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ABSTRACT. We continue our study, initiated in our prior work with Richard Stan-
ley, of the representation of the symmetric group on the multilinear component
of an n-ary generalization of the free Lie algebra known as the free Filippov n-
algebra with k£ brackets. Our ultimate aim is to determine the multiplicities of
the irreducible representations in this representation. This had been done for the
ordinary Lie representation (n = 2 case) by Kraskiewicz and Weyman. The k = 2
case was handled in our prior work, where the representation was shown to be
isomorphic to S 2" In this paper, for general n and k, we obtain decomposition
results that enable us to determine the multiplicities in the kK = 3 and k = 4 cases.
In particular we prove that in the k£ = 3 case, the representation is isomorphic
to §3" "1 @ §3"*21” Our main result shows that the multiplicities stabilize in a
certain sense when n exceeds k. As an important tool in proving this, we present
two types of generalizations of the notion of Specht module that involve trees.
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2 FRIEDMANN, HANLON, AND WACHS
1. INTRODUCTION

There are various generalizations of the notion of Lie algebra that involve replacing
the binary Lie bracket with an m-ary bracket. One of these was introduced by
Filippov in [Fi] and another was introduced by Hanlon and Wachs in [HW]. Both
generalizations are of interest in elementary particle physics, see e.g. [CZ, DI} [FY]
Ji|. For both the Filippov generalization and the Hanlon-Wachs generalization, the
representation of the symmetric group on the multilinear component of the free n-
ary Lie algebra generalizes an extensively studied representation known as the Lie
representation; see [Bal, BS|, [Gal, [HS, KI, KW Re, [Wa] for some earlier work on the
Lie representation and [Sull [Su2] for some more recent work. The representation for
the Hanlon-Wachs generalization was first studied in [HW]. More recently, a study
of the representation for the Filippov generalization was initiated by Friedmann,
Hanlon, Stanley, and Wachs in [FHSW1]. In this paper, we continue this study, and
in particular, answer a question raised in [FHSWI, Question 4.1] in the affirmative.

Throughout this paper, all vector spaces are taken over a field of characteristic 0,
say C. Fix n > 2. A Filippov algebra is a vector space L equipped with an n-linear
map (called a bracket)

[y X" L L

that satisfies the following antisymmetry relation for all o in the symmetric group
G,

(1.1) (@1, ..., 0] = 8g0(0)[Toq), - - -, To(m))

and the following generalization of the Jacobi identity:

(12) [[Ilyx% s 7xn]7 Tty - - - 737271—1]
n
= Z[ajlax% sy L1, [xi7$n+l7 s 7x2n—l]axi+17 s 7$n]7
i=1

for x; € L. When we need to specify n, we say Filippov n-algebra. Clearly Filippov
2-algebras are the same as ordinary Lie algebras. In [FHSW1], Filippov n-algebras
are referred to as Lie algebras of the nth kind (LAnKe’s for short, see [Ex]).

As defined in [FHSWI|, the free Filippov n-algebra (or free LAnKe) on a set
X ={x1,x9,...,2,} is a vector space generated by all possible n-ary bracketings of

elements of X, where the only possible relations existing among these bracketings
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are consequences of n-linearity of the bracketing, the antisymmetry of the bracketing
and the generalized Jacobi identity .

The multilinear component of the free Filippov n-algebra on X is the subspace
spanned by n-bracketed permutations of X. Every such n-bracketed permutation on
X has the same number of brackets, which depends on m, the number of generators.
Indeed, if the number of brackets is k then m = (n — 1)k + 1.

The object we studied in [FHSWI] and continue to study in this paper is the
representation of the symmetric group &,—1)k+1 on the multilinear component of
the free Filippov n-algebra on (n—1)k+1 generators. We denote this representation
by pnr and note that psy is the classical Lie representation Liey;. It follows from
the antisymmetry of the bracket that when k = 1, p, is the sign representation
sgn,, which is the same as the Specht module S'". A result of Kraskiewicz and
Weyman [KW] on Lie,, gives the decomposition of p,j into Specht modules (or
irreducibles) when n = 2. Recall that the major index of a standard Young tableau

T is the number of entries j of T for which j + 1 is in a lower row of T" than j.

Theorem 1.1 (Kraskiewicz and Weyman [KW]). For each partition A = m > 2,
the multiplicity of the Specht module S* in Lie,, is equal to the number of standard
Young tableauz of shape A and major index congruent to ¢ mod m, where i is any

fized positive integer relatively prime to m.

Table (1| summarizes the decompositions of p,, ; into irreducibles that were previ-
ously established or will be established in this paper. The partitions A in the table
stand for Specht modules S*.

In [FHSWI], the £ = 2 column of the table was established with the following
result.

Theorem 1.2 ([FHSWI|). For all n > 2, the Gq,_1-module p, o is isomorphic to

the Specht module S2" "', whose dimension is the n'™ Catalan number %H(Qg)

In this paper we establish the £ = 3 column of the table with the following result.

Theorem 1.3. For all n > 2, as Gs,_o-modules,

37L711 3n72212
Pn,3 =S S S .

4 3
Consequently, by the hook length formula, dim p, 3 = 3—( " )
[[i=i(n+i) \n,n,n
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n\k | 1 2 3 4
2 12| 21 31212 4119 32® 3123 221 @ 213
3 13| 221 3%1 @ 3212 421 @ 432 @ 431% @ 4221 @ 4213
3213 @ 323
4 [1*] 231 331 @ 32212 431 @ 4232 @ 42312 @ 42221 @ 42213

B43%13 @ 4323

no| 17| 20711 | 3l @ 3n 2212 | 47 @ 47232 @ 472312 @ 4222 @ 472213
@4n—33213 e 4n—3323

TABLE 1. Decomposition of p,, j for k < 4.

We also establish the decomposition for p, 4 given in the table. One can see from
the table that for k € {1,2,3,4} and n > k, increasing n by 1 adds a row of length &
to the top of each Young diagram indexing the Specht module in the decomposition
of p, 1. More precisely, for n > 2 and k > 1, let 3, x be the & (,_1)41-module whose
decomposition into irreducibles is obtained from that of p,,_;; by adding a row of
length & to the top of each indexing Young diagram. Also set 8y = p1x = S*. For
ke {1,2,3,4}, we have

(1.3) Png = P = n>k.

The question of whether is true in general was raised in [FHSWI]. In this
paper we obtain an affirmative answer to one direction with our main result, which
is given in the following theorem, and we present a conjecture which refines the other
direction. Our main result indicates that p, j stabilizes in a certain sense when n

exceeds k or is equal to k.
Theorem 1.4 (Stabilization Theorem). Letn >k > 1. Then as Sk(n—1)+1-modules,
(14) Pn.k = /Bn,k~

We also prove the following theorem, which is used in the proof of the Stabiliza-
tion Theorem and also gives some information on what happens above the n = k
diagonal.

Theorem 1.5. Let n,k > 1. Then as Gy(,—1)4+1-modules,

(15) Pn.k = B’n,k D Tn,ks
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for some Sy(n—_1)11-module v, all of whose irreducibles have Young diagrams with
at most k — 1 columns.

The following conjecture refines Conjecture 4.2 of [FHSW1], which addresses the
other direction of (|1.3)).

Conjecture 1.6. If n < j < k then there is an irreducible in vy, that has exactly
7 columns.

Note that the decompositions for p,» and p, 3, given in Theorems and
respectively, are immediate consequences of the Stabilization Theorem. The decom-
position for p,, 4 given in Table (1] also follows immediately from the Stabilization
Theorem once the decomposition for the entries ps4 and ps4 are determined. The
former can be computed by applying Theorem and the latter is computed in this
paper by using Theorem , the decompositions for p, 4 and ps 3, and a computer
calculation for dim ps 4.

As tools for proving the Stabilization Theorem, we introduce generalizations of
the notion of Specht module, called tree Specht modules. In the generalizations, we
replace the ordinary partitions of Specht modules by Stanley’s notion of P-partitions
[St1l Sec. 3.15.1], where the poset P is a plane rooted tree. Our tree Specht modules
are the same as ordinary Specht modules when P is a path.

Remark 1.7. Table |1| suggests that it might be true that p, is multiplicity-free
for all n, k. While true for k < 4, this fails for k > 5. Indeed, one can use
Theorem to see that the irreducible S*=22Y has multiplicity greater than 1 in
pai for k > 5. Moreover, by Theorem the same 1is true more generally for the
irreducible S*"F220 yn oo for allm > 2 and k > 5. So puy is multiplicity-free
if and only if k < 4.

Remark 1.8. Theorems[1.5 and[1.5 were announced in our extended abstract [FHSWO]
and in our paper [FHSWI|, with a reference to our current paper (which was in
preparation at the time of publication of [FHSWI|). Proofs of these theorems were
posted in the first version of this paper (arXiv:2402.19174v1).

The decomposition for p,4 given in Table 1 was proposed in [FHSWIL Propo-
sition 4.7] and the proof for n = 3 was added in the second version of this pa-
per (arXiv:2402.19174v2) posted on March 19, 2024. The proof for general n was
added as a consequence of the n = 3 case and Theorem in the third version
(arXiv:2402.19174v3) posted on October 13, 2024.
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Speculation on Theorem (and Theorem was raised in [FHSW1l, Section
4] and a proof was announced in a talk by one of the authors at the June 2024
conference “The Many Combinatorial Legacies of Richard P. Stanley”; the slides
are available at

https://www.math.harvard. edu/event /math-conference-honoring-richard-p-stanley/.
Proofs of these theorems, as well as the material on tree Specht modules, were added
in the third version (arXiv:2402.19174v3) posted on October 13, 202/.

