, t]
and for all (i,j) € E, and we set

w7 i<
DT ey i > g

Note that if w is a Smirnov word over the alphabet [k] then
tdesW g =z, wh(w),

where w; is the first letter of w. Hence

k
Wn:(l’l, Ce ,IL‘k,t) = Wn:(l'h N ,a:k,(),O, N ,t) == inUi,i,n—l-
=1
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It follows from this and (2.5 that

k
Z W (xy, .. xp, t)2" = ZZ% Z Uiin2"
i=1

n>1 n>0
k -
det(I — zA :i,1)
- Z i det(l — zA)
(2.6) _ 238 aidet(I — 2A i,z’)’
det(I — zA)
where
0 x93 x3 ... xp
tey 0 3 ... @y
A= |tzy tza 0 ... xp
tl’l tilfg tl'g Ce 0
In [10, Proof of Theorem 6.1] the first named author proves thatf]
(2.7) det(] — zA) = 1= ej(wy, ...,z t[j — 1,27,

Jj=>2
It follows that
det(I —zA :i,i) =1— Zej(:cl, Ty T) ] — 1],
Jj=2
where z; denotes deletion of x;. Multiplying both sides by x; and
summing over all ¢ € [k] yields,

k

k k
Zmi det(I—zA :4,i) = Z:L‘i—ZZ:L‘iej(xl, o By ) H 1]

i=1 i=1 j>2 i=1

One can see that
k
inej(xl, RN ,.fi, RN ,.I‘k) = (] + 1)€j+1($1, Ce ,l’k),
i=1

since both sides enumerate (j + 1)-subsets of [k] with a distinguished
element. Hence

:
in det(I—zA :i,1) = ey(xq,. .. ,xk)—Z(j+1)ej+1(x1, Tt —1]27

i=1 §>2

'This is obtained from the formula in [I0] by replacing ¢ with ¢t~ and each z;
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Upon multiplying both sides by z, we see that the numerator of the
right hand side of ([2.6) is

e1(x1,. .., x5)2 — Zjej(xl, Tt — 2027
Jj=3

It therefore follows from (2.6) and (2.7]) that

ZW;(xl,...,xk,t)z" =

n>1 1-— 2322 ej(lj,...,xk) t[j - 1]tzj

The desired result ([2.4) follows by taking the limit as k goes to infinity.
O

Proof of (2.9). 1t follows from (L.15), (L.4), and (2.4) that

(2.8)
YoWEx )+ Y Wk ) = Y Walxt) = > Wi(x,1t)
n>1 n>1 n>1 n>1
_ B(x,t,2)
D(x,t,2)’
where
B(x,t,2) = Y [iliei(x)z" = (er(x)z = Y _itli — 2], ei(x)2")
i>1 1>2
= ) lilei(x)z2 + ) itli — 2] ei(x)2
i>2 i>2
= ([l +it[i — 2])ei(x)2"
i>2
It follows from ((1.16) and (1.9]) that
(2.9)
EY Wik )2+ Y Wr(x )" = > W (x, )"
n>1 n>1 n>1
 O(x,t,2)
 D(x,t,2)’
where

C(x,t,z) = Zzt[z — 1]y e5(x)2".

i>2

e1(1s )z = Yyagd €5, )] — 20,20
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By subtracting (2.8)) from ([2.9)), we obtain
C(x,t,z) — B(x,t,z2)

_ 1 < noo_
(t ) Z Wn (X’ t)Z D(X, t, Z)
n>1
D iz (it = [i]t)ei(x) 2"
D(x,t,2) '
Note that
(t—1)(A42t+32+--+ (i —1t"2) = (-t —[i —1],
(2.10) = it'" ! — i)
Hence
2 . i-2 i
Z W (x, 1) = 2122(1 + 26437+ 4 (1 — D)t 2) ei(x)2
e D(x,t, z)
as desired. O

Proof of . Using the involution on the set of Smirnov words that
reverses each word, we see that W2 (x,t) = t"'W<(x,t!). It follows
from this and (2.2)) that

D W (x )2t = Y Wk ) (t2)"

n>1 n>1

41 2122 ai(t_l)ei(xﬂizi

D(x,t7 1 tz)
Y bilt)e(x)2!
D(x,t"1tz)
Since D(x,t7!,tz) = D(x,t, z), the result holds. O
Since
(2.11) m - n;o (Z; ti — 1]tei(x)zi> ,

we have the following consequence of Theorem

Corollary 2.2. For alln > 1, the polynomials W, (x,t) and W.” (x,t)
are e-positive.

Note that it follows from Theorem [2.1] that the coefficient of e, (x)
in the e-basis expansion of W—(x,t) is —nt[n — 2], if n > 2. Hence
W=(x,t) fails to be e-positive. However, observe that the coefficient
ca(t) of ex(x) is in N[¢] if the smallest part of A is 1, and —c,(t) € N[t]
otherwise.
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We obtain equivalent formulations of (2.2)) and of (2.3) by multiply-
ing the numerators and denominators of the right hand sides of the
equations by 1 —¢.

Corollary 2.3. We have

olie ()2
tE(2)

(212) Y Wi(xt)z" =

(1-1)F X
E(tz) —

Upyre (ZZ (i = ) ei(x)2!
2.13 Wy (x,t)2" = =
n>1
where E(2) := ) g en(x)2".
We now use Theorem [2.1]to prove (1.12)) and (1.11)), which we restate
here.

Corollary 2.4. We have,

o ([i]y + it]i — 2]p)e; (x)2°
D(x,t,z)
n>1
Consequently, W7 (x,t) is e-positive.
Proof. We use the facts that W7 (x,t) = W =(x,t) + W, (x,t) and
Corollary 2.5. We have,

(2.14) S W (x, 1)z = Ly i1 ei02"

pet D(x,t,2)

Consequently, Wn(x, t) is e-positive.
Proof. We use the fact that
(2.15) Wa(x,t) = tWS(x,1) + (Wa(x,t) — WE(x, 1))

n

and equations (2.2)), (2.10), and ([1.4). O

Corollary 2.6. We have,

. ., (1=10)2E(tz)
(2.16) ;Wn(x, D" =~ &) TE()

In [26], Theorem 5.1] (see also [29, Corollary C.5]), it is observed
that implies that the Smirnov enumerator W, (x, t) has a stronger
property than e-positivity, namely e-unimodality, and in [9, 0] the
same is observed for W7 (x,t) as a consequence of . Here we show
that W7 (x, ) also has the stronger property, while W, (x,t) does not.
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A polynomial A(t) = ag + a1t + - -+ + a,t™ € QJt] is said to be
unimodall if

0<ay<ar << ae > Gey1 = Geya > - 2> ay > 0,

for some c. Let Ag denote the Q-algebra of symmetric functions over
X 1= T1,%2,.... Given r,s € Ag, we say that r <, s if s — 1 is e-
positive. A polynomial A(t) = ag+ a1t + - -+ + a,t" € Aglt] is said to
be e-unimodal if

Ogea()geal Se"'geacZeac—&-l Zeac+226"'26an2607

for some c. We say that A(t) (over any coefficient ring) is palindromic
with center of symmetry 5 if a; = a,—; for 0 < j < n. (Note that
the center of symmetry is unique unless A(t) is the zero polynomial,
in which case every number of the form &, where n € N, satisfies
the definition of center of symmetry.) It is easy to see that A(t) €
Aglt] is e-unimodal and palindromic with center of symmetry c if and
only if all the coefficients in the e-expansion of A(t) are unimodal and
palindromic polynomials in ¢ with the same center of symmetry c¢; see

[29, Proposition B.3].

