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Abstract Host heterogeneity can be modeled by using multi-group structures in the
population. In this paper we investigate the existence and nonexistence of traveling
waves of a two-group SIR epidemic model with time delay and constant recruitment
and show that the existence of traveling waves is determined by the basic reproduction
number Ry. More specifically, we prove that (i) when the basic reproduction number
Ro > 1, there exists a minimal wave speed ¢* > 0, such that for each ¢ > ¢* the
system admits a nontrivial traveling wave solution with wave speed ¢ and for ¢ < ¢*
there exists no nontrivial traveling wave satisfying the system; (ii) when Ry < 1,
the system admits no nontrivial traveling waves. Finally, we present some numerical
simulations to show the existence of traveling waves of the system.
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1 Introduction

To better understand the geographic spread of an infectious disease, it is important to
take into account the spatial effects in modeling the infectious disease. An epidemic
model with spatial effects usually can give rise to a moving zone of transition from a
diseases-free state to an infective state which predicts a wave of infection moving out
from the initial source of infection. Hence, traveling wave solutions play a key role
in studying the spatial spread of infectious diseases (see Hadeler 1994, 1988, 2016;
Murray 1989; Rass and Radcliffe 2003; Ruan 2007; Ruan and Wu 2009; Wang and
Wu 2010 and the references cited therein).

To study the combined effects of spatial heterogeneity and nonlocal interaction,
Li and Zou (2009) derived a SIR epidemic model with non-locality and constant
recruitment. They first established the existence, uniqueness and positivity of solutions
to the initial-value problem for the system on the whole space R. Then they investigated
the existence of traveling wave fronts of the system and obtained a critical value
which is a lower bound for the wave speed of the traveling wave fronts. Ducrot and
Magal (2011) studied a diffusive epidemic model with age-structure and constant
recruitment.! They proved an existence and nonexistence result for travelling wave
solutions, described the minimal wave speed, and constructed a suitable Lyapunov
like functional to discuss their convergence towards equilibrium points at x = =£o0.
Li et al. (2014) investigated the existence, nonexistence and minimal wave speed of
traveling waves of a nonlocal dispersal delayed SIR model with constant recruitment
and Holling-II incidence rate. It was found that the existence and nonexistence of
traveling waves of the system are not only determined by the minimal wave speed ¢
but also by the basic reproduction number Ry of the corresponding reaction system.
Li et al. (2015a) also studied a delayed diffusive SIR epidemic model with Holling-II
incidence rate and constant recruitment and established the minimal wave speed by
presenting the existence and nonexistence of traveling wave solutions for any positive
wave speed. In particular, it was proved that the minimal wave speed decreases when
the latency of infection increases. Fu (2016) considered a diffusive SIR model with
delay, saturated incidence rate and constant recruitment and studied traveling waves
connecting the infection-free equilibrium state and the endemic equilibrium state. With
the aid of a pair of upper and lower solutions constructed, he firstly obtained a family
of solutions of the truncated problems by applying the Schauder fixed point theorem,
and then proved the existence of the traveling waves via a limiting argument. Indeed,
it was shown that there exists ¢* > 0 such that the system admits a traveling wave
solution with speed c if and only if ¢ > ¢*. For more studies on traveling waves of
various epidemic models, we refer to Bai and Wu (2015), Ducrot and Magal (2009),
Hadeler (2016), Li and Yang (2014), Li et al. (2015b), Wu and Weng (2011), Yang
et al. (2013), Yang et al. (2011), Zhang and Wang (2014) and the references therein.

! The term “external supplies” was first used by Ducrot and Magal (2011) to describe the situation that the
host population is recruited at a constant rate from outside of the compartment. Several authors followed
them to use this terminology (see, for example, Li et al. 2014). After discussing with the authors of Ducrot
and Magal (2011), we all agreed that “constant recruitment” is a more appropriate term to describe the
phenomenon.
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Recent studies have suggested that host heterogeneity has important effects on the
dynamics of infectious diseases at several spatial and temporal scales and that hetero-
geneity in susceptibility may be of general importance in the ecology of infectious dis-
eases (Dwyer et al. 1997). Epidemiological models with host heterogeneity have been
studied extensively, either in terms of a finite number of different susceptibility classes
(Andersson and Britton 1998; Bonzi et al. 2011; Hyman and Li 2005, 2006; Rodrigues
etal. 2009; Shuai and van den Driessche 2012) or as a continuous distribution of suscep-
tibility (Clancy and Pearce 2013; Dwyer et al. 1997; Katriel 2012; Novozhilov 2008;
Veliov 2005). Many ODE models have also been proposed to describe the spread of
various infectious diseases with differential susceptibility and differential infectivity,
for example, measles, mumps, gonorrhea, HBV, HIV, syphilis and so on, see Cai et al.
(2012), Demasse and Ducrot (2013), Guo et al. (2006, 2012), Hadeler and Castillo-
Chavez (1995), Yuan and Zou (2010) and references therein. In particular, such models
can better reflect the variance of within-group and inter-group transmission rate.

