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Competitive exclusion

1. Introduction

There are many examples of simultaneous infection of hosts with multiple strains or serotypes of the
same agent, such as coinfection of different influenza virus strains (Greenbaum et al. [1]), different human
papilloma virus strains (Chaturvedi et al. [2], and different dengue virus serotypes (Ferguson et al. [3]).
It is very key to study the dynamics of coinfection since antimicrobials, which can be used to treat one
infection, may affect the others. Various mathematical models have been proposed to study the dynamics
of coinfection of multiple strains (Bremermann and Thieme [4], Martcheva [5]), in particular of two strains
(Alizon [6], Allen et al. [7], Blyuss and Kyrychko [8], Gao et al. [9]).
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With the purpose of understanding the influence of spatial heterogeneity of environment and spatial
movement to the geographic spread of infectious diseases, reaction—diffusion equations have been frequently
used. These studies mainly focus on the existence, uniqueness, the asymptotic profile of the steady states,
existence and asymptotic spreading speed of traveling waves, and so on. We refer to the monograph of
Murray [10], the surveys of Fitzgibbon and Langlais [11] and Ruan and Wu [12], Wang et al. [13] and the
references cited therein for related results and references.

To incorporate diffusion and spatial heterogeneity explicitly, Tuncer and Martcheva [14] considered the
following two-strain diffusive SIS epidemic model with space-dependent transmission parameters

55 = dsAS — g R
+y1(2) 1 (2, t) + o () 2(x,t), x € 2, >0,

z)S(x, x,
S =d AL + 7 ENED oy ()L (2,t), 2 € R, >0,

DI = dy Al + 5 2BEIRED o () (2,t), €2, >0

(1.1)

under the non-flux boundary conditions

%S:%h:%hzo, xe€dN, t>0. (1.2)
They firstly defined the basic reproduction number for each strain by Rj(i = 1,2) and introduced the
invasion numbers of the two strains ]%(z = 1,2), respectively. Then they showed that the disease-free
equilibrium (DFE) is globally stable if Ry := max{R}, R3} < 1 and conversely unstable if Ry > 1. They
also showed that if both R} > 1 and R2 > 1 hold, then there is a coexistence steady state. Finally,
they investigated various competition exclusion scenario between the two strains and the stability of the
coexistence equilibrium by numerical investigations.

Ackleh et al. [15] considered the threshold dynamics of (1.1)—(1.2) with a bilinear disease transmission
term. They took into account the following two cases: (a) all coefficients are spatially homogeneous. In this
case they showed that the DFE is globally attractive if Ry < 1, and one strain may outcompete the other
one and cause it to extinction if Ry > 1; (b) all coefficients are spatially inhomogeneous and the diffusion
rates are equal; namely, dg = di = d; = d. In this situation, both competitive exclusion and coexistence
may occur. Further studies of model (1.1)—(1.2) can be found in Wu et al. [16], who studied, among other
things, what characteristics of the model imply coexistence, and the model exhibits competitive exclusion
under what conditions.

As reported by Altizer et al. [17], host—pathogen interactions can be affected by the seasonality, for
example, contact rates, host social behavior, host immune response, and host births and deaths. Thus,
it is crucial to introduce temporal heterogeneity into epidemic models, which can be described by non-
autonomous evolution equations. Peng and Zhao [18] established the spatial dynamics of a time-periodic
SIS epidemic model with diffusion in terms of the basic reproduction number and showed that temporal
periodicity and spatial heterogeneity can strengthen the persistence of the infectious disease. Wang et al. [19]
took into account the dynamics of an almost periodic SIS epidemic model with diffusion. Their results
emphasized that due to the interaction of temporal almost periodicity and spatial heterogeneity, the
persistence of the disease may be strengthened.

Latent period refers to the period between the moment of being infected and the moment of becoming
infectious. Many infectious diseases have a latent period (such as chicken pox, cholera, measles, influenza
etc.); that is, other susceptible individuals are not infected by the infected ones until some time later. How
the latent period of an infectious disease affects the transmission dynamics of the disease, in particular the
spatial spread of the disease, is a challenging and very interesting problem. There are many papers focusing
on reaction—diffusion epidemic models with fixed latent period, see Bai et al. [20], Guo et al. [21], Li and
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Zou [22], Liang et al. [23,24], Lou and Zhao [25], Wang and Zhao [26], Zhang and Wang [27,28], Zhang
et al. [29], Zhao et al. [30,31], Zhao et al. [32], Zhao et al. [33] and the references therein.

In the paper, we incorporate the demographic structure, spatial diffusion, temporal heterogeneity and
latent period into system (1.1)—(1.2) and then study the threshold dynamics of the generalized model. In
Section 2, we propose a time-periodic two-strain SIS epidemic model with diffusion and latent period (2.5).
In Section 3, we consider the threshold dynamics of (2.5); namely, if the basic reproduction number of the ith
strain R} is less than or equal to 1 for i = 1,2, then the disease-free periodic solution is globally attractive;
if Ry > 1> R% (i # 7,4, = 1,2), then competitive exclusion, where the jth strain dies out and the ith
strain persists, is a possible outcome; and if szg > 1(i = 1,2), then the disease is uniformly persistent. In
Section 4, we give the basic framework of threshold dynamics of the system by numerical simulations, in
which all coefficients are only dependent upon the time variable ¢ (time-periodic). At last, a brief discussion
is given.

2. Model formulation

Assume that the pathogenic microorganism and its genetic variant or subtype spread in one population,
which leads to two different infectious classes. Assume that the population lives in a bounded domain {2 € R™
and the boundary 9f2 is smooth. One supposes that a susceptible individual can be infected by only one
virus strain and a recovered individual does not have immunity and can be infected again. Moreover, the
two different infectious classes consist of two different latent groups and two different infective groups,
respectively. Thus, we divide the population into five compartments: the susceptible group S(z,t), two latent
groups L;(x,t)(i = 1,2), and two infective groups I;(z,t)(i = 1,2), where x is the position and ¢ represents
the time.

Denote the densities of the two different infectious classes with infection age a > 0 and at position = € £2
and time t > 0 by Fi(x,a,t) and Es(z,a,t), respectively. The constant D; denotes the diffusion rate of
the ith infectious class for ¢ = 1,2; d(x,t) is the natural death rate at location x and time ¢; the functions
di(z,a,t)(i = 1,2) represent the recovery rates of the two infectious classes with infection age a at location
x and time ¢; k;(x, a,t)(i = 1,2) represent the mortality rates induced by the disease. We take into account
the following model

(5 + 35) Bi = DiAB; — (d(z,t) + #i(, a, 1) + 0i(x, a,1)) Ei(z, a,1),
r€,a>0,1t>0, (2.1)
2E; =0, 2€02,a>0, t>0,
where i = 1,2, n denotes the outward normal. Suppose that 7;(i = 1,2) are the average latency periods of
the two different infectious diseases, respectively. It follows from the definitions of L; and I; that

T —+o00
@@@:/’&u@ﬂm,m%o: Eiz, a,t)da, i=1,2. (2.2)
0

i

Furthermore, suppose that «; and §; satisfy
ki(z,a,t) = Kki(x,t), Yo € 2, t 20, a € [0,00)

and
0, Vee R, ac(0,7), t =0,

0i(@,a,t) = { di(xz,t), Ve € R, a€lr,+x), t=0,
Integrating (2.1) on a and using (2.2) yield

%L = D,LAI,L — (d(x,t) + Iii(it,t) + (SZ((E,t)) Il(x,t) + Ei($77’i,t) — Ei(il,',OOﬂf)

i=1,2.
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and 5
ELi = D;AL; — (d(x,t) + ki(x,t)) Li(x,t) + Ei(z,0,t) — By (x, 74, t),

respectively. Assume that E;(x,00,t) = 0. In particular, we adopt E;(z,0,t) with the following form

Bi(x,t)S(x, t)[;(z,t)
S(z,t) + i(z,t) + Iz(z,t)’

E;(z,0,t) = 1=1,2,
due to the fact that the contact of the susceptible and infectious individuals yields the new infected
individuals, where 3;(x,t) > 0 is the infection rate.