Lemma 2.7. Let (g,(t))n>2 be a sequence of polynomials in Q[t], such
that each g,(t) is unimodal and palindromic with center of symmetry
nELwhere v > =2 is a fived integer. If (Gn(X,t))n>2 s a sequence of
polynomials in Aglt] that satisfies

n_ Zn22 gn(t)en(x)2"
ZGn(X, )" = D(x.t.2) :

n>2

where D(x,t,z) is defined in (2.1), then each G,(x,t) is e-unimodal
and palindromic with center of symmetry "T”

Proof. We use Propositions B.1 and B.3 of [29]. By (2.11)),

(217) Ga(x,t) = > e et g (8) [ [ R - 1
m21 gk > 2 i=2

Yisiki=mn

For each nonzero gy, (t), the polynomial t" gy, (t) [[2y[ki — 1]; is a
product of palindromic, unimodal polynomials. Hence, the product is
also palindromic and unimodal with center of symmetry equal to

m

ki+r ki—2 n+r
) = .

1
mo it 2

1=2

2Note that our definition is nonstandard in that positivity of the coefficients is
also required.
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Since each such product has the same center of symmetry, G, (x,t) is

palindromic and e-unimodal with center of symmetry %3 U

Corollary 2.8 (of Corollary. For alln > 2, the Smirnov word enu-
merator W7 (x,t) is e-unimodal and palindromic with center of sym-
metry 25

Proof. Since [i]; + it[i — 2]; is unimodal and palindromic with center of
symmetry %, the result follows from Lemma O

We note that although W, (x,t), W7 (x,t), and W;A(X, t) are all e-
unimodal and palindromic, this is not the case for W, (x,t). Indeed, it
follows from Corollary [2.5] that

W5(X, t) = 647115 -+ (62’271 + €41 -+ 26372)t2 + (6471 + 56372)753 + <5€5>t4,

which is neither palindromic nor e-unimodal. However, for certain par-
titions A, the coefficient of e, is a palindromic and unimodal polynomial
in t.

Corollary 2.9 (of Corollary . For A F n, let c)(t) be the coeffi-
cient of ey in the expansion of W, (x,t) in the elementary symmetric
functions. If A\ = (A > -+ > X\e_y > 1) then

k-1

ex(t) =t T = s

i=1
which is palindromic and unimodal. If X = j* then
ex(t) = gt/ 2 =1

which is palindromic and unimodal.

3. CHROMATIC QUASISYMMETRIC FUNCTION OF THE CYCLE

In this section, we discuss the connection between the Smirnov word
enumerators and the chromatic quasisymmetric functions introduced
by Shareshian and the second named author in [28, 29]. We use results
of the previous section to provide an example of an e-positive chromatic
quasisymmetric function not covered by the refinement of the Stanley-
Stembridge e-positivity conjecture appearing in [28, 29] or its directed
graph extension appearing in [9, [10].
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For any graph G = ([n], E), define the chromatic quasisymmetric
functionf] of G as

Xg(X, t) = Z tdes(ﬁ)xn(l)xn@) © Tr(n),
KEC(G)

where C(G) is the set of proper colorings « : [n] — P of G’ and
(3.1) des(k) := |{{i,j} € E:i < jand k(i) > k(j)}|.

When t = 1, X¢(x,t) is Stanley’s chromatic symmetric function X¢g(x).
Note that X (x,t) is a polynomial in ¢ whose coefficients are quasisym-
metric functions. We view G as a labeled graph and note that the
definition of X (x,t) depends on the vertex labeling, and not just on
the isomorphism class of G, as is the case for X (x).

Since Smirnov words of length n can be viewed as proper colorings
of the naturally labeled path

P, = ([n],{{i,i+ 1} :i € [n—1]}),

it follows that
Wn<X, t) = Xpn (X, t)

The Smirnov word enumerator W7(x,t) can also be viewed as a
chromatic quasisymmetric function, but in the more general sense con-
sidered by the first named author [9, [I0], in which labeled graphs are
replaced by directed graphs and the definition of des(x) given in ({3.1))
is replaced by

des(r) := [{(i,j) € E: (i) > £(j)}].
Labeled graphs can be viewed as directed graphs by orienting each
edge from smaller vertex to larger vertex; so the digraph version of
chromatic quasisymmetric function is more general than the labeled
graph version. One can see that

W7(x,t) = Xz (x,1),
where Bn is the directed cycle defined by
Coi= (W AGi+ D) i € =11} U{(n, D)),
The longstanding Stanley-Stembridge conjecture [32] asserts that
Xg(x) is e-positive when G is the incomparability graph of a (3 + 1)-

free poset. In [I7], Guay-Paquet proves that if the Stanley-Stembridge
conjecture holds for incomparability graphs of posets that are both

3In the definition given in [29] ascents are counted instead of descents, but in
the case that Xg(x,t) is symmetric, it is shown in [29, Corollary 2.7] that the
definitions are equivalent.
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(3 4+ 1)-free and (2 + 2)-free (known as wnit interval graphs) then it
holds in general.

In [29] Shareshian and the second named author show that X (x,t)
is symmetric when G is a unit interval graph with a certain natural
labeling; these are called natural unit interval graphs. They also con-
jecture that X¢(x,t) is e-positive and e-unimodal when G is a natural
unit interval graph. The path P, is an example of a natural unit in-
terval graph for which the conjecture holds since Xp, (x,t) = W, (x,1).
The symmetry result and e-positivity conjecture of [29] are generalized
in [9 [10] to a class of directed graphs called indifference digraphs in
[10]. With the view that a labeled graph is an acyclic digraph, the nat-
ural unit interval graphs form the class of acyclic indifference digraphs.
The directed cycle C',, is an example of an indifference digraph for
which the extended conjecture holds since X¢ (x,t) = W#(x,t).

