COMBINATORIAL LAPLACIAN OF THE MATCHING
COMPLEX

XUN DONG* AND MICHELLE L. WACHS**

ABSTRACT. A striking result of Bouc gives the decomposition of
the representation of the symmetric group on the homology of the
matching complex into irreducibles that are self-conjugate. We
show how the combinatorial Laplacian can be used to give an el-
egant proof of this result. We also show that the spectrum of the
Laplacian is integral.

1. INTRODUCTION

The matching complex of a graph G is the abstract simplicial com-
plex whose vertex set is the set of edges of G and whose faces are sets of
edges of G with no two edges meeting at a vertex. The matching com-
plex of the complete graph (known simply as the matching complex)
and the matching complex of the complete bipartite graph (known as
the chessboard complex) have arisen in a number of contexts in the
literature (see eg. [6] [16] [2] [18] [3] [4] [8] [12] [1] [10] [15] [13] [17]).
Closely related complexes have been considered in [7] and [14].

Let M,, denote the matching complex of the complete graph on node
set {1,...,n}. The symmetric group &,, acts on the matching complex
M,, by permuting the graph nodes. This induces a representation on the
reduced simplicial homology H,(M,; k), where throughout this paper
k is a field of characteristic 0. The Betti numbers for the matching
complex and the decomposition of the representation into irreducibles
were computed by Bouc [3], and later independently by Karaguezian
[8] and by Reiner and Roberts [12] as part of a more general study.
They prove the following result.
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Theorem 1.1 (Bouc [3]). For allp > 1 and n > 2, the following iso-
morphism of &,,-modules holds

f{p—l(Mn;k) an @ SAu

A AFEn
A= N
dAN)=n—2p

where S* denotes the Specht module indexed by \, N denotes the con-
Jugate of X\ and d(X\) denotes the size of the Durfee square of .

Jézefiak and Weyman [7] and Sigg [14] independently obtained an
equivalent result for a Koszul complex of GL(n, k)-modules (cf. [10]).
They use this to give representation theoretic interpretations of the
following classical symmetric function identity of Littlewood

[Ta -z [T +a) = > (=175

i<j i A=N
Using Theorem 1.1 one can interpret Littlewood’s formula as the Hopf
trace formula for the matching complex. This interpretation is essen-
tially equivalent to Sigg’s interpretation.

A decomposition for the chessboard complex analogous to Theo-
rem 1.1 was obtained independently by Friedman and Hanlon [4] and
later by Reiner and Roberts [12] in greater generality. The method of
Friedman and Hanlon [4] is particularly striking. It involves the combi-
natorial Laplacian which is an analogue of the Laplacian on differential
forms for a Riemannian manifold. The analogue of Hodge theory states
that the kernel of the combinatorial Laplacian is isomorphic to the ho-
mology of the complex. By analyzing the action of the Laplacian on
oriented simplexes and applying results from symmetric function the-
ory, Friedman and Hanlon are able to decompose all the eigenspaces of
the Laplacian into irreducibles and thereby decompose the homology.
They also show that the spectrum of the Laplacian is integral.

The aim of this note is to work out analogous decompositions for
the combinatorial Laplacian on the matching complex. This results in
an elegant proof of Theorem 1.1 which is given in Section 3. Our key
observation is that the Laplacian operator behaves as multiplication by
a certain element in the center of the group algebra, namely the sum of
all transpositions in &,,. We also establish integrality of the spectrum
of the Laplacian in Section 3.

Sigg [14] uses the Lie algebra Laplacian to obtain equivalent decom-
positions for the Lie algebra homology of the free two-step nilpotent
complex Lie algebra. Sigg works within the framework of representa-
tion theory of the Lie algebra gl,, and expresses the Laplacian in terms
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of the Casimir operator. Our approach parallels his, but at a more
elementary level, making use of readily available facts from symmetric
group representation theory. In Section 4 we establish the equivalence
of our results to Sigg’s results.

Reiner and Roberts [12] generalize Theorem 1.1 to general bounded
degree graph complexes by using techniques from commutative algebra.
In [10] it is shown that one can derive the Reiner-Roberts result from
Theorem 1.1 by taking weight spaces of the G L,-modules considered
by Jozefiak and Weyman. Hence, although the Laplacian technique
does not appear to be directly applicable to general bounded degree
graph complexes, the Laplacian provides an indirect path to the Reiner-
Roberts result (and the Jozefiak-Weyman result) that is considerably
simpler than the earlier approaches.