Suppose the growth of a population N(x,t) is described by the demographic equation

0

&N = DyAN + /J($,t) - d(l‘,t)N(l‘,t),

where Dy, u(-,-) and d(-,-) denote the diffusion, recruiting and death rates, respectively. Furthermore, we
suppose that the disease does not transmit vertically. Thus, we can use the following system to describe the

infection dynamics

%S = DgAS + p(x,t) — d(x,t)S(x,t) + o1 (x, t) 1 (x,t) + d2(z, t) I2(x, t)

_ _AiEdS@hht)  B(z)S(@t) (.t
SO+ (2,0 +12(2,) — SO+ (z,0)+2(2,0) B () St (00

SiLi = DiAL; — (d(x,t) + ki, 1)) Li(z, 1) = Ei(t, 70, %) + 505 a0 (e (2.3)
i=1,2,

21 = DiAL — (d(,t) + k(. 1) + 6i(2, 1)) Li(w, 1) + Ei(x, 73, 1), i=1,2.
The following assumptions are needed in the sequel:

(H) Assume that Dg,D; > 0 for ¢ = 1,2; the functions d(-,-), p(-,-), d:(-,-)(¢ = 1,2), ri(-,-)( = 1,2)
and B;(-,-)(i = 1,2) are Hélder continuous functions on £ x R and are periodic in time with period
T > 0. d(-,-) is positive and u(-,-), §;(-,)(i = 1,2), r;(+,-)(¢ = 1,2) and B;(+,-)(i = 1,2) are non-negative
non-trivial on 2 x R.
Next, we derive the functions E;(¢,7;,z)(i = 1,2). Letting v;(x,a,&) = Fi(x,a,a + &)(i = 1,2), we
investigate solutions of (2.1) along the line ¢ = a + £ for any £ > 0. For a € (0, 7;], we have

_ _ _A@&S@OL (e
0i(@,0,6) = Ei(w,0,6) = 505 P n e

{g‘avi = D;Av; — (d(z,a + €) + ri(z,a + €)) vi(x, a, £),

It follows that

(y?€)+ll(y7§) +12(yv§) ’

where I(z,y,€ + a,§) with z,y € £ and t > s > 0 denotes the fundamental solution of the operator
O — D;A — (d(,t) + K4(+,t)) with no-flux boundary condition. Since d(-,- +T) = d(-,-) and K;(-,- +T) =
ki(+ )i = 1,2) in 2 x [0,00), one has I';(z,y,t,s) = Ii(z,y,t + T,s +T) for all z,y € 2 and t > s > 0.
Consequently, we have

Ui(xaavg):/(zpi(xvy7£+a7§)5 i:]-aQa

ﬁz(:%t B a)S(yvt B a)Ii(yat B a)
y,t—a)+ I (y,t —a)+ L(y,t —a)

Ei(‘raaat):/ Fi(fﬂ,y,t,t*(l)
Q S(
due to E;(z,a,t) = v;(x,a,t — a). Let a = 74, then

Bi(y,t —13)S(y,t — 1) L (y,t — 75) y
(y,t = 7)) + Ii(y, t — 1) + Loy, t — 75)

Ei(x77-iat) :/ Fi(x7y7tat_7—i)
Y 5
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Substituting (2.4) into (2.3), one gets the following system
2.5 =DgAS + p(x,t) — d(z,t)S(z,t) + 01 (x,t) [1 (2, ) + 62z, t) [2(2, 1)

B1(z,t)S(x,t)I1(z,t) Bo(z,t)S(z,t)Ia(z,t)
~ SN ThG T LGD ~ Seih LG T €2, >0,
%Ii = D; AL — (d(x,t) + ri(z,t) + 0;(z, 1)) L;(x, t) (2.5)

Bi (y,t=7) S(y,t=75) L; (y,t—7;) o
+ o Ty ot = ) 50 S T G sty s T € 2, 6> 00 =1,2,

28=21=0, €0, t>0,i=12,

where we omit the L;(x,t)(i = 1,2) equations from (2.3) because they can be decoupled.

Let 7 = max{r;, 72 }. Denote X := C(£2,R?) with the supremum norm ||-||x. Let C, := C([—7,0],X) with
the norm ||¢|| = maxge[_r.q) [|#(0)[|x, V¢ € Cr. Let Xt := C(£2,R%) and Cf = C([—,0],XT). Clearly, the
Banach spaces (X,X") and (C,,C}) are strongly ordered. For a function u(t) : [-7,0) — X with ¢ > 0,
denote u; € C, by

u(8) =u(t+0), 6¢€l—1,0]

Similarly, define Y := C'(£2,R) and YT := C(£2, R*). Moreover, consider the equation

%w = DgAw — d(z,t)w(z,t), x € 2, t>0,
Zw=0, €00, t>0, (2.6)

’LU(I,O) = (ﬁs(.’l)), S 'Qa ¢S € Y+a

where Dg > 0 and d(z,t) is positive and Holder continuous on 2 x R, and T-periodic in t. By Hess [34,
Chapter II] with (2.6), we have that there is an evolution operator Vg(¢,s) : Y — Y for 0 < s < t satisfying
Vs(t,t) =1, Vs(t,s)Vs(s,p) = Vs(t, p) for 0 < p < s < ¢, and Vs(t,0)(¢s)(z) = w(z, t;¢s) for z € 2,t >0
and ¢g € Y. Here w(z, t; ¢g) is the solution of (2.6). Similarly, we consider the equation

atwl D; Aw; — (d(x,t) + ki(x,t) + §;(x, t)wi(x,t), z€ N, t>0, i=1,2,
2w, =0, €02, t>0, i=1,2, (2.7)
wi(x,0) = ¢i(z), €2, p; €Y, i=1,2

where D; > 0, d(x,t), k;(x,t) and 0;(z,t) satisfy the assumption (H). System (2.7) can determine the
evolution operators V;(t, s)(i = 1,2), which have the similar properties as Vg(t, s). By [35, Lemma 6.1],
we have Vs(t,s) = Vs(t+T,s+T) and V;(t,s) = V;(t +T,s+T) for (t,s) € R% with ¢ > s and i = 1,2 due
to the periodicity of coefficients. In addition, Vs (¢, s) and V;(¢,s)(t > s) are compact, strongly positive and
analytic operators on Y. Together with [35, Theorem 6.6] with o = 0, we know that there are @ > 1 and
¢o € R satisfying

IVs(t, s)|, |Vi(t, s)|]| < Qe~0=3) forall t,s € Rwitht>s, i=1,2.
Let F' = (Fs,Fl,FQ) : [0,00) X (C+ — X be

o Bl t)gs(:
Fs(t,¢) =p(-,t) — $5(-,0) +¢1(0) + ¢2(-,0)  bs(-0) + é1(-0) + ¢a(-,0)
+ 610, 1) ¢1(-,0) + d2(-, 1) P2(-, 0),
p

. i 'L(y7t_7—z)¢5(y7_ ’)¢i(y7_ )
Fl“’d’)‘/f Gt = ) T ons =2) + G =)

for ¢ = (¢s,p1,¢2) €CH, t >0, 2 € 2 andi=1,2. Let

Vs(t, S) 0 0
Ult,s) = 0 Vi(t,s) 0
0 0 Val(t,s)

aO) ( ) BQ('vt)¢S('70)¢2('70)
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Clearly, U(t, s) is an evolution operator from X to — X for (¢, s) € R? with ¢ > s. Define Ag(t) and A;(t) by

D(As(t)) = {w € C*2) | 2p=0on arz}
As(typ(z) = Ds Au(z) — d(z, 0yb(x), Vb € D(As (1))
and
D) = {v e (@) | gv =0 on 022},
Atyb(x) = Dydap(z) — (d(.1) + s 1) + 83, )b(a), Yo € DIALD),

respectively, where ¢ = 1, 2. Let

As(t) 0 0
A =| 0 A 0
0 0 As(t)

and u(z,t) = (S(x,t), [1(x,t), I2(x,t)). Then (2.5) can be rewritten into the abstract equation

%?t) = A(t)u(z,t) + F(t,us), x€ 2, t>0, (2.8)
u(xac) = ¢(xa<)a S '97 C € [_Ta O]
It is also expressed as the integral form
t
u(t,¢) = U(t,0)¢(0) +/ U(t,s)F(s,us)ds, t>0, ¢€cCt. (2.9)
0

We call a solution of (2.9) a mild solution of (2.8).

Theorem 2.1. For each ¢ € Ct

T

system (2.5) admits a unique mild solution u(t,¢) on [0,400) with
ug = ¢. Moreover, system (2.5) generates a T-periodic semiflow ®,(-) = w(-) : CI — CI, namely,
®y(p)(,5) = u(@)(w,8) = u(w,t + s;¢) forany ¢ € CH, t > 0, x € 2 and s € [~7,0). In addition,

& : CF — CF admits a global compact attractor.

Proof. We firstly prove the existence of mild solutions u(t, ¢) of (2.5). Consider the following system:

%vg = DgAvl + p(x,t) — d(z, t)vd (z,t) + 01 (z, t)v] (2, 1) + S22, t)vy (2, 1),
rze N, t>0,
Dot = D Avf — (d(z,t) + Ki(z, 1) + (2, 1) vf (2,1) (2.10)
Jer (x,y,t,t — 1) Bi(y,t — T)v; (y,thz)dy,:L'EQ t>0,i=1,2 )
Lob=Lof =0, €002, t>0,i=12,
v (z,s) = ¢s(x,8), v (z,s) = ¢i(x,s), € 2, s€[-7,0], i =1,2.

According to Fitzgibbon [36, Theorem 4.2], one has that (2.10) admits a unique mild solution v*(z,; ¢)
= (vg(x,t; ®), v} (x,t;0),v5 (z,t;¢))T on t > —7, where

v§ (w,510) = ¢s(x,5), v (2,5:0) = ¢i(x,5), Vo € 2, s € [-7,0).
For each ¢ = (¢g, ¢1,p2) € Cf, define B (t,¢) = (B, BYf, B)T by
B+(1t <P) pu(5t) +01(, 1)1 (-, 0) + 02(-, )2 (-, 0),
/ Syt t—=T)Biy,t — )iy, —mi)dy.
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Similarly, define B~ (¢, ) = (Bg, By, By )T by

ﬁl(Wt)(pS('aO)(pl('vO) o ﬁQ( 7t)905'('a0)902('70)
905'('70) + 901(" O) + @2('70) 905'('70) + 901(" O) + @2('70)

and B; (t,¢) =0 for i = 1,2. Then v (¢) satisfies

Bg(t7<p) =

vt(t) = / U(t,r)B™ (r,v,)dr.
Let w(z,t) = (0,0,0), Y(z,t) € 2 x [~7,00). Similarly, we define w; € C, by
wy(0) =w(t+0), v0 € [-7,0].