Here we consider the labeled cycle

(3.2) Cp o= (In], {{i,i+1} i€ [n =1} U{{L,n}}).
If we view C,, as a directed graph (by orienting its edges from smaller
vertex to larger vertex), we get a directed graph that is identical to the

directed cycle 871 except for the edge (n,1) in 8n which is oriented
as (1,n) in C,. For n > 4, the labeled cycle (), is not a natural unit
interval graph, nor is it an indifference digraph. Nevertheless, since

(3.3) Xeo, (x,t) = WS (x,t) + tW,. (%, 1),

it follows from Corollary 2.2 that X¢, (x, t) is symmetric and e-positive.
This shows that the class of labeled graphs with e-positive chromatic
quasisymmetric function is strictly larger than the class of natural unit
interval graphs, and the class of digraphs with e-positive chromatic
quasisymmetric function is strictly larger than the class of indifference
digraphs.

Next we address the question of e-unimodality of X¢ (x,t). From
Theorem and equation , we obtain the next result. For n > 0,
let

T T
[—n]; == T —t~"[nl;.
Corollary 3.1 (of Theorem 2.1). We have,
> iza([2elile + it?[i = 3Js)ei(x) "
4 X o iz
n>2
where D(x,t,z) is defined in (2.1).

Theorem 3.2. Let n > 2.
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(1) Ifnis odd, X, (x,t) is e-unimodal and palindromic with center
of symmetry 5.
(2) If n is even,
(a) Xo, (x,t) is e-positive and palindromic with center of sym-
metry 5, but is not e-unimodal.
(b) Xc,(x,t) + t2e,s (x) is e-unimodal and palindromic with
center of symmetry 5.

Proof. Let U,(x,t) and V,,(x,t) be defined respectively by

Z U, (x,t)2" = ([2]¢][2] + 2t%[2 — 3]¢)ea(x) 2>

= D(x,t,2)
and ‘ o .
_ 2axa(2eli]e + it?i — 3] )ei(x) 2’
ZV x,t)z = .
D(x,t,2)
n>2
Then X¢, (x,t) = Un(x,t) + Vo(x,1).
We have,

S Un(x,1)2" = (1+2)es()2”

D(x,t, z)
n>2
It follows from ([2.11)) that

(3.5) Z Z €2k - - -k, T H(1H12) H[k‘i—l]t.

mzl ko k> 2 i=2
Zz2ki:n_2

Note that for any k > 3
(L) [k]e =1+t + 267+ 25 7 P

and for k = 2,

(L+ )k =1+t + +1t°.
In either case, (1 + t?)[k]; is unimodal and palindromic with center of
symmetry k“

We now use Propositions B.1 and B.3 of [29]. Consider the term of
the right side of corresponding to the (m — 1)-tuple (ka, ..., ky).
If k; > 3 for some j > 2 then since (1 + ¢*)[k; — 1]; is unimodal and
palindromic, ™ (1 4 %) [[I",[k: — 1] is a product of unimodal and
palindromic polynomials. Hence t™~!(1 +¢?) [T", [k; — 1]; is unimodal
and palindromic with center of symmetry

=2
i#j
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It follows that if A has a part of size at least 3 then the coefficient of
ey in Uy, (x,t) is palindromic and unimodal with center of symmetry
5. If X does not have a part of size at least 3 then all the parts must
be 2, which means that n is even. Hence if n is odd then U, (x,t) is
e-unimodal and palindromic with center of symmetry 7.

Now if A does not have a part of size at least 3 then A = 2™, where
n = 2m. By (3.5)), the coefficient of e, in U, (x,t) is t™ 1 (1+¢?). Hence
if A does not have a part of size at least 3 then coefficient of e, in
Un(x,t) +t"egm is unimodal and palindromic with center of symmetry
m = 5. From the argument in the previous paragraph, the same
is true if A has a part of size at least 3. It follows that if n is even,
Un(x,t)+t"egym is e-unimodal and palindromic with center of symmetry
m= 3.

It f%)llows from Lemma that V,,(x,t) is also palindromic and e-
unimodal with center of symmetry . Since X¢, (x,t) = U,(x,t) +
Va(x,t), Parts (1) and (2b) hold. Palindromicity of X¢, (x,?) in the
even case follows from Part (2b). The assertion in Part (2a) that
X¢, (x,t) is not e-unimodal in the even case follows from the fact the
coefficient of eym (x) is t™1(1 + ¢?), which is not unimodal. O

4. EXPANSION IN THE POWER SUM SYMMETRIC FUNCTIONS

Let A,(t) be the Eulerian polynomial defined in (1.7]) for n > 1 and
let
Ap(t) =171
Also let w be the standard involution on Ag taking the elementary sym-

metric function e, to the complete homogeneous symmetric function
h,, and let

H(z) = Z hn(x)2",

n>0

where h,(x) is the complete homogenous symmetric function of degree
n. Stembridge [35, Proposition 3.3] proves that

1A

NEIS 1—-t)H(z
@1 1+ > Aw@ [N ]%A)Z :H((tz)—)tf(l()Z)

n>1 A\Fn =1

where A = (Ay > Ay > -+ > Ny)) and

Z\ = H 1"m;!

i>1
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if X has m; parts of size i for each i. By combining this with
one obtains the expansion of wW,(x,t) in the power sum symmetric
functions given in (|1.6)).

In this section we derive power sum expansions for the other Smirnov
word enumerators. We will use the e-expansion for W, (x, t) obtained in
Section [2|to obtain the following result, which expresses the coefficients
of p*z—(;() in the power sum expansion of an(X, t) as a polynomial in ¢
with positive integer coefficients.

Theorem 4.1. For alln > 1,

1N
(42)  wiWu(x,t) =) Alm_l(t)z e TT px(x)7

. . Zx
Abn JELMIN}
where A = (A > X > -+ > A\jy)-

We will need the following Lemma, which is implicit in the proof of
(4.1) in [35]. We include the proof for the sake of completeness.

Lemma 4.2. For allk > 1,

k 1N
(4.3) (5((3)) = 1+;Z leU(l—tAi) ]%j()z”.