There were also some interesting studies focusing on the traveling wave solutions
of diffusive epidemic model with differential susceptibility and differential infectivity.
Ai (2010) and Burie et al. (2006) used the different methods to take into account the
traveling waves for a model of a fungal disease over a vineyard. Weng and Zhao
(2005) investigated the spreading speed and traveling waves for a multi-type SIS
epidemic model on a continuous space. Wang et al. (2012) established the existence and
nonexistence of traveling waves of a reaction—advection—diffusion epidemic model,
which describe the spatio-temporal spread of HSN1 avian influenza in an ecosystem
involving the virus in the environment and a wide range of bird species. Ducrot et al.
(2010) studied traveling wave solutions of a multi-group age-structured SIR epidemic
models and showed that the existence and nonexistence of traveling wave solutions of
the system is determined by the basic reproduction number. In addition, their results
are applicable to the crisscross transmission of feline immunodeficiency virus and
some sexual transmission diseases (Fitzgibbon et al. 1995a,b). Zhao and Wang (2016)
established the existence and nonexistence of traveling wave fronts in the diffusive
epidemic model with multiple parallel infectious stages and found that the diffusion
rate of the infection individuals in each parallel infectious compartment can increase
the spreading speed of the disease. Recently, we (Zhao et al. 2017) also studied the
existence and nonexistence of traveling wave solutions of a two-group SIR epidemic
model, where the latency of disease and the mobility of the individuals in the latent
period were incorporated. However, in that paper we did not take into account the
constant recruitment for the two-group epidemic model.

In this paper, we continue to investigate the model proposed in Zhao et al. (2017)
by introducing the constant recruitment, namely, we consider the following two-group
epidemic model with delay

w =diAS;(t,x) +; —8;S;(t, x) — Bi1Si (1, )11 (1, x) — B2 Si (1, x) (2, x),
X — Dy AT (¢, x) — ri i (8, %) + €S;(t — T.) (Bt 1t — T, %) + Bia ot — 7.x))
IRULY) — T AR; (1. x) — ki Ry (1. x) + 1t I (1. x),

(1.1)
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where t > 0, x € Randi = 1,2, ¢ > 0O represents the latency of the infection,
ri = m; + 0, ¢ = e 'i" measures the proportion of the infected individuals that
can survive the latent period; d;, D; and 7; are the diffusion rates of the susceptible,
infectious and recovered individuals, respectively; A; is the entering flux of susceptible
individuals; §;, ¥; and «; represent the death rates of the susceptible, infectious and
recovered individuals, respectively; ; denotes the recovery rate and f;; denotes the
infection contamination rate for i, j = 1, 2. In contrast to the model (2.11) of Zhao
et al. (2017), in (1.2) we ignore the mobility of individuals during the latent period,
while ¢; = e~ "i" means that we assume that the latent individuals and the infectious
individuals have the same death rates ©%; and recovery rates 71;. From (1.1), itis obvious
that the equations for S; (¢, x) and [; (¢, x) are fully decoupled from R; (¢, x) i = 1, 2).
Thus, we only need to consider the sub-system as below:

ISULX) — g, AS; (1, ) + A — 8:8; (6, %) — Bin Si (1, )1 (1, %) — BinSi (1, ) a8, %),

YLD = i AL (1, x) = ri [ (1. %) + €St = 7.2) (B [ (t = 7.%) + B Dot — 7. x)).
(1.2)
where (¢, x) € Rt x Rand i = 1, 2. Here we make an assumption.

(A) d; > D;j > 0and A;, Bij, 8;,r; >0fori, j=1,2.