Then the function w(t) satisfies

w(t) = U(t, s)w(s) —|—/ U(t,r)B™ (r,w,)dr.

Let B(t,) = F(t,). Thus, for every t > 0 and w;(-,-) < ¢(-,-) < vj (-,+) on £ x [~7,0], one has

lim ldist (v (t) — p(0) + h[BT (t,v;) — B(t, )], XT) =0
h—0t+ h
and

hm 7dISt ( (0) —w(t) + h[B(t,¢) — B~ (t,w)], XJr) =0.

h—07+
Due to Martain and Smith [37, Proposition 3], we know that (2.5) admits a unique mild solution u(z,t; ¢)
ont € [0,00) with ug (-, -; ¢) = ¢. We also have that u(z,t; @) is classic for ¢t > 7 by the analyticity of U(t, s).
Let
2
P(t) = / (S(m,t) +3 " (Li(,t) + Ii(x,t))> dx.
2 i=1
Then one has

P [ wtetyds— G | (S(x,t) D (L 1) + W’”)> o (2.11)

i=1
gﬁmaz - sznp(t)7 t> T,

where fipmee = sup{u(t,2)}[2| (|2] is a measure of 2) and dmi, = inf(,s)ecox(r, 1) d(2,t). Using the

comparison principle for the above equation (2.11), we obtain that there is a constant My = %mf”‘ > 0 so
that for each ¢ € CI, there exists an [ = [(¢) € N large enough satisfying

P(t) < My +1, ¥t > 1T +1.
By the uniform boundedness of I';(z,y,t,t — 7;) and B;(x,t) for any z,y € 2 and ¢ € [1;,7; + T], one has

21, < D;AL — ( (z,t) + ri(2, ) + 6; (2, 1)) I;(, t)
+ [o Ti(z,y, t,t — 73) Bar (y, t — 76) Li(y, t — 73)dy
< D AL(z,t) — (d(z,t) + ki(z, ) + 6i(2,t)) Li(z, t) + B [, Li(y, t — 7;)dy
xe 2, t>1T+rm,
2I,=0, 2€00, t>IT+r,

where

B = sup Li(x,y,t,t — 7)) B (y, t — 7).
te[r;,m+T), z,yeR
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By the comparison principle, there is a B > 0, which is independent upon the initial value ¢ € Ct, such
that for each ¢ € C}, there is [(¢) € N with I(¢) > I(¢) large enough satisfying I;(x,t; ¢) < B for x € £,
t>IT+7andi=12.

For B > 0 given above, consider the following equation

%us = DgAug + p(z,t) — d(x, t)us(z,t) + B(61(x, t) + da(x, 1)),
xe, t>IT+T, (2.12)
%uszo, €N, t>IT+r.

Since the S-equation of system (2.5) can be dominated by (2.12) for any ¢ > [T +7, there is By > 0 such that
for each ¢ € CI, there is Iy = I4(¢) € N with I, > [(¢) satisfying S(z,t; ¢) < B, for x € 2 and t > I,T + 7.

Define @, : C — CF by &:(6)(x,s) = u(¢)(z,s) = u(x,t+s;¢) forx € 2,t>0s € [-7,0] and ¢ € C.
Similar to the proof of Zhang et al. [29, Lemma 2.1] one can show that {&;};~o is a T-periodic semiflow
on CI. According to the above discussion, one knows that &, is point dissipative. Let ngT > 27. Then
10 = up,r is compact. Following from Magal and Zhao [38, Theorem 2.9], we have that & : CI — CF
admits a compact global attractor. [

Remark 2.2. In the following, we always denote 7 := max{7, 72} and let ng € N satisfy noT > 27.

3. Threshold dynamics

In this section, we firstly analyze the dynamics of single-strain SIS epidemic models and then study the
dynamics of the two-strain SIS model (2.5).

3.1. Threshold dynamics of single-strain SIS epidemic models

We investigate the dynamics of single-strain SIS models in this subsection. We fix ¢ € {1,2} and let
Ii(z,t) =0, Y(z,t) € 2 xR*t, j=1,2and j # i. Then system (2.5) reduces to the following single-strain
model 5
519 = DsAS + p(x,t) — d(x,t)S(x,t) + 6;(x,t) [;(x, 1)

Bi(z,t)S(z,t)I;(z,t)
T Sanrnay o >0 re

i (y,t—73) S(y,t—7i) Li(y,t—7;
+f9 Fi(xay,tvt_Ti)B (ySt(yTt)—é?:),—f-I;y),t—(zlt) T)dy, T e 'Qa t> 0,

28=21=0, €002, t>0.

Let Cr(f2 x R,R) be the set of all continuous and T-periodic functions from 2 x R to R with norm
lolley = max,cq epom [p(2, )] for any p € Cr. Let

Ch={peCr:pt)(z) =0,Vt e Rz N},

which is the positive cone of Cr. Define Q = C([—7,0], Y) with the norm ||p[|q := maxge[_ ) [|p(0)]y for any

p € Q. Set QT := C([-7,0],Y*), then (Q,Q7) is a strongly ordered Banach space. Let P := C(£2, R?) with

the supremum norm || - [|p. Let D, := C([—7,0],P) with the norm ||¢|| = maxge;_ o [|¢(0)|lp, V¢ € Dr. Let

Pt := C(£2,R2) and D} := C([-7,0],P"), then (P,P") and (D,,D}) are strongly ordered Banach spaces.
Setting I;(z,t) = 0 on 2 x Rt we get the following equation for S(z,t):

(3.2)

9.6=0, 2€02.t>0,

{gts = DgAS + p(z,t) — d(z,t)S(x,t), €2, t>0,
on
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By Lemma 2.1 of [29], there is a unique positive solution S*(x,t) of (3.2) which is T-periodic with respect to
t € R and globally asymptotically stable. Consequently, we call the function (5*,0) the disease-free periodic
solution of (3.1). Linearizing the second equation of system (3.1) at (5*,0), we get the linear equation

%wi = D;Aw; — ri(z, t)w;(z,t)
+ f_Q Fi(xa Y, b, — Ti)ﬁi(y7t - Ti)wi(ya t— Ti)dya T e ‘Q7 > Oa (33)

Lwi=0, €002, t>0,

where r;(x,t) = d(z,t)+ri(x, 1) +8;(2,t). Let 1 (z, s) € Cr(2 xR, R) be the initial distribution of infectious
individuals of the ith component at the spatial position 2 € 2 and time s € R. One defines an operator
Ci:Cr(2 xR,R) = Cr(2 x R,R) by

(Ciwi)(xvt):/Qri(xayvtat_Ti)ﬂi(yvt_ﬁv)wi(yat_Ti)dy'

Fix t € R. Due to the synthetical influence of mobility, recovery and mortality, the term V;(t —
Ti, $)Yi(s)(x)(s < t — 7;) indicates the density of those infective individuals at location z who were
infective at time s and retain infective at time ¢ — 7; when time evolved from s to ¢t — 7;. Furthermore,

f;fi(%(t — 7, 5)1¥i(8))(x)ds denotes the density distribution of the accumulative infective individuals at
position z and time t — 7; for all previous time s < t — 7;. Hence, the term

/Q Fz(x7 Y, t,t - Ti)Bi(y7 t— Tl)wl(s)<y)d8dy

+oo
:/ Fi(xayat7t7Ti)ﬂi(yat77—i)/ (‘/z(tf’rz,tfs)wz(t*S))(y)dey
2 T,

3

“+o00
:/_ /Qpi(fvyat,t*'ri)ﬂi(y,t*Ti)(Vi(t*Ti,t*S)dJi(tfS))(y)dsdy

k3

represents the density of new infected individuals at time ¢ and location x. Consequently, the next generation
infection operator can be defined by

+oo
Ez(djl)('x?t) = / A) Fi(xaya [ TZ)Bz(yat - Ti) (‘/l(t — Tt — S)U)’L(t - 5)) (y)deya i = 17 2.

Obviously, £; is a bounded and positive linear operator on Cr (2 x R, R). Similar to [39-41], define the basic
reproduction number R} for strain i by
Rl =r(L;), (3.4)

where r(L£;) denotes the spectral radius of £;. Here we would like to refer readers to [20,23,24,42] for the latest
progress on the theory of the basic reproduction number of the time-periodic reaction—diffusion epidemic

models with latent period.
We define another operator £;(¢;)(t,z) : Cr(2 x R,R) = Cp(2 x R,R) by

Li(0:)(x,t) :/ Vi(t,t — s) (Citby) (t — s)(x)ds, t €R, 5> 0. (3.5)
Clearly, the linear operator £; defined on Cr (2 x R,R) is bounded, positive and compact. Let
Ai(i)(x,t) = (Cinyy) (w,t) and Bj(¢;)(x,t) = / (Vi(t,t — s+ 7i)hi(t — s + 7)) (x)ds.

Since £; = A;B; and £; = B; A;, it follows that R =7(L;) = r(ﬁ,) fori =1,2.
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Using a similar argument as above, there are constants Q; > 1 and ¢; € R satisfying
Vi(t, s)|| < Qieci®=%) forall t,s € R with ¢ > s.