Proof. For each k > 1, let ¢, : Aglz] — Ag[t, 2] be the algebra homo-
morphism determined by

wi(pr(x)) = k(1 = 1")pr(x)

for all » > 1. Since H(z) =1+ 2@1 S, Bn

Z\ )

I(N)

or(H(2) =1+ 3 3 (KO T =) | Ban.

z
n>1 Arn i=1 A

To complete the proof we show that ¢r(H(z)) is equal to the left
hand side of (4.3)). We use the fact that

(4.4) H(z) = exp() | @zﬂ")

r>1
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to obtain

alH(z) = exp (ZM)

r>1

= exp (Z M= )pr _rtr)przr>

r>1

_ ( exp (2,24 %Z’”)) ) '

exp (ZT21 tTprT r
- (§<<3>> |

Proof of Theorem[{.1 For each A - n, set

I(A)

ex(t) == Ayn-1(t) ZM&' I M

FELNIN i}
We will prove that

(1= )2 H(tz)
4. TL t
(4.5) 22 ol = H(ts) —tH(z)
n>1 AFn
which by Corollary is equivalent to (4.2]).
We have

l()\)
_ i A
at) = (t—1) t_llmz/\t IT & -1
SV
1)

Ainy-1(t)  d .
— (f— 1) (1)) 21, & HAJ_
= (t—1)(-1) (1—t)l(A>tdt | (t 1)
Jj=1
ey

- o0 g (I

For the case [(A) = 1, we have

C(n) (t) =nt" L.
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For the case [(\) > 1, we use the
1.4.4 and equation (1.36)]),

(4.6) T

for all m > 1. This yields

tAm_1 ()

ELLZEY AND WACHS

classical identity[] (see [33, Proposition

— Z k}m_ltk,

k>1

I\

d
o) = (-1 KM H(1 — 1Y)
k>1 j=1
1N
t*td [
— _ a2 oY ey
(t—1) kdtkH(lt)
k>1 j=1
It follows that
(4.7)
n— 1p” P tk 0
ZZC,\ z —Znt +(t_1)ZE§U’“(X’t’Z)
n>1 A\Fn n>1 k>1
where
1) (%)
k(x,t,2) Z Z I H ,)p,\ 2",
n>1 Abog i=1 5
I(A)>1

Note that the first summation
expressed as

Z ntn10n n
n

n>1

(4.8)

on the right hand side of (4.7)) can be

0
ot

npn n
>t

n>1

0
a In H(tZ)
el

a(H(t2))

dt

H(tz)

with the second equality following from (4.4)).

4This is Euler’s original definition of Eulerian polynomial.
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To evaluate the second summation on the right hand side of (4.7)),
we use Lemma [£.2] to obtain

I\
Urx,t2) = 3 > KYTJ0- tAj)]%Ax)z" ~S k(- t”)]%x)z"
n>1 Arn =1 o1
 (H®N o Eﬁfffzzn
- () DI
By ([4.9),
9 H(z) S H(z) - .
aUk(X,t,Z) = k<—H(t2)) E(H(tz))—i‘k;t pn(X)Z
_ H(z) \* 5(H(t2))  &(H(t2))
N _k<(H(tZ)) 8H(t2) _8H(tz) )

_ H(z)\" ) &(H(t2)
= ((H(tz)) 1) H(tz)
Hence the second summation is
S(H(t2)) H(z)\"
_ ot k —
H(t2) ;t ((H(tz)) 1) '

Plugging this and (4.8)) into (4.7 yields
nx) , 5 (H(t2))
t —
PIPIEOE i)

n>1 A\Fn
5(H(t2) 1)\
R (=P Vi ((H(tz)) - 1)

_ 2(H(t2) - p((HE) N

= <1+(1 t);t ((H(t2)> 1))
%(H(tz)) k v H(z) g

= “H (1—(1—7&);25 +(1_t)kzzot (H(tz)) )
Q(H(tz)) 1

(1—t)2H(tz)

which establishes ({4.5]). O
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The following result expresses the coefficients of 7%;() in the power
sum expansion of W =(x,t) as a polynomial in ¢ with positive integer
coefficients.

Theorem 4.3. For alln > 1,
I\

W< t tA; 1 (T A
w X Z dt 1N 1( )H[

AFn i=1

Proof. Let c5(t) be the coefficient of (z,\)jlp)\(x) in wWW=(x,t). By
(1.15) and (1.16), wW.=(x,t) = (t—1)" (WW, (%, 1) —wW,(x, t)). Hence
from (4.2)) and ((1.6]), we obtain,

() 1N
i) = =D [ A At T Wl — A @) [T
i= JEMON} i=1
1)

Ajny-1(1) . Ay (1) .
t(—)l 1\ Z)‘ it H (v —1) - (t — (1))Z(A)+1 H<t& -1
=1 JEMNONE i=1

1\ 1N\

tAipy-1(t) d M A () A

T E(H(t 1)~ = o H(t ).

From (4.6)), one can see that

d (tAna)Y A
dt \ (1— 0™ )~ (1= )i+

Hence,

A= %5& - 1)+ 5 (M) (- 1)

d [ tAwn-()
de \ (t—1) 4

O

Corollary 4.4. For A - n, let c5(t) be the coefficient of zy 'pA(x) in
the power sum expansion of wW,s(x,t) and c; (t) be the coefficient of
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23 ' pa(x) in the power sum expansion of WW,> (x,t). If (ag,as, ..., an 1)
satisfies

(49) tAl(A)_l(t) H[)\,]t = Z aiti

then
n—2 n—1
Z i+ 1agqt’ and c(t) = Z(n — 1) ap_it".
=0 ]

Consequently for A = (n),

n—2 n—1
(4.10) o) =) (i+ 1)t and c(y(t) =) (n—i)t"
i=0 i1
Proof. We use the fact that W (x,t) = t" 1W<(x,t71). OdJ

One can use Corollary to expand the other Smirnov word enu-
merators in the power sum basis. For instance, one can recover the
expansion given in (|1.10]), which we restate now.

Corollary 4.5 (Ellzey [10]). For A\ & n, let & (t) be the coefficient of
2, 'pA(x) in the power sum expansion of W7 (x,t). Then

2 = A OTIER 1) >
ntln — 1) if LX) =

Proof. We have

) = te5(t) + (1)

n—1 n—1
= Z zaltz -+ Z(n — i)an—itia
=1 =1

where the a; are as in (4.9)).

Now let I(A) > 1. We claim that a; = a,,_; for all i € [n— 1]. Indeed,
it is well known that the Eulerian polynomials are palindromic and
unimodal. Clearly the same is true for each [);];. Since the product of
palindromic, unimodal polynomials is palindromic, unimodal (see e.g.
[29, Proposition B.1]), 327" a;t' is palindromic (and unimodal). Note
that ap = 0 when [(\) > 1 and a4, a,—1 # 0. Hence the claim holds. It
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follows that

n—1 n—1
&) = Y iat' + Y (n—i)at’
=1 =1

I
= ntAp () [N
=1
The case I[(A) = 1 follows immediately from (4.10)). O

For the Smirnov word enumerator W7 (x,t) and the chromatic qua-
sisymmetric function X¢, (x,t), the formulas for the expansion coef-
ficients in the power sum basis that follow from Corollay do not
seem to reduce to simple formulas except when A = (n). We have the
following result in this case.

Corollary 4.6. The coefficient of n™'p,(x) in the power sum expansion
of WW7(x,t) is [n]; + nt[n — 2]; and in the power sum expansion of
wXe, (x,t) is [2]¢[n]; + nt*[n — 3];.