The assumption (A) has realistic significance. In fact, the capacity of activity of suscep-
tible individuals should be stronger than the capacity of activity of infected individuals.
As reported by Ducrot and Magal (2011), the mathematical analysis of this vital
dynamics (constant recruitment) becomes much more difficult to handle, in particular,
the convergence of traveling waves at x — +00. Fortunately, in this paper we can use
the assumption (A) to get an upper bound for the infected components and then use
a Lyapunov functional to solve the problem. Note that the joint effects of diffusion
and delay on the nonlinear dynamics, such as stability, Hopf bifurcation and Turing
instability, of delayed reaction—diffusion equations were studied in Hadeler and Ruan
(2007).

The plan of this paper is as follows. In the next section, we investigate traveling
waves of (1.2) and provide full information on the existence and nonexistence of
traveling wave solutions of (1.2). Namely, when the basic reproduction number Ry >
1, we prove that there exists a positive number ¢* such that for each wave speed
¢ > c*, system (1.2) admits a nontrivial traveling wave solution with wave speed c. In
particular, we use a Lyapunov functional to prove the convergence of traveling waves
as x — +o00. In Sect. 3, we prove the nonexistence of nonnegative traveling wave
solutions of system (1.2) when Ry < l or Ry > 1 and 0 < ¢ < c*. In Sect. 4, we
numerically simulate the existence of traveling waves of the system.

2 Existence of traveling wave solutions

To investigate traveling wave solutions of (1.2), we need to find constant equilibria of
(1.2). Tt is clear that (S?, Sg, 0,0) = (g—ll, g—;, 0, 0) is always an equilibrium of (1.2)
which is called the disease-free equilibrium of (1.2). To find a positive equilibrium, it
is equivalent to consider the following ODE system
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450 = 3 — B Si O (1) — BiaSi (D a(1) — 8:Si (1),

2.1
A0 — ¢ 1 S, () I (1) + € BinSi () 2 (1) — ri 1 (1),

where i = 1, 2. It is obvious that (59, Sg, 0, O)(S? = g‘—l’f) is also a disease-free equi-
librium of system (2.1). From Guo et al. (2006), we obtain that the basic reproduction
number of system (2.1) at the disease-free equilibrium (SO, Sg ,0,0), denoted by Ry,
can be expressed as

Ro =r(L),
where

epus)  epns?
o — r rl
L= &paS)  epns)
r mn
and r (L) denotes the spectral radius of the matrix £. In addition, by (Guo et al. 2006,
Proposition 3.1 and Theorem 3.3), we have the following theorem.

Theorem 2.1 If Ry < 1, then the only constant equlllbrtum of system (2.1) is the
disease-free equilibrium (S1 , S2, 0, 0) with SO = % anditis globally stable. If Ry > 1,
then system (2.1) admits two constant eqmllbrla namely, the disease-free equilibrium
(SY, S2, 0, 0) and an endemic equilibrium (S}, S5, I}, 1) (S}, S5, I}, 15 > 0). Fur-
thermore, (SY, Sg, 0,0) is unstable and (S}, S5, I}, I5) is globally asymptotically
stable.

In Sect. 2, we always assume that Ry > 1. In this case, system (1.2) admits two
equilibria, the disease-free equilibrium (SO, Sg, 0,0) and the endemic equilibrium
(S, 83, I}, I7). In the following we establish the existence of traveling wave solutions
of (1.2) connecting these two equilibria (S, Sg, 0,0) and (ST, S5, I}, I5). A traveling
wave solution of (1.2) is a special solution with the form as follows

(S1(8), $2(8), 1(§), I2(§)), § =x+ct eR. (2.2)

Substituting (2.2) into (1.2), we obtain the wave form equations as follows:

diST(E) + a1 —eS1(E) = BuSiE)1(E) — Br2S1(E) 2 (§) — 8151(8) =0,
d2SY(E) 4+ ha — cS5(8) — o1 S2(E)I1(§) — B2S2(E) 2 (§) — 8252(8) =0,
DiI{(€) —cI[(§) = ri11(§) + €1S1(§ —Cf)<ﬁ1111(€ —ct)+ Brah(E —Cf)> =0,

D) = cB®) — b + e8¢ - o) (Bl € - c0) + b (E - c0)) =0,
2.3)
we intend to look for a positive solution (S1(§), S2(€), I1(€), I>(§)) of (2.3) with the
following boundary conditions