Obviously, ¢f = @(V;) < ¢;, where w(V;) denotes the exponential growth bound of the operator V;(t, s),
namely,
(Vi) =inf{lw |IM >1:VseR, t =0 |Vi(t+s,s)| < Me“"}.

Since the operator V;(t, s) is strongly positive and compact on Y for ¢ > s, then the Krein—Rutman theorem
implies that the principle eigenvalue of V;(T,0), defined by r(V;(T,0)), is positive. Following from Hess [34,
Lemma 14.2], one has r(V;(T,0)) < 1. By Thieme [43, Proposition 5.6], we further have ¢ < 0. For each
o € (cf,00), for ¥; € Cr(R x 2,R) define

oo

() @)= [ e o (Wiltt = 9) (o) (¢ = s)) (@i, (36)
which is a linear operator. Obviously, £ = L£;. By [34], we know that for o € (¢F,00), the operator £ is
bounded. In addition, the operator /3; is also compact since V;(t, s) with ¢ > s is compact. For ¢ € (¢}, ),
let p;i(0) be the spectral radius of £%. Tt is obvious that Rj = 7(£;) = r(L;) = p;(0). The following lemma,
gives some properties of p;(0).

Lemma 3.1. One has

(i) pi(o) is non-increasing and continuous in o € (cf,00);

(ii) pi(o0) = 0;

(iii) pi(o) =1 has at most one solution on o € (cf,00); p; is either strictly decreasing in o € (cf,00), or
and p;(c) =0 in o € [b;, 00).

*
7

strictly decreasing in o € (¢}, b;) for some b; > ¢

The proof of the lemma is similar to [44, Lemma 1] and [29, Lemma 3.2] and we omit the details.
For € > 0, consider equation

%gﬁ = D; Aw§ — ri(x, t)ws(x, t)
+I_Q F’L‘(I7yat7t77—i) (51(yat77—1) +e)g§(y,t7ﬂ)dy, HAIS ‘97 t> Oa
gf(x,s) = ¢i(xa8)a¢i S Q7 T e “Qa s € [_Ti,o]a

2ws=0, 2 €002, t>0.

(3.7)

Define the Poincaré map Pf : Q — Q of (3.7) by Pf (¥:) = w§ 7(¢:) for any ¢; € Q, where wf , is the solution
map of (3.7), and w§ 1 (¥i)(z,s) = wi(x,s + T;¢;) for any (z,s) € 2 x [~7,0]. Define (P{)" : Q — Q
by (PS)™0 (1) = ws(x,neT + s;1;) for any (x,s) € 2 x [~7,0]. By using arguments similar to Jin and
Zhao [45, Proposition 3], we have that w§ ,(z,s;v;) > 0 for t > 7, ¢; € QT with +; # 0 and Wi (55 9) s
strongly positive for ¢ > 27. In addition, wf, is compact on Qt for ¢ > 27. Therefore, (Pf)™0 = (Q;T)”O is
strongly positive and compact. According to [46, Lemma 3.1], one has that Pf admits a positive and simple
eigenvalue defined by ré‘ and a strongly positive eigenfunction denoted by ;, such that Pg(v);) = ré’ewi and
the modulus of any other eigenvalue is less than ré’é. Especially, we substitute P; and 7§ with P? and ré’o
if € = 0, respectively. Let w¢(,t;1;) be the solution of (3.7) with w¢(-,;9;) = ¥;(-,-) on £ x [~7,0]. Due
to the strong positivity of ¥;, we can get w¢(-,;1;) > 0. Let p>¢ = % and Vf(z,t) = e‘“i’étgj(x,t; Vi)
for x € 2 and ¢ > —7. Similar to Jin and Zhao [45, Lemma 3.2] and Xu and Zhao [47, Theorem 2.1],
we conclude that e*"“*Ve(x,t) is a solution of (3.7) and V¢(x,t) is a nonnegative and nontrivial T-periodic
function. Moreover, one has V§(z,t) > 0 for all x € £2 and ¢ € R because V;(t, s) is strongly positive. To sum
up the above argument, one has the following lemma.
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Lemma 3.2. Let '€ = 1n;0’ . Then there is a T-periodic function V§(x,t), which is strongly positive, such

that et “YVE(x,t) is a solution of (3.7).

Similar to Zhang et al. [29, Lemmas 3.3 and 3.4], we can obtain the following lemma and theorem.
Lemma 3.3. Let p' = %. If rd > r(Vi(w,0)), then p(u') = 1.

Theorem 3.4. one has

(i) R} > 1 if and only if v > 1;

(i) R} =1 if and only if ry = 1;
(iii) Ry <1 if and only if ri < 1.

In the following, the threshold dynamics of system (3.1) are established.

Lemma 3.5. For the initial value v := (g,1;) € DY, suppose that (S(z,t;v), I;(z, ;1)) is the solution of
(3.1). Then

(1) If Ii(x, to;2h) # 0 for some tg = 0, then one has I;j(x,t;9) > 0 for all z € 2 and t > ty;

(ii) For any ¢ € DF, one has S(-,t;9) > 0, Vt > 0, and liminf,_,o, S(z,t;10) > Q uniformly for x € 02,

where the constant Q > 0 is independent of 1.

Proof. By Theorem 2.1, it is clear that I;(x,t; 1) satisfies

%Iz > D; Al — ri(x,t)li(x,t), re, t>0,
2I,=0, z€90, t>0.
If I;(x, t;9p) # 0 for some ¢y > 0 and ¢ = 1,2, then by the maximum principle [34, Proposition 13.1], one has
I;(x,t;9) > 0 for any = € 2 and t > to.

Assume that w(z,t) solves the equation

%w = DsAw + pu(x,t) — (d(z,t) + Bi(z, t) + B2(z, t))w(z,t), €2, t>0,
Lw=0, €9, t>0, (3.8)
’lU(CE,O) = (b5(1'70), x € {2

Then S(z,t) > w(z,t) for any = € 2 and ¢t > 0 by the comparison principle. Let w*(z,t) be the unique
positive T-periodic solution of (3.8). Then according to [29, Lemma 2.1], one has
liminf S(x,t) > liminf w*(2,t) uniformly for x € 2. O
t—oo t—o0
Based on Theorem 2.1, there is B; > 0 so that for every ¢ € C}, there exists a I; € N large enough
satisfying S(z,t;¢) < By for any z € £2, t > I,T + 7. Consider equation
Bw; = D Aw; — ri(w, ywi(x,t) + [ Tiw,y, ¢t — 7) Bolilplonuton) gy,
zEN, t>0, (3.9)

Zw; =0, z€0R, t>0.

Lemma 3.6.  Assume that w;(x,t;v;) is the solution of (3.9) with wi(x,s) = i(x,s), Vo € 2, s €

[—7,0], ¥; € QF. If R{ = 1 and Bi(x,t) > 0 for any v € 2 and t € RY, then w;(x,t) = 0 is globally
attractive on 2 x RT.
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Proof. By a straightforward computation, one has that (3.9) is dominated by (3.7). Note that P;"° is
defined as before. If B;(z,t) > 0, Vo € 2, t € R, then the Poincaré map P;" is strongly positive and
compact. Then P;" has a simple eigenvalue denoted by (r§)™ and a strongly positive eigenfunction defined
by 1; € Q and the modulus of any other eigenvalue is less than (r§)"0. In view of Theorem 3.4, we have
ry = 1if R} = 1. In particular, we have u; = 0 if Rj = 1. As the previous argument (see Lemma 3.2), there
is a strongly positive periodic T-periodic function V;(z,t) satisfying equation (3.7) with e = 0. Then for
each initial value ¢;(z,s) € Q (z € £2,s € [-7,0]), there is a number £ > 0 satisfying ¢;(z, s) < KV} (z, s)
for any = € 2 and s € [—7,0]. By the parabolic comparison principle, one has w;(x,t;1;) < KV (x,t) for
any (z,t) € 2 x RT. Especially, S;"°(¢;) := w;(x,noT + s;;) C [0, kV}]g,Vz € 2, s € [—7,0], where

[0, kVf]g = {u € Q:0< u(z,s) <KV (z,5), Vo € 2, s € [-7,0]}.

It is clear that the positive orbit v4 (¢;) = {SF™(¢;) : Yk € N} of SI"(-) is precompact. In addition, S
maps [0, kV;}]g into [0, V] and S;°(-) is monotone. Then applying Zhao [48, Theorem 2.2.2], we obtain
the conclusion. [

Theorem 3.7.  Suppose that (S(x,t;1), I;(x, ;1)) is the solution of (3.1) with the initial value ¢ =
(vs,;) € D,. Then one has:

(1) if R} < 1, then the T-periodic solution (S*,0) is globally attractive;
(2) if Ry =1 and Bi(x,t) > 0 forx € 2 and t € R, then the T-periodic solution (S*,0) is globally attractive;
(3) if Ri > 1, then there is a M > 0 so that for any v € DY, one has

T

litm inf S(x,t;9) > M and litm inf I;(z, t;9) > M uniformly for z € 1.
— 00 — 00

Proof. 1 Assume that R} < 1. By Theorem 3.4, one has r§ < 1. For € > 0, consider equation

6t wf = D; Awg —n(ac tws (z,t)
+ f_() x yat t— )(ﬁz(yat - Ti) + €)WE(y,t— Ti)dya HAES ‘97 t> Ov (310)
{Mwl =0, z€08, t>0,

See Lemma 3.2 for the definitions of u¢ and 5. Since r(') < 1, there is a constant ¢y > 0 satisfying r5¢ < 1
lnr

for € € [0,€0). Fix € € [0,€0). Then one has u»¢ := < 0. It follows from Lemma 3.2 that there is a
function V§(x,t), which is T-periodic and strongly p031t1ve, such that w¢(x,t) = e 'V (x, ) satisfies (3.10).
For z € 2 and t > 0, one has

a@ < DAL —7’1(3: t)I;(x,t)
+ fQ l‘ Y, 6t — )[ﬂl(yat - Ti) + E}Iz(y,t - Ti)dya (S “Qa t>0,
2I;=0,2€002, t>0.

