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ABSTRACT

WINDOWS IN ALGEBRAIC GEOMETRY
AND APPLICATIONS TO MODULI

SEPTEMBER 2021

SEBASTIAN TORRES KLENNER,
B.S., PONTIFICIA UNIVERSIDAD CATOLICA DE CHILE
M.S.; PONTIFICIA UNIVERSIDAD CATOLICA DE CHILE
Ph.D., UNIVERSITY OF MASSACHUSETTS AMHERST

Directed by: Professor Jenia Tevelev

We apply the theory of windows, as developed by Halpern-Leistner and by Ballard, Favero and
Katzarkov, to study certain moduli spaces and their derived categories. Using quantization and
other techniques we show that stable GIT quotients of (P')" by PGLy over an algebraically
closed field of characteristic zero satisfy a rare property called Bott vanishing, which states that
Q{, ® L has no higher cohomology for every j and every ample line bundle L. Similar techniques
are used to reprove the well known fact that toric varieties satisfy Bott vanishing. We also
use windows to explore derived categories of moduli spaces of rank-two vector bundles on a
curve. By applying these methods to Thaddeus’ moduli spaces, we find a four-term sequence of
semi-orthogonal blocks in the derived category of the moduli space of rank-two vector bundles
on a curve of genus at least 3 and determinant of odd degree, a result in the direction of the

Narasimhan conjecture.
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CHAPTER 1

INTRODUCTION

For an algebraic variety X, we consider the derived category of coherent sheaves D?(X),
whose objects are bounded chain complexes of coherent sheaves, and whose morphisms include
inverses of quasi-isomorphisms, in addition to the usual chain complex morphisms.

In recent years, exciting work has been done regarding derived categories in algebraic geom-
etry, including applications to birational geometry, geometric invariant theory, moduli theory,
among others. In [Kuz16], Kuznetsov suggests that the problem of whether a variety is rational
can be attacked using techniques from derived categories and semi-orthogonal decompositions
of those. Also, great advances have been made regarding Bridgeland stability conditions on
derived categories of algebraic varieties, by Bayer, Macri, Stellari, and several others (see e.g.
[BMS16], [BLMS19]). Stability conditions have a big impact in the study moduli of spaces of
stable sheaves.

Research done by Halpern-Leistner [HL15], as well as work by Ballard, Favero and Katzarkov
[BFK19], study the derived category of a GIT quotient X /G by a reductive group and how
it changes under variation of GIT. One of the main results in these works shows how, under
some mild hypotheses, the derived category of X /G can be embedded into that of the ambient
quotient stack [X/G] in several different ways, each of them called a window. They also describe
what happens with the derived categories when we move from one GIT chamber to another.
These techniques can be used to describe derived categories of moduli spaces and also see how
they vary under wall-crossing. As an example, Castravet and Tevelev have used the method of
windows to prove a conjecture by Manin and Orlov, stating that the derived category of the
moduli space My ,, of stable rational curves with n marked points admits an S,-equivariant full
exceptional collection [CT17,CT20a,CT20b].

One feature of this theory is that it can be used to compute cohomology of sheaves on X /G
that descend from objects in the G-equivariant derived category D% (X). One of the main results
in the present project uses this fact, together with other techniques in algebraic geometry, to

prove that the geometric quotients (P')" / r PG Ly satisfy a rare property called Bott vanishing.



Specifically, this means that sheaves of the form Q7 ® L have no higher cohomology, whenever
L is an ample line bundle (see Theorem 2.1.1 below). The proof of this theorem involves the
use of classical invariant theory, geometric syzygies, among other tools used toward cohomology
calculations. Some of these techniques can also be applied in more general situations. Most
remarkably, they yield a new proof of Bott vanishing for toric varieties in characteristic zero, a
fact that has been known for a long time and with several different proofs.

As another application of the windows methods, we study the derived category of Thaddeus’
moduli spaces M, of stable pairs (F, ¢) on a smooth projective curve, where E is a rank two
vector bundle and ¢ is a section, subject to a given stability condition. We find that, under
certain conditions, the derived category of C' embeds into that of M, using the Fourier-Mukai
functor given by the universal family. This allows us to come up with a four-term sequence of
semi-orthogonal blocks in the moduli space M¢(2, A) of slope-semistable rank-two bundles with
fixed determinant A of odd degree, on a curve C' of genus at least 3.

In the present chapter, we describe the results from windows theory and derived categories of
GIT quotients that will be needed in order to understand the subsequent work regarding coho-
mology vanishing and other applications to moduli spaces. This also requires some background
from geometric invariant theory and derived categories. Bott vanishing is discussed in Chapter
2, including the main result about quotients of the form (P')" /. PGL,. In Chapter 3 we dis-
cuss the derived category of moduli spaces of vector bundles over a curve, with applications of

windows and wall-crossings to the study of the derived category of Mc(2, A).

1.1 GIT quotients and Kempf-Ness stratifications

We will consider a smooth projective-over-affine variety X over an algebraically closed field
k of characteristic 0, meaning a closed subvariety of A" x P4, with a reductive group G acting

on X.

Definition 1.1.1. A G-equivariant coherent sheaf F' on X is a coherent sheaf F' together with
an isomorphism o*F = psF where o,ps : G xx X — X are the action map and the second
projection, respectively. A G-equivariant invertible sheaf £ is also called a G-linearized line
bundle, and can be seen as L together with an action of G on the total space of £ that is

compatible with the action on X and linear on the fibers.

Given an ample G-linearized line bundle £ on X, we write X = ProjR, where R =

®d20 HO(X,£®%), and the corresponding geometric invariant theory quotient is defined as



Proj R®, where RC is the ring of invariants. We denote by X the unstable locus, that is

Xv= N {r e X |o(z)=0}
ceHO(X,L9NE
d>0

The semi-stable locus is X*¥ = X\ X" and the stable locus X*® C X*° consists of semi-stable
points that also have a finite stabilizer and whose orbit is closed in X**. Denote by Y = X /. G
be the corresponding GIT quotient, and 7 : X®*¥ — Y the quotient map from the semi-stable
locus. The map 7 is affine, in particular , is exact, and we have 7,(Oxss)® = Oy. The
restriction to the stable locus gives a geometric quotient X* — X® /G. We will be mostly
interested in the cases where there is no strictly semi-stable locus, that is, X = X*.

Let A : G,, — G be a one-parameter subgroup. If F'is a G-linearized line bundle on X and
y € X* is a Mfixed point, A acts in the fiber F},, with a given weight which we denote weight, F),.
Similarly, if F' is a G-equivariant vector bundle, its A-weights on F, are the eigenvalues of the
action of A on F,. For a G-equivariant complex F" € D°(X), we refer to the A-weights of H!(F")
for all 7 as the A-weights of F".

Suppose we have a G-linearized ample line bundle £ for the action of G on X. The unstable

locus X" = X\ X** can be described using the Hilbert-Mumford numerical criterion.

Theorem 1.1.2 (Hilbert-Mumford criterion). X% (resp. X*®) consists of the points x such that

weighty £, > 0 (resp. > 0) VYA such that y = lim;_,o A(t)z exists.

Using the Hilbert-Mumford criterion, one can define what is called a Kempf-Ness (KN)
stratification of the unstable locus, as described below (see [HL15, §2.1] for a more detailed
discussion). For a given one-parameter subgroup A : G,, — G, and a connected component Z

of the fixed locus X* one can define the blade of Z, \ as
Yzr={zeX| }51(1)/\(0 -x €7},

i.e., the points that are attracted to Z as ¢ — 0. The projection ¢ : Yz, — Z sending a
point to its limit as ¢ — 0 can be shown to be a bundle of affine spaces. Define also u(Z, ) =
*ﬁ weight, £|z, where |A| is a norm over one-parameter subgroups given by a choice of some
suitable inner product in the cocharacter lattice of a maximal torus of G. Then we can write a
stratification of the unstable locus by iteratively selecting a pair (Z,, A\o) such that p is positive
and maximal among those (Z, A) for which Z is not contained in the previously defined strata.
We may assume A is a one-parameter subgroup of a maximal torus. Let Z3 C Z, be the open
subset not intersecting any previous strata. We call Y, = Y7o », the set attracted to Z;. Then

the next stratum is S, = G - Y,. It can be proved that this leads to an ascending sequence



of finitely many G-equivariant open subvarieties X®** = X, C X; C --- C X, where each
Xo\Xa—1 =S, is one of these strata.

For each stratum S, given by a pair Z,, Ay, one can define the Levi subgroup L, C G given
by elements g € G that centralize A, and satisfy g(Z,) C Z,; and the parabolic subgroup P,

as the g € G such that lim;_,o A\(t)g\(t) ™! exists and is in L,. We have a short exact sequence
1-U,—P,—L,—1

where U, = {g € G | lim;_,0 A(¢)g\(t)~* = 1}. The inclusion L, < P, allows us to write P, as
a semidirect product U, X L.

We have that the action map Gx p, Y, = G-Y,, is an isomorphism, where G'x p, Y, 5a /Py is
the fibered bundle with fiber isomorphic to Y,. We also know that the A,-weights of the conormal
bundle Nsva/x restricted to Z, are positive. Also, it is not hard to see that the \,-weights of

Ty, |z, are nonnegative (see [DH98, §1.3], [Kir84, §12-13] for details).

Ezample 1.1.3. Let G,, act on X = A""! by scalar multiplication. Then Ox = k[zo, ..., z,] is
acted on by G,, by t - p(zo,...,z,) = p(t"1zg,...,t71z,). Now this action can be lifted to an
action on Ox as an Ox-module, by letting t - p(zo, ..., 7,) = t-p(t 'zo,...,t " 2,). We denote
by Ox (1) the trivial line bundle linearized in this way. The fixed locus by G,,, is the origin, and
it is destabilized by A : t — t~1. The unstable locus is just Z = {0}, and the corresponding GIT
quotient is A1 /0 @1)Gm is P". The same is true if we choose a linearization Ox (d) with

d>0.

Ezample 1.1.4. Let G,, act on X = (P!)" diagonally by ¢ - (z : y) = (tz : t"'y). On each P!,
there is a natural way of linearizing the tautological line bundle Op1(—1) by t- (x : y) x (z,y) =
(tz : t71y) x (tx,t~'y). Doing this in each component and taking tensor products, we get a
natural linearization for any ample line bundle Ox(dy,...,d,). The G,,-fixed locus consists of
points (21, ...,2,) where z; is either 0 or co. For a point z;, where z; = co if i € [ and z; =0
otherwise, we compute
p(\I) = —weighty L., = > di — > d;.
il il

This is maximized at (co,...,00) and in fact this single point is the first stratum. The next
stratum will be a projective line minus this point. For instance, if d; < d; for every i, then the
second stratum will consist of points (z,00,...,00), z # co. Each subsequent strata will be a
product of projective lines intersected with the complement of the previous strata. The whole

unstable locus consists of points of the form (z1,..., z,) with z; = oo for every ¢ € I, and where

Dier @i > igr di



1.2 Derived categories

In the present section we give a brief description of the background that we will use from
derived categories. Detailed definitions and statements can be found in the literature (see e.g.
[Huy06]).

If A is an abelian category, a chain complex F" is a collection of objects F* € A, i € Z with

maps

. di—l d'L .
R R N (RN L R

such that d’ o d*=! = 0 for every i. We denote by H(F") the i-th cohomology of this chain
complex, that is, H*(F") = kerd'/im d*~!, which is an object in A. We say that F" is bounded
if there are integers m, M such that H*(F") = 0 for ¢ < m and for i > M.

A morphism F* — G between chain complexes is a collection of morphisms F* — G’ that
induce commutative diagrams with d% and d,. This allows us to define the category Komb(A),
whose objects are bounded chain complexes of objects in A, with morphisms of chain complexes.
A morphism ¢ : F* — G" induces morphisms between cohomologies, H'(¢) : H'(F') — H(G").
If ¢ induces isomorphisms H(F") = H!(G") for every i € Z, then it is said to be a quasi-

isomorphism.

Definition 1.2.1. The (bounded) derived category D’(A) is defined as the localization of
Komb(A) at the class of quasi-isomorphisms. If V' is an algebraic variety over k, we denote

by D®(V) the derived category of coh(V), the category of coherent sheaves on V.

Remark 1.2.2. To make a rigorous definition of D?(A), one first needs to define the homotopy
category K°(A). In K°(A), the morphisms are Homye(4)(F',G") = Homy oo () (F7, G7)/ ~,
where ~ denotes homotopy equivalence. Then K°(A) is localized at quasi-isomorphisms, that
is, quasi-isomorphisms become isomorphisms in D?(.A). Details can be found in [Huy06, §2.1].
DP(A) is a triangulated category, with the shift functor [1] : D*(A) — D*(A), (F'[1])! =
Fi+1 and exact triangles coming from F' L G* — C(f) — F'[1], where C"(f) is the mapping
cone of f. The abelian category A itself can be seen as a full subcategory of D’(A), as every
object F € D’(A) can be thought of as a chain complex --- — 0 — F — 0 — --- concentrated
in degree 0, and every time there is a short exact sequence 0 - F' — G — K — 0 in A, we get

an exact triangle F' — G — K — F[1] in Db(A).

Definition 1.2.3. A full triangulated subcategory D of D’(A) is said to be admissible if the

inclusion functor D < DY(A) admits both a left and a right adjoint.



Remark 1.2.4. If V is a smooth projective variety, then the notions of having a right or a left
adjoint can be shown to be equivalent, using Serre duality and Serre functors (see [Huy06,

Theorem 3.12]).

Definition 1.2.5. We say that D’(A) = (Dy,...,D,) is a semi-orthogonal decomposition if
D; are admissible subcategories, with Hom ps(4y(D;, D;) = 0 for i > j and such that for every
object in T € Db(.A) there is a sequence of morphisms 0 =1T,, - T,,_1 — -+ — Ty = T, where
the mapping cone of each morphism T; — T;_1 is in D;. This last condition can be rephrased as
saying that DY(A) is the smallest full triangulated subcategory containing all the subcategories

D;.

Remark 1.2.6. If D C D°(A) is any admissible subcategory, then there is a semi-orthogonal
decomposition D?(A) = (D*,D), where D is the right orthogonal to D*, that is, objects

admitting no morphisms from D. Similarly, (D, D) is also a semi-orthogonal decomposition.

Definition 1.2.7. A class of objects € in a triangulated category D is said to be a spanning

class of D if the following two conditions hold.
(a) If Homp (A, BJi]) for all A € Q and all i € Z, then B = 0.
(b) If Homp(BJi], A) for all A € Q and all i € Z, then B = 0.

Lemma 1.2.8. Let Dy, Do be admissible subcategories of D and 1, Qo spanning classes of Dy,
Ds. If Homp(A, Bli]) =0 for every A € Qq, B € Qs and i € Z, then also Homp(F,G) =0 for

every F' € Dy, G € Ds.

Proof. We need to show that D; C +Dy or, equivalently, Dy C Di. First we see that ; C +D,.
Let A € Q. Since D = (D3, D), we can fit A in a exact triangle D — A — D’ — D[1] where
D € 1Dy and D’ € Dy. Applying Hom(-, B) for B € , we get a long exact sequence where
Hom(D, BJ[i]) = 0 by definition and Hom(A, BJi]) = 0 by hypothesis. Therefore Hom(D’, B[i]) =
0 for every i and every B € s, so D’ = 0 since 25 is a spanning class of Dy. As a consequence,
A~DelD,.

Now let G € D5. Similarly, there is an exact triangle D — G — D’ — D[1] with D € Dy,
D’ € Di-. Applying Hom(4, ) with A € Q; we now see that Hom(A4, D[i]) = Hom(A4, G[i]) = 0

by the previuos discussion and therefore D’ = 0. This implies G =2 D € Dy, as desired. O

If ¢ : A — Bis a left exact functor between abelian categories, one can sometimes define right
derived functors R¢ : D*(A) — D*(B) and Ri¢ := H'(Ré(-)) : D*(A) — B, so that R%¢ = ¢
on A and every short exact sequence on A gives rise to a long exact sequence of Ri¢(-) on B.

This can be done provided that for every object in F' € A we can find a quasi-isomorphism



F = I' where every I’ is an injective object, or belongs to a suitable ¢-adapted class of objects.
Similarly, left derived functors can be defined from right exact functors, provided projective or
other adapted resolutions exist.

Most importantly for our purposes, given a morphism of varieties f : V. — W, we get derived
functors such as Rf, : D*(V) — D*(W) and Lf* : D*(W) — D®(V), and for the functor
of global sections T' : coh(V) — Ab we get the sheaf cohomology functors R'T = HY(V,-),
sometimes also called hypercohomology functors when applied to a chain complex F* € D?(V).
For F € coh(V), one can define Ext’(F,-) as the i-th derived functor R* Hom(F,-), and éox/(F, )
as the derived functor R’ .#zs(F,-). We note that in general Hom ps(4)(F, G[i]) = Ext’(F,G).
For computations with right derived functors, one can often use resolutions by locally free sheaves

(see e.g. [Huy06, §3.3] for a thorough discussion).

Remark 1.2.9. If 1+ : V. — W is the inclusion of a closed subvariety, then 1, is exact and the
derived functors Ry o4, and Ry coincide. We will denote both by RT'. If RT'(F) = 0 for an

object F' € D*(V), we say that F is I'-acyclic. This is equivalent to saying that H*(V, F) = 0Vi.

Notation 1.2.10. From now on, all functors between derived categories will be considered to be

derived functors, unless stated otherwise. For instance, Rf. will be denoted by just fi.

Definition 1.2.11. An object E € D(A) is called exceptional if R Hom(E, E) = k, that is,

k if [=0
Hom(E, E[l]) =
0 otherwise,
An exceptional collection is a collection E1, ..., E, of objects that are exceptional and such that

Hom(E;, E;[l]) = 0ifi > j. It is said to be full if Fy, ..., E, generate the whole derived category,

that is, D”(A) is the smallest full triangulated subcategory containing all of the E;.

Remark 1.2.12. Tt can be shown that the full triangulated subcategory (F) generated by an
exceptional object E is always admissible. In fact, a full exceptional collection defines a semi-

orthogonal decomposition.

1.2.1 Fourier-Mukai transforms

Definition 1.2.13. Let P € D*(V x W) andlet ¢ : V.xW — V,p:V x W — W be the
projections. The Fourier-Mukai transform ®p : D*(V) — D®(W) is the functor defined by

F = p.(P®q*(F)).

Recall that in our notation functors are assumed to be derived, so by p.(P ® ¢*(F')) we mean

Rp.(P®' Lg*(F)), where ® is the left derived tensor product. A Fourier-Mukai functor always



admits left and right adjoints [Muk81] and in fact, the same is true for any exact functor between
derived categories of smooth projective varieties [BvdB03]. By a theorem of Orlov, we know that
any fully-faithful functor between derived categories of smooth projective varieties must be a
Fourier-Mukai functor given by some object in the product [Orl03]. For a given Fourier-Mukai
transform, one can check whether it is fully faithful using the following criterion of Bondal and

Orlov.