& eR.
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Si(—o0) = S?, Si(+o00) = §F, L(—00) =0, [i(+o0)=1I" i=1,2.
2.4)
Linearizing the third and forth equations of (2.3) at the disease-free equilibrium
(89,59, 0,0) yields

DI} &) — I} (&) — ri11 (&) + €15 (Br1 116 — 1) + Prola(§ — 1)) =0, -
eR.
DIy (&) — eIy (&) — a2 (&) + €289 (Ba1 11 (6 — cT) + Poala(E — c1)) =0,
Letting (ggg) = e (Z;) we obtain the characteristic equations
Dinip? —enip + €18) (Bum + Biama) e —rim =0, 2.5)
Dymop® — cmapn + €289 (Baimi + Baamz) e HT — ramp = 0.
Let
~ (Dp O = (c 0 ~ (r O
A‘(o Dz)’ B‘(o c>’ D‘(o rz)
and
P e1B11S)e T €1 B1aSYeHeT
T\ @pfaiSYe T erfnSYe T
Denote ©(u, ¢) = u2A — uB — D + F. Then system (2.5) reduces to
Ou, c)<'“) —0. (2.6)
n2
Define A= D'A, B=D"'Band F = D' F. Then (2.6) becomes
(—Au> + Bu+D~'Fn=n, 2.7)

where n = (Z;), mi(w,c) = —Dip® +cu+ri (i =1,2)and

€1B118Ye™ T €y BpSYeHeT

— A2 -l _ my(i,c) my(i,c)
( AM + B/JL + I) F - €2ﬁ21 Sge—p.cr 62,322586‘7“01
ma(j,c) ma(j,c)

Let M (i, ¢) = (—Au* + Bu + )~ F, then (2.7) turns to
M, c)n =n.
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N /2 Ly
Let p (11, ¢) be the principal eigenvalue of M (i, ¢) and jt, = min;—j > %.
For ¢ > 0 and € [0, u.), a straightforward computation gives

p(p,c) =

—uet 0 0 0 0 2
e €18115] n €pnS; +|: €1fusS]  @pns,
2 mi(p,c)  ma(p,c) mi(p,c)  ma(p,c)

de1e2P1221 5089 T
mi(p, cyma (i, c)
(2.8)

Proposition 2.2 The following three statements hold:

(i) W is strictly increasing in ¢ € [0, 00) and lim —, oo ke = 400,
(ii) p(0,c) = Ry for any c € [0, 00), p(u, 0) is strictly increasing in . € [0, uop),
and limy_, ;.o p(i, c) = +oo for any ¢ > 0;
(iii) for any ju € (0, p1e), #=p (i, ) <O.

The proof of Proposition 2.2 is similar to that of Proposition 3.1 in Zhao et al. (2017)
and we omit it.
Following Proposition 2.2, we define

fa(c) = min p(u,c) for ¢>0.

Hel0, ue

Then we have 1(0) = Ry, lim.—, ft(c) = 0 and [i(c) is continuous and strictly
decreasing in ¢ € [0, 00). Assume Ry > 1. It follows that there exists a constant
¢® > 0 such that ii(c*) = 1, i(c) > 1 forc € [0, ¢*) and fi(c) < 1 for ¢ € (c*, o0).
Let

ps = inf {1 € [0, o) : p(u, ) =1}
It follows that p(p«, ¢*) = 1 and p (i, ¢) < 1 for any ¢ > ¢*. Define

pi(c) =sup{u € (0, ) : p(p, ) =1, p(u',c) = 1forany u’ € (0, 1)} .
Since p (i, ¢) < 1 for any ¢ > ¢*, we have the following proposition.

Proposition 2.3 Assume Ry > 1, then there exist c* > 0 and 1y € (0, puex) such that

(i) p(u,c) > 1forany0 <c < c*and u € (0, ue);

(ii) p(ps, ™) = 1, p(u,c*) > 1 for p € (0, uy) and p(u,c*) > 1 for n €
0, pex);

(iii) for any ¢ > c*, there exists i(c) € (0, uy) such that p(ui(c),c) = 1,
o, c) > 1foru € (0, ni(c)), and p(u1(c) +€,(c), ¢c) < 1 for some decreas-
ing sequence {&,(c)} satisfying lim, .~ &, = 0 and ¢, + 1(c) < w4 for any
n € N. Especially, ju1(c) is strictly decreasing in ¢ € (c*, 00).
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Since the matrix M (i, ¢) is nonnegative and irreducible for u € [0, ), applying
the Perron—Frobenius theorem yields the following proposition.