Motivated by [FHSWI)| and an earlier version of the current paper, Maliakas and
Stergiopoulou [MS|] have recently posted preprints (arXiv:2401.09405, arXiv:2410.06979)
presenting proofs of Theorems and [5.6, which appear to be very different from
our approach.

This paper is organized as follows. In Section [2] after recalling a presentation for
Specht modules appearing in [Fu], we obtain a result on the kernel of a certain linear
operator on the induction product of Specht modules. In addition to this result
playing an important role in subsequent sections, a new presentation for Specht
modules is obtained as a byproduct. In Section [3, we prove Theorem and we
obtain preliminary results on the submodules of p,, ;, spanned by “combs” and “non-
combs”. These results are used in a proof of Theorem [1.3] (that does not rely on the
Stabilization Theorem), which is given in Section . The proof of the Stablilization
Theorem is divided into two parts with Part 1 in Section [5] and Part 2 in Section [6]
Our main tools in proving the Stabilization Theorem are the tree Specht modules
of the first kind introduced in Section [5| and the tree Specht modules of the second
kind introduced in Section @ In Section , we establish the decomposition of p,, 4
given in Table [I] and we discuss Conjecture [[.6] A table of notation is provided in
Section

2. A LINEAR OPERATOR ON THE INDUCTION PRODUCT OF SPECHT MODULES

In this section, we obtain a result on a linear operator that will play an important
role in subsequent sections. A more immediate application of this result is a pre-
sentation for Specht modules that we have not seen in the literature before except
for the special case of partitions with two columns [BE], where different techniques

were used.
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For ease of notation, throughout this paper, we will use the notation A e B, for

A an 6&,,-module and B an &,,-module, to denote the induction product
AeB=(A®B) 15, .
which is an associative operation that is distributive over direct sum.

2.1. Preliminaries on Specht modules. The Specht modules S*, where )\ is a
partition of n, give a complete set of irreducible representations of the symmetric
group &, over a field of characteristic 0, say C. They can be constructed as subspaces
of the regular representation CS,, or as presentations given in terms of generators
and relations, known as Garnir relations. We will need the latter type of construction
in this paper.

Let A = (A\; > -+ > X)) be a partition of n. A Young tableau of shape X is a
filling of the Young diagram associated with A\ with distinct entries from the set
[n] :={1,2,...,n}. Let T, be the set of Young tableaux of shape A.

To construct the Specht module as a presentation, one can use column tabloids
and Garnir relations. Let M* be the vector space (over C) generated by 7T, subject
only to column relations, which are of the form ¢ 4 s, where s € T, is obtained from
t € T, by switching two entries in the same column. Given t € Ty, let ¢ denote the
coset of ¢t in M*. These cosets, which are called column tabloids, generate M?*. A
Young tableau is column strict if the entries of each of its columns increase from top
to bottom. Clearly, {f : ¢ is a column strict Young tableau of shape A} is a basis for
M,

We will use a presentation of S* discussed in Fulton [Ful page 102 (after Ex. 15)].
Suppose A has m columns, labeled from left to right. The generators are the column
tabloids ¢, where ¢t € T5. The Garnir relations are of the formE]

(2.1) gl ::f—ZE,

s

where ¢ € [m — 1], t € T, and the sum is over all s € T, obtained from t € T, by
exchanging any entry of column ¢ with the top entry of the next column.

Example: For

t=1l5]7]

Y

1
2
3 |
4]

'In our previous papers [FHSW0, FHSWT, [FHW], we denote g/ by giq
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we have

N
-
|

1
2
3 |
15 ]

|>J>|0~3 [\l e
|>J>|C»J =
|>J>|OT N | =

1
2
3 |
4]

Permutations ¢ in &,, act on a tableau ¢ by replacing each entry of ¢ with its
image under o. Note that this action respects the column relations and the Garnir

relations.

Proposition 2.1 ([Fu]). For all A - n, the Specht module S* is generated by the
column tabloids subject only to the Garnir relations g.,, where t € Ty and ¢ € [m—1],

where m s the number of columns of \.

We say that a Specht module S*, A - n, is contained in an &,-module V if S*
is isomorphic to a submodule of V', and we say that its multiplicity in V is ¢, if ¢,
is the largest integer such that the direct sum of ¢, copies of S* is isomorphic to a
submodule of V. If for each A F n, the multiplicity of S* in V is ¢\, we write

\%4 %/Sn @ C)\S/\.

AFn

2.2. The linear operator. Given partitions A\; and A\, viewed as Young diagrams,
we will say that A\; and Ay are compatible if the length of the last column of )\ is
greater than or equal to the length of the first column of A;. In that case, we let
A1 H Ao denote the concatenation of A\ and Ag, i.e., the Young diagram obtained
by placing the Young diagram A, just to the right of the Young diagram \; and
aligning the first rows of both. Note that A\ # Ay is the partition obtained by
componentwise addition of A\; and Ay, and that Ay 4 Ay - |A1| 4+ |A2|. Note also that
(A1 4 A2) /A = Ao

Example: Let

)\1 = /\2

Il
>
&

|
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Then A\; and Ay are compatible but A\; and A3 are not, and so A\; and Ay can be

concatenated but A\; and A3 cannot be concatenated. The concatenation is

)\1—H-)\2: |

Lemma 2.2. Let Ay and Ay be partitions of ni and no, respectively, and let d be
any integer that is greater than or equal to the number of columns of A viewed as a

Young diagram. Define the linear operator pq = 9021)\2 on the induction product

X = SM o SN

by

Pd = dn2[ - Z (Z7j)>
i€[n1]
J€ln1+n2]\[ni]

where the action of (i,7) is on the right. Then the eigenvalues of @4 are nonnegative
and

SritA2if N and Ny are compatible and My has d columns

ker(pq) =
0 otherwise.

Proof. Rewrite ¢, as
(2.2) pa=dnal — Y (i,5)+ V)R N (W)}
(1.7)EGny +ny (1.)€6n, (1.9)€8 g +ny)\[n1)

For any partition A, let
CA) = ex(r s),
(r,s)EX

where cy(r,s) = s — r for the cell in row r and column s of A. A well-known
result from the representation theory of the symmetric groups (see [Mal, Section 17,
Example 7]) states that the operator }_, e, (@) acts as multiplication by the
scalar C()\) on the irreducible S*. Applying this result to the summands of ,
we have that ¢4 acts as the scalar

ay = dng — O()\) + C()\l) + C()\g)

on every instance of the irreducible S*, A\ - n; + no, contained in X.
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The irreducibles S* contained in X and their multiplicities are given by the
Littlewood-Richardson rule, see [Fu, [Mal, [St2]. In particular, any such A\ must con-
tain A\; and the multiplicity of S* in X is the number of Littlewood-Richardson
fillings of the skew shape A/A; of type Ay. It follows from the containment of A; in
A that

ay = dns + C(Ag) — Z ea(r, s).
(r,s)eX/A1
Let [(\2) be the length of Ay and consider the partition d'®2) which is compatible
with o, and let v = d'®2) 4 X,. Then

Y alrs) = ) (en(rs)+d) =dng+ C().

(r,s)ev/d(A2) (r,8)EX2

Hence

(2.3) ay = Z ey (r,s) — Z ea(r, s).

(r,s)ev/d-((2) (r,8)EX/A1

We will show that the eigenvalue a) is nonnegative by constructing a bijection 1
from the set of cells of A/); to the set of cells of v/d"*?) that satisfies

(2.4) ex(ry s) < e (Y(r, s))

for all (r,s) € A/A;. First fix a Littlewood-Richardson filling of A/A; of type As.
Since the filling is column strict, for each i € [I(\2)], the entry i of the filling occurs
in (Ag); distinct columns of A\/\;, where (A); denotes the ith part of a partition A.
Let (r,s) be a cell of A/\;. Suppose that (r,s) contains the jth occurrence (from
the left) of entry i of the filling and let ¢ (r,s) = (i,d + 7). It is not difficult to see
that 1 is a well-defined bijection from the set of cells of A/A; to the set of cells of
v/d"*?). Next we show that (2.4) holds.

We use the property of Littlewood-Richardson fillings that the rows contain no
entries larger than the row index. This yields » > 7. We claim that s < d+j. Indeed,
if s < A\; then s < d < d+j. On the other hand, let s > ;. It follows from column
strictness of Littlewood-Richardson fillings and the property above that r = ¢ and
i is the entry of each cell (r,m), m = Ay + 1,...,s. This implies that j > s — Ay,
which implies that d 4+ 7 > d 4+ s — Ay > s. Therefore the claim holds in both cases,
which implies

ex(r,s)=s—r<d+j—i=c,(i,d+j) =c,(¥(r,s)).
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Thus the inequality holds for all (r,s) in A/A;. Looking back at the proof of
the inequality, observe that equality in holds if and only if s > Ay, j =5 — Ay,
and (A1); = d, for all i = 1,...,1(\y), which means that equality holds if and only if
A= A H#H X\ and A has d columns.

Now by and ,
ax= Y (c(¥(rs) —cilr,s) > 0.