Theorem 1.2.14 (Fully-faithfulness criterion [BO95]). Let P € D*(V x W), where V and W
are smooth projective varieties. The Fourier-Mukai transform ®p is fully faithful if and only if

for any two closed points x,y € V one has

_ k ife=yandi=0
Home(W)(‘I)P(Ow)a Qp(0y)[i]) =

0 ifxtyori<0ori>dmV.
The proof of this theorem uses the fact that the skyscraper sheaves O, over closed points
form a spanning class on D’(V') [Huy06, Proposition 3.17].
Let ¢ : Blyy V' — V be the blow-up of a smooth variety V' along a smooth subvariety W C V'
of codimension ¢ > 2. Denote by F the exceptional divisor, with its inclusion ¢ : E — Bly V'

and projection 7 = ¢q|g : E — W. For each integer k, one can define a functor
Py =1, 0 (Op(kE) ® (-)) o : D*(W) — D°(Bly V).

Notice that ®j is the Fourier-Mukai transform given by Og(kE) considered as an object in
DY(W x Bly, V), that is, supported in E = W xy E C W x Blyy V. Orlov’s blow-up formula
tells us that the functors @y are in fact fully-faithful, and they can be put into a semi-orthogonal

decomposition of D’(Bly V).

Theorem 1.2.15 (Orlov’s blow-up formula [Orl92]). For every k, the functor ®x = ®o, kk)
is fully faithful, and defines an equivalence between D*(W) and an admissible subcategory Dy C
DBl V). The same is true for the functor ¢* : D*(V) < D®(Bly V). Moreover, the sequence

of subcategories
Dc—la s 7D17 q*Db(V)

defines a semi-orthogonal decomposition of D°(Bly V).

1.3 Quotient stacks and descent

For a scheme X over S with an action by a reductive group G, the quotient stack [X/G] is

defined as follows.



Definition 1.3.1. The quotient stack [X/G] is the category whose objects are principal G-
bundles P — T together with a G-equivariant map P — X, and whose morphisms consist of

commutative diagrams
P— P

[

T—T
that are compatible with the G-equivariant maps P — X, P/ — X.

Remark 1.3.2. The functor [X/G] — Sch /S sending P — T to the scheme T makes [X/G] a
category over Sch /S fibered in groupoids. In fact, given a map T — T”, a principal G-bundle

over T" can be pulled back to a principal G-bundle over T

Remark 1.3.3. The scheme X itself can also be seen as a quotient stack of X by the trivial
group. It is not hard to see that, as a stack, it corresponds to the category of schemes over X.
There is a canonical quotient map ¢ : X — [X/G], which is the functor sending a morphism

P % X to the trivial principal G-bundle G x P — P together with the morphism G x P — X,
(9:p) = g ¢(p).

In our setting, we take X to be a projective-over-affine variety over k, with the action of
a reductive group G. We denote by X the corresponding quotient stack [X/G]. We will work
with coherent Ox-modules, which are given by G-equivariant coherent Ox-modules. Indeed
Db(X) = D%(X), that is, an object in D®(X) is represented by a G-equivariant bounded chain
complex in D’(X) (see e.g. [BFK19, Proposition 2.2.10]). Cohomology on X is G-equivariant
cohomology on X [BFK19, Lemma 2.2.8]. For a given G-linearized ample line bundle £, denote
by X°% the corresponding open substack [X*%/G], with its inclusion 2 : X% — X. The quotient

map 7 gives a map from the quotient stack p : X*¢ — X / G. We get a commutative diagram

s

X o x5 X /G

If X°% = X*°, X*° is a Deligne-Mumford stack [BFK19, Proposition 2.1.8], and the GIT quotient
Y = X /.G is a coarse moduli space for X°*. In this case, the map p is finite. If, further,
the action is free on X*°, then p is an isomorphism. This is because in this case X** —» X /G
is a principal G-bundle, and every principal G-bundle P — T with a G-equivariant morphism
P — X defines a map from T'= P/G to X J/ G, getting a pullback diagram

P—X

| |

T— X/ G.

Notation 1.3.4. We denote by H® the i-th hypercohomology of a complex in D?(X), that is,



the i-th derived functor R'T' of the functor of global sections. Also, denote by H{, the derived

functor of invariant global sections I'¢.

Remark 1.3.5. We assume G to be a reductive group, so taking G-invariants is an exact func-
tor on finite dimensional representations. Therefore, for a complex F* € D*(X), H (X, F") =
HL(X,F) = HY(X,F)®.

For an object F' € D(X°%), we say that it “descends” to F' € D*(X JJ G) if p*(F) = F, that is,
if there is a G-equivariant isomorphism 7*(F') & F, where p*, 7* denote the derived pullbacks.
Observe that given F, such F is unique up to isomorphism: it has to be the pushforward
p«(F) = m,(F)C. In the case that G acts freely on X*%, p is an isomorphism, so the categories
Db(%°%) and D*(X J/ G) are equivalent, via F + ,(F)%. In general, for an object F € D¥(X),
we say that it descends to F' € DP(X J G) if its restriction F|xss does.

For a G-equivariant vector bundle on X, we have the following descent criterion (see [DN89,

Theorem 2.3]).

Theorem 1.3.6 (Kempf’s descent Lemma [DN89]). A G-equivariant vector bundle V on X
descends to a vector bundle on X | G if and only if for every x € X*%, the stabilizer G, acts

trivially on the fiber V,.

The action of G on X can be differentiated to obtain a G-equivariant morphism of vector
bundles s : g® Ox — Tx (cf. [DHI8, §2.1]). On a fiber over z € X, this morphism looks as
follows: the orbit map G — X, g — g - = is differentiated at the identity e € G, giving rise to
sz 19— Tx . The map s can be viewed as a G-equivariant vector field s € H(X,Tx ® gV)¢.
By abuse of notation, we will write g for g Ox. Taking the dual of s we get a two step complex
Qx — g¥. For a two-step chain complex of flat modules K = [A — B], one can define its j-th
derived exterior power AJK as the object 0 = AJA - AT"'A® B — --- — S7B — 0 where A*

and S* denote exterior and symmetric powers, respectively (see [Wey03, §2.4], [I1171, §1.4]).

Notation 1.3.7. We define the cotangent complex Ly € D’(X) to be the two-step G-linearized
complex Qx — gV, in degrees 0 and 1. We denote by AJ Ly the j-th (derived) exterior power of

this object, which can then be written as the Koszul complex
00k - ' @g" = = 57g¥ =0,

concentrated in degrees 0 to j (see [Tot18] and the references therein).

Call g : X®% — X*° is the canonical quotient map to the quotient stack, and denote by Lxss
the restriction of Ly to X°°. We observe that if there is no strictly semi-stable locus Lyss is

(isomorphic to) a vector bundle, and the same is true for its exterior powers.
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Lemma 1.3.8. If X% = X*, there is a short exact sequence 0 — ¢*Qxss — Qxss — g¥ — 0.

If, further, the action is free on X°%, then AJLx descends to Q{, for every j.

Proof. For x € X, the kernel of g — Tx , is the Lie algebra of the stabilizer of x. Then the
restriction of the map g — T'x to the stable locus is injective, since stabilizers are finite in X*.
This implies that if X* = X*, we have a surjection Qxss — g¥ ® Oxss. But g¥ ® Oxss =
Qxss /x5, the relative cotangent bundle, since g ® Oxss is exactly T'xss xss. Therefore, the
relative sequence 0 — ¢*Qxss — Qxss — gV — 0 is the exact sequence that we want.

If the action is free on X*®°, the GIT quotient Y is isomorphic to X** and we have a G-
equivariant short exact sequence of vector bundles 0 — 7*Qy — Qxss — g¥ — 0. From this we
see that in this case the restriction Lyss is isomorphic to 7*Qy in Db(X*%), that is, Ly descends

to Qy and, for the same reason, each A7 Ly descends to Qg/ O

1.4 Quantization and Windows

The Quantization Theorem states that cohomologies of a complex F € DY(X*%) can be
computed in X if F' is the restriction of some complex in D°(X) satisfying a numerical condition
related to the A-weights in the unstable strata. It was proved by Teleman [Tel00] in the case
where F' is a vector bundle, and Halpern-Leistner [HL15, Theorem 3.29] proved it for an arbitrary
object in the derived category. As usual, X denotes the quotient stack [X/G], where X is a

smooth projective-over-affine variety over k and G is a reductive group.

Theorem 1.4.1 (Quantization Theorem [HL15]). Let {S,} be a KN stratification of the unstable
locus, with the corresponding one-parameter subgroups A, and connected components Z,, of the

fized locus X . Let
N = weighty (det N /x)|z.-

Let {wy} be any collection of integers and suppose F, G € DP(X) restrict to F, G € D"(%°%).
If F, G satisfy that, for every | and every «, all the Ao-weights of H'(F)|z, are > wq and all

the Ao -weights of Hl(é)|za are < Wq + Ny, then
HOme(:{) (F, é) = HOme(xss)(F7 G)

Remark 1.4.2. In particular, if I € DY(X) descends to F € D?(X**) and has \,-weights < 7,
then H' (X%, F) = H'(X,F). If the action is free on X**, this computes the cohomologies

H (Y, F), where Y is the GIT quotient.
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Remark 1.4.3. The quantization theorem is a generalization of the original “quantization com-
mutes with reduction” conjecture by Guillemin and Sternberg, who showed the equality between
dim H°(X, £)¢ and dim H°(X /. G, £) and then conjectured the equality of the two holomor-

phic Euler characteristics [GS82].

Ezample 1.4.4. Write P" as the GIT quotient of X = A"l by G = G,,. Call Ox(d) the
trivial line bundle on A"*! with the linearization given by the character ¢ — t%, so that Ox (d)
descends to Opn (d) on P™ = X5, The unstable locus is just the origin, and it is destabilized by
At t71. We compute = n + 1 and weight, Ox(d) = —d. By the quantization theorem,
H'(P", Opn(d)) = HE, (A", 0x(d)) as long as d > —n — 1, so H'(P", Opn(d)) = 0 whenever
i>0andd>—n—1,and H°(P", Opx(d)) consists of homogeneous polynomials of degree d (cf.

[Har77, 111.5]).

In fact, Halpern-Leistner’s work says much more. His Categorical Kirwan Surjectivity says

that D®(X**) can be embedded into D’(X) in several different ways via different windows.

Definition 1.4.5. Consider a Kempf-Ness stratification {S,} with inclusions o, : Z4 — X.

For any choice of integers {w, }, the full triangulated subcategory
Gy = {F € D*(X) | 0/(F) is supported in weights [we, wa + 1)}
is called a window.
Denote
D% (X) sy = {F € D%.(%) | Yo, \g-weights of H (0}, F) are > w,}

where D%, (X) stands for the full triangulated subcategory of objects whose cohomology H' is

supported in the unstable locus. Similarly, define
D4 (%) <w := {F € D%.(X) | Ya, Ao-weights of H (01 F) are < we + 1a }-
Then we have the following theorem from [HL15, Theorem 2.10].

Theorem 1.4.6 (Derived Kirwan surjectivity [HL15]). Given any choice of integers w = {wq},
the window G, is equivalent to D®(X*%) wvia the restriction functor. Moreover, we have semi-

orthogonal decompositions

D (%) = (D% (%) <w, Db (X))

D(X) = (D% (%) < Gy D (X) 500)-

The decomposition D%, (X) = (D%.(X)<w, D%.(X)>w) can be refined as follows. For every

stratum S,, let &, be the quotient stack [S,/G|, and let 3, = [Z4/Ls] where L, is the
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Levi subgroup of the corresponding one-parameter subgroup \,. Denote by D’(3,), the full
subcategory of complexes in D%(3,) whose cohomologies are concentrated in weight v with
respect to A. Then the functor j, o ¢* : D%(3), — D?(X) is fully faithful, where q : G, — 3,
is the canonical projection and j : &, — X is the embedding. Using this one can obtain the

following semi-orthogonal decompositions [HL15, BFK19]:

Diu(X)zw = D*(31)u1> D’ (31) w415 -

D(31)wss D*(31)wats - -

D’(31)uwns DP(31)wnt1s---)

(1.4.1)
Dbx“(x)<’w = < "')Db(BN)wN—2an(3l)wN—l7

ey

oy DY (32)wy—2, D°(31) w1,
s DY(31)w,—2, DY (31)w, 1)-

Example 1.4.7. Consider P* as the GIT quotient of X = A"*! by G,,. In fact P" is isomor-
phic to the open substack X** C X. By Hilbert’s syzygy theorem, every finitely generated
graded k[zg, . .., z,]-module has a finite resolution by free graded modules, so the ambient stack
[A"T1/G,,] has an infinite full exceptional collection given by {Ox (d)}4ez. In particular, the re-
strictions {Opn (d)} gez must generate the whole derived category D°(P") (cf. [CT20b]). Derived
Kirwan surjectivity shows that, in order to generate the whole category, it suffices to take the
descent of objects in Dé’;m (A™*1) having A-weights between w and w + n at the origin. In fact,
it can be shown that for any integer w the sequence Opn (w), ..., Opn(w+n) is a full exceptional
collection [Bei78].

In order to get a decomposition of the form (1.4.1), consider the unstable locus X* = 3 =
[2/G,,] where z is the origin. The object O, (v) € D*(3) has A-weight equal to —v, and in fact it

is easy to see that D%(3), is generated by O.(—v), so we have a semi-orthogonal decomposition
D*(3)={(..,0.(1),0,,0.,(-1),...).

In fact, the objects O, (v) are orthogonal to each other from both sides by Schur’s Lemma, since
each of them is an irreducible representation of G,,. A full semi-orthogonal decomposition of

Df (A™1) is obtained as

DY(X) = (..., 0.(w+2),0.(w+1),0pn(w—n),...,08m(w),0x(w),0s(w—1),...). (14.2)
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Here, by abuse of notation, we have written O, (v) in place of 5.0, (v), where j : {z} — X is
the inclusion. Observe that the weights of 7.0, (v) as an object in D’(X) can be obtained by

taking a (G,,-equivariant) Koszul resolution of the origin z € X
Ox(—n—1) = -+ = Ox(-1)2"+D) L 04| = 5,0,.

The restriction j*3,.O, to the unstable locus is therefore isomorphic to Zié 0.(—d)[d] and this
has weights 0, ...,n+ 1. Similarly, for any v € Z, j.O.(—v) will have weights v,...,v+n+1. If
v > w, these weights are all > w while, if v < w the weights are all < w + . This is consistent

with the semi-orthogonal decomposition (1.4.2) as provided by Derived Kirwan surjectivity.

1.5 Variation of GIT

In [DH98], Dolgachev and Hu study the relationship between GIT quotients X // . G obtained
using different choices of a G-linearized ample line bundle £. The G-ample cone C%(X) is the
convex cone in NS%(X) ® R spanned by G-linearized line bundles with nonempty semi-stable
locus, and it can be split into a system of finitely many walls and chambers where, for any £ in
the interior of a chamber we have X**(£) = X*(L) and any two linearized ample line bundles
within the same chamber give rise to the same GIT quotient. For linearizations located on a
wall, there is strictly semi-stable locus, and they describe the birational transformation that
occurs between two GIT quotients arising from adjacent chambers. This is called wall-crossing.

Results from [HL15] and [BFK19] describe how the derived category of a GIT quotient is
changed when we move from one GIT chamber to another. Let £y be a linearization lying on
a wall, and suppose that, for another G-linearized line bundle £’ and sufficiently small € > 0,
the linearizations L4 := Lg & e£’ both lie in the interior of adjacent chambers, separated by a
codimension-one wall containing £y. Points in the strictly semi-stable locus X*%%(Lj) change
from being stable to unstable as one crosses the wall in one direction or the other. Other than
that, points that are either stable or unstable for £y will stay so for £4. In fact, using KN

stratifications we can write X*%(L) in two different ways

X%5(Lo) =STU---USE UX*(Ly) (1.5.1)

m4

where ST are the KN strata of X%(L+) lying in X*%(Lg). Further, the KN strata can be con-
structed from one-parameter subgroups AZ in a way that (Z,, \}) appears in the KN stratifica-
tion of X*(L4) and (Z,, A;) in that of X“(£_) [HL15, §5]. That is, from one side of the wall to
the other, the maximal destabilizing one-parameter subgroup flips from AT to A\; : ¢+ AT ()71,

and the unstable stratum flips from the descending manifold of Z,, to its ascending manifold. Let
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us denote A\, := A\}. We will use the following result (see [BFK19, Theorem 1] and [HL15, Propo-

sition 4.5]).

Theorem 1.5.1 (Derived Categories under GIT wall-crossing [HL15,BFK19]). Let X = [X/G]
and Ly = LoEeLl' as above, with € sufficiently small, and where L4 lie in the interior of adjacent
GIT chambers with non-empty semi-stable locus X*°(Ly) = X*(Ly). Suppose my = m_ in
(1.5.1). Consider the Ao-weights of the canonical bundle wx restricted to Z,, for every Z,

appearing in X*%(Lo).
(a) If these weights are all zero, there is an equivalence D*(X%%(L,)) = Db(X*5(L_)).
(b) If these weights are all < 0, there is a fully faithful functor D*(X%(L)) C D*(X**(L_)).
(c) If these weights are all > 0, there is a fully faithful functor D*(X%(L_)) C D*(X**(Ly)).

In other words, a window G, corresponding to a given GIT chamber can sometimes be
embedded in a bigger window corresponding to the derived category of another GIT chamber.
Note that weight, wx|z. is precisely nt —n, the difference between the widths of the windows
on either side of the wall. We will be mostly interested in the cases when X*°(L. ) is isomorphic

to X /., G, so Theorem 1.5.1 is a statement about the derived categories Db(X /. G)

Ezample 1.5.2. Let G,, act on X = A"Fl x A™+L by ¢ (z,w) = (tz,t7'w). Let Lo =
Ox, Ly = Ox(1) and L = Ox(-—1). This is the standard flip. We have X /. G,, =
Spec D 4> HO(Opnypm(d,d)), the affine cone over the Segre embedding P* x P™ — PV and

there is a commutative diagram

X /s, Gm X/, Gnm

X //ﬁo Gm

where all the arrows are blow-ups (cf. [Tha96, Theorem 1.9]). X is the blow-up of X / £, Gm at
the origin, with exceptional locus P" x P, while X /. G, = X / £, Gm are small resolutions
with exceptional loci P and P™, respectively.

For the linearizations £, we have
X4 Ly)=0xA™ X“(L_)=A"x0.

The G,,-fixed locus is the origin Z = (0,0), and the destabilizing one-parameter subgroup for

Ly is A :t+— t71 whose weight on wx is n —m. The action is free on each semi-stable locus,
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so X**(Ly) = X [, Gp. Then, Proposition 1.5.1 says that if n < m we have an embedding
DY(X I, Gm) = DX/, G,,). If n =m, then both derived categories are equivalent.

The widths of the windows are . = m + 1, n— = n + 1. Suppose n < m. Then given
a window G, C D*(X /¢, Gm), Theorem 1.4.6 together with (1.4.1) give a semi-orthogonal

decomposition
Db(X //[j, G’m) = G; = <G1,+ua Db(3)w, R Db(S)w+mfn71>

where 3 = [Z/G,,] is the origin with the trivial action, and D®(3), is generated by the restriction
of Ox(—v) to Z. Then D®(3), is embedded into D*(X J/, G,) by jiom*, where 7 : 0x A™+1 —
Z is the projection and j : 0 x A" — A"t x A™F1 the inclusion. Since Ox (—v) descends
to Opm (v) on X /Gy, where P™ is the exceptional locus of X /. Gy — X [/ G, we get

the following semi-orthogonal decomposition

DX J; Gp)=(D"X [ Gun),0pm(w),...,0pm(w+m—n—1)).
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CHAPTER 2

BOTT VANISHING

2.1 Introduction

We say that a smooth projective variety Y satisfies Bott vanishing if for every ample line

bundle L we have
H(Y,Q, @ L)=0 Vi>0,Yj>0. (2.1.1)

In [Tot20], Totaro gives a geometric interpretation of what it means for a K3 surface to
have this property. In general, it is not clear what the geometric meaning of Bott vanishing is,
although it is certainly useful, when it holds, to compute sections of some vector bundles.