For any given initial distribution ¢ € D, due to the boundedness of I;(z,t; 1), there is some o > 0 such that

Ii(z, t;1h) < ae’itVe(z,t) for 2 € 2 and t € [-7,0]. By the comparison theorem (see Martin and Smith [37,
Proposition 3]), we have I;(x,t;9) < « e“thf(x,t) for any 2 € 2 and ¢ > 0. Because of u$ < 0, we have
that I;(z,t;1)) — 0 as t — oo uniformly 2 € 2. Therefore, the S equation in (2.5) is asymptotic to (3.2). By
Zhang et al. [29, Lemma 2.1], we get that the solution S*(x,t) of (3.2) is globally attractive. Consequently,
similar to these arguments of [29, Theorem 4.3 (i)], we have

Jim [1SC,t59) = $*( D)l = 0.
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(2) Suppose that Ry = 1 and B;(x,t) > 0 for x € 2, t € R. Using (3.9) and the I;-equation of system
(3.1), one gets w;(x,t) = I;(x,t;4) for x € 2 and t > I, T + 7, where I is defined by Theorem 2.1. Using
(3.9), one has that I;(x,t;1) — 0 as t — oo uniformly x € 2. Similar to (i), one has

Jim [IS(t59) = %)l = 0.
(3) Suppose R} > 1. Then 7§ > 1. Let
Wo = {¢ = (¥s,9i) € DF - (-, 0) # 0}
and
OW( = DI\Wo = {¢ = (¥s,%:) € DF : ¢4(-,0) = 0}.

Assume ¢ € W. By Lemma 3.5, one gets I;(x,t;9) > 0 for z € £ and t > 0. Thus, for any k& € N, one
has !IljfoT(Wf)) C (W), where ¥; : Df — DF is defined by ¥ (¢)(z,s) = (S(z,t + s;9), Li(x,t + s;%)) and
(S(z,t;0), Ii(x, t;4)) is the solution of (3.1) with initial data ¢ = (¢g,v;) € D,. Define

My = {¢ € OW} : W) 1(v)) € OW},Vk € N}

Let M := (S*,0). Here 0 denotes a function which is identical to 0 for [—7, 0]. Denote w(¢)) be the omega
limit set of the orbit v+ = {WT’fOT(w) : Yk € N}. For any ¢ € My, one has !l'/jfoT(w) € OW}, Vk € N.
Thus, one concludes that I;(z,¢;9) = 0 for € 2 and ¢ > 0. Following from [29, Lemma 2.1], one has
im0 [|S(,t39) = S*(, t)[ () = 0. Consequently, one gets w(tp) = {M}, Vi € My.

Now, we have a claim as follows:

Claim. M is a uniform weak repeller for Wi in the sense that, for some 6y > 0,

limsup || & 7 (1) — M|| = 6o, Vo € W,

k—o0

We firstly take into account a linear equation with a parameter 6 > 0 as follows

=09 =D; Av? — ri(z, t)0? (z,1)

Bi(y,t — 1) (S*(y,t — 7;) — 0)
S*(yvt - Ti)

(3.11)

+ / Fi(‘x’y7t7t—7—i) U?(yvt_Ti)dyv
2

r e t>0.

Define the Poincaré map (&)™ : QF — Q7 of (3.11) by (E5)"0(¢;) = vznOT(wi), where vZnOT(@Di)(x,s) =
v (x, s 4+ noT;a;) for (z,8) € 2 x [~7,0], and vf(x,t;1);) is the solution of (3.11) with v?(x,s) = ;(x, s)
for all (x,s) € 2 x [~7,0]. The map (£})"0 is positive and compact. The Krein-Rutman theorem (see, for
example Hess [34, Theorem 7.1]) implies that (55)”0 admits a positive and simple eigenvalue defined by
74 and a positive eigenfunction denoted by ¢; € Q satisfying (£§)"0(p;) = F4@;. Since r§ > 1 and hence
(r§)"0 > 1, there is 6; > 0 satisfying 75 > 1 for § € (0,0;). Fix § € (0,6). In view of the continuous
dependence of solutions on the initial data, there is 6y € (0, 6;) satisfying

||(S(7 ')ﬂIi('7 )) - (S*(, ')ﬂo)llc(f)7 tE[O,noT]) < é (3'12>

if |(ps(z,5), ds(x,8)) — (S*(x,),0)| < by, Vo € 2, 5 € [-T,0].
Next, we show the claim by contradiction. Suppose

lim sup || !P,]fOT(il)) — M| <o

k—o0
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for some 1p € W{; that is, there is a k1 € N satisfying
|(S(z, knoT + s39), Li(z, knoT + s39)) — (5™ (2, 5),0)| < 6o

for any 2 € 2, s € [-7,0] and k > k;. Following from (3.12), one has that 0 < I;(z,t,9) < 6 and
S*(z,t;1) — 0 < S(x,t;0) < S*(x,t;9) for any = € 2, t > kyngT + 7. Consequently, I;(x, t;1)) satisfies

0
afi 2 DiAIi — ri(x,t)li(x, t)

Biy,t — 7)(S*(y,t — i) — ) Li(y,t — 7i)
S*(yat - Ti)

+/ Fi(‘r7y7t7t_7-i) dy
Q
for any = € 2, t > (k; + 1)noT. Since I;(z,t + s;1)) > 0 for z € 2,t > 7 and s € [—7, 0], there exists £ > 0
satisfying
L((z,ky + DngT + 530) > k@i(z,s), z€ 2, se[-1,0],

where @; is the eigenfunction corresponding to the eigenvalue Fé. Due to the comparison principle, we have
Ii(x,t + s;10) > kvi(xz,t — (k1 + D)neT + s; @), Vo e 2, t > (ki + 1)neT, s € [—7,0],.
It follows that
Ii(z, knoT + 5;9) > kvi(z, (k — ki — DnoT + s;3;)) = n(fé)(k_kl_l)gbi(x, s) (3.13)

forany z € 2, k >k +1, s € [—7,0]. Since @;(z,s) is positive for (z,5) € 2 x [-7,0], we can get
@i(wi,8;) > 0 for some (z;,5;) € 2 x [—7,0]. Thus, it follows from (3.13) that I;(z;, kT + s4;10) — +oo as
k — oo. Clearly, there is a contradiction due to the boundedness of I;(x,t + s;1). The claim is proved.
Based on the above claim, it is observed that M is isolated and invariant for ¥,,r in Wé, and
Ws(M) N W = ), where W*$(M) denotes the stable set of M. According to the acyclicity theorem
on uniform persistence for maps (see, for example [48, Theorem 1.3.1 and Remark 1.3.1]), one has that
Uo7 : DF — D7 is uniformly persistent on (W, 9W); that is, there is a 6 > 0 satisfying
lim inf d( @) ., OW}) > 5, Vo € Wi,
k— o0
By [48, Theorem 3.1.1], we further have that the semiflow ¥; : DY — D} is uniformly persistent on
(W§,0W(). Then by the compactness of ¥, 1, ¥n,r is a k-condensing. Therefore, Magal and Zhao [38,
Theorem 4.5] implies that ¥, 7 : Wi — W with p(p) = d(p, OW}) has a global attractor 2.
Next, define p: QT — [0, 00) by

p(¥;) = minv;(z,0), Vip; € Q.
T€e(2

Since Zy = Wy 7(2y), we have that ;(-,0) > 0, ¢ € Z,. Let B; = Ute[o,noT] U (Zp). Tt then follows
that B; € W and lim; o0 d(W:(v0), B;) = 0 for all ¢p € W{. Since B; is a compact subset of W{, one has
minyep, p(1)) > 0. Thus, there is a 0* > 0 satisfying liminf, o I;(-,¢;9) > 6*. Combining Lemma 3.5, we
get the persistence statement in the second result. The proof is completed. [

Remark 3.8. Consider the following equation

i = DSAS’L + ‘LL(JZ,t) - d(z,t)gi(x,t) - 6i($7t)§i(zvt)a T € “Qv t>0,

T (3.14)
Si=0, €8, t>0.

Q"Q&"Qﬁ

mn
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By [29, Lemma 2.1}, we know that Eq. (3.14) has a unique positive and globally attractive T-periodic solution
S¥(z,t) in Y*. Since S(x,t;1)) satisfies the inequality

25> DgAS + p(x,t) — d(z,t)S(x,t) — Bi(z, 1)S(x,t), x €2, t>0,
28=0,2€00,t>0,

then the comparison principle implies
hm 1nf(S( t) — S;(xz,t)) >0 uniformly for x € £2.
— 00
Moreover, by Theorem 2.1, there is a B > 0 such that for each ¢ € CI, there is I; € N satisfying

Ii(z,t;¢) < B forallz € Qand t > ;T + 7. (3.15)

For the sake of convenience, let F;(z,t) = S} (z,t) + B for (z,t) € 2 x R* and i = 1,2.
3.2. Threshold dynamics of a two-strain SIS model

In this subsection, we study the dynamics of (2.5). The following lemma is similar to Lemma 3.5.