(r,8)EN/ A1
The above conditions on equality holding in (2.4) allows us to conclude that the
eigenvalue ay is 0 if and only if A = A\; # Ay and A\ has d columns. O

Lemma [2.2 can be used to give a presentation for Specht modules different from
Fulton’s presentation given in Proposition 2.1} Indeed, let A be a partition of n with

m columns. For t € T, and ¢ € {2,...,m}, define the new Garnir relation
(2.5) gt = (c—1)l.t - Z 5,

where [, is the length of column ¢ and the sum is over all tableaux s that can be
obtained from t by switching any element of column ¢ with any element of any

previous column. Now let
(2.6) SY =M (G te Ty 2<c<m).
Theorem 2.3. For all \Fn,

Sh = g,

Proof. The proof is by induction on the number m of columns of A. The result is
obvious in the base case m = 1. Assume that m > 2 and that the result is true
for all partitions with fewer columns. Let A be the partition obtained from A by

removing its last column. Since M* = sgn;, @ - esgn, =M s sgn, , we have
= (S')‘/ esgn, )/(gl, :t €T

By the induction hypothesis, S* = S*. Since X is clearly compatible with the
partition 1'» and A = X 4 1/ by Lemma ,

3 = (¥ osgny, )/ impm 1 = S
since (g, 1t € Ty) = im@y,_1. O

Remark 2.4. Theorem in the special case that A has just two columns was
obtained in [BF] using different techniques.
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The following generalization of Lemma [2.2]is an easy consequence of Lemma

Lemma 2.5. For i = 1,2, let Y; be an G,,-module. Let d be an integer that is
greater than or equal to the number of columns of every irreducible in Yi. Define

Y1,Ys

the linear operator ¢4 = ¢, on the induction product

X =Y oY,

pa=dnad — > (i,]),
i€[n1]
JE€n1+na]\[n1]

where the action of (i, ) is on the right. Then S* is an irreducible in ker ¢4 if and
only if X has the form A\ # Ao, where

(1) SAi is an irreducible of Y;, i = 1,2

(2) A1 has d columns and is compatible with As.

Proof. Let S* be an irreducible of X. Then S* is in the kernel of ¢4 if and only if S*
is in the kernel of the restriction of ¢4 to the induction product S* e S*2 for some
irreducible S* of Y}, and S*? of Y5. By Lemma , the kernel of this restriction is
SMHAz if \; has d columns and is compatible with \s. Otherwise the kernel is 0.

Hence ) has the desired form if and only if S* is in the kernel of ¢,. 0J

3. DECOMPOSITION RESULTS

3.1. Preliminary results on free Filippov n-algebras. In Appendix 1 of [DI],
a proof that the generalized Jacobi relations (|1.2)) are equivalent to the relations

(31) [[‘rl’va'-'7$n]7y1a-"7yn—1]
:ZH%#@’ e T, Y1 Tig Ly s Ty Tiy Y2y -y Yt ]
=1

is given. This gives an alternative useful presentation of p,, ; for all n, k.
An n-bracketed word on a set A is called an n-comb (or just comb) if it has the

form

(32) [[ te [[a07 1,1y --- 7a1,n—1]7 a1y - - - 7a2,n—1]7 s ]7 a1, - - - 7a’k,n—1]7

where ag,a;; € A.
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Proposition 3.1. Let Lie, ;(X) be the component of the free Filippov n-algebra on
a set X spanned by n-bracketed words with k brackets. Then Lie, (X) is spanned

by its combs.

Proof. Let w be a bracketed word in the free Filippov n-algebra. We will prove
by induction on the number b(w) of brackets of w that w is a linear combination
of combs. If b(w) = 0,1 then w is clearly a comb. Now let b(w) > 2 and w =
[wy, ws, ..., wy]. Define degree d(w) := max;ep,) b(w;).

We claim that if w has the highest possible degree b(w) — 1 then w is a linear
combination of combs. Indeed, in this case all but one w; is a single letter. Using
antisymmetry of the bracket, we can assume without loss of generality that b(w;) =
b(w) — 1 and b(w;) = 0 for ¢ = 2,...,n. By induction w; is a linear combination of
combs, which implies by multilinearity of the bracket that w is a linear combination
of combs.

Now let d(w) < b(w) — 1. We only need to show that w is equal to a linear
combination of bracketed words of higher degree. Clearly there are at least two w;
for which b(w;) > 0. . By antisymmetry of the bracket, without loss of generality, we
can assume that 0 < b(w;y) < b(wy) and that d(w) = b(ws). Let wy = [u, ..., uyl.
Using the alternative generalized Jacobi relation given in (3.1]), we have

w = Z[[ul,UQ, ey U1y Wy Uit 1y vy Uy Uiy W3, Wy o oy W)
i=1
Note that the degree of each term is greater than or equal to b(ws) + 1 = d(w) + 1.

Thus w is a sum of bracketed words of degree greater than d(w). 0J

Let U, ;, be the multilinear component of the vector space generated by n-combs on
[k(n — 1) 4 1] subject only to the anticommuting relations, but not the generalized
Jacobi relations. Clearly U, is invariant under the action of &j,—1)41 on the
multilinear component of the full vector space of bracketed permutations on [k(n —
1) + 1] subject only to the anticommuting relations. By Proposition 3.1, p, s is a
quotient (or submodule) of U, ;. Note that as & (,—1)+1-modules,

(3.3) Uy = sgn,, esgnn; .
As a consequence, by Pieri’s rule, we have the following useful result.
Proposition 3.2. Let A be a partition of k(n — 1) + 1. If S* is in p,y then the

number of columns of X\, viewed as a Young diagram, is at most k.
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3.2. Proof of Theorem . Let p, i be the subspace of the free Filippov n-algebra
on [k(n — 2) + 2] spanned by bracketed words of type 1¥"=2*1k where the type of a
bracketed word is the weak composition (fi1, fi2, . . ., fle(n—2)+2) With p1; equaling the
number of ¢’s in the bracketed word. This means that the letters 1,2, ..., k(n—2)+1
each occur once in the bracketed words generating p,, , and the letter b := k(n—2)42
occurs k times. The symmetric group Gy ,—2)+1 acts on p, by replacing each letter
1,...,k(n —2) + 1 in a bracketed word with its image under a permutation in
Sr(n—2)+1, leaving b fixed.

We also need an extended definition of Specht modules that allows for repeated
entries. We define a tableau to be a filling of a shape A with positive integer entries.
The type of a tableau t is the weak composition whose ith entry is the number
of i’s appearing in t. For each partition A of k(n — 1) + 1, let 7> be the set of
tableaux of shape A and type 1¥®*=2*1L The column relations, column tabloids,
and Garnir relations on 7, are the same as on Ty given in Section 2.1 Now let
SA be the vector space generated by column tabloids ¢, where t € 7}, subject to
the Garnir relations g¢. The symmetric group Sy,—2)11 acts on ¢ by replacing each
entry 1,...,k(n—2)+1 of ¢ with its image under a permutation in Sy(,—2)41, leaving
b fixed.

In [DI, Proposition 43], the idea of obtaining Filippov (n — 1)-algebras from Fil-
ippov n-algebras is discussed. We use this idea in the proof of the following result.

Lemma 3.3. Letn>2 and k > 1. Then

(34) ,an,k gGk(n,2)+1 p’l’L-l,k?
and for all \ & k(n — 1) + 1 with k columns,

(3.5) S SA,

~
_Gk(n—2)+1

where if A is the partition (\y > Ao > -+ > \g) then A\~ is the partition (Ay > -+ >
Ae).

Proof of . The n-ary bracketed words of type 1¥*=2+1 have k occurrences of
the letter b := k(n — 1) + 2. Since there are k brackets, by antisymmetry of the
brackets, each bracket of a nonvanishing n-ary bracketed word contains exactly one

b and the b can be placed at the right end of each bracket. For example,

[[3,1,8],[5,2,b],0],[6,4,0], b]
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is such a 3-bracketed word of type 1°M+15  These bracketed words, which we refer
to as b-bracketings, generate p, ;. The antisymmetry relations reduce to

(@1, ..., Tpo1, b = 5g0(0)[Z6), - - - s To(no1), ],

where 0 € &,,_1, for the b-bracketings, and the generalized Jacobi relations reduce

to
[[1’1,$2, ooy Tn—1, b]7$n+17 coy Ton—2, b}
n—1
= Z[xl,QZg, N i I [Qli, Tntly---yLan—2, b],xzqu, ey Tp—1, b]
i=1

for the b-bracketings, since the i = n term of the summation in (1.2)) is

[Ila ceey Tp—1, [b7 Tp+1y--- 7x2n—27b“7

which by antisymmetry is 0. These relations imply all relations for p, ;. Indeed,
one can check that any other relation on these generators that comes from (1.2)) is
trivial. For instance, by antisymmetry of the bracket, with z,.1 = x9p,_1 = b
yields the relation 0 = 0 and with =1 = x, = b yields the relation 0 =
[Tnity s Ton_1,b], T2y .o, Tpo1, 0] — [[Tna1, oy Ton1,b], 22, ..., Tp_1, 0]

Now let ¢ : ppr — pn—1.x be the linear map defined by letting ¢(w) be the (n—1)-
ary bracketed word obtained from the b-bracketing w by removing all the b’s. For
example,

w([[[3,1, 0], [5,2,0], 8], [6,4, 0], 0]) = [[[3, 1], [5, 2], [6, 4]].
We can see that ¢ respects the antisymmetry relations and the generalized Jacobi
relations and is therefore a well-defined linear map. Indeed, ¢ takes