This property turns out to be very restrictive. For instance, a Fano variety that satisfies
Bott vanishing must be rigid, and even among rigid Fano varieties, the property is known to
fail for quadrics of dimension at least 3 and Grassmannians other than P™ (see the discussion in
[Tot20] and the references therein). Smooth toric varieties are among the few known examples of
varieties satisfying Bott vanishing. Several different proofs can be found in [BC94], [BTLM97],
[Fuj07], [Mus02]. In fact, vanishing (2.1.1) is shown for any projective toric variety, where Q{, is
defined as the pushforward of Q{,O from the smooth locus Y? (see e.g. [Fuj07]). Up until Totaro’s
paper [Tot20], there were no known non-toric examples of rationally connected varieties with
this property. He proves that the quintic del Pezzo surface over any field satisfies Bott vanishing,
as well as coming up with several other non-toric examples from K3 surfaces. Namely, he proves
that Bott vanishing fails for K3 surfaces of degree less than 20 or equal to 22, while it holds for
all K3 surfaces of degree 20 or at least 24 with Picard number 1. Recent work by Wang [Wan21]
studies Bott vanishing for elliptic surfaces X with an elliptic fibration 7 : X — P!, and how the
property is affected by the geometric properties of the fibration, such as the existence of certain
singular fibers.

The following theorem was motivated by [Tot20] and it continues the quest for non-toric
examples of varieties satisfying Bott vanishing. Observe that the quintic del Pezzo surface can

be realized as a GIT quotient of (P!)® by the diagonal action of PGL, with respect to the
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symmetric polarization £ = O(1,...,1). We prove that in fact Bott vanishing holds for every
stable GIT quotient (P')" /. PGLs, over an algebraically closed field of characteristic 0. In

particular, this gives one new Fano example for each even dimension.

Theorem 2.1.1. Let PGLy act diagonally on (P)", over an algebraically closed field of char-
acteristic zero. Suppose L is a PG Lo-linearized ample line bundle on (P*)"™ admitting no strictly

semi-stable locus. Then the GIT quotient Y = (P1)" /| . PGLy satisfies Bott vanishing.

To prove this, we use the results of Halpern-Leistner’s to carry out computations in the
derived category of GIT quotients [HL15], as described in §1. His Quantization Theorem will
allow us to, roughly speaking, compute cohomologies H' (X /G, F) on the GIT quotient as G-
equivariant cohomologies H (X, F ) on the ambient quotient stack [X/G], where F must be
some object in the derived category of [X/G] descending to F and satisfying certain weights
condition over the unstable locus. The stratification of the unstable locus associated to the
action of PGLs on (P')™ is discussed in §2.5. We refer the reader to [CT17,CT20a, CT20b] for a
description of the derived category of the quotient stack [(P})"/PGLs] in terms of an equivariant
full exceptional collection.

For our case, we use the object ALy ® £ described in §1.3, which descends to Q{, ® L in
the GIT quotient. In §2.2 we check that this object satisfies the weights condition from the
quantization theorem, and then devote most of the work to the corresponding computation of
cohomology in the ambient quotient stack. We first see that, as a consequence of the Bott
vanishing property on X = (P!)", this amounts to computing cohomologies of the complex of
invariant global sections of the object A7 Ly ®L on (P!)" (see Lemma 2.3.1). Following Weyman’s
method of geometric syzygies [Wey03], we view these as sections of some sheaves in the product
X x P(g), rather than sheaves on X. Let M C X x P(g) be the scheme-theoretic zero locus of
the section s : Qx — g". Koszul resolution of M, together with an associated spectral sequence,
yields then vanishing for the i-th cohomology in (2.1.1), for ¢ # 0, ;. This is discussed in §2.3.
The techniques used up to this point do not require the particular context of PG Ly acting on
(P1)", and can be applied to other GIT quotients X )/ G satisfying certain hypotheses. The
main properties that we need are that of X itself satisfying Bott vanishing and M being a local
complete intersection.

Next, we observe in §2.4 that in the case of an abelian group acting on a smooth affine variety,

very similar techniques can be used to get a stronger vanishing result (see Theorem 2.4.3).

Theorem 2.1.2. Let G be an abelian reductive group acting on a smooth affine variety X, over
an algebraically closed field of characteristic zero. Let L be a linearization with no strictly semi-

stable locus and descending to a line bundle L in the GIT quotient Y = X //, G. Suppose G
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acts freely on X*° except for a subset of codimension at least 2. Then H'(Y, Q{, ®L)=0Vi>

0,Vj > 0.

Observe that this is not the same as Bott vanishing, since the formula is only stated for
the descent of the linearization £, while Bott vanishing requires (2.1.1) to hold for any ample
line bundle. However, this vanishing is essentially all that needs to be verified in the particular
case that X = A%, where we have an explicit description of the G-ample cone and the ring
of invariants, as detailed in [HK00]. As a consequence, we obtain yet another proof of Bott
vanishing for the toric case in characteristic zero (see Theorem 2.4.6). More precisely, we show it
for a Q-factorial projective toric variety over an algebraically closed field of characteristic zero,
using its description as a GIT quotient of the affine space due to Cox [Cox14]. We then hope that
these techniques, using windows, may be applied to yield more examples of varieties satisfying
Bott vanishing.

In §2.5 we finish the proof of Theorem 2.1.1. Here we mostly deal with the vanishing of
Hi(Y, Q{, ® L), where Y = (P')" // . PGLs. Given the work developed in the previous sections,
this amounts to computing cohomology of the complex of invariant global sections of the object
MLy ® £ defined in Section 1.1. More precisely, we are left with the computation of the
last cohomology of this complex, which is the same as investigating surjectivity of the map of
invariant sections H°(X,Qx ® S7~1gV)¢ — HY(X,S87g")%. To do this we use techniques that
are particular to our case, that is, PGLy acting on X = (P})". Namely, we handle invariant
sections using the description of [HMSV05, HMSV09], where sections are identified with linear

combinations of directed graphs with prescribed degrees on the vertices.

2.2 Weights and cohomology

Throughout the present Chapter, X will denote a smooth projective-over-affine variety over
an algebraically closed field k of characteristic zero, with an action by a reductive group G. We
will use the results described in §1.

In the following theorem and corollary, we check that we can apply the Quantization Theorem
to AMLy ® L, where L is the G-linearized ample line bundle on X. In the holomorphic setting,

this was observed in [Tel00, Theorem 7.1].

Theorem 2.2.1. Let G be a reductive group acting on X, and {S,} a KN stratification of the
unstable locus as described in §1.1. The \,-weights of the complex NV Lx|z, are all < ne. If G
is abelian, then the \o-weights of the individual terms (A Lx)?|z, = (%" ® SPgY)|z, of the

complex are all < ng.
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Proof. Let Z = Z, correspond to the stratum S,, and let A = A\, be the corresponding one-
parameter subgroup. Since the weights condition is local, it is enough to compute them when

we further restrict to an open affine Z' C Z. Consider the restriction
g— TX|Z’ (221)

of the dual of Lx to Z’. Include A in a maximal torus of G and let h C g be the corresponding
Cartan subalgebra. We can write a root decomposition
g=bo P s
peA
Observe that p = h @ @B(dA)ZO gg is precisely the Lie algebra of the parabolic subgroup P = F,,.
Calln™ = @ﬂ(d/\)@ gg, sothat g=pdn~.
Let Y = Y7 be the corresponding blade. Using the isomorphism G xp Y 2 G -Y, we get a

short exact sequence of tangent sheaves:
0—>Gxply > Tagy —>7T*Tg/p — 0.

When we restrict to Z’, this sequence splits, since these are vector bundles and Z' is affine.
Therefore we have Ta.y|z: = Ty|z © 7 (Tq/p)|z:- By the defnition of the blade, the first
summand has only nonnegative A\-weights, while the second summand has all negative A-weights.
In fact, since n~ = g/p, we see that (n~ ® Og.y)|, = 7 (Te/p)|z -

Now the restriction of the sequence
0—-Tgy — TX‘G~Y — Ng.y/x — 0

to Z' splits, again because Z’ is affine, so we obtain T'x |z = Ty |z ® (7" T p)| 22 @ Na.y/x )|z

Therefore, since the complex (2.2.1) is G-equivariant, it must split as the direct sum of the

complexes
n 5 (m*Tqp)|z
and
p = Ty|z ® Ng/x)lz
Similarly, the restricted complex Lx|z = [Qx]|z — g"] is written as a direct sum of two com-

plexes, namely the duals of the complexes above. Therefore, by [Wey03, Proposition 2.4.7], the
exterior powers of x|z — gV are quasi-isomorphic to those of the complex Qy- |Z/69(J\/'§//X)\Zf —
pY. Now the exterior and symmetric powers of p and Ty |z all have nonnegative A-weights, so

their duals have weights < 0. On the other hand, the weights of Ng//X|Z/ are all positive and
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the sum of all of them is weight, det N / «|z" = M. Combining all these, we see that for every
j, the weights of AJ(Qy |z @Ng/x\zf — pVY) are all < 9,
If G is abelian, then G = P, n~ = 0 and the weights of g are all 0. Then it suffices to know

that the exterior powers of Qy |z & (NSV/X)|Zr have weights < 7, for the reasons above. O

Corollary 2.2.2. Let L € D*(X) be a G-linearized ample line bundle giving a GIT quotient

Y =X /,G. Then the complex MLy ® L satisfies the hypothesis of Theorem 1.4.1, so
HY (X M Lyss @ L) = H(X, N Lx ® L).
If G is abelian, we also have H (X%%, (A/Lxs:)P @ L) = H (X, (A Lz )P ® L) for each p.

Proof. Indeed, by definition of the stratification, weight, L|z, < 0 for every «, and weights are

additive with respect to tensor product. O

2.3 The Koszul complex of sections

Let £ be a G-linearized ample line bundle on a smooth projective-over-affine variety X and
consider the complex ALy ® £. We want to investigate the associated complex F" of global

sections,

F = [o S HY(X, Y. @L) - H(X, Q' o L)og” — - = HY(X,L)® 57g" — o] ,
(2.3.1)

concentrated in degrees 0 to j. For the remainder of the section, we extend the definition of

Bott vanishing to a smooth projective-over-affine variety using equation (2.1.1).

Lemma 2.3.1. Suppose X satisfies Bott vanishing. Then the hypercohomology of ALy ® L

equals the G-equivariant cohomology of F*, this is, H (X,AMVLx ® L) = H*(F")C.

Proof. Consider A7Ly ® L as a complex of coherent sheaves on X. From a suitable bi-complex
resolution we get a spectral sequence E}'? = H(X, (AJLx)?P ® L) converging to the hypercoho-
mology HPT9(X, ALy ® L£). Since X itself satisfies Bott vanishing, all the terms EV'? are equal

to zero except for ¢ = O:

0 0 0 0 0

OHE?’OHEi’OH---HE{’OHO.
Therefore the sequence degenerates at Ey. We get B2 = E¥ 0 — qyp (EIO) The hyperco-
homology HP(X, ALy ® L) equals the invariant sections H?(X, ALy ® £)¢ = H?(E;°)C. But

the complex Ei’o is precisely F". O
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Now write P = P(g) and let W = X x P(g), carrying a canonical G-action. Observe
HO(P(g), Op(g)(l)) = S'g" for each | > 0. Given the action, the vector bundle T'x X Op(4)(1) has
a canonical G-equivariant global section s € HO(X xP(g), Tx R Op(q)(1))¢ = (H*(X, Tx)®g")“,
which is the one giving the map Qx — g¥. Let M C W be the scheme-theoretic zero locus
of s. Suppose this is a local complete intersection, that is, the section s is given locally by
a regular sequence. By smoothness of X x (P!)", this is equivalent to codim M = n, where
n =1k(Tx M Op(g)(1)) = dim X (see e.g. [Har77, §I1.8]). In this case, the associated augmented

Koszul complex
K, =1[0— Q% ®Op(y)(—n) = -+ = Qx W Op(g)(—1) = Ow — Opr — 0] (2.3.2)

is exact (see e.g. [Wei%4, Corollary 4.5.4]). We consider this complex to be concentrated in

degrees —n to 1, this is, K = Q7 @ Opm (p) for p <0 and K! = Oy,.

Proposition 2.3.2. Suppose M is a local complete intersection and suppose X satisfies Bott
vanishing. Then H (X*%, A9 Lxss®@L) = 0 fori # 0,7. If, in addition, H(](M,Cﬁop(g)(jﬂM)G =
0, then H¥(X*%, AV Lxss ® L) = 0 too.

Proof. From Corollary 2.2.2, we know H!(X** A/Lxss @ L) = H (X,AMLx ® L). Therefore,
by Lemma 2.3.1, it suffices to show H(F')¢ = 0 for 0 < i < j. Since the Koszul complex
K is exact, all its hypercohomologies vanish. The same is true for the complex f(; =K, ®
(L X Op(q)(j)). Take the associated spectral sequence EY'? = H1(X x P(g), KP), converging to

HPT4(X x P(g), K;) = 0. Since X satisfies Bott vanishing, we have

H(X, 03" ® L) ® SptigY if ¢g=0,-j<p<0

H(X, Q" ®@ L)@ H™(P™,Opm (j +p))¥ if g=m,p<—j—m—1

HI(X x P(g), KY) =

S

HI(M, (£ 3 Opn (5))] 1) it p=1

0 otherwise,

and the sequence has the following shape:

N A O AL LY | B i — 0 —— B
1,m—1

0= - —= 00— B 5 BV B

Note that the complex F" is precisely the naive truncation of the shifted complex E’l’o[f 7l
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obtained by omitting the last term, since the differentials are determined precisely by the section
5:Qx —gVv.

From the description of the spectral sequence, we see that for ¢ = 0 and —j+1 < p <0,
it degenerates at Ey and we get 0 = H' /(X x P(g), K;) = H!(F), for 1 < i < j (even
before taking invariants). By the same reason we find that indeed H?(M, (L X Opm (j))|a) =0
if ¢ > 0, although we do not need this. Now if, further, £ X Op(4)(j)[as has no invariant
global sections, then the complex of G-invariants (Ei’o[— §])€ is precisely (F")Y, so in this case,
HI((F)) = 0. Since taking invariant sections is an exact functor, this is the same as saying

that H’(F)¢ = 0. O

2.3.1 Vanishing on the GIT quotient

Observe that Proposition 2.3.2 applies to the quotient stack X*¢. Now, if the action of G on
X®% is free, this result can be interpreted in terms of its coarse moduli space, namely the GIT
quotient Y = X /. G. Indeed, if G acts freely on X**, then A7 Lys= descends to Q{,, as observed
in Lemma 1.3.8. Suppose further that £ descends to a line bundle L on Y. By exactness of
p. = m.(-), we have H (Y, ® L) = H (X%, A Lyss ® L), so if the latter vanishes, then so
does H'(Y,Q}, @ L).

In the case of a quotient Y = (P')" / ., PG Ly without strictly semi-stable locus, we can check
that the hypotheses of Proposition 2.3.2 are satisfied, so H'(Y, Q{, ® L) =0 for i # 0,5, where
L is the descent of the linearization £. In Section 2.5, we will see that, in order to show Bott
vanishing for (P1)" / r PGL,, the only line bundle we need to consider is precisely the descent
of L. The rest of that section will be devoted to prove the vanishing of the j-th cohomology.

More generally, when the action is not free on X°®° and the coarse moduli space Y is not

smooth, we introduce the following notation.

Notation 2.3.3. Let Y° C Y be the nonsingular locus, with inclusion 2 : Y? < Y. Then for each
Js Q@ will denote the (non-derived) pushforward 4. (Q{,O) We call X’ C X*% the locus where G

acts freely.

Note that X’ C 771(Y?), where 7 : X** — Y is the quotient map. Recall AJ Lys- is a vector
bundle provided X** = X*. We are interested in the cases when 7, (AJ Ly )¢ = Qg/ Suppose
this holds and £ descends to L, that is, there is a G-equivariant isomorphism 7*(L) & L|x+=. In
this situation, the projection formula yields 7, (A/ Lyss ® £)¢ = Q{, ® L and Proposition 2.3.2

can be interpreted as vanishing of cohomologies H*(Y, 3, ® L).

Proposition 2.3.4. With the notation as above, suppose X*° = X° and X*\X' C X**
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has codimension at least 2. If L descends to a line bundle L on Y, then H'(Y, Q{, ® L) =

HY(X%%, AN Lyss @ L) for every i, j.

Proof. Let Y/ = n(X’) and consider the open inclusions X’ < X% and ¢t : Y’ < Y,

X/ c XSS

Y =Y
where Y/ C Y? C Y and X' C 77 1(Y?) C X*5. We first observe that, since X*° = X*, 7 is
equidimensional and so Y\Y’ C Y has codimension at least 2. The same is true for Y?\Y’ C Y°.

Write ¢ as a composition

By smoothness of X, Y has to be normal, and then we see that ¢,Oy+ = Oy, while z;Q{/, = Q{/O,
by the codimension condition. Using ¢ =104/, we get 1,03, = Q.

G acts freely on X', so we have a G-equivariant short exact sequence 0 — 7*Qys — Qxr —
g¥ — 0. Therefore, the restriction of Lyxss to X’ descends to Qy+, and similarly for their j-th

x/)% = Q. On the other hand, it is not difficult to

exterior powers. We then have 7, (A7 Lyss

see that 7, (A Lyss|x/)¢ = mu (A Lyss)C|ys. That is,

(A Lyes ) = Q3. (2.3.3)

Using the projection formula on (2.3.3) and the fact that 1,Oy+ = Oy, we get m.(AI Lyss )¢ =

L*Q{/, = (2{/ Therefore,
(M Ly @ L) =Q) @ L

again by the projection formula. By exactness of p, = m.(-)¢, we obtain H'(Y, Q{K ®L) =

Remark 2.3.5. If X*% = X* and the action is free on 77 1(Y?), we have that X’ = 7= 1(Y?) and
the condition on the codimension of X*¥\ X’ C X*¢ is automatically satisfied. Indeed, Y\Y? C Y
has codimension > 2 by normality of Y. Equidimensionality of m guarantees that the same is

true for X*\7~1(YY) C X°*.

2.4 The case of X affine and G abelian

In the case that G is an abelian group and X is a smooth affine variety, we get a stronger

version of Proposition 2.3.2, provided there is no strictly semi-stable locus. To do this, we apply
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very similar techniques to the ones used in Section 2.3. The difference is that, in this case, we
can take advantage of Corollary 2.2.2 by working on the semi-stable locus from the beginning.
Also, an affine variety X automatically satisfies the Bott vanishing condition.

As usual, £ denotes a G-linearized ample line bundle on a smooth projective-over-affine
variety X with a G-action. Consider the augmented Koszul complex K on X x P(g) defined in
(2.3.2), and let K be its restriction to X ¢ x P(g). We first observe that this restriction is exact

if X% = X, This is because the projection of M to X lands entirely on the unstable locus.

Lemma 2.4.1. If X** = X*, then M N (X** x P(g)) = 0. In particular, the restriction K, is

acyclic in this case.