2. THE COMBINATORIAL LLAPLACIAN

Let A be a finite simplicial complex on which a group G acts simpli-
cially. For p > —1, let C},(A) be the pth chain space (with coefficients
in k) of A. That is, C,(A) is the k-vector space generated by oriented
simplexes of dimension p. Two oriented simplexes are related by

(V1,V2, ..., Vpy1) = 88N O (Vo(1): Vo (2)5 - - - » Vo(pt1))s

where 0 € 6,1;. The simplicial action of G induces a representation
of G on the vectors space C,(A).
The boundary map

Oy : Cp(A) = Cpi (D)
is defined on oriented simplexes by

p+1

8p(v1, cee ’Up+1) = Z(—l)j(vl, cee ,f)j, PN ,Up+1).

j=1

Since 0, commutes with the action of G on C.(A), (Cp(A),0,) is a
complex of G-modules. It follows that the (reduced) homology groups
H,(A; k) are G-modules.

The coboundary map

Oy : Cp(A) = Cpia(A)
is defined by
<5P(O‘)’ﬁ> = <Oz, ap-l-l(ﬂ»’

where a € C,(A), B € Cpi1(A) and (,) is the bilinear form on
@7__,Cp(A) for which any basis of oriented simplexes is orthonormal.
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Note that the action of G' on C,(A) respects the form (,) and com-
mutes with the coboundary map. Hence (C,(A),d,) is a complex of
G-modules.
The combinatorial Laplacian is the G-module homomorphism

A, Cp(A) — Cu(A)
defined by

Ay =6,-10, + Op110p.
Although the following analogue of Hodge theory is usually stated and
easily proved for k = R or k = C (cf. [4, Proposition 1], [14, Proposition
9], [9]), the universal coefficient theorem enables one to prove it for
general fields k of characteristic 0.

Proposition 2.1. For all p, the following kG-module isomorphism
holds: 3
ker A, =¢ Hy(As k).

3. SPECTRUM OF THE LAPLACIAN AND Bouc’s THEOREM

The notation used here comes from [11]. The plethysm or composi-
tion product of a &,,-module V and a &,,-module U is the G,,,,,-module
denoted by V o U. The induction product of U and V is the &,,,,-
module denoted by U.V.

Proposition 3.1. For all p > 1 and n > 2 we have the following
isomorphism of &,,-modules

Cpr(M,) Ze, (S 0 5). 57,
Proof. Straight forward observation. Ol

We say that a partition is almost self-conjugate if it is of the form
(an +1,...,aq+ 1] aq,...,a4) in Frobenius notation.

Proposition 3.2 (Littlewood, cf. [11, I 5 Ex. 9b]). For allp > 1,
S0 5% e, DS
A

summed over all almost self-conjugate partitions \ F 2p. ]

Pieri’s rule and the fact that the induction product is linear in each
of its factors yields the following.

Proposition 3.3. For allp > 1 and n > 2 we have
Cpr(My) =s, P a5,

re A
Al=n
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where

A:{(ala"'7ad|ﬁl)"'vﬁd)|d21a azZﬁZV@}

and @ is the number of almost self-conjugate partitions pn = 2p such
that A/ is a horizontal strip. O

Proposition 3.4. Let A+ n be self-conjugate. Then
- {1 if d(\) =n—2p

CL)\ _— .
0 otherwise

Proof. Straight forward observation. |

Propositions 3.1, 3.3 and 3.4 comprise the first steps of Bouc’s proof
of Theorem 1.1. At this point our proof departs from Bouc’s and follows
a path analogous to that of Friedman and Hanlon [4] for the chessboard
complex.

Consider the element T, = >, ;.. (i,7) of k&, where (i, ) de-
notes a transposition in G,,. In any &,-module M, left multiplication
by T,, is an endomorphism of the &,-module, since T}, is in the center
of £S,,. We will denote this endomorphism by T,,. The Laplacian will
be denoted by A, : Cp(M,) — C,(M,,).