Remark 4.7. Corollary also follows from Corollaries and
since the coefficient of h,, in the h-expansion of a symmetric function
equals the coefficient of n=p,, in the power sum expansion.

5. EXPANSION IN THE FUNDAMENTAL QUASISYMMETRIC
FUNCTIONS

In [29], Shareshian and the second named author derive, for all
labeled incomparability graphs, an expansion of the chromatic qua-
sisymmetic function in Gessel’s basis of fundamental quasisymmetric
functions, and the first named author does the same for all directed
graphs in [I0]. The expansion formula in [29, Theorem 3.1] applied to
Xp,(x,t) = W,(x,t) is given in below. (A different expansion
formula is obtained by applying the formula in [10].) Here we give
analogous expansions for W <(x,t), W,=(x,t), and W, (x, t). These
expansions immediately yield expansion formulas for the chromatic
quasisymmetric functions Xz (x,t), and Xc, (x,t), which are differ-
ent from the ones obtained by applying the formula in [10].

For n > 1 and S C [n — 1], let D(S) be the set of all functions
f : [n] = P such that

o f(i)> f(i+1) for all i € [n — 1], and
o f(i)> f(i+1)foralliesS.
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The fundamental quasisymmetric function associated with S C [n] is

defined ag’|
Fos(x) = Yy,
feDn(s)
where xy 1= x1)Ty2) - Tm). In fact, the set {F,s: 5 C [n—1]} is
a basis for the vector space of homogeneous quasisymmetric functions
of degree n (see [34, Proposition 7.19.1]).
For 0 € G,,, define

DESss(0) :={ien—1]:0(i) —o(i +1) > 2}
and
ASCsq(o):={i€n—1]:0(i+1)—0o(i) > 2}.
The expansion formula in [29, Theorem 3.1] applied to Xp, (x,t) =
W, (x,t) yields

(51) CLJWn(X, t) = Z tdes(U)Fn7DEsz2(g—l)(X).

O’EGn

Now we give analogous expansions.

Theorem 5.1. For alln > 1,
(52) O.)Wn< (X, t) = Z tdeS(J)Fn,DESZQ(o’fl)(X)

O'€6n
o(l)<o(n)

(5.3) Wy (x,0) = Yt OF, ascuy0-1(X).
ce6G,
o(1)>o(n)
Proof of . The first part of the proof is similar to that of [29] The-
orem 3.1] and [I0, Theorem 3.1]. The second part diverges somewhat
from these proofs.

Part 1: Given an acyclic orientation a of the labeled cycle C,,, let
E:(C,) be the set of directed edges of C,, under the orientation a.
Let AO; be the set of acyclic orientations a of C,, such that (n,1) €
E;(C,,). For each a € AO_, let W; C W, be the set of Smirnov words
w = wiwy - - - Wy, such that

o w, < wip,
o w; <wy if (4,14 1) € E;(C,) and ¢ € [n — 1],
o w; > w;y if (i 4 1,4) € E;(Cy,) and i € [n — 1].

5This is nonstandard notation for Gessel’s fundamental quasisymmetric function.
Our F), s is equal to Ly(sy in [34], where a(S) is the reverse of the composition
associated with S.
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Let asc(a) be the number of edges of F;(C,,) of the form (i,i + 1) for
i € [n — 1]. Then by reversing the Smirnov words, we can see that

(5.4) Wik, t) = Y ayt™® = Y =@ Y x,,

weEWn, acAO; weWs
wW1>Wn
where asc(w) := [{i € [n — 1] : w; < w41}

Now for each acyclic orientation a € AQO,’, define a poset P; on [n]
by letting i <p, j if (i,7) € E;(C,) and taking the transitive closure
of this relation. Let us define a labeling of P; to be a bijection from P;
to [n]. So a labeling is just a permutation in &,,. A labeling p is said
to be decreasing if p(i) > p(j) for all i <p, j. For any labeling p of P,
let L(P;, p) be the set of linear extensions of P; with the labeling p.

Now fix a decreasing labeling p; of P; for each a € AO; . For any
subset S C [n— 1], define n — S = {i | n —i € S}. Then by the theory
of P-partitions [34, Corollary 7.19.5], we have that

(55) Z Xw = Z an DES(0)>»

weWpg o€L(Pa,pa)

where DES(o) is the usual descent set of a permutation, i.e. DES(0) =
{ien—-1]:00)>0c(i+1)}.

Let e : P; — [n] be the identity labeling of P;, and hence L(P;,e)
is the set of linear extensions of P; with its original labeling. Note
that o € L(P;,e) if and only if pso € L(Py, pa), where pzo denotes the
product of p; and ¢ in G,,. Hence from , we have

(56) Z Xw = Z an DES(pao)-
weWs c€L(Ps,e)
Note that if 0 € L(P;,e) and a € AO; then o7 (1) > o !(n).
Conversely, every permutation ¢ € &, with ¢7'(1) > o7!(n) is a

linear extension in L(P;, e) for a unique a € AO; . Let a(o) denote the
unique acyclic orientation of associated with o. Now combining this

with (5.4)) and (5.6]) yields,

Wn< (X7 t) = Z tasc(a(a))Fn,n—DES(p,—L((,)o)7

O'EGn
o 1(1)>071(n)

where recall ps(o) is a decreasing labeling of P;(,). Note that asc(a(o)) =
des((c®)71), where o is the reverse of o. Hence

G7) Wit)= Y IR ps )

0'6671
o 1(1)>071(n)
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Part 2: As in the proof of [29, Theorem 3.1], our next step is to
construct a particular decreasing labeling pg(,) of Py, for each o €
L(P;, e). However since C,, is not the incomparability graph of a poset,
the construction used in the proof of [29, Theorem 3.1] does not work
in this case. The construction used here is also quite different from that
of [10, Theorem 3.1]. Let p be the “smallest” maximal element of Pj(,)
(that is, p is maximal in the poset P;,) and is less than all the other
maximal elements in the natural order on [n]) and let pa()(p) = 1. Now
remove p from the poset and let ¢ be the smallest maximal element
of the remaining poset and let pz)(¢) = 2. Continue this process
inductively. It is clear that ps.,) is a decreasing labeling of ;4.

Claim. If x and y are incomparable in P := F;(,), then < y implies

Pao) (%) < Pa(o) (y)-
Proof of Claim. One can see this by drawing the Hasse diagram of
P minus the edge (n, 1) as a zig-zag path on [n] with the elements of
[n] increasing as one moves from left to right. The path consists of
up-segments and down-segments. An up-segment is a maximal chain
of P of the forma <pa+1<p--- <pa+j, where j > 1, and a down-
segment is a maximal chain with top and bottom removed unless it’s 1
or n, of the forma >p a+1 >p --- >p a+j, where j > 0. Between any
two down-segments there is an up-segment. Let «; be the ith segment
from the left for each i. One can see that under the labeling ps (),
the segment oy gets the smallest labels, the segment as gets the next
smallest labels, and so on. Now if x and y are incomparable, they are
in different segments «; and «;. Clearly if x < y then 7 < j, which
implies that x gets a smaller label then y. Hence, the claim holds.