Proof. For a pair (x,1) in M, [ must be a line in g = A™*! contained in the Lie algebra of
the stabilizer G, so z cannot be stable. By the assumption, ¢ X*®. As a consequence,
the restriction of K to X*% x P(g) is acyclic since M N (X** x P(g)) = 0 is a local complete

intersection. ]

Now suppose G is abelian and X is affine. Let F" the complex of global sections of AJ Lyss ®L,

Fr=10— H' (X 0.0 L) - H(X*, 0 o L)og” — - — HY (X, L)® 87gY — o} ,
(2.4.1)

concentrated in degrees 0 to j. Using a similar argument to the one in Lemma 2.3.1, we can

show the complex of invariants (F")“ computes the hypercohomologies of A7 Lyss ® L.
Lemma 2.4.2. If G is abelian and X is affine, we have H*(X%5, AV Lyss ® L) = HI(F)C.

Proof. First, we see that by Corollary 2.2.2, H* (X%, (AJLys: )P ® L) = H (X, (A’Lx)P ® L). For
i > 0 this is zero since X is affine. Now take the spectral sequence E}'? = H9(X5%, (AJ Lys:)PQRL),
which converges to HP*4(X%, AJLyxs: ® L£). By the previous observation, we see that EY"? = 0
for ¢ # 0, and so H (X%, A7 Lxss ® L) = H'(E;") for every i. But the complex E;° is precisely

(F)C. O

Following the ideas from Proposition 2.3.2, we obtain the following vanishing result. Here

Q{/ and X’ are as in Notation 2.3.3.

Theorem 2.4.3. Suppose G is abelian, X is affine and X = X°. Then H (X°5, AV Lxss ®L) =
0 for every i > 0,5 > 0. Further, if X\ X' has codimension at least 2 and L descends to L, we

have

H(Y,, @L)=0 ¥i>0,5>0.
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Proof. Let K be the restriction of K to X** x P(g). By Lemma 2.4.1, K, is an acyclic complex,
being the (augmented) Koszul resolution of M N (X x P(g)) = 0.
Take now the spectral sequence EV? = H1(X** x P(g), K? ® L)€, converging to HPTI(X 5% x

P(g), K, ® L)% = 0. Since H*(X**, (A Lys:)? ® £)¢ =0 for i > 0, we find

(HO(X**, Q% @ £) ® SPHigh)© if ¢g=0,—j<p<0
EPT =9 (HO(X*, Q% @ L) @ H™(P™, Opm (j +p))V)¢ if g=m,p<—j—m—1
0 otherwise.

Note that the complex of invariants (F")€ is precisely the shifted complex E‘l’o[f jl. For g =0
and —j +1 < p <0, the sequence degenerates at Fy and we get 0 = H' ™7 (X** xP(g), K, ® L) =
H(F)Y, for i > 1. From Lemma 2.4.2, we conclude H*(X%%, A Lxss ® L) = 0 for i > 0. The

last part of the statement is a direct consequence of Proposition 2.3.4. O

2.4.1 The toric case

Now let Y be a Q-factorial projective toric variety. From [Cox14], we know Y is the GIT
quotient of an affine space X = A? by the abelian reductive group G = Hom(C1Y,G,,), with
X?® = X* and X** C X has codimension at least 2. The character group of G is canonically
identified with C1Y. If we call ¥ the fan in N 2 Z™ determining the toric variety and d = |X(1)|
the number of 1-dimensional cones, then we have a surjection Z? = (e,, p € £(1))z - ClY
and we can write X = Spec R, where R = k[x1,...,2q4] = @,cc1y Rov is the Cox ring, and each

graded piece R, = H°(Y, Oy (D)), for v = [D]. We have a short exact sequence
0= M =272 ClY =0, (2.4.2)

with the map on the left being m — > (m,n,)e,, where n, € N is the vector corresponding
to the 1-dimensional cone p € 3(1). This way, the action of G is described by the short exact

sequence
1-G—=(G)-T—=1

obtained by applying Hom(-, G,;,) to (2.4.2). Here T = N ® G, is the torus acting on Y. Using
the usual description of Y as |J u,, where u, = Speck[c¥ N M], this quotient is described locally
by uy = U, /G, where U, = {2 € A | 2, #0 Vp ¢ o(1)} (see [Cox14], [CLS11, §14] for details).
In the case that Y is smooth, then G = G% " is a torus and the action is free on X**.

In what follows we will see that, from Theorem 2.4.3 we can recover Bott vanishing for the

toric case, over k. For the remainder of the present section X will denote A%, G will denote
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Hom(ClY,G,,) and Y = X /. G will be a projective Q-factorial toric variety obtained as a GIT
quotient given by a linearization L.
We first see that, in order to show Bott vanishing, the only ample line bundle we need to

consider is the descent of £ (cf. [HK00, Proposition 2.9]).

Lemma 2.4.4. With the notation as above, let L be an ample line bundle on'Y. Then L is the

descent of a linearization L' such thatY =X J/ ., G.

Proof. Since X is an affine space and X“® has codimension > 2, we see Pic X = Pic X*® are
trivial and the G-equivariant Picard group is Pic® X = Pic® X*5 = C1Y, the character group of
G. The map PicY — Pic“ X% L~ mw*L, is the inclusion PicY — ClY. That is, every given
line bundle L on Y is the descent of £,, which is the trivial line bundle on X linearized by the
character v = L € Cl1Y. Further, given a linearization £,,, for some w € ClY, we see that R®
is precisely ®k20 Ry = ®k20 HO(Y, L®%), for L = w. If L is an ample line bundle on Y, then
Y = Proj Gakzo HO(Y, L®*), so that L is the descent of a linearization £’ € Pic® X such that

Y=X/,.G. O
We also check that the action is free on the preimage of the smooth locus Y° C Y.
Lemma 2.4.5. G acts freely on 7=1(Y?).

Proof. The smooth locus of Y is given by |, o0t Yo (see e.g. [CLS11, Proposition 11.1.2]).
It suffices to check that G acts freely on U, for ¢ € ¥ a smooth cone. Consider the map
h :Z%* - ClY from (2.4.2) and suppose g € G = Hom(ClY,G,,) is in the stabilizer of some
z € U,. Since z, # 0 for every p ¢ o(1), this implies g(v) = 1 for every v € h((e,, p ¢ 0(1))z).
But in fact, if o is a smooth cone, the restriction of h to the span of {e,, p ¢ o(1)} is still
surjective. This is because we can complete {n,, p € o(1)} to a Z-basis {n,} U {n,} of N,
choose a dual basis {m,, p € o(1)}U{m/} and see that under the map f : M — Z? from (2.4.2),
m, — e, +w, some w € {e,, p ¢ o(1))z. As a consequence, every vector w € Z% can be written
as w' +w”, with w’ € im(f) = ker(h), w” € {(e,, p ¢ o(1))z. We conclude (e,, p ¢ o(1))z — ClY

is surjective. Therefore g(v) =1 for every v € ClY, so g = 1. O
Finally, we get a new proof of the following well-known result.

Theorem 2.4.6 (Bott vanishing for toric varieties). Let Y be a Q-factorial projective toric
variety over k and L an ample line bundle on' Y. Then H'(Y, Q{, ®L) =0 for everyi > 0,5 > 0.

In particular, a smooth projective toric variety over k satisfies Bott vanishing.

Proof. Let L be an ample line bundle on Y. By the discussion above L is the descent of a

linearization £’ such that Y = X /., G, so we can assume L is the descent of the linearization
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L. By Lemma 2.4.5, the non-free locus X%\ X’ has codimension > 2 (see Remark 2.3.5), so
Theorem 2.4.3 implies H(Y, Qg/ ®@L)=0fori> 0,5 >0. If Y is smooth, then Y? = Y and

this is Bott vanishing. O

2.5 The case of X = (P')" and G = PGL,

Now we consider the diagonal action of PGLs on (P!)™, so throughout this section G will
denote PG Ly, X will denote (P')" and g will denote sly. For a given ample line bundle £ =
Ox(dy,...,dy), d; > 0, where > d; is even, there is a unique PG Ls-linearization, giving rise
to a GIT quotient Y = X /. PGLo, a projective variety. Variation of GIT is described, for
instance, in [Has03, §8]

A maximal torus of g is one-dimensional, so to get a KN stratification it essentially suffices

to consider a single one-parameter subgroup. We consider A : G,, — PG Loy given by

t 0
Alt) =
0 t!
The fixed locus of A is the union of the points z; where, for every I C {1,...,n}, z; has

coordinates z; = oo if i € I and z; = 0 otherwise. We use the convention 0 = (0: 1), co = (1:0).
One can compute
p(\ I) = —weighty L], = Y di— > d;
icl il

(cf. Example 1.1.4) and we can get a KN stratification of the unstable locus indexed by the
subsets I for which p(X,I) > 0. Indeed, a point z = (z1,...,2,) € X is unstable if and only if
there is an [ C {1,...,n} with } ;. ;d; > 3,4, d; such that z; = « for every i € I. Also, it can
be computed that 7y = 2(|I| — 1) (see [CT20b] for details). A linearization Ox(dy,...,d,) is
in a GIT wall if and only if there is a splitting I U I¢ = {1,...,n} such that } ,_, d; = Zi¢] d;.
Since the ambient space X = (P!)” is a smooth projective toric variety, it satisfies Bott vanishing
and then results from Section 2.3 can be applied.

Note that in our case, the cotangent sheaf is a direct sum of line bundles, namely Qx =
@?:1 Ox(0,...,—2,...,0), each summand having a —2 in the i-th position and zeros elsewhere.
The section s € H°(Tx X (’)P(g)(l))G associated to the map Qx — g¥ is then the sum of n
sections s;, where each s; € (H°(X,0x(0,...,2,...,0)) ®g")%.

Let {E, H, F'} be the usual basis of g, where [E, H| = —2E, [E,F] = H, [H,F| = —2F. If we

choose a basis { Xy, Yy, Zo} of g¥ = HO(P(g),Tp(g)) that is dual to the basis {—F, H, F'}, then
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we can explicitly compute s; in coordinates. For this, we use the isomorphism Tp1 = Opi(2),

9/0(x/y) — —y?, where (z : y) are coordinates in P*. Writing

o (1 t o 1 (14t O o (1 0

= — = — — F=—
) _2 )
ot |y 1 ot 1—t 0 1_% o\, 4
t=0 t=0 t=0

E

and using the chart y # 0 we find that the action of PGLy on P! determines the map g — T

that sends

= — &L F— J’E—ZL
Nx/y)’ y (z/y)’ y? d(x/y)

Combining all these and using 9/d(x;/y;) — —y? on each i-th component IP% we find

zq:yq)?
s; = 2270 — 22;y; Yo + y2 Xo. Observe that we can also identify g = gV as g-representations by

sending the basis {F, H, F'} to {Zy,2Yy, —Xo}.

Remark 2.5.1. Consider the diagonal action of SLy; on X. Then any ample line bundle £ =
Ox(d1,...,d,) carries a unique SLo-linearization, giving rise to a GIT quotient Y = X /. SL,.
If " d; is even, then £ also admits a unique PG Lo-linearization, and X //, SLy = X // . PG L.
In any case, £L%? admits a PG La-linearization and X // rSLy is canonically isomorphic to the

quotient X // ,g2 SLy = X [/ po2 PG L.

Proposition 2.5.2. Consider X = (P')", G = PGLs, g = sly as above. Let M C X x P(g)
be the vanishing locus of the section s € HO(Tx ® Op(g) (1)) associated to the map Qx — g¥.

Then M = (\(s; =0) is a local complete intersection.

Proof. The section s is the direct sum of the n sections s; € H*(Ox/(0,...,2,...,0) X Op2(1))¢
given by s; = x%Zo — 2z;y: Yo + yigXo, as noted above. By smoothness of X, it suffices to
check that dim M = 2. Consider the map p : M — P? given by the projection on the second
component. We show p is a finite map. Indeed, since p is projective, it suffices to show that it
has finite fibers. We note that a given point (21 : y1;...;%n : yn) X (Xo : Yo : Zp) is in M if and
only if for every i, (Xq : Yy : Zg) € P? is in the line that is tangent to the rational normal curve
(X0Zo—Yg = 0) C P? at the point (22 : z;y; : y?). Since every point is in at most 2 lines tangent

to a given conic, we have |[p~1(Xq : Yy : Zo)| < 2". Therefore p is finite and dim M = 2. O

Corollary 2.5.3. For a PG Lo-linearized ample line bundle £ on X, we have H/(X, NV Lx®L) =

0 fori+#0,j.

Proof. This follows from Proposition 2.3.2, as M is a local complete intersection and X = (P!)»
has the Bott vanishing property. Recall H!(X**, AV Lyxss ® L) = H (X, ALy ® L) by Corollary

2.2.2. O
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2.5.1 The ring of invariants

Let Y = (PY)™ J PG Ly be given by a polarization £ = O(ds,...,d,), d; > 0. We will assume

X#®% = X3, This implies that the action of G = PGLs is free in X** and Y is smooth.

Remark 2.5.4. The condition X®° = X? is equivalent to the following condition: there is no

partition 7 U I¢ = {1,...,n} such that 3

ierd Zigl d;. This is a consequence of the Hilbert-

Mumford criterion and the description of the unstable locus (see e.g. [CT20b, §4]).

If we consider the action of the torus (G,,)"

on the Grassmannian Gr(2,n) and linearize
the ample line bundle Og2,»)(1) of the Pliicker embedding using some character (ly,...,1,), we
have Gelfand-MacPherson correspondence [Kap93, Theorem 2.4.7]:
P EO (B, 0dl, ... dl,))" = D HO(Gr(2,n), O(d)) )"
d>0 d>0
That is, @450 HO((PY)*,0(dly, . ..,dl,)) %2 can be seen as a subring of the homogeneous
coordinate ring of the Grassmannian, k[p;x]/(DikDri — DirPki + PitPrr ), Where pjx = x;yp — Try; are

the Pliicker minors. The d-th graded piece corresponds to polynomials in p;; having multi-degree

dly,....dl, in x1,Y1;. .- Tn, Yn-

Lemma 2.5.5. Suppose we have a linearization L giving X*° = X° and with an unstable locus
having an irreducible component of codimension 1. Then Y = (P')" . PGLy is a smooth

projective toric variety.

Proof. Given that X° = X*% Y is the (smooth) geometric quotient X**/G. By the description
of the unstable locus, we can assume dy + doy > Zizs d; without loss of generality. That is, X*°
does not intersect the big diagonal {p; = pa} C (P})™. Call V =0 x oo x (P1)"~2 and consider

G,,, as the subgroup of PGL, given by

t 0
(2.5.1)
0 t!
Observe G, acts on V, and the linearization £ = Ox (dy, ..., d,) restricts to a G,,-linearization

of L|y = Oy(ds,...,d,), which corresponds to the character ¢ — t“1=92 By the stability
condition, we see that every stable G-orbit intersects V. Further, V' N X*° is precisely the semi-
stable locus V** = V* for the G,,-linearization of L|y. In fact, Z = (0,00, 23,...,2,) € V is

unstable if and only if there is some I’ C {3,...,n} such that one of the following holds:
(a) dg + Zie]’ dz > d1 —+ Ziﬁ]’ di and Z; = o0 for all 7 € I/, or

(b) do +Zi€]’ d; < dy +Zi¢[’ d; and z; = 0 for all 4 ¢ I
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Since di + do > 2123 d;, this is the same stability condition for the PG Ly action. Observe G,
acts freely on V*¢ and V** J G,, is a geometric quotient.

We note that in fact the GIT quotients X /G and V J G, coincide. To see this, we can
look at the coordinate rings of invariants. First, observe that p;17 = z;y1 — y;x1 restricts to
x; on V', while po; restricts to y;. Call 20 = di + da — 2@3 d; > 0. Then the restriction
Biso HO (X, LEF)PCL2 5 @y, HO(V, L]$F)Gm is an isomorphism of graded rings, with inverse

given in degree k by
R(xi,yi) — ngfR(pmpzi),

for a polynomial R(x3,ys3;...;Tn,yn) € HO(V,Ov(kds, ..., kd,))Cm.

Now let the torus T = (G,,)" 2 act on V = (P})"~2, by (2.5.1) in each component. Then
Vs = XNV is invariant under the action of T'. In fact, suppose z = (0,00, 23, ..., 2,) € X"5.
Then z; = « for every ¢ € I, for some I such that Zi¢[ d; > ) ,crdi. Since dy + do > ZZZS d;,
either 1 € I, in which case a« = 0, or 2 € I, in which case @ = co. But both 0 and oo are fixed
by Gy, so t - z will still be unstable for any t € T'.

Further, T acts on V*° with an open dense orbit, say T - (0,00, 1,...,1). We conclude that
the (n — 3)-dimensional torus T7'/G,, acts on Y = V*%/G,, with an open dense orbit. Therefore

Y is a toric variety. O

Another proof of the previous lemma can be found in [Sch17, Theorem 2], using the point of
view of variation of GIT.

Now suppose X** has codimension > 2. We claim that any ample line bundle on Y is the
descent of an ample line bundle Ox (d},...,d]) on X living in the same GIT chamber as £, in

the sense of [DH98].

Lemma 2.5.6. Suppose X“* has codimension at least 2 and let L be an ample line bundle on
Y = X /. PGLy, where L is such that X* = X**. Then L is the descent of an ample line bundle
L' =0Ox(dy,...,d),) such that Y = X } ,, PGLs.

Proof. Since the action of G is free on X*®® = X* by Kempf’s descent lemma, every line bundle
on X descends to a line bundle on Y, and in fact #* is an isomorphism from PicY to the
G-equivariant Picard group Pic® X% = Pic X%, with inverse £/ 7. (L)%, Further, every
PG Ls-linearized line bundle on X*° extends uniquely to a PG Lo-linearized line bundle on X by
the codimension hypothesis (see e.g. [Dol03, §7]).

For any v = (v1,...,v,) € Z", PGLy acts naturally on the global sections H°(X, Ox (v)).

Let R be the Z™-graded ring R = R,, where R, = H°(X,0x(v))F%L2. Notice R, =

VEZL™

0 if > wv; is odd or if some v; < 0. If £L = Ox(w) is the linearization, then by definition

31



Y = X//L PGL; = Proj @kzo Ry. From the previous observation, every PG Ls-linearized
line bundle Ox(v) descends to a line bundle £, on Y, and by the codimension hypothesis,
R, = H°(Y,L,). On the other hand, given a line bundle L on Y, L must be L, for some
w' € Z". If Ly is ample, then YV = Proj@;-q(Y, LEF) = Proj @50 Brw. From this we see
that the w} are nonnegative, and in fact w} > 0 since dimY = n — 3. That is, £’ = Ox(w’) is

ample and Y = X )/ ., PG L. O

Remark 2.5.7. In the situation of Lemma 2.5.6, we have codim X“* > 2 and PicY = Pic® X,
so the quotient X /., PG Ly can only be isomorphic to Y = X /. PGL, if £ and £’ live in the
same GIT chamber (cf. [Has03, Proposition 5.1]). Observe that such £’, descending to an ample
line bundle on Y, cannot be in one of the GIT walls, because the ample cone of Y is open in

PicY = PicY X. In particular, £ admits no strictly semi-stable locus.