Lemma 3.9. Suppose that (S(-,;¢),I1(-, 5 ¢), I2(-,; })) is a solution of (2.5) with the initial data ¢ =
(¢s,01,¢2) € CF. Then
(1) If there is some tg > 0 satisfying I (x, to; @) £ 0 (I2(x,to;¢) £ 0), then

Li(z,t;0) > 0 (I(z,;¢) > 0), Vo e 2, t >ty

(ii) For any ¢ € CF, one has S(-,t;¢) > 0, ¥Vt > 0, and liminf; ., S(z,t;¢) > Q uniformly for x € 12,
where the constant Q > 0 is independent of ¢.

T

Next, we define the so-called invasion numbers R} for the ith strain (i = 1,2). Consider the following
system

Du; = DiAu; — iz, t)ui(,1)
7 (Yt —75)

+ [o Ti(z,y, t,t — 1) Bi(y, t — )m ui(y,t —mi)dy, v €2, t>0, (3.16)
Du;=0, €002, t>0

= u;r(¢i) for all ¢; € Q,

for i # j and 4, j = 1,2. Define the Poincaré map P; : Q — Q of (3.16) by P;(¢;)
t; ¢;) is the solution of (3.16)

where u; 7(¢;)(,s) = ui(z, s + T;¢;) for any (z,s) € 2 x [-7,0], and u; (=,
with initial value ¢; € Q. Denote the spectral radius of P; by p?. Let

teo S* 7t_ 7
(Li¢i)(z,t) / / (z,y,t,t — ')ﬂi(yat_Ti)}M
J ) 7

Vi(t —75,t — 8)di(t — s)(y)dsdy, V¢; € Cp(2 x R,R).

Obviously, the linear operator £; on Cr(f2 x R, R) is bounded and positive. Following [39-41], we define the
invasion number for the ith strain by

Ry o= (L) (3.17)

Similar to Zhang et al. [29, Lemma 3.4], one has the following results.
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Theorem 3.10. One has

(i) Rf) > 1 if and only if p? > 0;
(ii) R} =1 if and only if p) = 0;
(iii) R} < 1 if and only if p9 < 0.

Proposition 3.11. If}% > 1, then R > 1 fori=1,2.

3.2.1. Competitive exclusion and coexistence
Now we present the competitive exclusion and coexistence of (2.5) by virtue of R}, R3, R} and R3.

Theorem 3.12. Assume that R3 > 1 > R}. Suppose that (S(-,+;¢), I1(-,; ¢), I2(-,; ¢)) is the solution of
(2.5) with the initial data ¢ = (¢s,p1,P2) € CH. Then there is a P > 0 such that for each ¢ € CI with
@2(+,0) Z 0, one has lim;_,, I1(z,t;¢) = 0 and

litm inf In(z,t;¢) > P uniformly for z € £2. (3.18)
—00

Proof. Asthat in Theorem 3.7(1), we can prove lim;_,o, I1(z,t; ¢) = 0 by virtue of R} < 1. In the following
we show (3.18).
Let Wy = {¢ € (CJr : ¢a(-,0) # 0} and OW, = CH\Wy = {¢ € CI : ¢2(-,0) 0}. Define
= {¢ € oWy : &, k (¢) € OWy, ¥k € N}, where @T’fOT(¢)(~,~) = u(-,- + noT;$) on 2 x [-7,0) and
(x, t; ¢) is the solution of (2.5). Denote the omega limit set of the orbit vy := {@QOT(@ : Vk € N} by w(@).
Let £ := (5*,0,0). For any ¢ € M, one has @ﬁOT(QS) € OWy, Vk € N. Therefore, I(-,-;¢) = 0 for any
@ € Mp. Following from Zhang et al. [29, Lemma 2.1], one has that

Thus, w(¢) = {€} for any ¢ € Mjp.
Now we give a claim as follows.

Claim. & is a uniform weak repeller for Wy in the sense that for some g > 0,

hmsup||¢nOT( ) =&l = €, Vo e W,.

k—o0

For € > 0, consider the equation

2us = DyAug —ra(z, t)ug(z,t)
S*(y,t—70)—e¢

+f_() F2(x7y7tat_7—2)ﬁ (yat_TQ)U’Q(y7t_T2)Wdy7
e N, t>0,
2a5=0, €90, t>0.

(3.19)

Let ﬂg(x,t; $2) be the solution of (3.19) with @$(-,-) = ¢a(-,-) on £ x [~7,0]. Define the Poincaré map
: QF = QF of (3.19) by (T5)"0(¢2) = U, p(¢2), where 5, 7(¢2)(-,) = u5(-,- + noT;¢2) on
X [—T, ] Obviously, (75)™ is positive and compact. The Krein—-Rutman theorem once again implies
that (
0

7)™ admits a positive and simple eigenvalue #2 and a positive eigenfunction ¢, € Y, such that
(T5)" (p2) = 7#2pa. Due to RZ > 1 (hence, (r3)" > 1), there is € > 0 satisfying #2 > 1 for € € (0,¢). Fix
€ € (0,€). Then there is € € (0, €) satisfying

||<S<7 ')711('7 ')aIQ('a )) - (S*<'7 ')70’0)||C(f2, te[O,nOT]) <€

if |p(z,5) — (S*(x,5),0,0)| < €y, V& € 2, s € [~T,0].
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To show the claim, we suppose by contradiction that limsupy,_, . || (P,’jOT(qS) —&|| < ¢ for some ¢ € W
Then there is an integer k; € N satisfying S(z,t;¢) > S*(x,t;¢) — € and 0 < Ij(z,t;¢) < é for € £,

t > kinoT — 7 and i = 1, 2. Consequently, I1(-,-; ¢) satisfies

%12 Z DQAIQ — Tg(l‘,t)jg(x,t)
+ Jo oy, bt = 72) By, t — 7o) Sl 0 o (y, t — To)dy, @ € 9,
LI=0, 2€0Q, t>k.

for any ¢ > k1noT. Since Iy(z,t;¢) > 0 for x € 2 and t > 7, there is a constant & > 0 satisfying

Lz, (ki + DnoT + 8;¢) = kpa(x,s), x€ 2, s [-T,0].
Here $9 is the eigenfunction to the eigenvalue #2. According to the comparison principle, one has
Lz, t+5;0) > kus(z,t — (k1 + D)noT + s;$2), Yo e 2, t> (ky + 1)neT.
It follows that

L(x, kT + 5:9) > rith(z, (k — k1 = DnoT + 5 ¢2) = w(7) * Do (e, s), (3.20)
where we selected k > (ki + 1). By the positivity of ¢o(x,s) on (z,s) € 2 x [—7,0], we can obtain that
Po(x2,82) > 0 for some x5 € 2 and sy € [—7,0]. Thus, (3.20) implies that Io(x9, kT + s2;¢) — +00 as
k — co. By the boundedness of I5(-; ¢), there is a contradiction.

Denote the stable set of £ by W*(&). From the claim, £ is invariant and isolated for @,,r in Wy and
W#(€) N Wy = 0. Theorem 1.3.1 and Remark 1.3.1 of [48]) indicate that @,,7 : CI — C} is uniformly
persistent on (Wo, 9W,); namely, there is a § > 0 satisfying

lim inf d( @ 1(¢),0Wg) > 6, V¢ € Wo.

k—oc0

Due to [48, Theorem 3.1.1], the semiflow &, : Ct — CI is also uniformly persistent on (Wy, dWy). In
addition, &,,,7 is a K-condensing map due to the compactness of @, 1. Therefore, by [38, Theorem 4.5], one
has that @,,7 : Wo — W, with p(z) = d(z,0Wj) has a global attractor Z;.

Clearly, ¢1(-,-) =0 on £2 x R for any ¢ € Z,. In order to prove the theorem, we use the argument similar
to Lou and Zhao [49, Theorem 4.1]. Define p : Q — R by

p(¢2) :mlp¢2($,0), V¢€Q
TEN
Since Zy = @,,,7(20), one has that ¢o(-,0) > 0, ¢ € Zy. Let By = UtE[O,nOT] @(Zp). It then follows that
By C Wy and limy 0 d(P(¢), Bo) = 0, V¢ € Wy. Because By is compact, there is mingep, p(¢2) > 0. Then,

by Lemma 3.5, there is a P > 0 satisfying liminf; o, I(-, ¢;¢0) > P. O

Theorem 3.13.  Suppose that R2 > 1 = R} and B1(-,-) > 0 on £ x [0,00). Then there is a P > 0 such
that, if ¢ € C satisfies ¢pa(+,0) Z 0, then

lim I(z,t;¢) =0 and liminf Ir(z,t;¢) > P uniformly for z € £2.
t—00 t—o0

Proof. The proof is similar to that in Theorem 3.12 and the details are omitted. [

The following theorems are similar to Theorems 3.12 and 3.13.
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Theorem 3.14. Suppose that R} > 1 > RZ. Then there is a Py > 0 such that, if any ¢ € CI satisfies
#1(-,0) # 0, then limy_,o0 Io(x,t;0) = 0 and lim inf;_, o I1 (2, t; ¢) = P1 uniformly for x € £2.