[SCl, <5 Tp—1, b] - Sgn(0->[x0'(1)7 <y To(n—1), b]
to
(@1, ... Tne1] —880(0)[To(1), - - -, To(n-1)]

for all o € G,,_; and ¢ takes

[[:Ethu s 7:En—17b]7'rn+17 <oy Ton—2, b]

—

n—
- [5171,5152, ceey Li—1, [xiaxn+1a ce ax2n—27b]axi+1a cee ,93n—17b]

=1

to
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[[._'L'l,.fg, .. axn—l]axn+la -, Toap—2
n—1
— Z[.ﬁlfl,l'Q, N [.’Il'i,.CEn+1, e ,Qfgn_g],ﬂfi_H, Ce ,.CEn_l].

i=1
Note that ¢ can easily be inverted. Hence ¢ is a vector space isomorphism. It is clear

that ¢ respects the action of Gy,—9)41; 50 it is an Sy (,—2)+1-module isomorphism.
O

Proof of . The proof is similar to the proof of . The column tabloids ¢ of
shape A and type 1¥"=2*1 have k occurrences of b := k(n—2)+2. By antisymmetry
of the columns, since A has k columns, each column of ¢ must have exactly one b and
the b can be placed at the bottom of the column. We call such a t a b-tableau. Let
T? be the subset of Ty consisting of b-tableaux of shape A. The column relations on
b-tableaux are of the form ¢+ s, where s is obtained from ¢ by exchanging two non-b
entries in the same column. The column tabloids ¢, where ¢t € T, generate SA. The
Garnir relations for these generators reduce to gt =t — "5, where ¢t € T} and the
sum is over all s obtained from ¢ by exchanging any element of column ¢ other than
the bottom element b with the top element of the next column (provided the next
column has length greater than 1).

Given a b-tableau ¢ of shape A, let ¢~ be the tableau obtained from ¢ by removing
the b from the bottom of each column. Clearly ¢t~ is a tableau of shape A™. Now let
¢ S* — S* be the linear map defined on the generating set {f | t T2} by letting
Y(t) = t—. To see that this is a well-defined S (n—2)+1-module homomorphism, one
can easily verify that the column relations map to column relations, and the Garnir
relation g’ maps to the Garnir relation g’ , for all ¢ € T. The inverse map is easily
obtained by adding a b to the bottom of each column of a tableau of shape \™.
Again since relations map to relations under this map, the inverse is well defined.
Hence v is an isomorphism. Alternatively, one can see that 1 is an isomorphism,
by noting that ¢ maps basis elements of S* to basis elements of S*~. Indeed, the
column tabloids ¢, where ¢ is a semistandard b-tableau of shape A, form a basis for

S* and the column tabloids £, where ¢ is a standard tableau of shape A\~ form a

basis for S*~ O

We need another lemma, which combined with the previous lemma yields Theo-
rem Lol
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Lemma 3.4. Let cy be the multiplicity of the irreducible Sy(,—1)41-module SA in
Pnk- Then as Sy,—2)41-modules

~ O
i D S

Ark(n—1)+1
A has k columns

(Here xS denotes the direct sum of ¢y copies of 5“)

Proof. Let B :={k(n—2)+2,k(n—2)+3,...,k(n—1)+1} and let a := ZUEGB g.

One can see that

Sk(n—1)+1 ~ A
a<’0”7k \L6k(n72)+1 XGB) = Pk @ ley,

and
(SIS e, 2 S B ey

Sk(n-2)+1xX6p
where 1, denotes the trivial representation of Gz. Now take the restriction of both

sides of the decomposition
Pk = @ eaS?,
AFk(n—1)+1
from &y (—1)+1 t0 Sin—2)+1 X &p and then take the image under the action of a to
get the &y (,—2)4+1-module isomorphism
lan,k = @ C/\S)\-
AFk(n—1)+1
By Proposition , ¢x = 0 if A has more than &k columns. On the other hand S* = 0
if X has fewer than k columns. Indeed, if ¢ € 7y then entry b := k(n — 2) + 2 is
repeated k times. If A has fewer than £ columns then entry b will appear more than

once in some column of ¢. By antisymmetry of the columns, the column tabloid ¢ is
equal to 0. Thus we can limit the summation to A with exactly k columns. 0

We can now easily prove Theorem which we restate here. First recall that for
n > 2 and k > 1, we defined f3,, ). to be the &y, ;,—1)41-module whose decomposition
into irreducibles is obtained from the &y,—2)+1-module p,_;; by adding a row of
length %k to the top of each Young diagram in the decomposition of p,_15. Also
recall that for k > 1, we defined p; ; to be S*. For example,

pro=S"and By = S*
P23 = S @ 5212 and ﬁ373 = 5321 ® 53212.
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Theorem 3.5 (Theorem . Let n,k > 1. Then as Sy—1)41-modules,

(36) pn,k = Bn,k S ’yn,ka

Jor some Gy(n_1)11-module v, 1. all of whose irreducibles have Young diagrams with

at most k — 1 columns.

Proof. Lemmas [3.4] and [3.3] together imply that as Sy ,—2)+1-modules,

-
Pn—1k = @ C)\S ’

AFk(n—1)+1
Ahas k columns

where ¢, is the multiplicity of S* in p, . If we add a part of size k to A\~, we get .

Thus
B = @ xS

Ark(n—1)+1
Ahas k columns

The result now follows from Proposition [3.2 O

3.3. Another decomposition result. We say that a bracketed permutation [wy, . .., w,]
is a non-comb if either

e for some ¢ # j € [n], the bracketed permutations w; and w; have more than
one letter or

e for some i € [n], the bracketed permutation w; is a non-comb.

These are the bracketed permutations that cannot be obtained from an n-comb

by just using the antisymmetry relations and not the generalized Jacobi relations.

For n,k > 1, let p,, be the submodule of p, , spanned by the non-combs in p,, .
The next result shows that in order to obtain the decomposition of p, into

irreducibles, we need only focus on the submodule p,, ;. This will play a critical role
in the proof of Theorem [I.3] given in Section [4]

Theorem 3.6. For all k,n > 1,
(1) the multiplicity of S~ in pyy is 1
(2) pnx = Sk g Pk
(3) pni =0 if and only if k = 1,2.

Proof. (1) follows immediately from Theorem and induction on n. It is clearly

true when n = 1.
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We prove (2) by constructing an &y,—1)+1-module isomorphism

¢ : Skn711 — pmk/ﬁn,k-

Let t be the tableau of shape k"1 whose first column from top down is ag, a1 1, . . ., @11
and whose ith column, where 2 < i < k, from top down is a;1,a;2,...,a;n—1. We

define 1 on generators of S '! by letting

2/}(2?) — [[ o [CL(), al,lu o 7a1,n—1]7 a/2,17 v 7a’2,n—1]7 L ]7 ak,h ... Ja’k,n—l]-

We claim that this map induces a well-defined surjective &y, ;,—1)41-module homo-
morphism, 1 : S " — p, 1/ Pnk. To see this, first note that the column relations
map to antisymmetry relations on brackets. The Garnir relations g° map to relations
on combs that are the same as the relations obtained by setting the non-combs equal
to 0 in the alternative Jacobi relation . Indeed, let z; in be a comb and
let xo,... 2, Y1, ..., Yn_1 be single letters, making the left hand side of a comb.
Then the summands of the right hand side of are all combs except for the i =1
term, which is set equal to 0. Hence v is well defined. Since, by Proposition |3.1
Pnk/ Pnk 18 spanned by combs, 1 is surjective.

We claim that kervy = 0. Suppose not. Then since SR g irreducible, ker ) =
S Tt follows that Pnk = Pnk, Which means that the non-combs span p, k.
This implies that the non-combs of type 1¥("=2*1k span p,, ;. Since the b-removing

Sk(n—2)+1-module isomorphism ¢ : ppr — pn_1k in the proof of (3.4) takes non-

(n n—2)+1

combs of type 1¥("=2+1L to non-combs of type 1% , the non-combs span p,_1 4.
Continuing this argument leads to the conclusion that the non-combs span py ) =
Lieg11, which means that psj = pa .

However, it follows from Pieri’s rule that pe ) and psj cannot be equal. Indeed,
in any bracketed permutation w of pyy, there are three kinds of 2-brackets [a, b],

namely, those in which

(1) only one of a and b are single letters in [k + 1]
(2) both a and b are single letters in [k + 1]
(3) neither a nor b are single letters in [k + 1].

For each i = 1,2, 3, let j;(w) be the number of brackets in w of the ith kind. Then
Z?:1 Ji(w) = k. The cyclic submodule p,, of psx spanned by {ow : 0 € Sk i1} is

isomorphic to a submodule of the induction product sgn}” ") e sgn32™

. Hence by
Pieri’s rule, all irreducibles in p,, have at most j; (w)+ j2(w) columns. The bracketed

permutation w is a non-comb if and only if j3(w) > 1. Thus if w is a non-comb,
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Ji(w) + jo(w) < k — 1. Therefore, since p,y is the sum of the cyclic submodules
Pw, Where w is a non-comb, all irreducibles in p,,, have at most £ — 1 columns. It
follows that the multiplicity of S*'' in jy, is 0, while by Part (1) of this theorem,
the multiplicity of S*'! in P2k is 1, which means that ps, and ps; cannot be equal.
Thus the claim that kervy = 0 holds, from which we conclude that v is indeed an
isomorphism.