If we want to show vanishing for H*(Y, Q{,@LL by Corollary 2.2.2 and Lemma 2.3.1, we need
to compute H (X, ALy ® £) = H(F")¢, where F" is given by (2.3.1). From Corollary 2.5.3,
we know H!(F")¢ = 0 for i # 0,4, so it remains to show that the maps of G-invariant global
sections (H(X,Qx ® £) ® $771g¥)¢ — (H(X, L) ® S7g¥)¢ are surjective. The following two

propositions show this holds when 7 = 1 and 2.

Proposition 2.5.8. Let L = Ox(dy,...,d,) be a linearization with no strictly semi-stable locus.

The map H°(X,Qx ® £)¢ — (H°(X, L) @ g¥)% is surjective.

Proposition 2.5.9. Let L = Ox(dy,...,d,) be a linearization with no strictly semi-stable locus.

The map (H°(X,Qx ® L) ® g¥)¢ — (HY(X, L) ® S?¢")% is surjective.

In order to prove these two propositions, we will first investigate invariant global sections.
Observe that for a given line bundle Ogp1):(ly,...,1;) on (P')*, global sections can be written
as HO((P')*,Opny:(I1,...,1s)) = Vi, @ --- @V}, where V} is the irreducible (I + 1)-dimensional
representation of slo. We can also identify V; with the space of degree [ polynomials in two

I 0-1

cx! 7y, YY), with the action given by ¢ - p(z,y) = p(g~!

variables, V; = (z - (z,y)), for
g € PGLy. In particular, from Gelfand-MacPherson correspondence, the vector space (Vj, ®
-@V],)PYL2 can be identified with the elements of multi-degree (I1, .. .,[s) in the homogeneous

coordinate ring of the Grassmannian k{p;x|/(pikpri — PirPri + DilDkr)-

Remark 2.5.10. For | = 2, write Vo = (23, 7oyo,y3). We have g = V, as g-representations,
by identifying the bases {E, H, F'} and {y3,2zoyo, —23}. If we further use the isomorphism of
g-representations g = gV, we get {Xo, Yo, Zo} = {22, zovo, v3}.

Let us use this identification of g¥ = V5. The map Qx — g" is then determined by the n

sections s; = 127y — 2x,4;Yo + y2 Xo = (zoyi — wiyo)? € (H°(X,0x(0,...,2,...,0)) @ g")%, by
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taking Xo = 23, Yo = xoy0, Zo = y&, where {Xy, Yy, Zo} is the basis of gV dual to {—E, H, F'},
and H*(X,0x(0,...,2,...,0)) = Vo = (22, 2;v;, y?)-

V split canonically as Va,, © S™ 2g" as g-

We see further that the symmetric powers S™g
representations, for m > 2. Indeed, let P? = P(g), so that S™g¥ = H°(P(g), Opz(m)), and let
C = P! be the G-invariant conic in P? defined by X¢Zy — Y& = 0. The curve C is given in

coordinates by the rational normal curve embedding (2% : xy : y2). Using the tautological short

exact sequence and tensoring with Opz(m), we get
0 — Op2(m —2) = Op2(m) = Oc(2m) — 0. (2.5.2)

Taking global sections we get 0 — S™~2g¥ — S™gV — Vs, — 0. By semisimplicity of

\

sl, this splits in a unique way. Observe that the map S™2gY¥ — S™gV is multiplication by

XoZo — Y§, while the map S™g" — Vi, sends precisely {Xo, Yo, Zo} to {22, Toyo,y3 }, where
we write Va,, = (22™,...,y3™). Now consider again the complex F" from (2.3.1), with its
differentials HO(QJ);MJr1 RL)YRS™ gV — HO (QJ;m ®L)®S™g". Using the splittings S"g¥ =
Var @ S™2gV, compose with the inclusion Voo < S™ 'g¥ and the projection S™g¥ — Vo
to get a map HO(Q " @ L) @ Vap_o — HO (V™ @ L) ® Vay,. That is, the map making the

following diagram commute

HO Q™ @ L)@ Sm 1Y —s HO(Q ™ @ L) © S™gY

1 1

HO Q™ @ L) @ Vi g —— HO (™ @ L) @ Vi

This way we get a new complex
F=10-HX,Y oL - HXQ ' 9L) @V, — - = HY(X,L)®Va; — 0|, (2.5.3)

which we can think of as a “partial” version of F". Observe that, by commutativity of the
diagram above, F" is indeed a chain complex.

By the discussion above, the differential maps in " correspond to multiplication by s; =
(xoy; — z4y0)?, where x;,y; are coordinates in the i-th component, and g, yo correspond to the
terms Va,, = (22™,...,y3™). In what follows next, we will study the complex F", and then we

will see that from this we can get back some information about the original complex F" from

(2.3.1).

2.5.2 Computations in (P!)"*!

Now for j > 0, we consider the diagonal action of PGLy on (P})"*! = P! x X. Using
coordinates g, yo; T;, ¥i, take s; = (xoy; — wy0)? € HO(P! x X,0(2;0,...,2,...,0))P¢L2 for

it =1,...,n. We choose the polarization V = O(2j5;ds,...,d,) = Op(25) K L.
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Proposition 2.5.11. Suppose L = Ox(d1,...,dy) is a polarization on X with no strictly semi-
stable locus, and let V = Op1(2j) K L as above. Let M be the scheme-theoretic intersection
N(si =0) C P! x X. Then M is a local complete intersection and H°(M,V|yr) has no PGLy-

nvariants.

Proof. Write D; = (zoy; — x;90 = 0) so that M = () 2D;, while (| D; is the small diagonal
Pt c (PYH)"*. Then M = ()2D; is a local complete intersection, having codimension n. For a

reduced divisor D C V', we have a tautological short exact sequence
0— Op(—D) = Osp - Op — 0. (2.5.4)

Claim. For every 0 < m < n and every I C {1,...,m}, the sheaf
ON,e, iAo 20: (= D D) @V (2.5.5)
- iel
has no PG Ls-invariant global sections.
Given the claim, the proposition is proved by taking m = 0 in (2.5.5). To prove the claim

we use (2.5.4) on Nicpiy Di N Nisny1 2Di € Nicyn Di 0 Nismy 2Dis to get

0— Onigm+1 D’inni>7n+1 2Di(7Dm+1) - Onigm Dimni>vn 2D; - Onigm+1 D'imni>7n+1 2D; — 0.

Now tensor with V(—3>_,.; D;) and take PG La-invariant global sections. The claim will
then be proved if we show On _ . p.an,. .., 20, (= >_;ep Di) has no invariant global sections
for every I' C {1,...,m + 1}. That is, the claim is true for m if it is true for m + 1. Therefore,
we can do induction on n — m, so that all we need to show is that

H(On,_, p.(—=Y_ Di)@V)9=0
iel
for any I C {1,...,n}.

Recall (;.,, Di = P! is the small diagonal, and O(p1yn+1 (—D;) = O(=1;0,...,—1,...,0), so
that O _ p, (- Yier Di) @V = Opi(2j + >, di — 2|I|). The PG Ly-invariant global sections
of this sheaf are homogeneous polynomials in x and y of degree 25 + Zign d; — 2|1I| that are
restrictions to the small diagonal of polynomials in p;r = z;yx — xxy;. Of course, any such
polynomial will restrict to 0 in the diagonal, unless it has degree 0. But 2j + >, d; — 2|I|

cannot be zero. This follows from the following claim.
Claim. Y., d; > 2n. In particular 25 + > | d; — 2|I| > 0 for every I C {1,...,n}.
Let us prove this claim. Without loss of generality, we may assume d; < ... < d,. Choose

0 <m < nsuchthat dy = ... =d,, =1, dny2 > 2 and m has the same parity as n. Observe
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that, since > d; is even and £ has no strictly semi-stable locus, as a consequence of Remark

2.5.4 we must have
dn +dpo+...+dpio>dn1+...+dpys+dme1 +m. (256)

In fact, if dy + dn—o+ ... + dmt2 — (dne1 + -+« + dipts + dinr1) = r < m, we would have
dp +dp—o+...+dmnioa=(dp—1+ ... +dmys+dmy1) + (d1 + ...+ d,), and then writing each
of the remaining d,41 = dy42 = ... = d,, = 1 at either side of this equation we would get
Zigldi = > erdi, where I = {1,....,r}U{r+1L,r+3,..}U{m+1,m+3,...,n—1}, a
contradiction. In particular, from (2.5.6) we have d,, > d;,41 + m. Then > d; = m + dpy1 +
Z?;}HQ di +dp > 2(m+dma1) + Z?:_nlwz d;. Since dyy1 > 1and d, 1 > ... > dpyo > 2, this

is at least 2m +2+2(n —m —2) = 2n — 2. Thus Y. ; d; > 2n — 2, so in fact Y ., d; > 2n.

This completes the proof. O
Corollary 2.5.12. With the same hypotheses, H(F )% =0 fori > 1.

Proof. Since M = ((s; = 0) is a local complete intersection, the augmented Koszul complex

determined by sq,..., S,

0—>O(—ZQDZ-)—>~~~—>@O(—2Di)—>0—>0M—>0

i=1

is acyclic, and so is the complex
K = [o V(=320 = @DV(-2D;) 5V = V© Oy — o} . (2.5.7)

We consider this complex having nonzero terms in degrees —n to 1. This means that for —n <
p < 0, the term KP is precisely
P v 2D) = 0p(2j+2p) R (Y @ L).
[ I|=—p i€l

Take the spectral sequence EY? = HI((P1)"+1 KP), which converges to HPT4((P!)"*!1 K*) = 0.

We get
HY(X, Q5P @ L) © Vaj12p if ¢g=0,—j<p<0
HYX, Q7 @ L)@ H (P, 0 (2j +2p)) if q=1,p< —j
H((PY)"+1 KP) = * (2.5.8)
HY(M, V| 1) if p=1
0 otherwise

and the sequence has the following shape

N A o 0 i —— 0 —— HY (M, V|y)

0 B — BTN s BYY —— HO(M, V).
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The complex F" from (2.5.3) is the same as the (shifted) naive truncation of E;°[—j] obtained
by omitting the last term HO(M,V|ys) of Ey°, since the differentials are determined precisely
by the sections s;.

We see that for ¢ = 0 and p > —j + 1, the sequence degenerates at F, and we get
0= H (P x X,K') = H(F), for 1 < i < j (even before taking invariants). Further,
since HO(M,V|5;)¢ = 0 by the previous proposition, the complex of G-invariants (E;"[—7])¢ is

precisely (F")¢, so H((F")¥) = 0 too, that is, HI(F")¢ = 0. O

2.5.3 Directed graphs as invariant sections

Given a G-linearized ample line bundle £ = Ox (ds, ..., d,) on X, let us use the identifications
HYX,L)=V4 @ @ Vy,,and HO(X,Qx @ L) =P, Va, ® - @ Vg2 @+~ @ Vg, . We also
use g¥ = V5 and S?gY = Vy @ Vi as g-representations. Then to show Propositions 2.5.8 and

2.5.9, we need to investigate the maps

n

PVa, @ @Vg2®-@Vy) 5 (Vo Vg @ @ Vy,)® (2.5.9)

i=1
and

n

Pa@Vy @ @Veao-@Ve) 2 (Va@Vey @ 0Ve)e VooV, - aVy,)°
=1

(2.5.10)

and show that both are surjective. In view of Gelfand-MacPherson correspondence, we will work

with these invariants using the language of graphs (as in [HMSVO05] and [HMSV09)]).

Notation 2.5.13. Let J be a directed graph with vertices V(J) and edges E(J). Let w € V(J)
be a vertex. By deg(w) we mean the number of edges touching w. We say that two vertices w
and v are adjacent if there is an edge between them. An edge going from w to v will be denoted

by w — v.

A directed graph J can be represented by a 2 x m tableau, where m = |E(J)|. A diagram

ay ... Qm

b1 ... bm

represents the graph with edges a; — b;.

Definition 2.5.14. Let | = (Iy,...,l,) € 7%, with >>1; even. We call §; the free vector
space generated by directed graphs J having r vertices, say V(J) = {w1,...,w,}, with degrees

deg(w;) = l;. We denote by §, the quotient of §; by the following relations:
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(a) If K is obtained from J by reversing the direction of one edge, then K = —J. In particular,

any graph having a self-loop is equal to zero in §j.

(b) The relation J = H + K, whenever H and K are obtained by replacing a 2 x 2 submatrix

as follows:

We observe that the space §) is exactly identified with the ring of invariants (Vj, ® --- ®
VlT)PGLZ. A Pliicker minor p;;, = x;yx — xxy; corresponds to an edge w; — wyg, and the relations

defining §) are precisely p;z = —pr; and the Pliicker relations. Pliicker relation is drawn as

| X

If " 1; is odd or if one I; < 0, we just set §, = 0. Then for fixed r, we can put all the spaces

follows:

3§ together in a Z'-graded ring §' = @, §;. This is the same construction as the ring R
defined in the proof of Lemma 2.5.6. In this language, the product of two graphs J; and Jo
consists of a graph having edges E(J1J2) = E(J1) U E(J2). An element J € §) is a graph if it is
written as a product of Pliicker minors p;;. In general, an element of §) is a polynomial in p;,
this is, a linear combination of graphs.

We will be mostly interested in the spaces § when | = (2m,d;,...,dy). For the graphs in
&), we label the n+ 1 vertices as wp, w1, ..., Wy, so that degwy = 2m, degw; = d; for i > 1. We
call V(J)g the set of vertices adjacent to wg, and for w; we call e(wp,w;) the number of edges

between wg and w;.

Definition 2.5.15. Let [ = (2m,ds,...,d,) and let J be a directed graph in §;, as above. A
2-coloring of J is an assignment ¢ : V(J) — {wog} — {0, 1} such that c(a) # ¢(b) for every two

adjacent vertices a and b, and also ZwiEC_l(O) e(wo, w;) = Zwiec_l(l) e(wo, w;) = m.
Ezxample 2.5.16. The graph given by

Wo Wo Wo Wo wWp W2 W3

wp W Wy W3 W2 W4 W4

admits a 2-coloring:



If m =1, we can think of a 2-coloring as a bipartition of the graph obtained by deleting wq
and replacing the edges coming from it by an edge joining the two vertices w;,,w;, € V(J)g. In
this bipartition w;, and w;, must be in different blocks. In particular, if a graph J € 3’(27d17~~7dn)
has a double edge coming from wy, this is, if w;, = w;,, then J cannot admit a 2-coloring. For

coloring purposes, the directions of the edges are irrelevant.

Remark 2.5.17. Suppose L = Ox(di,...,d,) is such that X* = X*® Then no graph J €

S(2m.dy.....d,) admits a 2-coloring. Indeed, if J had a 2-coloring, then we can call I = {i | c(w;) =

0} c{1,...,n}, sothat } .. di =>4, di.

Lemma 2.5.18. The image of the map t1 from (2.5.9) consists of the vector subspace generated

by graphs having a double edge coming from wy.

Proof. By the explicit description of F" in (2.5.3), we know the maps Vg, ®- - -®@Vy, _2®---@Vy, —

Vo®@Vy, @ -+ ® Vg, are given by multiplication by s; = (zoy; — xiyo)?.

Taking invariants we
get maps §y, 4o 4. 7 S(2dy,.d,) WO Ientify Sy o )= Slod, di2.a.) DY
adding an extra vertex wg with degwy = 0. Then multiplication of a graph J by s; corresponds

to adding two extra edges to J, both going from wg to w;. O

Notation 2.5.19. Let | = (2m,dy,...,d,). A cycle is a sequence of vertices w;,, ..., w;, such
that each w;, is adjacent to w;,,, and w;, is adjacent to w;,. We say that the cycle is central

if it involves the vertex wg. We call r the length of the cycle. A subgraph C determined by the

cycle w;,, ..., w;, will be denoted by (w;,,...,w;, ) if the signs of the edges are given by
- Wiy Wiy - Wiy Wi,
wh w7;3 e w,»r wil

For a cycle we do not require that all the vertices w;, be different. We observe that rotating
the indices 41, ..., 7, does not change the cycle, while reversing an arrow switches the sign.
Remark 2.5.20. Let [ = (0,d1,...,d,) and J a graph in §). It is a well-known fact that J admits
a 2-coloring if and only if it does not contain a cycle of odd length. This fact is sometimes

referred to as Kénig’s Theorem.

Lemma 2.5.21. Suppose J € S’(Q dysosd) s a graph having a central cycle of even length. Then

J is in the image of the map t1 from (2.5.9).

Proof. We can assume wy, ..., w, is a cycle in J, where r is odd. Let Jy be the subgraph given
by the cycle, Jo = (wo, ..., w,.), so that J is a multiple of Jy, say J = JoH. It suffices to show

that Jy can be written as a linear combination of graphs having a double edge from wy. Consider

38



the Plucker relation

wy W1 w,  Wo wy W1
= +
Wo W2 wr w2 w2  Wo
or
Wr—1
= w2 + wrQwQ
on_‘:.,-ﬂ}l

so that we have Jy = J; + J;, where J| has a double edge between wy and wy. Then J = J1 H

mod im(¢;). On the other hand, J; is equivalent to the cycle — (w1, wp,ws,...,w,). Similarly,
given a cycle J; = (—=1)*(wy, . .., w;, wo, Wit1, - - ., w,), we use the Pliicker relation on

w;  Wi41

wo  Wit2

to obtain J = (=1)""1J; ;.1 H mod im(t;). We conclude J = (—1)"J.H = —J mod im(t;),

since r is odd and J,. = (w1, ..., w,, wo) = Jo. Then J € im(¢1), as desired. O
Now we have the tools to show Proposition 2.5.8.