Theorem 3.15. Suppose that R} > 1 = R3 and B2(-,-) > 0 on 2 x [0,00). Then there is a Py > 0 such
that, if ¢ € Ct satisfies ¢1(-,0) Z 0, then limy_soo I2(z,1;¢0) = 0 and limy_, o inf Iy (z,t;0) > P1 uniformly
for x € 1.

Finally, one establishes the persistence of (2.5).

Theorem 3.16. Assume R} > 1 and R3 > 1. Then there is ann > 0 such that, if any ¢ = (¢s, 1, d2) € CF
satisfies ¢1(-,0) £ 0 and ¢o(-,0) Z 0, then

litm inf S(z,t) > n, litm inf I;(x,t) >n, i=1,2, uniformly for z € 2.
—00 — 00

Proof. Due to Proposition 3.11 and R} > 1(i = 1,2), one has R) > 1(i = 1,2). Let

Zo = {¢ € C|61(-,0) # 0 and ¢2(-,0) £ 0}, 9Zo :={¢ € C}|¢1(-,0) =0 or $2(-,0) = 0}

and
Lo = {¢ € 0Ly : B 1($) € OZo, Vk € N}.

Denote EO = {(3*7670)}7 El = {(¢Sv¢170)|v(¢3a¢1) € Bl}a E2 = {(¢Svoa¢2) |V(¢Sv¢2) S BQ}? where
B;(i = 1,2) is defined in Theorem 3.7 and 0 denotes the constant function identically zero in Y. It can be
seen that &,(Zy) € Zg, Vt > 0. Next, we show the following claims.

Claim 1. yez, w(¢) = EoUELU E2, Vo € Zo, where w(¢) is the omega limit set of the orbit v (¢) =
{¢7I§OT(¢>) : Vk € N} of system (2.5) for ¢ € Zp.

From the definition of Zy, we have u(knoT + -; @) == @ijT(qﬁ) € 07, Vk € N, which further implies that
either I1(-,;¢) = 0 or I3(-,;;¢) = 0 on RT x 2. In fact, if there exist ¢; > 0 such that I;(-,#;;¢) # 0 on
x € 2,1 = 1,2, then the strong positivity of Vi(t,s)(t > s) implies that I;(x,t;¢) > 0 for all z € £2 and
t > t;, which contradicts the fact that ®% . € 9Zo, Vk € N.If I (-, ¢) = 0 on 2xR™, then by Theorem 3.7,
w(¢) € EgJFEs. If Ir(-,;¢) =0 on 2 x RT, then one has w(¢) € Ey|J E1. Therefore, Claim 1 holds.

Claim 2. FEj is a uniformly weak repeller for Zgy in the sense that
limsup || 2, 7(¢) — Eoll > fo, Vo € Z
k— o0

for some 6y > 0 small enough.

The proof of the claim is completely similar to those in Theorems 3.7 and 3.12, so we omit it.

Claim 3. Each E; (i = 1,2) is a uniformly weak repeller for Zy in the sense that there is a ¢ > 0 small
enough satisfying
limsup || @ 7(¢) — Eil| > eo, Y6 € Zo.
k— o0

We only give the proof for F;. For € > 0, consider the following equation

. e ST (y,t—T9)—e€
2us = Dy Aus + [, Do(x,y,t,t — 12)Ba(y, t — Tz)%
u§(y,t — m2)dy — ro(x, t)us(x, t), Vo € 2, t > 0, (3.21)

25 =0, Vo € 902, t >0,
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where u(w,t) is the unique positive periodic solution of (3.14) and B > 0 satisfies (3.15). Let uy(w,; ¢2)
be the solution of (3.21) with @$(-,-) = ¢2(-,-) on £ x [—7,0]. Define the Poincaré map A5 : Q — Q
of (3.21) by A" (¢2) = us,, p(¢2), where a5, 1(¢2)(z,8) = us(x,s + noT; ¢2) for (z,s) € [-7,0] x Q.
Clearly, A5%€ is positive and compact. Then A5%“ admits a positive and simple eigenvalue 72 and a positive
eigenfunction ¢y € Q satisfying A0 (By) = #2@y. Due to p2 > 0 (since R? > 1, see Theorem 3.10), there is
¢ > 0 satisfying #2 > 0 for € € (0,¢). Given € € (0, ¢). Then there exists ¢ € (0, ¢) satisfying

1
|8k (o) — By < 36 VtE0,nT], 2 €8, (3.22)

noT

if ||p(z,5) — By < €0, Vo € 2, 5 € [-73,0].
Now we show that Fj is a uniformly weak repeller for Zg by contradiction. Suppose on the contrary that

lim sup || QSQOT(éf)) — Eill < eo
t—o00

for some ¢ € Zg. Combining (3.22) and Remark 3.8, we then have that there is Ky € N large enough
satisfying
S(x,t;9) > ST(x,t) — €, 0<Ii(z,t;9) < B, 0<Iy(z,t;¢) <é (3.23)

for any z € 2 and t > KonoT. On the other hand, I, satisfies

0
Iy 2Dy Al —ro(x,t) (2, t)

ot
Ba(y,t — 12) (S7(y,t — T2) — €)
Fi(y,t — o)

+ /Qfg(x,y,t,t—Tg) Ly(y,t — 12)dy
for t > KonoT. As the proofs of Theorem 3.7(3) and 3.12, there exists (z2,s2) € 2 x [—7,0] such that
I (29, kT 4 so2; ¢) — o0 if k — 0o, which contradicts with (3.23). As a consequence, Claim 3 holds.

By the above discussion, £ := Ey |J E1 |J E» is isolated and invariant for @,,r in Zo and W*(E) (" Zo = 0,
where W*(€) denotes the stable set of £. It follows from the acyclicity theorem on uniform persistence for
maps (see [48]) that @,,r : C; — C} is uniformly persistent on (Zo, dZo). Thus, there is § > 0 so that

hkrggfd(@,’iﬂ(@,azo) >0, Vo € Zy.

Furthermore, the semiflow @, : CI — C} is also uniformly persistent on (Zg, 0Zo). It follows that &,,r is
a-condensing. Thus, &,,7 has a global attractor Ag in Zj.

We further apply the similar argument as that in [49, Theorem 4.1] to complete the proof of the conclusion.
Define p: C} — R* by

p(¢) = min {min ¢1(x,0), min ¢2($,0>} , Vo eCt.
€S e
Since Ag = @p,,7(Ao), where Ay is a global attractor of &, 7, we have that ¢;(-,0) > 0 for all ¢ € Ag. Let
By = UtE[O,noT] ¢t(-’40)- It follows that By C Ag and
tlggo d( (), B0) =0 V ¢ € Ao.

Since By is compact, one gets mingep, p(¢) > 0. Therefore, there is 6* > 0 satisfying lim inf; oo I;(x,t; ¢) >
0*. This completes the proof. [
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3.2.2. Global extinction
Finally, we show that the periodic solution (S*,0,0) of (2.5) is globally attractive if R < 1 for alli = 1,2.
We give the following three theorems without proofs.

Theorem 3.17. Suppose that Ry < 1 for i = 1,2. Then the periodic solution (S*,0,0) of (2.5) is globally
attractive.

Theorem 3.18. Suppose that Ry = 1 and B;(-,-) > 0 on 2 x [0,00) for both i = 1,2. Then the periodic
solution (5%,0,0) of (2.5) is globally attractive.

Theorem 3.19. Let R} < 1, Ré =1 and Bj(z,t) > 0 on 2 x[0,00), 4,7 = 1,2, i # j. Then the periodic
solution (5*,0,0) of (2.5) is globally attractive.

4. Numerical simulations

In this section, we give some numerical simulations to illustrate the results established in Section 3.
More precisely, we show the potential dynamical outcomes of system (2.5), in which all coefficients are
only dependent upon the time variable ¢t. Furthermore, we always choose D := 0.04 = Dg = Dy = Do,
7 := 1.1 = 71 = 75 and the initial conditions to be as follows:

S(s,z) =2+40.3cosz, Ii(s,z)=2+0.2cosz, I(s,x)=2+0.1sinz,

where s € [—7,0] and = € £2. In the following we always take 2 = [0,100]. In addition, we truncate the time
domain R by [0, 300]. Define the uniform partition of domain £ = [0, 100] by:

0=21 <22 <23 < < 2op—1 < 2op < 2op4+1 = 100,

where h = 100/n and z; = z; + (1 — 1)h, ¢ = 1,2,...,2n + 1. The time domain [0,300] can be treated
similarly.

Table 1 lists the potential dynamical outcomes of system (2.5).

(i) Cases 1 and 2. Here we only simulate the results in Case 1. Case 2 can be treated similarly. Take

the coefficients of system (2.5) as follows:

p=d=07, 8 =0.1, 6 = 0.13, k1 = 0.01, Ko = 0.04,
B1=0.5(140.4 x sin(0.2*tw + 1)), B2 = (74 6.5 x cos(0.2 x tw + 1)), Vt € [0, 300].