Proposition 2.4 Assume that Ry > 1. For ¢ > c*, there exist positive unit vectors
n(c) = (i(c), ()’ and £ (c) = (£}(c), ¢ ()T (n € N) such that

M(u1(c), o)n(c) = n(c),
M(p1(c) 4 en(c), ©)¢" () = p(pi(c) + &4(c), )" (c), neN.

Next, we fix ¢ > c¢*. Let u1(c), n(c) = (1(c), n2(c)’, ex(c), and ¢"(c) =
o), & )T (n € N) be defined in Propositions 2.3 and 2.4. Without loss of gen-
erality, we replace 111 (c), n(c) = (11(c), 1m2(c)”, &a(c),and £ (c) = (&' (0), &5 ()T
(n € N) with iy, 0 = ()7, &y and ¢" = @f.¢)T (0 € N). Since
p(1 + &4, ¢) < 1, it follows from Proposition 2.4 that

—my (1, ) + €18) (Briim + Bama) e 1T =0, 29
—mo (1, 0)n2 + GzSg (Bo1n1 + Boamn) e HIT =0
and
—mi (1 + &, L] +€15) (Buigf + ragy) et <0, (2.10)
—ma (1 + &n, ) + €259 (Ba1 ¢ + Pragy) e~ iten)et < -
forany n € N.

Lemma 2.5 The vector function IS(E) = (p1&), prENT with p; (&) = nje™é sat-
isfies

D P &) — cp} (&) + €1p11S) p1 (6 — cT) + €1B125) pa(6 — cT) — 11 p1(§) =0, -
€ IN.

D) py (&) — cphy(E) + 221 SIp1(E — 1) + €220 SI pa(§ — cT) — rapa(§) =0,
Lemma 2.6 For each w > 0 sufficiently small with < min{u1, d%} and M > 1

large enough, the vector-value map S™(§) = (8§, (§), S, (é))T defined by S; (§) =
max{SlQ(l — Me“%),0)(i = 1,2) satisfies

eST(E) < diST (&) + hi — 8:ST(8) — Buu ST (E)p1(€) — Bin ST (E)pa(E), i =1,2,
(2.11)
with & # —11n M.

Proof We firstly consider S;. When & > —é In M, we have S (§) = 0 and hence
the inequality (2.11) holds for S, .
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When & < —%ln M, one has p; (£) = njet'é (G = 1,2) and S = S(l)(l — Me®5).

. pl=e 1
Using o < % ande o "% > Qas M — +00, we deduce that

(—d1ow + ) SVoMe™ + iy —5;8V(1 — Me®™®)
—(Buim + Bram)SY(1 — Me)e1*
= (=diw + ) SYwMe™ — (Biim + B12m) ST (1 — Me™)e!1E + M5 SPe™

=
> (€ = di)S{oM — Bum + ponn)Se™5 M 1 5,57 ] et
>

0

for M > 1 large enough. Similarly, we can show that (2.11) holds for S, . This
completes the proof. O

Lemma 2.7 Fix 0 < € < 3 with € = gy, for some ng € N. Denote the eigenvector

¢" = (g, &) by £ = (1, 8)T. Then the function H(€) = (h1(§), ha(§))" with
hi () = max{(nie“lis — V{ie(/““)é) , 0} satisfies

chy(§) < Dih{(§) — rih1(§) + €18 (6 — ct) (Biih1(§ — ct) + Braha(§ — 1)),

1 m
i: < E]nv_gl
(2.12)
and
chy(§) < Dzh (§) —r2ha(§) + €28, (§ —c7) (B21h1(§ — ¢T) + Bazha(§ — ¢1)),
n2
g < EIHV—Q
(2.13)

where V > 0 is large enough so that min { In Wl - cIn VQ } > % InM.