Proof of Proposition 2.5.8. Let K be the complex (2.5.7), where V is the sheaf Op:1(2) ¥ £ =

Opryn+1(2;dy, ..., dy), and consider the spectral sequence EY? = HI((P')"*!, K?) from (2.5.8):

o B B 00—

0 E;YY — EYY —— HO (M, V).
The restriction of cll_l"0 to invariant sections is ¢;. We need to show it is surjective. The

second page of the spectral sequence has the following shape:

fo B0 0 o
“
0 fo E2° HO(M, V|x)
We want to describe the restriction of the map d, > to invariant sections, that is (d; *°)% :
(Ey 2% = (EY°)CG. Observe (ES?)E = (EY°)S/im(t;) since HO(M,V|y)¢ = 0. The whole

0 . . . . . .
* must be an isomorphism, in particular surjective. Therefore,

sequence degenerates at E3, so dy 2
any J € (EY°)C can be written as a sum J’ 4+ J”, where J' € im(t1) and J” € im((dy *°)%).
The map d; >° is obtained by doing a bi-complex resoultion of K=2 — K~! — K° that

computes cohomologies of K?, and then chasing the diagram. Since, for each ¢ and p, H?(P! x

X, 0 (242p)X(Q P @ L)) = HI(P!, Op1 (24 2p)) @ HY (X, Q7P ® L), it suffices to use resolutions

39



of Op1(2 + 2p) and then tensor with H(X, Q3" ® L), for p = —2,—1,0. We use the usual Cech
resolution, given by Sy, X Sy, — Sugy,, Where S = k[zg, yo] and that, when restricted to rational
functions of a given degree [, it computes the cohomologies of Op: (1) (see e.g. [Har77, §IIL.5.1]).
We have

(Swoyo)—Q ® HO(X7 Q.QX ®£) $> (Sl'oyo)o ® HO(Xv Qx ® ‘C) $> (Sl'oyo)Q ® HO(Xv ‘C)

al n] Al

(Sag X Syo)—2 ® HOX, 0% ® L) L (S % Syp)o © HYX, Qx © L) B (Ssy x Syy)e @ HO(X, L)
Write H(X, Q% ®L) = @0, Va, @ QVigy—2®- - QVgy_2®---@Vy, and HO(X, Qx QL) =
D Ve, ® @ Vg2 @+ ®V,, so that the map K~2 — K~!is S fF, where each f* is
multiplication by s; onto the k-th component and multiplication by —s; onto the [-th component.
The map ¢ : K~ — K%is Y ¢ where ¢ is multiplication by s;. Recall s; = p3, = (zoy; — iyo)*.
Let u € (Szoye)—2®@ Vi, @ @ Vg2 ®@ - @ Vg2 @ --- @ V). We have fF(u) =

(..., SkU,...,—Su,...), with zeros in the remaining coordinates. Write

P R
L Q

oy yg oy
for some polynomials P, @), R, whose homogeneous degrees with respect to xg,yo are m — 2,
m—2, 0, respectively. Then spu = h(v) for some v € (Sz, X Sy, )o@ (Va, ® - - @ Vg2 ®--- @ V),
and we can choose
Sk, TRV sk ,ToYh
v=|Q— + R—"= — Rryyr, —P— — R—= + Rry | -
Ty To Yo Yo

Similarly, we find v such that —s;u = h(v'). To find dy >°(u) we then need to compute f(v) +

f") = siv + spv’. We get sjv + spv” = (b, b), where

Yo
b=R (I(Szxi - Skle) + skTiY — Sﬂk@/k) .
0

Simplifying we get b = R(zoyi—x1yo)(zoyr—ryo) (T1yk—ry1) = porporpurR. Now HO(Px X, V)
is identified with the diagonal of (Sg, X Sy,)2 ® H°(X, L) so, if we call v € E2_2’0 the class
represented by v, we have dQ_Q’O(T)) = poipokpik R, a multiple of po;porpik. If © was invariant, then
420

5 () is a linear combination of graphs having poporpir as a subgraph, this is, graphs that

have a central cycle wg, w;, wg of length three:

Therefore, modulo im(t¢y), every J € 5/(2 dusodi) is a linear combination of graphs of the

form poiporpixkR.- Then it suffices to show that all such graphs are in the image of ¢;. Given
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J = popoxpix R, call J' € géo,dl ) the graph obtained by replacing the two edges wy — wg,

wo — w; by an extra w; — wy, thisis, J' = plsz. Observe that a 2-coloring of J’ would need to
have c(wy) # c(wy), so it would give a 2-coloring on J. Since £ has no strictly semi-stable locus,
J and J' do not admit a 2-coloring and by Remark 2.5.20 J’ must contain some odd cycle, say

(wiy, ..., w;,). Note that any two vertices that are adjacent on J' are adjacent on J too, so in

fact (wj,,...,w; ) is an odd cycle in J, that is not central. Apply the Pliicker relation

wp Wi, w; Wk Wy Wiy
= +
Wy Wiy Wiy Wiy Wi, WE
or
W
wo =
wy
to get J = H 4+ K, where H contains the cycle wg, wg, wi,, ..., w;, ,w; ,w; and K contains

the cycle wg, wy, wi,, . . ., w;, , w;, , Wk, both of even length r 4+ 3. By Lemma 2.5.21, J € im(¢7).

We conclude t; is surjective. O

Next, we investigate the map 5 from (2.5.10). According to the splitting S?g¥ =V, @V,

we write to = (¢,t'), and further t = Y ¢!, ¢/ = >_t*, where t* : Sodsrdi-z, ) — S(ady

---------- dn)

.....

and ¢/ : (20dsrsdi—2,dy) " (0,dy,...d,)- Let us describe these maps in terms of graphs with

vertices {wp, w1, ..., Wy}

Lemma 2.5.22. Let J be a graph in 322,(117_“7%). Write J as a polynomial, J = poxporH. Then
ti(J) = p3;J, while ''(J) = %pikpilH, This is, t' adds a double edge wg — w; to the graph while,

up to a constant, t'* replaces the edges wy — wy, wo — w; by w; — wy, and w; — wy:

— ¥ wo

Proof. By the explicit description of F" from (2.5.3), we know ¢ is multiplication by (zoy; —
7;y0)? = p2;, which corresponds to adding two edges, both from wq to w;.

Consider the splitting S?gY = V, @V, obtained from (2.5.2). Here Vj is the one-dimensional
vector space with the trivial action. The projection 7 : S2g — V; is the unique g-equivariant
map that satisfies 7 o2 = Idy,, where 2 : V5 — S2?g" is the inclusion from (2.5.2), namely, 2
is multiplication by XoZy — Y2. We find 7 explicitly, and it is defined as follows: for P =
aYF + BXoZo + ... € S*g¥, m(P) = (28 — a). It is easy to check that 7 is indeed a g-

equivariant map: observe, for instance, that E - (XoYp) = F - (YoZo) = —XoZo — 2Y¢, and
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m(—XoZy — 2Y02) = 0. Indeed, this together with the fact that all monomials other than X,Z
and Y map to zero ensures that 7(g- P) = 0Vg € g, P € S?g", so 7 is a map of representations.
Further, we see that 7(XoZo — Y) = 1, and then 7 o2 = Idy,. By uniqueness, 7 must be the
desired map.

Now look at ¢ = Y ¢/*. Each ¢’ is given by multiplication by x? Zy — 2z,y; Yo + y2? X, followed
by the projection 7 from S2g¥. Suppose J € (Vo @ Vi @ -+ @ Vg, 2 ®@ --- ®@ Vg, )FGL2 =
CZy)H for some polynomials A, B, C' and H. Multiplying by 27 Zy — 2,;y; Yy +y2 Xo and looking
at the terms involving X¢Zy and Y§, we find t"(J) = 2(Az? + Bw;y; + Cy?)H. Now, since J
is actually a PG Lo-invariant section, it has to be of the form J = (xoyr — zryo)(xoyi — x1y0) H.
That is, J is a graph where the two edges coming from wq are wy — wy and wyg — w; (up to

sign). Then we have A = yry;, B = —(ypx; + yizx), C = xxx; and we compute

. 2
t"(J) = g(xiyl — xy;) (ziyr — ey H.

That is, up to multiplication by 2/3, the map t'* precisely erases the edges wy — wy, wo — wy,

and replaces them by w; — wg, w; — wy. O

Since multiplying everything in 3’(07 direordy) by a constant does not change the image of
the map to, from now on we just ignore the constant 2/3 appearing in ¢. Now we can prove

Proposition 2.5.9.

Proof of Proposition 2.5.9. Write to = (t,t'), according to the decomposition in (2.5.10). By
Corollary 2.5.12, t is surjective. Then it suffices to show that, for any graph H € S/(O,dl,...,dn) —
3'/(dl,... dn)’ we have (OaH) € im(tz).

2 dn

Step 1. Let J be a graph in 31(4.(11,... ) having a subgraph B of the form

wy w1 W2 Wy Wo
B3 =
wp w2 Wp W3 W3

That is, By 2,3 has a cycle (wg, w1, wz) and a double edge between wy and ws (and similarly,

Bi, i,.is denotes a permutation of indices in the expression above).

wa
Bias =

w1

Then we show (J,0) € im(¢2), or in other words, J € ta(kert’). For this, write J = By o3H
and let P = (wp, w1, ws) € 522)272’0,'“70) and P’ = (wp,ws,w1) € 5/(2,270,2,..‘70)' We see that

tQ(PH — P/H) = (B17273H — 337172H, 0), thlS iS, B17273H = B37172H IIlOd tg(kert’).
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w2 o w2 w2 w2

° — wo > —

w3 wo w3ﬁ' w3 w3 © 0
w1 w1 w1 w1

On the other hand, take B; 2 3 and apply the Pliicker relation to the edges
wo Wi
w3 W2

to obtain 3172,3 = B37271 + 317372.
w2 w2 w2
w3 = w3 éi + UJS%
w1 w1 w1
Also, we know B; 23 = —Bj 1,3 by reversing the arrows. Combining all these, we get that

Bl’273H = 3372,1H —+ 317372H = 233_’2’1H = *2327371]{ = 7231’2_’3]{ rnod tg(kert’). ThUS we

obtain 3B; 2 3H € ta(kert’), so (J,0) € im(¢a).

Step 2. Let J be a graph in 31(4.@1,... d,) having a subgraph C' of the form

wp w1 w2 Wy w3 - Wy
Cl,. =
wp W2 Wy W3 wWqg - W
for r odd. That is, Cy, ., has cycles (wo, w1, ws) and (wo, ws, ..., w,).
wy w3
Cl r =

.....

Then we see (J,0) € im(t2). Indeed, by Lemma 2.5.21, the even cycle (wg, ws, ..., w,) can be
written as a sum of graphs having double edges coming from wq. Using this, C1 ..., is written as

a sum of graphs containing subgraphs of the form B from Step 1. By Step 1, we get J € to(kert’).

Step 3. Let J be a graph in S’(4_d17___ ) having a subgraph B of the form

Wwo wip -+t Wp—1 Wo Wo
By,..r= (2.5.11)
w; Wy v wo Wy Wy
with r odd. That is, By, ., has an odd cycle (wo, ..., w,_1) and a double edge between wy and

Wy
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We show (J,0) € im(¢z). If r = 3, this is Step 1. Now suppose this is true for » — 2. Write

J = C,,... »H and do the Pliicker relation to the edges

Wo Wi

Wy W2

to obtain By, ., = Br2..r-1,1 + C, where C is a graph of the form given in Step 2.

Therefore, By, »H = By, ,—11H mod ty(kert’). On the other hand, if we use Pliicker on

w; w3
wo Wy
we get By, =—Bi324,. r+ B, where B is a graph containing B; 45, as a subgraph.

w2

By induction hypothesis, By, ,H = —Bi1 324, ,H mod ta(ker(t')).

Now, using the same argument as in Step 1, let P = (wy,...,wy—1), P’ = (wg, wa, ..., w;.),
and we see that to(PH — P'H) = (B4,..,H — B, .. ,1H,0), so that By ,H = Bs . ,1H

mod to(kert’).

Wr @

We combine all the equivalences above to obtain By, . ,H = By13,. ,H = —Bi23,. ,H

mod ts(kert’), and then (J,0) € im(¢2).
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Step 4. Now let H € S’(OM 4,) e any graph. Then (J,H) € im(ty) for some J containing a

subgraph B of the form (2.5.11) from Step 3. Indeed, since H does not admit a 2-coloring, by
Remark 2.5.20 it must contain an odd cycle, say C' = (w1, ..., w,) is a subgraph of H, H = CP

for some P. But then (B, P, H) = t3(C'P), where C’ is the cycle (wg,ws,...,wr_1).

yeeey

The graph J = B; .. P is in to(kert’) by Step 3. Finally, since both (J, H) and (J,0) €

im(t2), we obtain (0, H) € im(¢2), so this concludes the proof. O

2.5.4 Main result
Now we can prove the main result.

Proof of Theorem 2.1.1. If X“® has codimension 1, then we are done by Lemma 2.5.5 and the
fact that every smooth projetive toric variety satisfies Bott vanishing (see the references given
in §1 or Theorem 2.4.6). Otherwise, by Lemma 2.5.6 it suffices to show vanishing for Qg/ ® L,
where L is the descent of the polarization £. If j = 0, then H(Y,L) = H*(X,£)¢ which is
certainly O for ¢ > 0. Assume j > 1.

From Corollary 2.2.2, H'(Y,Q}, ® £) = H (%, AV Lx®L). This is zero for i # 0, j by Corollary
2.5.3. By Lemma 2.3.1, we need to show H’(F")¢ = 0, where F" is given by (2.3.1). That is, we

need to show that the map
(HO(X,Qx ® £) @ 9 1g")% 25 (HO(X, L) ® §7g¥)¢

is surjective for every j. Propositions 2.5.8 and 2.5.9 show this is true for j = 1 and j = 2. Now
we do induction on j. Let j > 3. Consider the short exact sequence from (2.5.2), giving rise to
the splitting S™g¥ = Va,, ® S™ 2g" for m > 2. We use (2.5.2) for m = j and m = j — 1. Take
its pullback to X x P(g) and tensor with the pullbacks of Qx ® £ and L, respectively. Then we
have a commutative diagram

0— (QX ®£) &Op(g)(] — 3) — (QX ®£) @OP(Q)(j — 1) — (QX ®£) |Z|OP1(2j — 2) — 0
1 \

0 —— LK Opgy(j —2) ————— LR Opg)(j) —————— LEOp (2j) —— 0.
The vertical maps are given by the section s € H°(X x P(g),Tx X g¥) defining the map

J

Qx — gY, as usual. Taking global sections we see that the map H%(X,Qx ® £) @ S7-1gV d—>
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H(X,L)® S7gV splits as

H(X,Qx ® L) ® Vaj_1) & HO(X,Qx ® L) ® S9-3g"

o e

HO(X,£)®V2]‘ S7] HO(X,£)®Sjizgv.
By induction hypothesis, the restriction tJG_2 of t;_o to invariant sections is surjective, while
the restriction t¢ is surjective by Corollary 2.5.12. As a consequence, tJG = (t9,¢C + tJC-iQ) is

surjective. This completes the proof. O

2.6 A note on Fano varieties

As mentioned in the beginning of the present Chapter, (non-toric) Fano varieties satisfying
Bott vanishing are particularly interesting. We have Ty = Q' ® Ky., so if Ky is ample and Y’
satisfies Bott vanishing, then H'(Y,Ty) must be zero, and Y must be rigid. In particular, Bott
vanishing holds for at most finitely many smooth complex Fano varieties in each dimension.

If Y = (P1)" ) PGLy is as in Theorem 2.1.1 and it is non-toric, then PicY is the G-ample
cone of (P1)™ (see the proof of Lemma 2.5.6) and Ky is the descent of Ky = Ox(-2,...,—2). If
Y is Fano, then by Lemma 2.5.6 it has to be the quotient (P!)" Jox@.....2) PGL2. Observe that
Ox(2,...,2) has no strictly semi-stable locus if and only if n is odd. In other words, Theorem
2.1.1 provides us with exactly one non-toric example of a Fano variety satisfying Bott vanishing
in each even dimension. In the case of dimension 2, this was the quintic del Pezzo surface.

An interesting non-example comes from a Fano threefold that contains the quintic del Pezzo
surface as a hyperplane section. Let M be the Fano threefold over C of index 2 and degree 5,
with Picard number 1. The canonical line bundle is Ky = Opr(—2), where Opy(1) is the ample
generator of the Picard group. M is a rigid Fano threefold, isomorphic to a linear section of the
Grassmannian Gr(2,5) C PY by a subspace P® C P?. The quintic del Pezzo surface V can be
realized as a divisor in the linear system |Ops(1)]. It can be computed that the Hodge numbers
of M are h%°(M) = h''1(M) = 1 and zero otherwise, in particular h!?(M) = 0. The description
of M can be found in [KPS18, §5.1] or [Muk88, §4].

This variety M does not satisfy Bott vanishing. Indeed, we claim that H'(M,Q2,(1)) has di-
mension at least 3. Observe that by Serre duality, this is the same as saying that H2(M, Qs (—1))
has dimension > 3. To show this, we follow a strategy similar to [JRO7, Lemma 1.2], using the

dualized tangent sequence

0—Oy(-1) = Qulyv = Qv =0 (2.6.1)
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and the ideal sequence tensored with 5,
0—)QM(—1)—>Q]\/[—>QA[‘V—>O. (262)

By the Kodaira-Akizuki-Nakano vanishing theorem [Laz04, Theorem 4.2.3], we know that
HY(M,Qp(—1)) = 0. Using the fact that h%0(M) = hb1(M) = 1, h12(M) = 0 and sequence

(2.6.2), we get an exact sequence
00— f[1<]\47 ij) — Hl(‘/, QM‘V) — H2(M,Q]\/[(—1)) — 0,

so h2(Qar(=1)) = R (Qar]v) — 1. Tt suffices to check that h'(Qasly) > 4.
Now take sequence (2.6.1) and observe Oy (—1) = Ky by adjunction. Since h?1(V) =

h12(V) =0, we get
0— H'(V,Qulv) = H (V.Qv) = H*(V,Ky) — H*(V,Qu|yv) — 0.
From the Hodge numbers of V, h1:1(V) =10 -5 =5, h?2(V) = 1, we see
P2 (Qulv) +5 = hH (Qulv) + 1.

In particular, h'(Qs]yv) > 4, proving the claim and the fact that M does not satisfy Bott

vanishing.

2.7 Further open questions

It is worth asking whether similar techniques can be applied to find vanishing results in
other spaces. The fact that we can recover a new proof for the toric case seems to be especially
encouraging.

A question that arises immediately is what can be said about GIT quotients of X = (P™)"
by the action of PGL,,+1. The main hurdle would occur when dealing with chain complexes of
invariant sections of the form H®(X,Ox(dy,...,d,)) ¢tm+1. Gelfand-MacPherson correspon-
dence is still valid, and these sections occur in the coordinate ring of a Grassmannian Gr(m+1,n),
but it is unclear a priori how to manage them, since here we cannot use the description of sly-
representations. In particular, we do not have the description of these sections as graphs. It
would be interesting to see what can be said in this and other similar cases.

Another interesting question is the following: If f : X — Y is a birational morphism of
smooth projective varieties and X satisfies Bott vanishing, is it true that Y satisfies Bott van-
ishing? In [HK99], Hu and Keel show that any such morphism can be realized as a variation of

GIT. It would be good to know if the methods used can be applied to study this question.
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The theory of windows [HL15, BFK19] does not only allow to compute cohomology spaces in
GIT quotients via quantization, but it provides a description of the whole derived category of
X /| G, and its relationships with the derived category of the quotient stack [X/G]. As we have
seen an application to toric varieties, it is worth asking whether something can be said about
the derived categories of other Mori Dream Spaces. As we know by Hu and Keel’s work [HK00],
a Mori Dream Space is the GIT quotient of the spectrum of its Cox ring. Halpern-Leistner’s
results can be applied to the GIT quotient of a singular variety X, provided that X satisfies
a technical condition. This condition is stated in terms of a Kempf-Ness stratification of the
unstable locus. Namely, given a one-parameter subgroup A, its fixed locus Z and the closed
immersion ¢ : Z < S into the corresponding Kempf-Ness stratum S, it is required that the
restriction of the relative cotangent complex o* L /X have non-negative weights with respect to
A (see [HL15, §2.1] for details). It would be relevant to determine which Mori Dream Spaces
have a Cox ring that satisfies this hypothesis, and then apply the theory of windows to study

those spaces.
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CHAPTER 3

MODULI OF BUNDLES ON A CURVE

3.1 Moduli of slope-stable rank-two bundles on a curve.

A vector bundle V over a smooth projective curve C is said to be slope-semistable (or just
semistable) is for every nontrivial vector sub-bundle W C V one has

degW < degV
kW — rkV °

The bundle is stable if the inequality is strict. For a given line bundle A, there is a moduli space
Mc (2, A) parametrizing semi-stable vector bundles on rank 2 on C' [Ses67]. If deg A is odd, this
is a smooth projective variety and it carries a universal family &, also called a Poincaré bundle

[Ram73, Definition 2.10], and its Picard group is isomorphic to Z [DN89].