Now we show that

(5.8) DES(fa(o)o) = [n — 1]\ ASCss(0),

for all 0 € &,. If i € DES(pa(0)0) then payo(i) > payo(i +1). It
thus follows from the claim that if (i) and o(i+1) are incomparable in
P;(oy then o(i) > o(i + 1), which implies 7 ¢ ASC>9(c). On the other
hand if o(i) and o(i + 1) are comparable in P; then o(i + 1) covers
o(i) since 0 € L(Py(0),¢). This implies that either o(i + 1) = o(i) + 1
oro(i+1) = o(i) — 1. In either case, i ¢ ASCsq(0). Thus

DES(fa(e)o) C [n — 1]\ ASCss(0).

Conversely, if i ¢ DES(pz(0)0) then pa0)0 (i) < paeyo(i+1). It thus
follows from the claim that if o(i) and o(i 4+ 1) are incomparable in
P;) then o(i) < o(i 4 1). Since j and j 4 1 are comparable in P,
for all j € [n — 1], we have (i + 1) — o(i) > 2. Thus i € ASC>s(0).
On the other hand if (i) and o(i 4+ 1) are comparable in F;,) then
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o(i) <p,,, o(i+ 1) since 0 € L(Py),e). But since p is a decreasing

labeling pa()0 (i) > pa(yo(i + 1), which contradicts our assumption

that ¢ ¢ DES(ps(s)0). Hence this case is impossible. We have shown
DES(pa(0)0) 2 [n — 1] \ ASCx2(0),

which completes the proof of .

Let w be the involution on the ring of quasisymmetric functions
determined by wl), s := I, j,—1)\s. Since w takes h, = F, g to e, =
F, [n—1], the involution w restricts to the usual involution on the ring

of symmetric functions. Hence by (5.8)), equation (5.7)) becomes

an< (X, t) _ Z tdes((aR)il)Fn,n—ASCZQ(J)

0'6671
o7 (1)>07"1(n)

= Z tdes(ail)Fn,DESZQ(a)'

O’GGn
o 1) <o~ (n)

O

Remark 5.2. There is an alternative proof of Theorem involving
standardization, which will be discussed in a forthcoming paper.

Proof of . A similar proof can be given here. One can also use
(5.2) to prove this. Indeed, by the involution on W, which reverses
Smirnov words, we obtain

W2 (x,t) =t""W(x,th).

By the involution on &,,, which reverses permutations,

Z tdes(o) Fn,ASCZQ(U_l) — Z tnflfdeS(J)Fn,DESZQ(g—l).

ceB, ceGy,
o(1)>o(n) o(l)<o(n)
The result now follows from ([5.2)). O

By combining (5.1)), (5.2)), and (5.3)), one gets fundamental quasisym-

metric function expansions of the other Smirnov word enumerators
W=(x,t), WZ(x,t), W,(x,t), W7(x,t) and of the chromatic quasisym-
metric function X¢, (x,t). The resulting expansion for W, (x,t) has a
particularly nice form.

Corollary 5.3. For alln > 1,

(59) WWn(X, t) = Z theS(g)FmDESzQ(Ufl)(X).

ceG,
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Proof. We use the fact that W, (x,t) = tW.=(x, t)+(W,(x, 1) =W (x, 1)).
By (5.1) and (5.2),

WWn<Xa t) - UJWn< (X> t) = Z tdES(U)Fn,DESZQ(U—l)-

UEGn
o(1)>o(n)
It follows from this and (5.2 that
an(X’ t) = Z tdeS(U)-l-lFmDESZQ(U—l) —+ Z tdeS(U)Fn,DESZQ(Ufl)
ceG, ceG,
o(1)<o(n) o(1)>o(n)
_ Z theS(g)Fn,DEsz2(o—1)-
0'6611

U

There are various ways to specialize expansions in the fundamental
quasisymmetric functions to obtain enumerative results. One way is
by setting x; = 1 if ¢ € [m] and x; = 0 otherwise, in a formal power
series f(x). We denote this specialization by f(1™). (Another way is
discussed in the next section.) It is not difficult to show that (see [34,
Section 7.19)),

n

F,s(1™) = (
for all S C [n — 1]. It is clear that

Wa(1m )y = ) e,

weWnN[m|™

Hence by (5.1) and the fact that wF, s = F, j—1)\s,

+ |DES>2(U_1)’
5.10 Zfdes(w) _ tdes(a) m 2
(5.10) > > * 7

weW,N[m|™ ce6,

m+n—1—|S|)

for all m,n € P. Analogous formulas can be obtained by applying

the same specialization to the expansions ((5.2), (5.3)), and (5.9)). The
expansions ([5.2) and (5.9)) yield the following result.

Corollary 5.4. For all m,n > 1,

m + |DES>2 (0'_1) ’
5.11 pest) _ pdes(o) >

weWnrN[m]™ o€y
w1 <wnp o(l)<o(n)

and

+ |DES>2(O’71)|
12 tcdes(w) _ tcdes(a) m 2 )
(5.12) D 2. .

weW,N[m]" ceG,
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Remark 5.5. In [21], 22], LoBue Tiefenbruck and Remmel study the
distribution of a pair of interesting statistics on Smirnov words in [m|"
different from des and cdes. They use the fact that their statistics are
preserved by a contraction map from unconstrained words to Smirnov
words to transfer their results from Smirnov words to unconstrained
words. Since des and cdes are also preserved by the contraction map,
we can also transfer our results to unconstrained words.

Remark 5.6. We now describe a proof of that is different from the
proof in [26] discussed in the introduction. Theorem 3.1 of [29] gives a
fundamental quasisymmetric function expansion of the chromatic qua-
sisymmetric function Xg(x,t) when G is an incomparability graph.
(This reduces to (5.1) when G is the path P,.) In [2], Athanasiadis
proves that the fundamental quasisymmetric function expansion im-
plies the conjectured formula (7.14) of [29], which gives a power sum
symmetric function expansion of Xg(x,t) when G is a natural unit in-
terval graph. It is shown in [29, Proof of Proposition 7.9] that when
G = P,, the power sum symmetric function expansion reduces to (7.15)
of [29], which is

L)

wXp, (1) = 3 | Ay () TTN: )

z
AFn i=1 A

Hence since W, (x,t) = Xp,(x,t), Stembridge’s formula (4.1) implies
(1.5)), which is equivalent to (|1.4]).