To prove (3) first note that when k£ = 1 or k& = 2, there are no non-combs; so
pni = 0. For the converse, let p,r = 0. Then by part (2), p,x = Sk By
Theorem , this implies py ) = Lieg11 & SF1 We use the Kraskiewicz-Weyman
decomposition, Theorem , to show that k = 1 or k = 2. Indeed, py3 = 53! @521,
Thus k # 3. If k > 4, consider the standard Young tableau of shape (k — 1)2 whose

first row is 1,2,4,5, ...,k and whose second row is 3,k + 1. Since its major index
is 2 + k, which is congruent to 1 mod k + 1, we have that SE=D'2 ig i P2 Thus
k< 4. 0J

Note that Part (2) of the theorem generalizes Theorem since there are no

non-combs when k = 2.

4. THE NON-COMB SUBMODULE FOR k = 3

In this section, we prove Theorem by studying the submodule p, 3 of py3
spanned by the non-combs and then applying Theorem This result can also be
derived as an immediate consequence of results for general k£, namely, the Kraskiewicz-
Weyman decomposition (Theorem and the Stabilization Theorem (Theorem |1.4]),
which is proved in the next two sections. We include the proof for £ = 3 here because
the proof of the Stabilization Theorem is substantially more difficult and because
the k£ = 3 case serves as a warmup for what is to follow. Also this proof is what
motivated our proof of the Stabilization Theorem.

Theorem 4.1. For alln > 2,

o ~ n—2 2

Pn,3 =632 5«3 2 .
Proof. Let V,, i, be the vector space of n-ary bracketed permutations on [k(n—1)+1]
subject only to the anticommuting relations, but not the generalized Jacobi relations.
Let \N/n,k be the subspace of V,, ; generated by the bracketed permutations that are
non-combs. Clearly f/n,k is invariant under the action of G(,—1)4+1 on the multilinear

component of the full vector space V,, .
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Now let £ = 3. For each o € S3,,_», let v, be the bracketed permutation (subject

only to the anticommuting relations),
[[a(1),...;a()],[a(n+1),...,a(2n)],a(2n +1),...,a(3n — 2)].

Clearly {v, : @ € G3,_2} forms a of generating set for Vn’g and o € Gs,_5 acts on
the generators by v, = vy,. For an &;-module U and an &;-module V, let U[V]
denote the &;;-module obtained by inducing the (&;16;)-module U @ T*(V), where
! denotes wreath product, and 7% denotes the ith tensor power. We will refer to
U[V] as the composition product of U and V. Now note that as S3,_s-modules,

(4.1) Vs = sgnylsgn, | esgn, .

It is well known (see [Mal Section I8, Example 9]) that the composition product
sgn,[sgn, | decomposes into irreducibles as follows

n—i121
sgn,[sgn,,| = @ S

i€[n]
i odd
Hence
(42) Vn73 = @ 52"7i12i ®SgI,_o.
i€[n]
i odd

For a € &3,,_5, we form the relation

Ry :=2(n —2)v, — Z Va(i,j)-
1€[2n]
j€[3n—2]\[2n]
Let R be the submodule of f/mg given by
R=(R,:a€ &3, 9).

Note that R, is the sum of 2(n — 2) relations, namely,

n 2n
Vg — Z Va(inj) and Vg — Z Va(ij), foreachj=2n+1,...,3n—2.
i=1 i=n+1

By antisymmetry of the brackets these relations are alternative generalized Jacobi
relations (3.1)). Consequently,

(4.3) pns S Vas/R,



22 FRIEDMANN, HANLON, AND WACHS

where U & V means U is isomorphic to a submodule of V. We will show that the
two modules are isomorphic to the irreducible g3n (and are therefore equal to
each other).

Let 7 be the linear operator on ‘N/n,g > ggn,[sgn,,|esgn,, , that takes each generator
Vo to R,. It is not difficult to see that this is a well-defined linear operator that
restricts to a linear operator on the direct summands of . Let 7; be the restriction
of 7 to the direct summand 52" 1" o sgn,,_,. Note that Lemma can be applied
since 7; is equal to 3", where A\; = 211% and Ay = 1772, For A; and A, to be
compatible, ¢ must equal 0,1,2, or n. Since 7 is odd, we can eliminate i = 0,2. We
can also eliminate i = n, since in this case, the number of columns of A; is 1, which
is less than d = 2. This yields

ker 7y = S I — ganTER

and ker7; = (0) if i # 1. Hence

(4.4) ker7 = EB ker 7; = ker i = 3",
odd i€n]

We claim that
(4.5) im7 = R.

Indeed, we have 7(v,) = R, for all & € &3, _5. Since the v, generate Vn,g and the
R, generate R, the claim holds.
We conclude from this and (4.4) that

V,s/R = G727

Now by (4.3) we have that p, 5 is either trivial or is isomorphic to the irreducible
S3"7%21% The former case is impossible by Part 3 of Theorem . Therefore py, 3 =
3" 7217 a5 desired. O

Now by Theorem [3.6] we have,
Corollary 4.2 (Theorem . For alln > 2, as S3,_s-modules,

371711 377,72212
Pn3 =S ®S5 :

4 3
Consequently, by the hook length formula, dim p, 3 = 3—( " )
[[i=i(n+i) \n,n,n
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5. PROOF OF THE STABILIZATION THEOREM, PART 1: TREES AND QUOTIENTS

In this section we present the first part of the proof of the Stabilization Theorem
discussed in the introduction, which we restate here. For k > 1, set 51 = p1x = S*.
For n > 2 and k > 1, let 8, be the &j(,—1)11-module whose decomposition into
irreducibles is obtained by adding a row of length k to the top of each Young diagram

in the decomposition of p,,_1 k.

Theorem 5.1 (Theorem (Stabilization Theorem)). Let n > k > 1. Then as
Sk (n—1)+1-modules,

(5.1) P = Bk

In light of Theorem [3.5] equation (5.1) is equivalent to the assertion that all the
irreducibles contained in p, ; have exactly k columns when n > k. In the previous
section, we proved this for 3 = k < n by constructing the &3(,_1)4+1-module filtration

(O) C ﬁn,?) C Pn,3,

where p,, 3 is the submodule of p, 3 spanned by the non-combs, and then showing
that p,, 3 and p, 3/pn 3 are both irreducibles with exactly 3 columns; see Theorems
and [3.6] In this section, with considerably more effort, we again employ the idea of
working with quotients of submodules generated by bracketed permutations of fixed
“shapes”.

It is natural to view n-ary bracketed permutations as leaf-labeled plane rooted
n-ary trees. Let T be an (unlabeled) plane rooted n-ary tree with & internal nodes
and let w be a labeling of the leaves of T" with distinct labels from set A, where
|A| = k(n — 1) + 1. Then the leaf-labeled tree (7, w) encodes the bracketed per-
mutation [(7,w)] defined recursively as follows. If £ = 0 then [(T,w)] = a, where
A = {a}, and if £ > 0 then [(T,w)] = [[(T1,w1)], [(T2, we)], ..., [(Th,w,)]] where
(Ty,wy), (T, ws), ..., (Th, w,) are the subtrees of the root of (7, w) ordered from
left to right. We say that T is the shape of the bracketed permutation [(7, w)].

For example, in Figure two leaf labeled plane rooted ternary trees (T, w) are
given with their associated bracketed permutation [(T),w)] beneath them.

For n,k > 1, let T, be the set of plane rooted n-ary trees with £ internal nodes.
Note that for the leaf labeled trees (T',w) in Figure[5.1] the unlabeled tree T belongs
to T3 3. We start with a simple observation.
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2 3
2
47
347 15686
156
[l[1, 5, 6],4,7],2,3] 3, 4,7],2,[1,5, 6]

(a) (b)

FIGURE 5.1. Leaf labeled ternary trees (7,w) and corresponding
bracketed permutations [(T,w)]

Lemma 5.2. Letn > k > 1 and T € T, ;. Then every internal node of T' has a
child that is a leaf. (We call this a leaf-child.)

Proof. Suppose T has an internal node a with no leaf-children. Then the subtree
rooted at a has at least n + 1 internal nodes. But since k is the total number of
internal nodes of T', we have k > n + 1 which contradicts the hypothesis. O

Let n,k > 1. For each T" € T, s, define the depth vector of T' by

(5.2) o(T') = (01(T),02(T), .. ., 0ar (T)),

where 0;(T") is the number of leaves of T at depth i and dr is the depth of T'. (The
depth of a node is the length of the path from the root to the node, and the depth
of T' is the maximum depth over all nodes of T'). For the leaf labeled tree (T, w)
in Figure (a), the depth vector of the unlabeled tree T is 6(T) = (2,2,3), and
for the tree (T,w) in Figure (b), the depth vector of the unlabeled tree T is
T) = (1,6).

Now for T' € T, ;, and internal node a € T, let pir(a) denote the number of leaf-
children of a. We say that T € T, is increasing it for all internal nodes a,b of T
such that a is the parent of b,

pr(a) < pr(b).