Remark 3.1.1. The space Mc(2,A) only depends on the parity of deg A. Indeed, twisting V' by
a line bundle A’ produces a vector bundle V’ with determinant A ® (A’)2. We will be interested

in the case that A is of odd degree.

Fix a line bundle A of degree one. If C has genus g > 2, it is known that there is a fully faithful
functor from the derived category of C' to that of Mx(2,A). This embedding is achieved by the
Fourier-Mukai transform ®¢ associated to the Poincaré bundle £ on C' x M¢(2, A), normalized
so that © = ¢1(€]zxn) is an ample generator of Pic Mc(2,A). This result was proved by
Fonarev and Kuznetsov [FK18] in the case of a generic curve, and by Narasimhan [Nar17,Nar1§]
in the general case. Moreover, the blocks given by 9_17OMC(2’A),¢5(D[)(C)) constitute the
start of a semi-orthogonal decomposition. Narasimhan conjectured that D°(Mc(2,A)) has a

semi-orthogonal decomposition consisting of blocks of the form
D¥(pt), DP(pt), D"(C), DY(C),..., DHCW=2), DHCW=2), DHCW=Y)  (3.1.1)

where C() denotes the i-th symmetric power of C. In [Leel8], Lee proves a decomposition
of the motive of M (2,A) that is compatible with this conjecture. In [BM19], Belmans and
Mukhopadhyay find four terms that are the start of a semi-orthogonal decomposition of M (2, A)

for a curve of genus g > 0.
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3.2 Thaddeus’ spaces of bundles on a curve.

Let C be a smooth projective curve of genus at least 2 over C. In [Tha94], Thaddeus intro-
duces moduli spaces M, (A) that parametrize pairs (E, ¢), where E is a rank-two vector bundle
with determinant A, and ¢ € H°(FE) is a section, satisfying the following stability condition: for

every line subbundle L C FE, one must have

1
deg L SidegE—a if p € H(L),

deg L g%degEJra if o ¢ HO(L).

It can be shown that for a given line bundle A of degree d and ¢ € (0,d/2] the moduli space
M, (A) exists as a projective variety and, in the case there is no strictly semi-stable locus, it is
smooth and it carries a universal bundle F with a universal section ¢ : C' x M, (A) = F.

The moduli spaces M, (A) can be obtained as GIT quotients as follows. If d > 0, a bundle F
in a stable pair is generated by global sections, and we call y = H°(E) = d+2—2g. Then M, (A)
is a GIT quotient of U x PCX by SL,, where U C Quot is the locally closed subscheme of the
Grothendieck Quot scheme [Gro95] corresponding to locally free quotients OF — E inducing an
isomorphism s : CX = HY(E) and such that A2E = A. Such an isomorphism s : CX = H°(E)
induces a map A2CX — HY(A), and we get an inclusion U x PCX — PHom(A?CX, H°(A)) x PCX,
where a quotient s : OF — E on the left is sent to the induced map in the first coordinate. Then
M, (A) can be seen as the GIT quotient of a closed subset of PHom xPCX by SL,, where the
linearization is given by O(x + 20, 40). Here we write P Hom for P Hom(A2CX, H°(A)).

For arbitrary d, we pick any effective divisor D on C with deg D > 0, and M, (A) can be
seen as the closed subset of M, (A(2D)) consisting of pairs (F, ¢) such that ¢|p = 0. This way,
M,(A) a GIT quotient by SL,, with x' = d + 2 — 2g + 2deg D, now of the closed subset of

U’ x PCX determined by the condition that ¢ vanishes along D. [Tha94, §1].

Remark 3.2.1. Scalar matrices in SL, act trivially on U x PCX, so the action factors through
the quotient SL, — PGL,. If we replace O(x + 20, 40) by its x-th power, this bundle carries
a PGL,-linearization and M, (A) can also be written as a GIT quotient X / PGL,. For the
quotient stacks we will always use PGL,, instead of SL,, that is, X will denote [X/PGL,].
Thaddeus also describes how M, (A) varies with o. For fixed A, these spaces are all GIT
quotients of the same scheme, with different stability conditions. The GIT walls occur when
o €d/24+Z,and for 0 < i < w = [(d—1)/2] we have different GIT chambers with moduli
spaces My, M1, ..., M,, where M; = M,(A) for 0 € (max(0,d/2 —i—1),d/2 — ). These M;
are smooth projective rational varieties of dimension d + g — 2. Indeed, My = PH'(A7!) is a

projective space, M; is a blow-up of M, along a copy of C embedded by the complete linear
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system of we ® A, and the remaining ones are small modifications of Mj.

More precisely, for each 0 < i < w = [(d—1)/2] there are projective bundles PW," and PW,”
over the symmetric product C@, of (projective) ranks d + g — 2i — 2, i — 1, respectively, with
embeddings ]P’VV;r — M; and PW,” — M,_;, and such that IE”Wi+ parametrizes the pairs (E, ¢)

appearing in M; but not in M;_;, while PW,” parametrizes those appearing in M;_; but not in

M;. We have a diagram

M, M; M,
N v \M - \/ \M
! |

Mo N

(3.2.1)

where M; is both the blow-up of M;_; along PW,” and the blow-up of M; along PW;", N is
the moduli space of ordinary slope-semi-stable vector bundles and the map M,, — N is an
“Abel-Jacobi” map with fiber PH?(E) over a vector bundle E. If d > 2g — 1 this last map is
surjective, and if d = 2g — 1 then is a birational morphism (see [Tha94, §3] for details).

The Picard group of M; = Blg My is generated by a hyperplane section H in My = P3+9—2
and the exceptional divisor E;. Since the maps M; --+ M, are small birational modifications

for each ¢ > 1, there are natural isomorphisms Pic My = Pic M;, ¢ > 1.

Notation 3.2.2. For each m, n, O1(m,n) will denote the line bundle Oy, ((m+n)H —nkEy), and

O;(m,n) will denote the image of O1(m,n) under the isomorphism Pic M; = Pic M;.

Suppose d > 0. Then for o ¢ d/2 + Z the universal bundle F' on M; descends from F(1) on
U x PCX x C, where OX —» F is the universal quotient over U x C, and the universal section
¢ comes from the universal section of F(1). Let m : C x M; — M; be the projection. For
every i > 1, the line bundle det mF descends from O(0,x) on PHom xPCX. On M;, detmF
corresponds to Oy, ((9 —d —1)H + (d — g)E1). For x € C, call F, = F|z)xa- The line bundle
det F, = A%2F, does not depend on z, and it is the descent of O(1,2). On Mj, it corresponds to
Ou, (Ey — H) [Tha94, §5].

Definition 3.2.3. If V is a vector bundle over Y x T and 7 : Y x T' — T is the projection,
the determinant of cohomology of V' is defined as the line bundle detmV. It can be shown
that this definition extends to a morphism from the K-group, K(Y x T) — PicY, so that if
0—V' =V —= V"= 0is ashort exact sequence of sheaves, then det mV = det mV’' @ det m V"

[KM?76].

Notation 3.2.4. We will denote (71 := det mF = O;(—1,g9 — d), and Ay := A2F, = 0;(0,—1).
Also, call 0 := (? ® AY; = 0;(2,d — 2), where x = d + 2 — 2g (cf. [Narl7, Proposition 2.1]).
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3.2.1 Semi-orthogonal blocks on M;

As before, let Fy C M; be the exceptional locus of the blow-up M; — My along C C M.
By Orlov’s blow-up formula (Theorem 1.2.15), for any integer k we have a fully faithful functor
®,, : D*(C) — D®(M), corresponding to the Fourier-Mukai transform given by Oz(kE;), where
Z = C X¢ Ep. Observe this is supported precisely on the zero locus of the universal section
QNS : Ocxm, — F, and it is a local complete intersection. Indeed, pairs (E,¢) in IP’VVfL =E

consist of extensions
0—Oc(zx) > E— A(—2) =0

with the canonical section ¢ € H(C,O¢(z)) vanishing on € C [Tha94, §3.2], and in fact ¢
cannot have zeros outside this locus, since M7\ E; consists of extensions 0 - Oc - F = A — 0
together with a (constant) section ¢ € H°(C, O¢) [Tha94, §3.1]. Therefore we can write a Koszul

resolution

AFY 5 FY 2 Oy, | = 0. (3.2.2)

Now consider a different functor, determined by the universal bundle F' on C' x M7 and the

corresponding Fourier-Mukai transform ® = p.(¢*(-) ® F) : D*(C) — D*(My).
Proposition 3.2.5. The functor ®r is fully-faithful.
We need a few lemmas first.

Lemma 3.2.6. Suppose 0 < k <d+g—2 and 0 <1< d+g—4. Then H'(My,O01(—kH+1E,)) =

0Vi>0.
Proof. Consider the short exact sequence
0= Om, — Oy (E1) = Or(—1) =0, (3.2.3)

where Fq = IP’VVfr and 7 : Fy — C is the P"-bundle, r = d + g — 4. Op, (—kH) is T'-acyclic
provided 0 < k < d+ g — 2 = dimM;. Then twisting (3.2.3) by On, (—kH) and taking a
long exact sequence in cohomology gives T-acyclicity of Opr, (—kH + Ej) for such k. Similarly,
twisting by powers of Oy, (E1) and using induction, we get that RI'(Ony, (—kH 4+ IE)) = 0 as

well, since O, (—1) is T-acyclic for 0 <1 < d+ g — 4. O

Lemma 3.2.7. RT'(A}}) =0.

lwo®A|

Proof. Recall Ay} = Oy, (H — Ey). Since the embedding ¢ ——— M, = P393 is given by

a complete linear system [Tha94, §3.4], the image of C is not contained in any hyperplane and
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thus H°(M;, O, (H — Ep)) = 0. Now use the exact sequence
0— O, (H — Ey) = Op,(H) = Op,(H) — 0. (3.2.4)

Observe that H'(M;,Op, (H)) = H(C,wc ® A), because C' — M is given by |wc ® A|. Since
degwe ® A > degwe, we have H'(C,we ® A) = 0. On the other hand, H°(My, Oy, (H)) =
C4*9=1 and H>°(My,Oypr, (H)) = 0. Taking a long exact sequence in cohomology from (3.2.4)

we get
0 — H(M;,Op, (H)) — H(C,we @ A) — HY (M, Ay} ) =0 (3.2.5)

and H'(M;,Ay}) = 0 for i # 1. Now by Riemann-Roch H°(C,we ® A) = C*971 50 the first

map in (3.2.5) is an isomorphism and H' (M, AJT/Il) = 0, proving the lemma. O

Lemma 3.2.8. Let z € C. Then RU'(F)) =0, while RT(F,) = C, with H°(My, F,) = C given

by restriction of the universal section (5 :Ocxmy, = F tox x M.

Proof. Consider the resolution (3.2.2) and restrict to x x M; to get
[Ayf = FY = Oum,] = Opr (3.2.6)

where P7 is the fiber over z € C C M, along the blow-up = : M; — M,. We twist by

AM = OMl(El — H) to get
OMl i) F, — Ay = O]p;(—l), (327)

using the facts that F ® Ay, = F, and that Oy, (H) restricts trivially to the fiber Opr.
Since the right hand side is I'-acyclic we see that, applying RI" or, equivalently, taking a long
exact sequence in cohomology, yields H°(My, F,) = C, H>°(M;,F,) = 0. In other words,
RI'(F,) = C. Further, the isomorphism H®(Mj, Oyy,) i) HO(M,, F,) from (3.2.7) is provided
precisely by the universal section.

To show that RT'(F)) = 0, we apply RT to (3.2.6). We know that RT'(Op,) = RI(Opr) =
C, while RT'(A;/) = 0 by Lemma 3.2.7. Then the claim will be proved if we show that
HO(My,FY) = 0, as this would also imply that H'(M;,F)) = 0. Any global section s &
H°(Mjy, F)), composed with FY — Oy, gives a constant section Oy, — Oy, vanishing along
the locus Z, hence identically 0. But then by exactness of 0 — AIT/II — FY — Oy, the section
s : Op, — F)Y must lift to a section Oy, — Ay}, But Ay has no global sections, again by

Lemma 3.2.7. O

Proof of Proposition 3.2.5. By Bondal-Orlov’s criterion (Theorem 1.2.14), in order to show fully

faithfulness of @ we only need to consider the sheaves ®r(O,) = F, for closed points = € C.
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On the other hand, consider the functor ®; from Theorem 1.2.15. Observe that the Fourier-
Mukai kernel of ®; is Oz(E), so we can compute ®1(0,) = o, (g,)(O-) for a point x € C by
restricting (3.2.2) to x x M; and twisting by Opy, (E1). As before, let P7 denote the fiber over
x € C C My along the blow-up. The fact that Oy, (H) restricts trivially to this fiber implies

that both Ay and Oy, (E4) restrict to Opr (—1) there and we get

q)OZ(El)(OI) = [OMl — Fp — AM]

= OPQ(_1)7

as in (3.2.7).

Since we already know that ®; is fully faithful, we have

0 ife#y

Hompo(ar,) (21(02), @1(Oy)[i]) =0 ifz=yand k£0,1 (3.2.8)
C ifr=yand k=0,1.

But RHom ps(pr,)(P1(0x), 1(0y)) = RT0 R 222 (91(0,), ®1(0,)) can also be obtained as fol-
lows: take R #2s.(®1(0,), ®1(0y)) = ®1(0,)Y @ ®1(0,) as an inner tensor product obtained

from the double complex
OMl e Fg;/ QA —— Ay

1 ! [

A @F, — FY®@F, —— F, (3.2.9)
AI\_/Il Fa;/ O,

which produces the total complex
Ay = F) @ F) - 05 & (F) ®F,) = F, ® F, & Ay ] =2 ®1(0,)" @" ©1(0,), (3.2.10)

again using F, 2 FY @ Ap.

The hypercohomology RI of (3.2.10) can be computed taking a spectral sequence, by applying
RT to each individual term. On the other hand, we know that RI" of this complex is given by
(3.2.8). We will combine these to show that

Y 0 ifx#y
RI(F, ® Fy) =

CaoC[-1] ifz=uy.

By Lemma 3.2.6, RT'(Aj;) = 0, and by Lemma 3.2.7 RT'(A;;) = 0. Also, Lemma 3.2.8

computes hypercohomology of both F}, and FY. Summing up, applying RT" to (3.2.10) yields a
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spectral sequence E5? of the form

0— 00— HY(FY ® F,) 0 0

0—0—> H(Op,)®? ® HY(F) ® F,) — H(F,) ® HO(Fy) — 0,
where the map HY(M, Oy, )®2 — HO (M, F,)® HO(My, F) is the isomorphism C? = C? given
by the universal section in each coordinate, by Lemma 3.2.8. Since this spectral sequence must
converge to (3.2.8), we must have that, if z # y, H'(M;, Fy ® F,) = 0 Vi, while H*(M;, F) ®
F,) = HY(M,FY @ F,) = C and H(M;,F) ® F,) = 0 for i # 0,1. This completes the

proof. O

Let us denote by D the essential image of ® in D(M;). By Proposition 3.2.5, D = D*(C)
is an admissible subcategory of D°(My) (cf. §1.2.1), and the same will be true for the image of
® gy (1), where L is any line bundle on Mj, since this image is just D @ L. Also, the fact that
M, is a rational variety ensures that H*(My, Oy, ) = 0 for i # 0, so that every line bundle on
M is an exceptional object. Moreover, if g > 3 we can use these to find a sequence of blocks

Db (pt), D*(C), D*(pt), D*(C) that are part of a semi-orthogonal decomposition.

Proposition 3.2.9. Suppose d =2g—1 and g > 3 and call D = ®x(D*(C)). Then the sequence
9_17 D®C®9_17 OMI? D®<
is part of a semi-orthogonal decomposition of D®(My).

Proof. All these are admissible subcategories by Proposition 3.2.5 and by the fact that line
bundles are exceptional objects on M;. Here by abuse of notation we write L for the full
triangulated subcategory (L). Since skyscraper sheaves O, € D?(C) of closed points are a
spanning class of D?(C) [Huy06, Proposition 3.17], by Lemma 1.2.8 all we need to check is that

the sequence of bundles
0, F,o(®07 ", O, Fy®(

is semi-orthogonal for every two closed points x,y € C, that is, that there are no Ext groups
from right to left. Using R Hom = RI o R 2+, this is equivalent to showing that the following

objects are I'-acyclic:
(2) FY @

b) F,e¢®67!
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(c) 67
d) Fy o teo!
(e) Fy ® F,® 07!
(f) Fy ¢
Recall the definitions of Az, ¢ and 6 (see Notation 3.2.4). When d = 2g — 1, we have
Ay = OMI(*H + El)
¢ =Om(gH — (9 - 1)EL)
0= CQ ® A]\/[ = OMl((Qg - 1)H - (2g - 3)E1)
We also see that 071 @A, @C¢™ = On, (—(3g—2)H + (39— 5)E1) = war, , the canonical bundle.
Thus, by Serre duality, I-acyclicity of (d) F/ ®(¢t®07 " is equivalent to that of F, ® A} = E)/,
and that was established in Lemma 3.2.8. Observe also that (f) is redundant with (a), which is
in turn equivalent to (b), simply because FY ® (7! = F, ® AJT/Il RCrT=F(0 L.
Therefore, it remains to prove that (a) Fy @™, (c) 671 and (e) F @ F, @9~ are I'-acyclic.
That RI'(6~1) = 0 follows from Lemma 3.2.6, since 0 < 2g—1<3g—3and 0<29—-3<3g—5

whenever g > 2. For the remaining ones, we use the Koszul resolution (3.2.2) and its restriction
to & x M;. Twisting by (', we get
Ar, @2 FY @ = (7 5 O (1—g),

where r = d+ g — 4 = 3g — 5. The right hand side is I'-acyclic, since g — 1 < 3g — 5 provided
g > 3. On the other hand, we see that Ay; ® (71 = Oy, (—(9 + 1)H + gEy) is T-acyclic by
Lemma 3.2.6, because g > 3 ensures that both 0 < g+1 < 3¢g—3 and 0 < g < 3g— 5. Similarly,
we obtain that (=1 = Oy, (—gH + (g — 1)Ey) is also T'-acyclic, and therefore we conclude that
RU(FY ® (") =0.

Finally, to show that RT'(F) @ F, ® 6~') = 0 for any two points z,y € C, we use the

resolutions
Ay = FY = O] = Opr
[971 — Fy X 0=t — Ay ® 971] = O[P;(2 — 29),

both of which follow from (3.2.2). The (derived) tensor product Opr @ Op; (2 — 2g) can then

be computed as the total complex of

! F, 00— Ay @6}

I 1 l

FY@0 ' —F/oF,e0 ' — F,®0! (3.2.11)

I f I

Ay @07 —— F/ @0 ——— 07",
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All the terms in (3.2.11) other than F)Y ® F,, ®9~! can be proved to be I-acyclic. For instance, we
already know that RT'(§~") = 0, while Ay ® 07 = Opy, (—2gH 4 (29 — 2)Fy) and Ay} @ 07! =
Owm, (2 —2gH + (29 — 4)Eq) can easily be seen to be I'-acyclic from Lemma 3.2.6, given g > 3.
[-acyclicity of F)Y @ 0~ is, by Serre duality, equivalent to [-acyclicity of (a) F) ® (!, which

has already been proved. And from
[9_1 - F,® 9_1 — AM ® 9_1] = OP; (2 — 2g)

we obtain RT'(F, ® 6~1) = 0, since g > 3 implies 2g — 2 < 3g — 5 and so RI'(Opr (2 — 2g)) = 0.