6. VARIATIONS OF ¢-EULERIAN POLYNOMIALS

Recall that the Eulerian polynomials A, (t) have two well-known
combinatorial interpretations, which are given by

An(t) = Z tdes(a) — Z teXC(J)

ceGy, ceG,

and that FEuler’s exponential generating function for the Eulerian poly-
nomials is given by
2" (1 —t)e?

L+ At

nl  etr —ter’
n>1

In [26] and [29], Shareshian and the second named author obtained
combinatorial interpretations of the g-FEulerian polynomials A, (q,t)
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that satisfy the q-exponential generating function formula

6.1) 1+ Aq.1) N G 10

= ! exp,(tz) — texp,(2)

(1— ) X mlil

R
exp,(tz) — texp, (2 z)

The interpretation in [26] is given by

(62) A?aj,exc(q,t) _ Z qmaj(a)—exc(a)texc(o)
O’GGn

and the interpretation in [29] is given by

(6.3) Z qmaj>2 1) pdes(o)

oeGy,

maj(o) = Z@ and majs,(0) = Z i

1€[n—1] i€[n—1]
o(i41)>0(3) o(i+1)—o(i)>2

where

Both g-analogs of A, (t) were obtained by expanding wW, (x,t) in the
fundamental quasisymmetric functions and then taking the stable prin-
cipal specialization. A formulation of the expansion obtained in [20]
yields (6.2)), while the formulation obtained in [29] yields (6.3); see
[29, Proof of Theorem 9.7] . From this it follows that the two g-analogs
are equal. (A subsequent bijective proof was obtained in [5].)

In this section, we use results of the previous sections to obtain
analogs of for variations of the interpretation of A,(q,t) given by
(6.3). The variations are defined by

A< q) . Z qmaj>2 tdes(a)
ocGy,
o(l)<o(n)
and
Z qmaJ>2 tcdes( o)
oe6,

We also obtain nice formulas for A<(g,t) and A,(q,t) evaluated at nth
roots of unity.

The stable principal specialization ps(G(x)) of a quasisymmetric func-
tion G(x) is obtained from G(x) by substituting ¢'~! for z; for all i > 1.
By [14, Lemma 5.2],

ZiES q'
1-q¢)(1—¢?)---(1—-q")

ps(Frs(7)) =
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for all S C [n — 1]. Hence by (5.1), (5.2)), and (5.9)), respectively,

B An(g,1)

(6.4) ps(wW,(x,t)) = 1—q)(1—¢2) - (1—q")
‘i A5 (g,)

(6.5) ps(wW,= (x, 1)) = 1—q)(1—¢) - (1—q»)
(6.6) ps(wiWn(x, 1)) = =

Q=g —¢)---1-q")

In [26], 29], first w is applied to both sides of ([1.5), then the stable
principal specialization is taken using (6.4, and finally z is replaced
by (1 — ¢)z resulting in (6.1)). By doing the same to (2.12)) and (2.16)),
using (6.5)) and , respectively, we obtain the following result.

Theorem 6.1. We have

< o (1—75)8 2 isalile zZ;'
(67) ZA g, l - equ(tz) —tequ([z)

n>1 q

(6.8) Z A0 (1 —t)2 exp,(t2)

n>1 ! equ(t ) - tequ(z) ‘

In [24, Corollary 6.2], Sagan, Shareshian and the second named au-
thor show that for every nth root of unity &, the coefficients of the
polynomial A, (§,t) are positive integers. More precisely, they show
that if k|n and & is any primitive kth root of unity then

(6.9) An(&k,t) = An(t) [K]

Consequently, A, (&,t) is a palindromic, unimodal polynomial in N[¢].
Here we prove analogous results for other Smirnov word enumerators.

A key tool in the proof of is the following result, which is
implicit in [7] and stated explicitly in [24].

T3

Lemma 6.2 (see [24, Proposition 3.1]). Let R be a commutative ring.
Suppose u(q) € R|q] and there exists a homogeneous symmetric func-
tion U(x) of degree n with coefficients in R such that

u(g) =1 -q)(1—¢*)...(1=q") ps(U(x)).
If k|n then u(&) is the coefficient ofz(_kl%)p(k%) in the expansion of U(x)

in the power sum basis.
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In [24], (6.9) is proved by setting R = Q[t] and U(x) = wW,(x,t) in
Lemma|6.2 By (6.4), u(q) = A,(q,t). Hence it follows from Lemma

that A, (&, t) equals the coefficient of z(_kl%)p(k%) in the expansion of

wW,(x,t) in the power sum basis, which by equals A (?) [k;]t%
We use a similar argument to obtain the following result. Indeed,
to prove (6.10) below, we set U(x) = wW,5(x,t) and use (6.5) and
Theorem 4.3] To prove below, we set U(x) = wW,(x,t) and use
and Theorem .

Theorem 6.3. Let n > 2 and k|n. If & is any primitive kth root of
unity then

(6.10) A5 (6, t) = (A (0 W)
and
(6.11) An(€st) = nt* An (1) [R)F

Consequently, A<(&x,t), An(&,t) € N[t] and A, (&, t) is palindromic
and unimodal.

Corollary 6.4. For alln > 2,

(6.12) AZL1) = (A ()
and
(6.13) A, (1,t) = ntA,_(t).

Equations (6.12)) and (/6.13]) have elementary bijective proofs. Indeed,
for each 0 € &, such that o(n) = n, let C, be the set of circular

rearrangements of . Clearly, |C,| = n and for each 7 € C,, we have
cdes(7) = des(o) + 1. Hence,

An(lat) _ Z Ztcdes('r)

ce6, TGCO
o(n)=n

_ Z ntdes(a)+1

ceG,
o(n)=n

= n Z tdes(a)—H

c€G, 1

= ntAn_l (t) .
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Now for each o € G,,, such that o(n) = n, let
Cs:={reC,:7(1) <7(n)}.
Clearly, |Cs| = des(o)+1 and for each 7 € C5, we have des(7) = des(o).

Hence
AS(Lt) = Y ) el

UGGn TEC;
o(n)=n

= Z (des(o) + 1)tdes(")

0'6671
o(n)=n

= > (des(o) + 1)t

c€Gn-1

d
= (A ().

By combining with (6.10) and with (6.11)), we obtain the fol-

lowing generalization of the previous corollary.

Corollary 6.5. Let n > 2 and k|n. If & is any primitive kth root of

unity then
d

Ay (&, t) = %(t[k]tAn—k(gka t))
and
REFERENCES

[1] P. Alexandersson and G. Panova, LLT polynomials, chromatic quasisym-
metric functions and graphs with cycles, preprint, arXiv:1705.10353.

[2] C. Athanasiadis, Power sum expansion of chromatic quasisymmetric func-
tions, Electron. J. Combin. 22 (2015), P 2.7, 9pp.