In other words, when the internal nodes a of T" are labeled with pr(a) then we say T
is increasing if the labels increase as we read down the tree. Examples of increasing

and non-increasing trees are given in Figure [5.2
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1

(a) increasing (b) non-increasing

FIGURE 5.2. Internal nodes a of T labeled with pz(a)

Example 5.3. The comb tree C, ;, € T, is defined recursively as follows: if k =1
then C, ) is a root with n children that are leaves and if £ > 1 then the subtree
rooted at the left most child of the root of C,,; is C), x—1 and the other children of
the root are leaves. For example, the unlabeled tree 7" in Figure (a) is a comb,
while the one in Figure (b) is not. Note that C,; is the shape of the n-comb
defined in Section . Also note that C,, is increasing, its depth vector §(C), ) is
(n—1,n—1,....,n—1,n), and C, has the lexicographically largest depth vector

in Tn,k-

Lemma 5.4. Any bracketed permutation of non-increasing shape T € T, can
be expressed as a sum (in p,y) of bracketed permutations whose shape S satisfies
0(S) <pex 0(T), where <jep denotes lexicographical order.

Proof. Assume [(T,w)] is a bracketed permutation such that T € T, is non-
increasing. Then T has internal nodes a and b, where a is the parent of b and
pr(a) > pr(b). When we apply the generalized Jacobi relation to the leaf-
labeled subtree of (T, w) rooted at a, we express [(T,w)] as a sum of bracketed
permutations whose respective shapes S are obtained from T by exchanging all the
subtrees rooted at the children of a other than b with the subtrees rooted at all but
one child z of b. (See Figure[5.3|for an example.) This implies pg(a) = pr(b) < pr(a)
if z is an internal node, and pug(a) = pr(b) — 1 < pr(a) if x is a leaf. In either case,
ps(a) < pr(a), which implies that 6;(S) < 0,(T"), where j — 1 is the depth of a.
Since 0;(S) = §;(T) for all i < j, we have 0(S) <jer 6(T') as desired. O]

The lemmas above will enable us to reduce the Stabilization Theorem (Theo-
rem to the following key lemma. For T' € T, ;, let pr denote the submodule of
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T S

FIGURE 5.3. A tree S obtained from T by applying generalized Jacobi

relation ([1.2) to (T, w)

pn.i spanned by bracketed permutations of shape 7. For any subset & C T, x, let
ps denote the submodule of p, ; spanned by bracketed permutations whose shapes
arein §. For T' € T, , let

(5.3) D(T) = {S € Ty : 6(S) <tew 6(T)}.

Lemma 5.5 (Quotient Lemma). Let T € T, be an increasing tree for which each
internal node has a leaf-child. Then every irreducible contained in the quotient

module pr/(pr N ppery) has exactly k columns.

Section [0]is devoted to the proof of the Quotient Lemma. We now use this lemma
to prove the following result, which by Theorem is equivalent to the Stabilization
Theorem.

Theorem 5.6. Let n > k > 1. Each irreducible in p,j has evactly k columns.

Proof. The result is equivalent to the following assertion: For all T' € T, j, each
irreducible in pr has exactly k& columns. We prove this assertion by induction on
the depth vector §(7T'), where the depth vectors are ordered lexicogaphically. Since
by Lemma [5.2] every internal node of T' € T, has a leaf-child, we will be able to
apply the Quotient Lemma (Lemma to any increasing 1" € T,, x.

We start with the &y ,—1)4+1-module isomorphism

(5.4) pr = (pr/(pr N pp(r))) ® (pr N PD(T))-



n-ARY GENERALIZATION OF THE LIE REPRESENTATION 27

The base case handles the trees with minimum depth vector. Let T be such a tree.
Then D(T) = () and by Lemma [5.4] T is increasing. The second summand of
vanishes and by applying the Quotient Lemma to the first summand, we get the
desired result that each irreducible in pr has exactly k& columns.

The induction step is handled with two cases. Suppose 1" does not have minimum
depth vector. Then D(T) # (.

Case 1: T is increasing. By the Quotient Lemma, all the irreducibles in the
first summand of have exactly k columns. Since D(T) # (), we can apply the
induction hypothesis to the trees in D(7'), and conclude that all the irreducibles in
pp(r) have exactly k columns, which implies that all the irreducibles in the second
summand of have exactly & columns.

Case 2: T is not increasing. By Lemma [5.4) pr is a submodule of a sum )¢ pg,
where all the trees S have smaller depth vector. By the induction hypothesis, all
the irreducibles of pg have exactly k£ columns. Hence the same is true for the sum
and therefore for pr. O

6. PROOF OF THE STABILIZATION THEOREM, PART 2: TREE SPECHT MODULES

Recall that in the previous section we reduced the Stabilization Theorem to the
Quotient Lemma. In this section we prove the Quotient Lemma by introducing two
generalizations of the notion of Specht module. In addition to their application in
the current work, we feel they might have some independent interest and be worthy

of further study.

6.1. Tree Specht modules of the first kind. Let T be an unlabeled plane rooted
tree and let N be a positive integer. (Note that we are not requiring 7" to be an n-ary
tree.) A T-partition u of N is a labeling of the nodes of 7" with positive integers
satisfying:

® > werila) =N
e If a is the parent of b then p(a) < u(b).

Note that if we view T as the Hasse diagram of a poset P in which the root is
the maximum element then the notion of T-partition of N is the same as Stanley’s
P-partition of N; see [St1, Sec. 3.15.1]. Note also that the T-partitions when T
is a path (i.e., each internal node has exactly one child) are the same as ordinary
partitions.
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Definition 6.1. Let p be a T-partition of N. A p-tableau t is a filling of the nodes
of T that satisfies

e cach node a € T is filled with a column Col(a) of distinct positive integers
of length u(a)
e the sets of entries of the columns are disjoint and their union is [N]

Let 77, denote the set of y-tableaux, where 1 is a T-partition.

An example of a T-partition p and a p-tableau ¢ € Tr, is given in Figure
We have oriented the tree from right to left with the root at the far right, instead of
the usual top-down orientation with the root at the top. Note that top to bottom

order matters in each column.

(o]~ |

;

\/

T
/

= ==
le]e[=]5]

B
/

k
N/ /

. —
/ 5
15
[ ) 4 10|
ﬁ
plane rooted tree T T-partition pu p-tableau ¢

FIGURE 6.1. A tree partition and a tree tableau.

Note also that when 7' is a path, a T-partition u is an ordinary partition and a u-
tableau is an ordinary Young tableau of conjugate shape p*. Indeed, we can visualize
this by orienting the path T horizontally so that the root is the right endpoint. Then
the columns of the u-tableau are precisely the columns of the Young tableau in the
same order. Since the sequence of column lengths of the Young tableau is given by
i, the sequence of row lengths (i.e., the shape of the Young tableau) is given by the
conjugate p*. For example, the T-partition p and p-tableau ¢ given by
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3 3 1
T-partition p u-tableau t

correspond, respectively, to the ordinary partition (3,3,1) and the ordinary Young
tableau [5]6 1] of shape (3,3, 1) =(3,2,2).

3|2
7|4

Definition 6.2. Let M™* be the vector space (over C) generated by Tr, subject
to the column relations, which are of the form t + s, where s € 77, is obtained from
t € Tr, by switching two elements in the same column Col(a) for any node a € T'.
Given t € Tz, let T denote the coset of ¢ in MT*. We call these cosets p-tabloids.

A p-tableau is column strict if each column is increasing. Clearly
{t : t is a column strict p-tableau}

is a basis for M7#. Note that Gy permutes the entries of the u-tableau t € Tz,
So MT# is an & y-module. Note also that if we order the nodes z1, ... ,yp) of T'in
some canonical way, say in preorder, we can view p as a sequence (pu(z1), . .., (7))

and M™* as the induction product
SBWyu(z1) @ 70 @SB (ap) -
This allows for a right action of Gy as well as the left action described above.

Definition 6.3. Let y be a T-partition of N. The tree Garnir relations of the first
kind are defined for each ¢ € 77, and non-root node a of T by

(6.1) gh=t-)Y_5

where the sum is over all s € 7p, obtained from ¢ € 7p, by exchanging any entry
of Col(a) with the top entry of Col(p(a)), where p(a) denotes the parent of a in 7.
Let GT* be the subspace of MT#* generated by the tree Garnir relations g¢. That
is,

GT = (gt rae T\ {r}, t € Tr,),

where 7 denotes the root of T. The tree Specht module of the first kind STH is
generated by the pu-tabloids subject only to the tree Garnir relations of the first
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kind, i.e.,
ST = M+ /G,

Example 6.4. Let T, u,t be as in Figure[6.1] and let a be the child of the root of
T that has two children. Then the entries of Col(a) are 11 and 9, and the top of
Col(p(a)) is 3. Thus there are two summands in the summation of (6.1); one is
obtained obtained by exchanging 11 with 3 and the other is obtained by exchanging
9 with 3. The tree Garnir relation of the first kind gt is given in Figure .

[4] [4] [4]
15 15 15
18] E L8] E L8] E
12 12 12
t _ [1] _ [ _ [ 0]
9a = [2] 2] 2]
ER N 19

n/
16 L9 16|
15/a E/
10
13

N
3 g B

10|
13]

— ===
[958 k=] [4Al [=2)

t

FIGURE 6.2. Tree Garnir relation of the first kind.