Lemma 3.5. Forallp>1 andn > 2,
An,p—l = TCp_1(Mn)-

Proof. 1t is a routine exercise to check that A, ,_i(y) = T}, - v for the
oriented (p — 1)-simplex v = ({1,2},...,{2p — 1,2p}) which generates
the &,,-module C,_;(M,,). O

Proposition 3.6 (Friedman and Hanlon [4, Lemma 1]). For all A
n?
TS/\ = C) ids,\,

where ¢y =Y (1 — DN, = > (1 — 1)\,

Proof. This follows from Schur’s lemma and from 17, Example 7 of
[11]. O

Lemma 3.7. For any partition A = (aq,...,aq | B1, ..., B4) we have

=3 -(1)

Proof. Easy. O
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Theorem 3.8. All the eigenvalues of the Laplacian on the matching
complex are nonnegative integers. Moreover for each eigenvalue c, the
c-eigenspace of A, ,—1 decomposes into the following direct sum of ir-

reducibles
B 45,

reA
[A[=n
Ccy=2¢

where A and o are as in Proposition 3.3.

Proof. Proposition 3.3, Lemma 3.5 and Proposition 3.6 imply the de-
composition of the c-eigenspace. It is immediate from Lemma 3.7 that
¢y > 0 for all A € A. Hence there can be no negative eigenvalues. [

Proof of Bouc’s Theorem. It follows from Lemma 3.7 that if A € A
then c) = 0 if and only if A is self-conjugate. Hence Theorem 3.8 and
Proposition 3.4 imply that the kernel of the Laplacian decomposes into

ker App 1 Ze, b s

A AbEn
A=N
dA) =n—2p

Bouc’s Theorem now follows from Proposition 2.1. O

4. S1GG’S LIE ALGEBRA HOMOLOGY THEOREM

In [14], Sigg decomposes the homology of the free two-step nilpotent
complex Lie algebra of rank n into irreducible GL(n,C)-modules by
using a Laplacian operator. In this section we will describe how his
results relate to ours.

Let E be an n-dimensional complex vector space, where n > 2. For
each p € N form the GL(E)-module

Vo(E) = N'(N’E) ® N*E,

where APE is the pth exterior power of F and A*FE is the exterior alge-
bra of E. This GL(E)-module is the exterior algebra of the free two-
step nilpotent complex Lie algebra of rank n. The map 8;3 cVp(E) —
Vo+1(E) defined on generators by

OF (fo(ern-Aey)) = Y (=1 (fA(eihe;))@(erAs - -AeiA - AéjA- - Ney),
i<j
where f € AP(A?E) and ey,...,e, € E, is the standard Lie algebra

homology differential for the free two-step nilpotent Lie algebra. The
complex (V,(E),dF) is a complex of GL(E)-modules.
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The adjoint map 67 : V,(E) — V,_1(E) (with respect to the Her-
mitian form for which the standard basis of V,(E) is orthonormal) is
defined on generators by

55 (((ex Aez) A--- A (ezp-1 Nezy)) @)

p

= (=1 ((erheg) A - -Aeaj1 Aeag) A - -Aleap-1Aey))@(eaj-1AegiNe),

j=1
where e1,... ey € E and e € A*E. Let H,(V(E)) denote the homol-
ogy of the GL(E)-complex (V,(E),d) and let H?(V(E)) denote the
homology of the GL(E)-complex (V,(E),87).

The Laplacian used by Sigg is the GL(E)-homomorphism AJ : V,(E) —
V,(E) defined by

E_ SE AE | AE sE
Ay =4,,0,+0, 5,
It follows from the discrete version of Hodge theory that

HP(V(E)) gGL(E) Hp(V(E)) %’GL(E) kerAf.

For each partition ), let E* be the irreducible polynomial represen-
tation of GL(E) of highest weight A if /(\) < dim E and 0 otherwise.

Proposition 4.1 (Sigg [14]). All eigenvalues of Al are nonnegative
integers. Moreover for each eigenvalue c, the c-eigenspace decomposes
into the following direct sum of irreducibles

B e
e A

C\N =¢C

where A and a5 are as in Proposition 3.3. Consequently,

H,(V(E)) =crmr H(V(E)) Zouem) @ EX
AiA=N
d(X) = [A| = 2p

Sigg proves this result by first switching to the derivative represen-
tation of the Lie algebra gl(E) on @,V,(F), and then comparing the
Casimir operator of the gl(E)-module to the Laplacian operator.