It is clear that the above coefficients are 10-periodic in time ¢. Due to these parameters and the discussion

of Section 2, we have
Fi(SC, Y, Ti) :1/100 X 6*(#«4’/%-)7-

x[1+ i(cos(mr/loo(x — %)) + cos(nm/100(z + y)))ef((m/mo)mm]

n=1

for i = 1,2 (see [21, Section 4] and [50, Section 6]). Let

Bi(t —1:)S(y,t — 1) Li(y, t — 75)

, i=1,2.
Swt—r) + Ly t—m)+ Lynt—7)

)

fi(yvt - Ti) -
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Fig. 1. The dynamic behavior of system (2.5) when Ré <1 and Rg > 1.

Then it further follows from the composite Simpson’s rule ([50, A.1]) that
100
/ Fi(x7y77i>fi(y7t_7—i)dy
0

=h/3 | filz1,t — ) Ti(2, 21, 75) +4 Y fizam, t — 70) Ti(, 22m, 73)

m=1

n
+2 Z fi(zam, t = 1) L2, 22m, i) + fi(Z2n41, 0 — 7)) (2, 22041, T3)
m=1

In addition, we have the basic reproduction number of Strain 1

Pl Sy Byt [5005(1+ 0.4 x sin(0.2 * tw + 1))dt o
O T+ Oy + )t 10(0.7 4+ 0.1+ 0.01)dt

and the basic reproduction number of Strain 2

B Sy Ba(t)dt [T+ 6.5 x cos(0.2 x tr + 1))dt -
T+ O + o)t 10(0.7 + 0.13 + 0.04)dt '

Fig. 1 presents the simulations of the conclusions of Theorem 3.12. Clearly, the infectious disease of Strain
1 becomes extinct and the infectious disease of Strain 2 is persistent in this case. In particular, from Fig. 1
we find that the solution of system (2.5) converges 10-periodic and non-negative functions as t — oo.
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Table 1

The potential dynamical outcomes of system (2.5).

Case Strain 1 Strain 2 Ezxpected outcome Theorem(s)

1 R <1 RZ>1 I, — 0, I, persists 3.12 and 3.13
2 R >1 R2<1 I persists, I, — 0 3.14 and 3.15

(A) I, persists, In — 0 -
o >1 RZ>1 (B) I; — 0, I, persists
(C) I, and I persist

w |

.16

N
—
3
9
N
—

I, -0, I, -0 3.17-3.19

S(t, x) 1t %)

251 U\

0.5

0 50 100 150 200 250 300
t

Fig. 2. The dynamic behavior of system (2.5) when Ré =1 and Rg > 1.

Furthermore, the results of Theorem 3.13 can also be simulated. We set the following coefficients in system
(2.5):

p=d=0.7 6 =0.1, & =0.13, k1 = 0.01, ry = 0.04,

B =0.5(1.62+ 0.4 x sin(0.2 % tr + 1)), Bo = 2(T + 6.5 x cos(0.2 x tw + 1)), V¢ € [0,300].
Obviously, we have R} = 1 and R2 > 1. Fig. 2 shows that the infectious disease of Strain 1 becomes extinct
and the infectious disease of Strain 2 persists if R} =1 and R2 > 1.

(ii) Case 3. There are three potential dynamical outcomes: (A) I persists and I becomes extinct; (B) Iy
becomes extinct and I persists; (C) both Iy and I persist. Here, we show (A) and (C) ((B) can be treated
similarly and thus we omit it).

Outcome (A). We take the parameters of system (2.5) as follows:

p=d=0.7 6 =0.1, 6 =0.13, k1 = 0.01, ry = 0.04,
Br=5+4.4 xsin(0.2%tr + 1), By = 1.74+ 0.5 x cos(0.2 x tw + 1), Vt € [0,300].
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Fig. 3. Outcome (A) of dynamic behavior of system (2.5) when R{ > 1, i=1,2.

Direct computations give that R} > 1 for i = 1,2. Fig. 3 shows that the infectious disease of Strain 1 persists
and the infectious disease of Strain 2 becomes extinct.

Outcome (C). Set the parameters of system (2.5) as follows:
p=d=06, 6 =0.1, 6 = 0.13, r1 = 0.01, ry = 0.04,
B1=6+4.8xsin(0.2%tr +1), o = 6.2+ 4.5 x sin(0.2 x tw + 1), V¢t € [0,300].
It is easy to see that Ry > 1, i = 1,2. Fig. 4 shows that both I; and I persist, which is completely different
from the outcome (A) though there hold R} > 1 and R3 > 1, too.
(iii) Case 4. Firstly, we choose the following parameters of system (2.5)
p=d=07 6 =01, 6 =0.13, k1 = 0.01, ry = 0.04,
1 =0.8140.2 x sin(0.2 x tm + 1), f =0.87 +0.25 x cos(0.2 x tw + 1), V¢ € [0,300].
Direct calculations show that R{ = 1 for i = 1,2. Secondly, we choose the parameters in (2.5) as below:
p=d=07, 56 =01, 6 =0.13, 1 = 0.01, ke = 0.04,
B1=0.5x (1+0.4sin(0.2 x tr + 1)), B2 = 0.6 x (1 +0.5c0s(0.2 x t7 + 1)), Vt € [0,300].

In this case we have that R} < 1 for i = 1, 2. Figs. 5 and 6 show that the disease-free periodic solution (1,0, 0)
is globally attractive in these two subcases respectively, namely, both I; and I become extinct when R < 1,
i=1,2.
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Fig. 4. Outcome (C) of dynamic behavior of system (2.5) when Rf) >1, i=1,2.

5. Discussion

In this paper we proposed and studied the following time-periodic two-strain SIS epidemic model

%S =DgAS + p(x,t) — d(x,t)S(x,t) + o1 (z, t) 1 (x,t) + d2(z, t) I2(x, t)
B1(x,t)S(x,t)I (x,t) Ba(x,t)S (x,t)Io(x,t)
S L T hwD ~ Se0rhanihmn T €L, >0,

i (y,t—=1) Sy t=1) L (y,t—75 -
+ fQ Iy, y,t,t — Ti)S(ﬂy)(ty—ii):-)fl((??i:—:i))-ﬁ-f(g(;tzz'z‘)dy’ r€f, t>0i=12

28=21=0, €02, t>0,i=12.

In Section 3.1, we firstly investigated the single-strain model (3.1) and showed that the disease persists if
R{ > 1 and the disease becomes extinct if R{ < 1. Consequently, in Section 3.2 we showed the dynamics
of the two-strains model, where the potential dynamical outcomes of system (2.5) are listed in Table 1 of
Section 4. In particular, when both R} > 1 and R3 > 1 hold, the disease infected with Strain 1 and the
disease infected with Strain 2 can coexist due to the effects of time heterogeneity (time periodicity) and
spatial heterogeneity, which has been proved by Theorem 3.16 and simulated in Section 4. It should be
emphasized that such a coexistence phenomenon of (2.5) when R} > 1 and RZ > 1 is different from those
of the ODE model with constant coefficients corresponding to (2.5). Clearly, the ODE model with constant
coefficients corresponding to (2.5) is as follows:

_ B1S(t)I1(t BoS(t)Io(t
§'(t) = p— dS(t) + 8111(8) + Bba(t) — s R Aw — stihminm £ 0

_ —(d4rq)Ti _ Bi@®)SE—7)1; (t—T75) P
L(t) = = (d+ ks + 6;) Lit) + e~ (@Hmom o AOSLEm L) 50, 4= 1,2,

(5.1)




L. Zhao, Z.-C. Wang and S. Ruan / Nonlinear Analysis: Real World Applications 51 (2020) 102966 25

S(t, x) 14t %)

Fig. 5. The dynamic behavior of system (2.5) when Ré =1, i=1,2.

By similar arguments to those in [5, Section 5], we can show that the solution (S(t),I1(¢), I2(t)) of (5.1)
always satisfies that I;(t) goes to zero as t — oo if R} < R%, i # j, 1,7 = 1,2. Obviously, the competitive
exclusion is the unique outcome of the dynamical behaviors of (5.1) when 1 < R} < Ré, i£ 4, 1,7

Furthermore, we take into account the special case of (2.5) without latent period and the effects of
temporal heterogeneity. Namely, we consider the following model

%S = DsAS + /L(%,t) - d(.’IJ,t)S({L‘,t) + (51($,t)11(.'17,t) + 62($,t>12($,t)

S(x,t)I(x,t S(z,t)Io(x,t
~ i@ ) s re i — P ) sEoin e £ € 2, 1> 0,

S(z,t)I;(x,
51 = DiAL = ri(@, ) (@, ) + Bi(@, ) grpar s, (5.2)

reN, t>0,i1=1,2,
28=21=0, €002, t>0,i=12.

Clearly, the results established in Sections 2—4 still hold for system (5.2). In contrast to model (1.1) studied by
Tuncer and Martcheva [14], model (5.2) (and (2.5)) studied in this paper takes into account the demographic
structure (the recruitment/birth term u(¢, 2) and the natural death rate d(¢, x)). Nevertheless, here we would
like to emphasize that the results of this paper cannot cover those established by Tuncer and Martcheva [14]
for model (1.1). In fact, for any number N > 0, (N/|£2],0,0) is always a disease-free equilibrium of (1.1), but
the model (5.2) (and (2.5)) studied in this paper always admits a unique disease-free steady state. Therefore,
in [14] the authors always suppose that S(z,0)+ I (z,0)+ Iz(2,0) = N > 0 on x € {2 holds. Of course, under
such an assumption, it seems that the threshold dynamics similar to those in this paper can be established
for model (1.1), see Jiang et al. [42, Theorem 2.4].
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