Note that when 7" is a path, the tree Garnir relations of the first kind given in (/6. 1])
are precisely the ordinary Garnir relations given in . Indeed, as noted above,
when T’ is a path oriented horizontally with the root at the right end, the columns
of the tree tableau, ordered from left to right, are the same as the columns of the
Young tableau. Thus the presentation defining the tree Specht module of the first
kind is Fulton’s presentation for the ordinary Specht module given in Proposition[2.1
Therefore if T is a path then for all T-partitions u,

(6.2) §Tw = gi,

where p* is the conjugate of p viewed as an ordinary partition. Note that the
irreducible S** has exactly |T'| columns, where |T| is the number of nodes of T" and
the last column has length p(r) where r is the root of T'. We generalize this property

in the following result, whose proof is delayed to the next subsection.
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Theorem 6.5. Let p be a T-partition of N. Then every irreducible in the Gn-
module ST has exactly |T| columns and the last column has length u(r) where r is
the root of T.

We now describe the relationship between tree Specht modules and the main
subject of this paper, namely p,, . Let n,k > 1 and let 7" be an increasing tree in
T, for which each internal node has a leaf-child. We prune 7" by removing all its
leaves to get the plane rooted tree T. The nodes of T are the internal nodes of 7.
For each such node a, recall that pur(a) denotes the number of leaf-children of a in
T. Since each internal node of 7" has a leaf-child, pr(a) > 1 for all nodes a of T.
Since T is increasing, pr is a T-partition of k(n—1)41. We now associate with each
pr-tableau t € 7}#@, a leaf labeling w; of T" defined by labeling the ¢th leaf-child of
a (from left to right), where a is an internal node of 7" and i € [ur(a)], with the ith
entry of Col(a) of ¢ (from top down); see Figure [6.3]

4]
10
12
\
I \ 3
8 3
0o
/@ 14 11
4 1012 186275
T e T3’6 te 7-T,MT (T7 wt)

FIGURE 6.3. Leaf labeled tree (T, w;) associated with pp-tableau t.

Lemma 6.6. Let T' € T, be an increasing tree for which each internal node has a
leaf-child. Then the Sy(n—1)+1-module or/(pr N ppry) 5 isomorphic to a submodule
of the tree Specht module STHT.

Proof. Define the linear map ¢ : M Tor pr, which takes the pp-tabloid ¢ to the
bracketed permutation [(T),w;)]. It follows from the antisymmetry of the bracket
that this is a well-defined &y(,—1)41-module homomophism. Note also that the map

is surjective.
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Now consider the composition

mow: MM — pr/(pr N ppery),

where 7 : pp — pr/(pr N pper)) is the projection map. We will show that the tree
Garnir relations g/, where a is a nonroot node of 7" and ¢ € 75 g satisfy

(6.3) g € ker(mo ).

Indeed, first note that
plg) =t = 8) = o(f) = Y ¢(s) = [(T,w)] = > _[(T,w)],

where the summation index s is as in Definition [6.3] and the final sum is over all u
obtained from w; by switching the label of a leaf-child of a with the label of the left
most leaf-child b of the parent p(a) of a. We claim that the alternative generalized
Jacobi relation applied to the subtree of T" rooted at p(a) yields

(6.4) (T, wy)] = > [(T,w)] € ppr).-

u

Indeed, the bracketed permutations on the right hand side of that are not
one of the [(T,u)|’s have shapes S that can be obtained from 7" by switching the
leaf b with the subtree rooted at any nonleaf-child ¢ of a; see Figure [6.4] Clearly,
the number of leaves at the depth of b (or a) in T is reduced by this switch, while
nothing higher up in the tree changes. Hence §(S) <, 6(T), which implies (6.4).

Since [(T',w;)] = >, (T, w)] is clearly also in pr, we have ¢(g%) € prNppr), which
means that holds. Hence

GTwr ¢ ker(m o ).

Since pr/(prNppry) is the image of woy, it follows that pr/(prNpper)) is isomorphic
to a submodule of M1+ /GT#r = SThT O

Remark 6.7. Lemma|0.6 applied to the comb tree C., ), given in Ezample asserts
that

~ |
pn,k/pn,k g S

SINCE Pk = PD(C,,) and by Proposition Prje = PC(nk)- By Theorem (2), this
containment is in fact an isomorphism.
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T S

FIGURE 6.4. S obtained from T by switching leaf b with subtree
rooted at nonleaf-child ¢ of a.

We now use Theorem which will be proved in the next subsection, to prove
the Quotient Lemma (Lemma [5.5)).

Proof of Lemmal[5.9 Tt follows from Lemma [6.6] that each irreducible of pr/(pr N
pp(ry) is an irreducible of ST, By Theorem |6.5, which we have yet to prove, each
irreducible of ST#7 has exactly |f| columns. Since |T| is the number of internal
nodes of T', which is k, each irreducible of pr/(prNpp(r)) has exactly k columns. [

6.2. Tree Specht modules of the second kind. Our goal in this subsection is
to prove Theorem which states, in particular, that all irreducibles in ST* have
exactly |T'| columns. We carry this out by introducing a second generalization STom
of Specht module, and showing that ST is isomorphic to a submodule of ST# and
that all the irreducibles in ST# have exactly |T| columns.

Our second generalization of Specht module differs from the first only in the
Garnir relations.

Definition 6.8. Let u be a T-partition of N. The tree Garnir relations of the
second kind are defined for each ¢ € 77, and internal node a of T" by

(65) 3, = Tl = Y5

where T, denotes the set of descendants of a in T" and the sum is over all s €
Tr,. obtained from te Tr, by exchanging any entry of Col(a) with any entry of
User., Col(b).  Let GT#* be the subspace of MT* generated by the tree Garnir
relations g'. That is,
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(6.6) GT# .= (g! : a an internal node of T, t € Tr.,.).

The tree Specht module of the second kind ST+ is generated by the p-tabloids subject
only to the tree Garnir relations of the second kind , i.e.,

(6.7) ST — MTw G,

Note that when 7' is a path, the tree Garnir relations of the second kind given
by are precisely the new Garnir relations given by . Indeed, recall the
discussion that precedes Definition [6.2] For each node a of T, note that T, is the
set of nodes to the left of a in T oriented horizontally with the root as the right
endpoint. Let ¢ = |T.,| + 1. Viewing the tree tableau t in 77, as an ordinary
Young tableau, we have that p(a) is equal to the length /. of column ¢ in the
Young tableau. Thus reduces to ([2.5) when T is a path. It follows that the
presentation defining the tree Specht module of the second kind is the presentation
for the ordinary Specht module given in Theorem [2.3] More precisely if 7" is a path,
then for all T-partitions pu,

(6.8) ST = g,
where p* is the conjugate of p viewed as an ordinary partition.

Theorem 6.9. Let p be a T-partition of N. Then every irreducible in the G-
module ST* has exactly |T| columns and the last column has length u(r) where r is
the root of T.

Proof. The result is obvious in the case where |T| = 1. So assume |T'| > 1. Let
11,15, ...,T,, be the subtrees rooted at the children of the root r indexed from left
to right. The T-partition u restricted to T; defines a Tj-partition u;. Let N; =

> aer Hi(a). Clearly > N; = N — p(r).
Let Y be the Gy_,(-module

Y — S'Thul - --- o STmy.U'm‘

Then
STH = (Y esgn,,,)/(Gh : t € Trp).-

Since STi+#i is isomorphic to a submodule of MTi#i for each i, by Pieri’s rule, each
irreducible in Y has at most 3.7, |Tj| = |T| — 1 columns. By the definition of ¢} ">
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given in Lemma [2.5]

Gt — i SR
(g, :te 7},u> = 1m 90\T|_1M

It follows that

~ Y,sgn
T,,u ~ ,SE n(r)
SHH = ker i1

Hence by Lemma , every irreducible in ST# is of the form S where S* is
an irreducible of Y with exactly |T'| — 1 columns. Therefore the irreducibles of S7#

have exactly |T| columns and the last column has length p(r). O

Our final result of this section relates the two types of tree Specht modules and
thereby completes the proof of the Stabilization Theorem. Recall that U & V
means that U that is isomorphic to a submodule of V.

Theorem 6.10. Let 11 be a T-partition of N. Then ST+ S ST+ with isomorphism
when T 1s a path.

Proof. The isomorphism follows from and . We prove the inclusion by
induction on the number of nodes of T" and split the argument into two cases.
Case 1: The root r of T has only one child b. Let 7" be the tree obtained from
T by removing r and let i/ be u restricted to 7.
We have

(6.9) ST = (ST e sgn, ) /(Gh - t € Trp)
By Theorem , the decomposition of ST"# into irreducibles is of the form,

(6.10) ST = (B dyS?,

AeD

where d,, is a nonnegative integer and D is the set all Young diagrams A = N — u(r)
whose number of columns is |T| — 1 and last column length is u(b). Therefore,

since the virtual representations of the symmetric groups form a ring under sum

and induction product, by

ST’# = @J)\((SA L Sgnu(r))/<§|tT\ e 7;\%1“”»)7
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where §|tT\ is as defined in 2.5. It now follows from Theorem that

ST 2 CB Ay (5™ @ g1, 0)) /(37 1 € Tagrnn)).

AeD

> s

AeD

1 p(r)
>~ @ dy SMH

AeD
By the induction hypothesis and (6.10), we have that
ST = B d\S,
AeD
for some d) satisfying 0 < d, < CZA. It follows that
ST o gT' 1 o sgnu(r) /gyt € Trp)
= @d/\ Yo 881,())/(9fr—1 T € Thg1n)),
AeD

where ngl is as defined in |} since A € D means A has |T| — 1 columns and its
last column has length p(b) > p(r). By Fulton’s presentation (Proposition for
Specht modules, we now have

~ w(r) 5 w(r) ~y &
ST,/,L o @d)\SA—H_l C @d)\s)\%l o ST,,u7
AeD AeD

which completes the proof for Case 1.