We will now describe how one can obtain Sigg’s result from our
Proposition 3.8 and vice-verce. Let U, , be the 1"-weight space of
the GL(E)-module V,(E) (recall n = dim E). (See [5] for informa-
tion on weight spaces.) The weight space U, , is a &,-module. Since
Af (Unp) € U,p, by restricting the Laplacian we get a &,-module ho-
momorphism £, ,, : U, , — U,,. Now we take the Young dual. That
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is, we consider the map
Ly,®id: U,, ®sgn — U, , ® sgn,
where sgn denotes the sign representation of G,

Theorem 4.2. There is an &,-module isomorphism ¢, : U, , ®sgn —
Cp—1(M,,) such that

Gp 0 (Lnyp®id) = Ay o1 0 ¢y

Proof. Consider the oriented (p — 1) simplex
c=({1,2},...,{2p—1,2p})
in C,_1(M,) and the element
d=((e1 Neg) N+ A (ezp—1 N ezp)) @ (e2pr1 A+ Aey)
of U, ,, where ey, ..., e, is a fixed ordered basis for £. Then
{o:cloeB,}and {o-d|o€&,}

are spanning sets for the respective vector spaces C,_1(M,,) and U, .
Let £ be a generator of the one dimensional sgn representation. De-
fine ¢, on the elements of the spanning set by

pr(a'd@g) =sgn(o) o -c.

It is easy to see that this determines a well-defined &,,-module isomor-
phism ¢, : U,, ® sgn — C,_1(M,,) by checking that relations on the
elements of the spanning set of the vector space U, , ® sgn correspond
(under ¢,) to relations on the elements of the spanning set of the vector
space Cy,_1(M,,).

One can also easily check that

¢p+1(af(d) ® f) = n,p—l(ﬁbp(d ® f))
and

¢p—1(55<d) ® f) = 8n,p—l<¢p(d ® f))a

where 0, ,-1 and 0, , 1 denote the (p — 1)-boundary and (p — 1)-
coboundary maps, respectively, of the matching complex M,,. From
this it follows that

Qsp(Af(d) ® f) = Amp—l(ﬁbp(d ® 5))

So ¢p 0 (L, ®id) and A, ,—1 © ¢, agree on the generator d ® ¢ of the
cyclic &,-module, and they are therefore the same map. O
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Corollary 4.3. The eigenvalues of A, ,—1 and L, ,, are the same. More-
over, for each eigenvalue ¢ and partition X of n, the multiplicity of the
irreducible S* in the c-eigenspace of A, ,—1 equals the multiplicity of
SN in the c-eigenspace of L, .

The following proposition and Corollary 4.3 establish the equivalence
of Proposition 4.1 and Theorem 3.8.

Proposition 4.4. For all ¢ and all partitions X\ such that £(\) <
dim E, the multiplicity of the irreducible E* in the c-eigenspace of Af
equals the multiplicity of S» in the c-eigenspace of Lz p-

Proof. Suppose |A\| = dim E. Then the c-eigenspace of Ly, is the
1M-weight space of the c-eigenspace of AZ. By taking the 1*-weight
space of each summand in the decomposition of the c-eigenspace of Af
into irreducible GL(E)-modules, we obtain a decomposition of the c-
eigenspace of L)), into irreducible &)-modules S* whose multiplicity
is the same as that of E* in the c-eigenspace of A”.

To obtain the result for general A from the case that |A\| = dim E, we
need only observe the fact that if £y and E, are » and s dimensional
vector spaces, respectively, and A is a partition such that £(\) <r < s,
then the multiplicity of E3 in the c-eigenspace of Af2 equals the multi-
plicity of E} in the c-eigenspace of AL*. To establish this fact, suppose
FE4 has ordered basis eq,...,e, and Es has ordered basis eq,...,e;.
For any polynomial GL(E;)-module V' and sequence p = (pq,. .., jis)
of nonnegative integers let V,, denote the p-weight space of V. For
i =1,2, let W;(c) be the c-eigenspace of Afi. Note that

Wi(e) = @ Walc),

where p ranges over all weights (1, ..., us) such that p,..; = ---
s = 0. Suppose Ws(c) decomposes into € byFy. Then

Wa(e), = @ bA(Eg\)u-
A
It follows that

Wi(e) = D EP (), = D EP ta(E2), = P 0EL.

Hence the multiplicities of £ in Wy(c) and E} in Wi(c) are the same.
[
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