[3] C. Athanasiadis, A survey of subdivisions and local h-vectors, in The Math-
ematical Legacy of Richard P. Stanley (P. Hersh, T. Lam, P. Pylyavskyy
and V. Reiner, eds.), 39-51, Amer. Math. Society, Providence, RI, 2016.

[4] P. Brosnan and T.Y. Chow, Unit interval orders and the dot action on
the cohomology of reqular semisimple Hessenberg varieties, Adv. Math. 329
(2018), 955-1001.

[5] A. Bigeni, A new bijection relating q-Eulerian polynomials, Adv. Applied
Math. 81 (2016), 212-239.

[6] L. Carlitz, R. Scoville, and T. Vaughan, Enumeration of pairs of sequences
by rises, falls and levels, Manuscripta Math. 19 (1976), 211-243.

[7] J. Désarménien, Fonctions symétriques associées a des suites classiques de
nombres, Ann. Scient. Ec. Norm. Sup. t. 16, 1983, 271-304.

[8] J. Dollhopf, I. Goulden, and C. Greene, Words avoiding a reflexive acyclic
relation, Electon. J. Combin. 11 (2006), #R28.



[9]

[12]

[13]

14]
15]
16]
17]
18]
19]
20]
21]
22]
23]
24]

[25]

SMIRNOV WORD ENUMERATORS 37

B. Ellzey, A directed graph generalization of chromatic quasisymmetric func-
tions, Séminaire Lotharingien de Combinatoire, Proceedings of the 29th
Conference on Formal Power Series and Algebraic Combinatorics 78B
(2017), Article #74, 12 pp.

B. Ellzey, Chromatic quasisymmetric functions of directed graphs, preprint,
arXiv:1709.00454.

B. Ellzey, On Chromatic Quasisymmetric Functions of Directed Graphs,
University of Miami Ph.D. dissertation (2018), Open Access Dissertations,
2091. https://scholarlyrepository.miami.edu/oa_dissertations/
2091.

P. Flajolet and R. Sedgewick, Analytic Combinatorics, Cambridge Univer-
sity Press, Cambridge, 2009.

U. Freiberg, C. Heuberger, and H. Prodinger, Application of Smirnov words
to waiting time distributions of runs, Electron. J. Combin. 24 (3) (2017),
#P3.55.

ILM. Gessel and C. Reutenauer, Counting permutations with given cycle
structure and descent set, J. Combin. Th. A 64 (1993), 189-215.

I.P. Goulden and D. M. Jackson, Combinatorial Enumeration, Wiley, New
York, 1983.

D. Grinberg and V. Reiner, Hopf Algebras in Combinatorics, preprint,
arXiv:1409.8356.

M. Guay-Paquet, A modular relation for the chromatic symmetric functions
of (3+1)-free posets, preprint, arXiv:1306.2400.

M. Guay-Paquet, A second proof of the Shareshian-Wachs conjecture, by
way of a new Hopf algebra, preprint, arXiv:1601.05498.

A. Henderson and M.L. Wachs, Unimodality of Eulerian quasisymmetric
functions, J. Combin. Th. A 119 (2012), 135-145.

S. Linusson, J. Shareshian, and M.L. Wachs, Rees products and lexicographic
shellability, J. Combin. 3 (2012), 243-276.

J. LoBue Tiefenbruck and J.B. Remmel, The pu pattern in words, J. Combin.
5 (2014), 379-417.

J. LoBue Tiefenbruck and J.B. Remmel, Q-analogues of convolutions of
Fibonacci numbers, Australas. J. Combin. 64 (2016), 166-193.

A. Matveev, Pattern recognition on oriented matroids: symmetric cycles in
the hypercube graphs. III, preprint, arXiv:1805.06810.

B. Sagan, J. Shareshian, and M.L. Wachs, Fulerian quasisymmetric func-
tions and cyclic sieving, Advances in Applied Math. 46 (2011), 536-562.

J. Shareshian and M.L. Wachs, ¢-Fulerian polynomials: excedance number
and magjor index, Electron. Res. Announc. Amer. Math. Soc. 13 (2007),
33-45.

J. Shareshian and M.L. Wachs, FEulerian quasisymmetric functions, Ad-
vances in Math. 225 (2010), 2921-2966.

J. Shareshian and M.L. Wachs, Poset homology of Rees products and g¢-
Eulerian polynomials, Electron. J. Combin. 16 (2009), R20, 29 pp.

J. Shareshian and M.L. Wachs, Chromatic quasisymmetric functions and
Hessenberg varieties, in Configuration Spaces, Proceedings (A. Bjorner, F.
Cohen, C. De Concini, C. Procesi and M. Salvetti, eds.), 433-460, Edizioni
della Normale, Pisa, 2012.


https://scholarlyrepository.miami.edu/oa_dissertations/2091
https://scholarlyrepository.miami.edu/oa_dissertations/2091

38 ELLZEY AND WACHS

[29] J. Shareshian and M.L. Wachs, Chromatic quasisymmetric functions, Ad-
vances in Math. 295 (2016), 497-551.

[30] J. Shareshian and M.L. Wachs, From poset topology to ¢-Eulerian polynomi-
als to Stanley’s chromatic symmetric functions, in The Mathematical Legacy
of Richard P. Stanley (P. Hersh, T. Lam, P. Pylyavskyy and V. Reiner, eds.),
301-321, Amer. Math. Society, Providence, RI, 2016.

[31] R.P. Stanley, Log-concave and unimodal sequences in algebra, combinatorics,
and geometry, in Graph theory and its applications: East and West (Jinan,
1986), 500-535, Ann. New York Acad. Sci., 576, New York Acad. Sci., New
York, 1989.

[32] R.P. Stanley, A symmetric function generalization of the chromatic polyno-
mial of a graph, Advances in Math. 111 (1995), 166-194.

[33] R.P. Stanley, Enumerative combinatorics, Vol. 1, 2nd ed., Cambridge Stud-
ies in Advanced Mathematics, 49, Cambridge University Press, Cambridge,
1997.

[34] R.P. Stanley, Enumerative combinatorics, Vol. 2, Cambridge Studies in Ad-
vanced Mathematics, 62, Cambridge University Press, Cambridge, 1999.

[35] J.R. Stembridge, Eulerian numbers, tableauz, and the Betti numbers of a
toric variety, Discrete Math. 99 (1992), 307-320.

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF MIAaMI, CORAL (GABLES,
FL 33124
E-mail address: ellzey@math.miami.edu

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF MIAMI, CORAL (GABLES,
FL 33124
FE-mail address: wachs@math.miami.edu



	1. Introduction
	2. Expansion in the elementary symmetric functions
	3. Chromatic quasisymmetric function of the cycle
	4. Expansion in the power sum symmetric functions
	5. Expansion in the fundamental quasisymmetric functions
	6. Variations of q-Eulerian polynomials
	References