Case 2: The root r of T" has children b4, ..., b,,, where m > 2. For each i, let T;
be the subtree of T" rooted at b; and let u; be the restriction of p to 7;. Let T} be
the subtree T; U {r} of T and let y/ be the restriction of x to T7. Let G} * be the
submodule of MT# generated by the Garnir relations of the first kind that involve
b; or any of its descendants, i.e.

G;TF’“ =(gL:ceTt e Tr,).
Clearly
et =a"
i=1
It is not difficult to see that

(6 11) MT’“/G.T’” ~ VT o ... o Mli-thi-1 o QT 1T o NfTi+1:Hit1 o ... g )fLmstm
. i .
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Now for t € T, and internal node ¢ € T}, define
gt if c£r
T | ()t — Dosea, s ifc=m,

where A; is the set of py-tableaux that can be obtained from t by switching any entry
of Col(r) with any entry of Col(a) for any node a in T; other than the root r. Let

~t .
gc,i T

Gt = (gi; : ¢ is an internal node of T, t € Tr,,,).
Note that
(6.12) MT’“/GT’M ~ MT1,M1 e .- @ MTiflylel ° S’T[#{ ° MTz'+17M+1 e --- o MTm,Mm.
1

It follows from Case 1 or the induction hypothesis that ST # < ST/ #i. Thus by

and (6.12).

MEr/GTR C MG,
This means that G[* S G for all i. We therefore have

(6.13) Ppeit S et =t
=1

We claim that for all t € 77, and internal nodes c € T,

. gt if ceT;
9c = 7
> i g:z if c=r.

Indeed, the first case follows immediately from the definitions. For the second case,

we have
>t 3 (1mton - 35}
i=1 sEA;

S 5T

i=1 s€A;
= (IT] = Du(r)t— Y 5

SEUAi

=0
From this claim and (6.13) we can conclude that GT* & @, G * S G,

which implies that
ST — pTr GTH C MTHGTH = ST,
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Therefore the induction step is complete. O

Proof of Theorem[6.5 This is an immediate consequence of Theorems and
0J

6.3. Recap of proof of Stabilization Theorem. Let n > k and let T € T, be
an increasing tree. By Lemma [5.2] every internal node of T" has a leaf-child. From
Lemma and Theorem [6.10, we have the inclusions

pr/(pr Nppry) S STHT S §Twr,

where T is obtained from T by removing its leaves. Since by Theorem , the
irreducibles in ST have exactly 7| columns, the same is true for STnr and for
the quotient pr/(pr N pp(r)). Since 7| is equal to the number of internal nodes of
T, which is k, the Quotient Lemma (Lemma holds. Recall that the only thing
left to do in the induction proof of Theorem [5.6, was to prove the Quotient Lemma.
Therefore Theorem is now proved. This implies that 7, in Theorem [3.5is (0),
which means that p, , = B,.x, as asserted by the Stabilization Theorem.

7. THE k = 4 CASE AND FURTHER CONSIDERATIONS

7.1. Decomposition for k=4. With the Stabilization Theorem now proved and
the decomposition for k£ = 3 established, we are also now able to fill in the k = 4
column of Table [l Using a computer program written in C++, we found that
dim p3 4 = 1077. This is used in our proof of the following result.

Theorem 7.1. For all n > 3, the Gy4,_3-module p,, 4 decomposes as
pn74 g S4n711 @ S4n7232 @ S4n72312 EB S4n72221 @ S4n72213 @ 5471,733213 @ S4n73323.
Proof. We begin by proving the result for n = 3, which is,
(7_1) P34 = 5421 ® S g 54312 ) 54221 ® 54213 ® 53213 ® 5323.
From the Kraskiewicz-Weyman decomposition (Theorem [1.1)) we obtain
P24 o S411 @ 532 @ 5312 ® 5221 @ 5213'

It follows that
534 ~ 5421 @ 8432 ® 54312 @ 84221 @ 34213_
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By the well-known hook length formula (c.f. [Ful [St2]) we have dim 34 = 873. As
was mentioned above, our computer calculation gave dim ps4 = 1077. Hence by
Theorem [3.5),

paa = ST @ 512 @ S8 @ 517 g 92 @y

where 34 is an Gg-module of dimension 204 that decomposes into irreducibles
whose Young diagrams have fewer than 4 columns. We need only show that v34 =
531 ¢y §32° which by the hook length formula has dimension 204.

By Proposition we have that ps 4 is isomorphic to a submodule of the induction
product ps 3 @ sgn,. Therefore by Theorem , p3.4 is isomorphic to a submodule of

(S¥1 @ 5%2) e sgn, = 5% e sgn, B 532 e sgn, .
By Pieri’s rule, this module decomposes into
Ve (53221 @ 53213) ) (53221 @ 53213 ® 5323 @ 532212 ® 53214)7

where v is an &9 module whose irreducibles have 4 columns. It follows that ~s 4 is
a submodule of

253221 ® 253213 ® 5323 ® 532212 @ 53214‘
By the hook length formula, the dimensions of these irreducibles are 168, 120, 84, 108, 105,

respectively. The only way to get a submodule of dimension 204 from these irre-
ducibles is by taking S3*'° @ $32°. Therefore

Va4 = 53213 @ 5323’
which means that ([7.1)) holds.

The result for general n now follows from the Stabilization Theorem. U

7.2. Above the diagonal. The Stabilization Theorem addresses what happens
at or below the n = k diagonal. We conclude this section with an observation
on what happens above the diagonal and a conjectural converse, which generalizes
Conjecture 4.2 of [FHSWIJ.

Theorem 7.2. For alln <k, if p,r has an irreducible with exactly j columns then
n<j<k.

Proof. We prove this by induction on k. Suppose p, has an irreducible S* with
exactly j columns. Then by Proposition j<k.
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We must now show that n < j. If kK = n then by Theorem we have j = k=n
as desired. So assume k > n. Since the combs span p, ; (Proposition , we have
that p,, x is isomorphic to a submodule of the induction product p, x—1 ®sgn, ;. It
follows that S* is in the induction product. Therefore by Pieri’s rule, p, 1 has an
irreducible with h columns where h € {j — 1,;}. Since k > n, we have k —1 > n,
which means we can apply the induction hypothesis to p,x—1 and conclude that
n < h < j, as desired. O

Conjecture 7.3. If n < j < k then there is an irreducible in p,j that has exactly

7 columns.

The conjecture is true when n = 2. This can be proved by using the result of
Kraskiewicz and Weyman given in Theorem [I.I, We leave this as an exercise for the
reader. The conjecture is also true when 1 < k < 4 as one can see from our results

displayed Table [1}

8. TABLE: SELECTED NOTATION

Notation Meaning Section

Pn The representation of Si,—1)41 on the multilinear |I|
component of the free Filippov n-algebra on k(n — 1) + 1
generators.

Bk The Si(n—1)+1-module whose irreducible decomposition is m
obtained from that of p,_; by adding a row of length k
to the top of each indexing Young diagram.

Vi k A complementary Si(,—1)41-module in 1} m
T Set of Young tableaux of shape A. ﬂ
q. Fulton’s Garnir relation given in ([2.1)). ﬂ
AL H Ao Concatenation of compatible Young diagrams. B

Continued on the next page
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Notation Meaning Section
zl/l’y2 A linear operator on the induction product Y; e Y5 given |2._2|

in Lemmas and

gt A new Garnir relation introduced in 1) |2._2|

SA The quotient given in l} of the column-tabloid module 2.2
M?* by the submodule generated by the g'.

Prk The subspace of the Fillipov n-algebra spanned by @
bracketed words of type 1F=2+1

T The set of tableaux of shape A\ and type 1¥(=2)+1k @

A The analogue of S* generated by tableaux of shape A and @
type 1k(n—2)+1k.

Pk The submodule of p,, ; spanned by the non-combs. @

Vn,k The submodule of the anticommuting bracket space V/, @
spanned by the non-combs.

(T, w)] The bracketed permutation associated with a tree H
T € T, and a bijective labeling w of its leaves.

T, x Set of plane rooted n-ary trees with k internal nodes H

(T) The depth vector of T' € T,, ;, defined in 1' H

pr(a) Number of leaf-children of internal node a of T" € T, . H

pr Submodule of p, ; spanned by bracketed permutations of H
shape T' € T, .

ps For § C T, 1, the submodule spanned by bracketed H

permutations whose shapes belong to S.

Continued on the next page
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ST = M /GTH as given in Definition

Notation Meaning Section

D(T) Set of trees in T, , whose depth vectors are H
lexicographically smaller than that of T', cf. 1)

Tr, Set of p-tableaux given in Definition . |6_._l|

MT# The Sy-module generated by 77, subject only to the H
column relations, as given in Definition .

GTr The submodule of MT** generated by the tree Garnir H
relations ¢’ of the first kind, as given in Definition .

S The tree Specht module of the first kind, 6.1l

T The plane rooted tree obtained from 7" € T, ; by pruning,
that is, by removing all the leaves of T'.
GT# The submodule of MT* generated by the tree Garnir
relations g% of the second kind, cf. , .
STom The tree Specht module of the second kind,
ST = MT#/GTH cf. (6.7).
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