From this analysis we conclude that RI'(FY ® F, ® 67') = RI'(Opr @ Op; (2 — 29)), so
the proposition will be proved if we show the right hand side is zero. If x # y, then Op; and
Op; (2—2g) have disjoint supports, so the corresponding tensor product is zero. If z = y, observe
that, since Opr = [Ay} — F) — Oy, ], the (derived) dual O, is isomorphic to the (shifted)

complex Op, — Fp — Ay concentrated in degrees 0, 1 and 2. Then
Op, ® A3/ 2] = Opy
and

Opr @ Opr (2 — 29) = RHom(Opr, Op: (2 — 29) ® Ay} [2])

= RHom(Op:, Op: (3 — 29))[2].

But RHom(Opr, Opr (3 — 2g)) = RI'pr(Opr(3 —2g)) = 0 as long as 0 < 2g — 3 < r = 3g — 5,

which is true in our case. This completes the proof. O

3.2.2 Wall-crossing between the spaces M;

Consider the diagram (3.2.1). The wall between two consecutive chambers M;_; and M;
occurs at 0 = d/2 —i. The birational transformation M;_; --+ M; is an isomorphism outside of
the loci PW,” C M;_q, IP’WZ-Jr C M;, where W~ and W." are vector bundles over the symmetric

K2 K2

product C® of rank i and d 4+ g — 1 — 2i, respectively. We have a diagram
M

.

M; 1 =M. M, =M,
\M —

where M is both the blow-up of M, = M;_; along PW,  and the blow-up of M,_ = M;
along IPW;'. M, is a singular space, obtained from the contraction to C'*) of the exceptional

locus PW,;™ x ) PW;™ C M.



When d > 0, My4.(A) and M,(A) are obtained as a GIT quotient of U x PCX, with
x = d+2—2g. If we call L1 the corresponding linearizations, we can write My1.(A) as
GIT quotients of X C U x PCX, where X is the union of the three semi-stable loci, so that
X = X°5(Ly) UX®(Lo) U X5%%(Ly) and X*%%(Ly) = X“(L4) N X“(L-). For L there is no
strictly semi-stable locus and in fact PGL, acts freely on the semi-stable locus [Tha94, §1.6], so
X** )/ c, SLy is isomorphic to the quotient stack X°*(Ly) (cf. Remark 3.2.1). If d is arbitrary,
one can fix an effective divisor D on C of large degree so that these spaces are GIT quotients of
a closed subset X of U’ x PCX , X =d+2—2g+ 2deg D, determined by the condition that in
the pair (E’, ¢') the section ¢’ vanishes along D, and a similar analysis can be done.

Using techniques from windows, and especially Theorem 1.5.1, we can obtain the following

result (cf. [Pot16, Corollary 8.1]).

Proposition 3.2.10. Let 0 = d/2 —i. For 1 < i < (d+ g — 1)/3, there is an embedding
D*(M;_y) < D®(M;). Fori > (d+ g —1)/3, there is an embedding the other way, D°(M;) —
DY(M;_1). Moreover, when 1 < i < (d+ g — 1)/3 there is a semi-orthogonal decomposition

DY(M;) = (D*(M;_1), DY(CD), ..., D*(C™)), with d+ g — 3i — 1 copies of D*(C'").

Proof. Take an effective divisor D of large degree, so that M, — M/ := M,(A(2D)), where M/,
is a GIT quotient of X' C U’ x IP’(CX/, X =d+2—2g+2deg D, as in the discussion above. Then
write M, as a GIT quotient of X C X’ by SL, with strictly semi-stable locus Z corresponding
to pairs (E', ¢'), where E’ splits as B/ = L'@M’, with deg L’ = i+deg D, deg M’ = d—i+deg D,
and ¢ € H°(L') vanishes along D. The map Oé/ — FE' is given by a block-diagonal matrix
(0% — L)@ (O — M").

We can write M;_1 = M,1.(A) = X//£+ SLy and M; = My_(A) = X J/, SL,,. Note
that both [X/PGL,/] and [X'/PGL,| are smooth quotient stacks of dimension d + g — 2 and
d+ g — 2+ 2deg D [Tha94], and thus X and X’ are both smooth. Since X C X' is cut out by
the 2deg D conditions imposed by the vanishing of a section along D, then it is a local complete
intersection. Also, M4, is isomorphic to the quotient stack [X*°(L1)/PGL,/| because PGL,,
has no stabilizers on X**(L).

The KN stratification of the unstable locus with respect to £+ has a unique stratum S,
consisting of the vector bundle Wii over Z. The stabilizer of Z is A = G,,,, acting on L' & M’
by (t°,t=%), where a = h%(L'), b = h°(M’), and one can show that the A\-weights of Ngf/x,
are all £(a +b) = £x’ or 0 (see [Pot16, §7]). Then the weights of N,y are all £y and
n+ = weight, , N, /x is just the codimension of S+ C X.

Since Sy is the bundle W on Z, we have codim(Sy C X) =rkW,T, so that ny = ix’ and

7

- = (d+9g—1—2¢)x" and then weight, wx|z =n- —n4y = (d+g—1—-3i)x’. By Theorem 1.5.1,
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and since M, 1, = X**(Ly), we get a window embedding D*(M,.) C D*(M,_.) if ny < n_
and the other way around if n, > n_.

w

Moreover, if G} = D*(M,..) is a window, determined by the range of weights [w,w +ny) C

[w,w +n_), then Theorem 1.4.6 and (1.4.1) give semi-orthogonal blocks D’(3),, so that
DY(M,_o) = (G, D"(3)uw, -, DP(3)wsp—1)s (3.2.12)

where = n_ —ny. In our case, 3 = [Z/L], where L is the Levi subgroup, i.e. the centralizer

of A in PGL,-, acting on Z. We have a short exact sequence of groups
1—-+G,, > L— PGL, x PGLy — 1

with G,, = X\ acting on Z trivially and [Z/PGL, x PGLy] = C®. Then 3 = [C?)/G,,],
with the trivial action of Gy, and D*(3) = D& (C), so the blocks in (3.2.12) are given by

the fully faithful images of j.(7*(-) ® Ox(1)) : D*(C®) — D¥(M;) for | € [w,w + p), where

T PWE — C% is the projection and j : PW," — M; the inclusion (cf. Example 1.5.2). O
Corollary 3.2.11. Ifd =2g — 1, then D*(M;_1) C D?(M;) for every 1 <i < g— 1.
Proof. Indeed, for 1 <i < g — 1, the inequality i < (3g — 2)/3 always holds. O

Now suppose d = 2g — 1 and take the four semi-orthogonal blocks from Proposition 3.2.9.
Using Theorem 1.4.1 we can get semi-orthogonal blocks in all of the spaces M;. For the next

lemma, we take o = d/2 — i and write M;_1, M, as GIT quotients X //Lj: SL,:, as above. Let

X'
F' denote the universal bundle on each M;, and let Ay, ¢ and 6 be defined on each M; as in

Notation 3.2.4.

Lemma 3.2.12. The objects of the form F,, Ay, ¢, 0 on both M;_1 and M; are the descent of

objects Fy, Ay, 5, 6 on DP(X) such that, up to rescaling by a constant, have \-weights
(a) weighty Fy|, =0, -1
(b) weighty Ay|z = —1
(c) weight, (|7 = g —i
(d) weight, 0] =29 — 2i — 1,
and the windows have widths ny =1 and n_— =39 — 2 — 2i.

Proof. Let 0 = d/2 — i and embed 2 : M,(A) — M. = M,(A(2D)) for an effective divisor D,
degD > 0. M., = M,(A(2D)) are GIT quotients of X’ by SL, and the universal bundle F’

on M/ .. is the descent of F/(1) on C x X' C C x U’ x PCX’, where F' is the universal family
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on C x U’ [Tha94, §1.20]. The o-strictly semi-stable locus Z’ C X’ corresponds to split bundles
L' & M’ together with a section ¢/ € H°(L'), and the action of SL,, on H°(E’) is given by
(t*,t~%), where a = h°(L'), b= h%(M') and a + b= h°(L' & M') = x'.

Let us compute the Ad-weights of F.(1) on Z’, for a point « € C. The fiber of F, over L' & M’
is L, @ M/, which is acted on with weights b in the first component and —a in the second. Since
the A-weight of Op.v (1) over the section (¢,0) is —b, we get that the weights of F, (1) are 0
and —a — b= —y.

The bundle det m F’ descends from detmF'(1). On the fiber of mF’ over L' @ M’', X\ acts
on HY(L') & H°(M') with weights b and —a, with multiplicities h°(L') = a and h°(M’) = b,
respectively. Taking tensor product with Opq, (1) shifts each weight by —b, and then taking
determinant we get weight, det mF'(1)|z» =0-a+ (—a—b) - b= —bx'.

For det F),, which is the descent of det F, (1), we see that A acts with weights b, —a on L, & M,
and then shifting by —b and taking determinant we get weight, det . (1)|z: = —a — b= —)/.

Now for the universal bundle F' over M,1.(A), we have the following short exact sequence

[Tha94, Remark 1.19]
0= F = F =" Flpxm,.. —0.

From this we see that Ay = det F, = det F, is the descent of an object with A-weight equal
to —x'. Also, since det mF'|pxn,,. = det @, cp Fi = (det F,)4E D we get (71 = detmF =
det m F’ ® (det F)~ 48D (cf. Definition 3.2.3) is the descent of an object with A-weight equal
to —bx’ + deg Dx’. Recall deg L’ = i + deg D, deg M’ = d — i + deg D, so by Riemann-Roch
b=h'(M') =29 —1—1i+degD +1— g and the weight is x'(deg D — b) = X'(i — g). As for
0 = (2 ® Ay, the weights must be (2(g — i) — 1)x’ = (2i — 29 + 1)x'.

Summing up, the bundles F,., Ay, ¢, 6 on My are the descent of SL,s-equivariant bundles

F,, Ay, ¢, 6 on X having weights that, rescaling everything by 1 /X', are precisely
(a) weighty, Fy|z =0, -1
(b) weighty Ay|z = —1
(c) weighty |z =g —i
(d) weight, 0|z = 29 — 2i — 1.

After rescaling by the same constant, the windows have widths n; =14 and n_- = 3¢9 — 2 — 24, as

computed before. O
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Proposition 3.2.13. Letd=2g9g—1and g>3. Fori=1,...,9 — 1, the sequence
0!, op(D(C) @C® 07, On,, Pr(DY(C)) @¢
is the start of a semi-orthogonal decomposition of D®(M;).

Proof. By Proposition 3.2.9 we know this is true on My, so we will transfer these blocks across
the walls using the windows. Recall that Corollary 3.2.11 provides fully faithful functors from
D*(My) all the way into D*(M,_1).
If A, B are objects in X, descending to both M, 1. and with A = A -weights such that
—n_ < weight, B|z — weighty A|z < n4 (3.2.13)
then Theorem 1.4.1 implies that
A, B) = RHomx (A, B) = RHomy,,__(A, B).

RHomyy, ., (

Indeed, the first equality follows directly from the Quantization Theorem applied on M, ., while

the second is the same theorem applied on M, _., following the fact that
weight, B|z — weight, A|z; = —(weight, B|z — weight, A|z).

Fully faithfulness of ® then follows from the fact that, between objects of the form F,, the
difference in weights, as given by Lemma 3.2.12, are in [0, 1], which is always both < n; =i and

> —n_ =2+42i—3¢g for 2 <¢ < g—1. This way we get that
RHomy, (Fy, Fy) = RHomg (Fy, Fy)) = RHompy, (Fy, Fy),

so by Theorem 1.2.14 and fully faithfullness on Mj, which was proved in Proposition 3.2.5, we
obtain fully faithfullness of ®» on My and similarly, by induction, ®x : D*(C) — D°(M;) is fully
faithful for every i. In particular, its image is an admissible subcategory, equivalent to D°(C).

Now similarly, the objects objects of the form
(a) 671
(b) F, @C@6™!
(c) O,
(d) Fy®(¢
descend from objects in X having the following weights

(a) 2i—2g+1

61



(d) g—i,g—i—1,

given by Lemma 3.2.12. Within each block the difference in weights is always within [0, 1], so it
always fits in a window for both M;_; and M;, and we can transfer fully faithful images of these
blocks from Mj to M and in general between M;_1 and M;. Now, to see that these blocks remain
semi-orthogonal when we cross from one chamber to the next, we use Quantization Theorem
again. Recall that semi-orthogonality can be checked on closed points only (see Lemma 1.2.8 and
[Huy06, Proposition 3.17]), so it suffices to verify that, when taking morphisms from bottom
to top between the objects above, all the differences in the \-weights satisfy the inequalities
(3.2.13).

These differences are computed to be the numbers

(a) i—g

(b) i—g+1
(¢) 2i—2g+1
(d) 3i—3g+1
(€) 3i— 3¢ +2
(f) 2i — 2g
(g) 2i—2g+2

and it is easy to check that they are all > 2¢ 4+ 2 — 3¢ and < ¢ whenever 2 < ¢ < g — 1. Indeed,
(a) i — g < i trivially.
(b) i —g+1<i trivially.
(¢) 26 — 29+ 1 < i is equivalent to i < 2g — 1, which is true for i < g — 1.
(d) 3i —3g+ 1 < i is equivalent to 2 < 3g — 1, which is true for i < g — 1.
(e) 3i —3g+ 2 < iis equivalent to 2i < 3g — 2, which is true for i < g — 1.
(f) 2i — 2g < i is equivalent to i < 2g, which is true for i < g — 1.

(g) 2i —2g+2 < iis equivalent to i < 2(g — 1), which is true for i < g — 1,
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and
(a) i —g > 2i+2— 3g is equivalent to i < 2(g — 1), which is true for i < g — 1.
(b) i —g+ 1> 2i+2— 3¢ is equivalent to i < 2¢g — 1, which is true for i < g — 1.
(¢) 26 — 29+ 1> 2i+ 2 — 3¢ trivially, as g > 0.
(d) 3i —3g+1>2i+2—3g is equivalent to i > 1.
(e) 3i —3g+ 2> 2i+2— 3¢ is equivalent to i > 0.
(f) 2i —2g > 2i + 2 — 3g is equivalent to g > 2.
(g) 20 —2g+2 > 2i+2—3g is equivalent to g > 0.

In conclusion, using induction we get that these four blocks are admissible subcategories and

define a semi-orthogonal sequence on every M;. O

Call £ : My_1 — N the last map in (3.2.1), where N = M¢(2,A) is the space of stable
rank-two vector bundles on a curve with determinant A, and deg A = 2g — 1. The Picard group
of N is generated by an ample line bundle 6, such that £*6 = 6 [Tha94, §5.8, 5.9]. Let & be
the universal bundle on C' x N, normalized so that det m& = Ox and det £, = Oy (cf. [Narl7]).

Then we have the following corollary.

Corollary 3.2.14. Let £ be the Poincaré bundle on the moduli space N = Ma(2,A) over a

curve of genus > 3, normalized as above. Then the sequence
07!, o(D"(C)) @ O, O, D(D*(C))
is the start of a semi-orthogonal decomposition.

Proof. Observe that £* is fully faithful. Indeed, since £ is a projective birational morphism
with N normal, we have £,(On,_,) = On [Tha94, Lemma 5.12] and then by adjointness
Hompo(ny,_,)(§*A,€*B) = Homps(n)(A, 86 B) = Hompy(n)(A, B). The pullback £*(€) is
a family of vector bundles on C' x M,_1 whose fiber over each point x x (E,¢) € C' x My_; is
exactly the fiber E,. Thus, it has to coincide with the universal bundle F' up to twist by a line
bundle on M,_1, so that £*£ = F ® L. Then £*det &, = Aj ® L?, which by the normalization
chosen it must equal £*0y = 6, so L = (. This shows that £*(£) = F ® ¢, and the result then

follows from Proposition 3.2.13. O

Remark 3.2.15. If g = 2, My_1 = M; and a similar argument still gives a sequence of three semi-
orthogonal blocks in N. In fact, it can be shown that this is a full semi-orthogonal decomposition

[BO95, Theorem 2.9], but our approach does not address fullness.

63



3.3 Moduli of parabolic bundles on P!'.

Definition 3.3.1. A rank 2 quasi-parabolic vector bundle on (P!;py,...,p,) is the data of a
vector bundle V' and a one-dimensional subspace F} of each of the fibers V; over p;. A parabolic
vector bundle has the additional data of weights a;2 > a;1 > 0 on each of these points. We

may assume a;jo + a;1 = 1 [Bau9l].

A quasi-parabolic bundle is equivalent to giving a subsheaf V' C V that is also locally free
of rank 2 and with det V' =det V ® O¢(—p1 — - -+ — pn). In fact, given (V, Fy, ..., F,), one can

define

n

0= V' 5V 2% PW,/F) 0, -0

7j=1
and we have Fj = im 3, [Casl5].
For a line subbundle L C V', call L’ = LNV"’. A parabolic structure on L is given by attaching

weights

a1 if Ly, # Fj
;.2 if ij = Fj.

The parabolic degree of a parabolic vector bundle is defined in such a way that, if V! C V is a

rank two parabolic vector bundle and L’ C L a line subbundle, we have

Pardeg(V' C V) =degV + Z(aj,l +aj2)

Pardeg(L' C L) =deg L+ Y ;.

Definition 3.3.2. V/ C V is stable if for every line subbundle L C V we have Pardeg(L’ C

L) < i Pardeg(V' C V).

Parabolic vector bundles were introduced by Mehta and Seshadri [MS80, Ses77], in order to
generalize to curves with cusps the Narasimhan-Seshadri correspondence between stable vector
bundles on smooth projective curves and unitary representations of their fundamental groups
[NS65]. By a result of Mehta and Seshadri [MS80] and subsequent work by Bauer [Bau91], for
any set of weights o = {¢; } there is a moduli space N, of parabolic bundles of rank 2 over with
trivial determinant that are semi-stable with respect to those weights, and it has the structure
of a normal projective variety. The open subvariety of stable bundles is smooth. When C = P!,
these spaces have been extensively studied and well described. In the case that the weights are

all (0,1/2) and n is odd, we have the following description by Casagrande.
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Theorem 3.3.3. [Casl5| Let C = P! and fix weights aj; = 0, aj2 = 1/2, with n = 2g + 1.

Then N, is the intersection of two quadrics Q1 N Qo C P29, where

Q={>a=0}, Q={Y =0}
and pj = (A; : 1).

An interesting problem is to study the derived categories of NV, in the case where C' = P!
and understand how these vary when we change the weight system. The spaces N, for different
sets of weights are related to each other by GIT wall-crossing, as described by Bauer [Bau91]. It
worth asking whether one can carry out computations analogous to those in §3.2.2, by embedding
these spaces in a quotient stack X and analyzing what happens under wall-crossing. For instance,
if all &; = 1/2, then N, is Fano, and the minimal model program can be carried out by flipping
some P*’s in every step. When running the anti-canonical minimal model program and we move
toward the Fano model, perhaps one can find consecutive embeddings of the derived categories,
with orthogonal complements analogous to those in Proposition 3.2.10. If one wants to find
a semi-orthogonal decomposition similar to (3.1.1), a possible candidate would be a weighted
projective line C(), d), as defined by Geigle and Lenzing in [GL87], which can be roughly thought
of as a projective line with n marked points and weights attached to them. Variation of the

stability conditions could possibly correspond to variation of the parameters d in C(p, d).
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