Proof The proof is similar to that of Zhao et al. (2017, Lemma 3.6), so we omit the
details. m|

In the following, set X > max{ In VC] , L ln %}. Define

Xxi(£X) = §; (£X),
@i (£X) = hi(£X),
STE) < xi®) < 57,
hi(§) < ¢i(§) < pi(§)

Tx =00, x20), 010), 92()) € C([—X, X1, R*)

where i = 1, 2. It is easy to see that [y is closed and convex. Define

) xi), &l <X, . vi6), 5l <X,
xiG) =4y _ and ¢;(§) =
S; (), fe(=X—cr,—X] hi(§), &e(—X—ct,—X]

for any (x1(§), x2(§), ¢1(§), ¢2(§)) € I'x and i = 1, 2. For any given
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O, x20), 010), 92() € I'x,

we consider the following boundary-value problem for £ € (—X, X),

—d1S] x (&) + ¢S] x () = A1+ Br191()S1 x €) + Pr292(6)S1, x (€) + 8181, x(€) = 0,
—dy Sy x () + ¢Sy x () — A2+ Ba191(E) 2, x (€) + Po2p2(8)S2, x (§) + 8252 x (§) =0,
=DiI{ y (&) +clf x &) +r111 x (&) = €121 — ) (B1191E — 1) + Pr2g2 (6 — c1)),

—Daly y(§) +cly x (&) + 12D x(€) = €2%2(5 — 1) (B2 g1(§ — cT) + Bda (€ — c1))
(2.14)
with the following boundary conditions

Six(XX) =87 (EX), Lix(EX)=hi&EX), i=12 (2.15)
Note that the problem (2.14)—(2.15) admits a unique solution

(S1,x, S2.x, I x. I, x)

such that S1x, S»x. Iix. hhx € W>P((=X,X),R) N C([—X, X],R) for
any p > 1 (see Gilbarg and Trudinger 2001, Corollary 9.18). It then follows
from the embedding theorem (see Gilbarg and Trudinger 2001, Theorem 7.26) that
Six(), Iix() e WP (=X, X) — CH[—X, X]forsome« € (0, 1) andi = 1, 2.
Define an operator 7 = (71, 72, 73, 74) on 'y as

St.x = Ti(x1, X2, 91, 92),
$2.x = Ta(x1, X2, 91, 92)
I x =X, x2, @1, 92),
Lox = Ta(x1, X2, 91, 92),

Y (x1, x2, 01, 92) € T'x.

Theorem 2.8 The operator T maps I'x into T'x.

Proof 1Tt is obvious that 0 is a sub-solution of the first and second equations of (2.14)
on (—X, X), respectively, and S? and Sg are super-solutions of the first and second
equations of (2.14) on (— X, X), respectively. Then the maximum principle combining
the fact that 0 < §; x(X) = ;7 (X) < S? and 0 = §; x(—=X) = §; (—=X) < SZQ
implies that 0 < §; x (§) < S? forany § € [—-X, X]. It follows from (2.11) that S, (§)
satisfies

0> —diS7 (&) +¢S7(6) = hi + B ST (E) p1(E) + Bin ST (E) pa(€) + 87 (§)

> —
> —d;i ST (E) 4 ¢ST(€) — hi + Bt ST(E)1 (§) + Bin ST (E)a(€) + 8: 57 (§)

for [—X, X'] with X' = —%lnM. Since S; x(=X) = S; (—X) and S; x(X') >
S7(X') =0, weobtain S (§) < S; x(§) foré € [—X, X'] by the maximum principle.
Thus, one has S;(E) < Six(€) < S? for & € [—X, X].
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Next, we consider 11 x (&) and I x (§). Firstly, using the maximum principle, we
obtain that /1 x(§) > Oand I x(§) > Oforany § € [—X, X]. Accordingto §; (§) <
%i(&) < SYand hi(§) < ¢; (&) < pi(§) forany & € (—X — cT, X), one has

& (B i(6 — cDP1(E — ) + Biafi(§ — cDIGa(6 — 1))
= (8BS p1(E —cv) + BaSTpaE — c))
for £ € (—X, X) and i = 1, 2, which combining Lemma 2.5 implies that p; (§)(i =

1, 2) are super-solutions of the last two equations of (2.14) on [— X, X], respectively.
On the other hand, there holds

€ (Bi1Ri(€ — c@1(E — 1) + Bini(§ — cT)P2(§ — c1))
> € (Bi1S; (€ — cOhi(§ — c1) + Bin S (§ — cT)ha(§ — c1))

for £ € (—X,X) and i = 1,2, which combining (2.12) and (2.13) implies that
hi(§)(i = 1,2) are sub-solutions of the last two equations of (2.14) on [—X, X,]

with X; = éln Vn_i,-(i = 1, 2), respectively. By the comparison principle, we have
I x(§) =2 hi(§) and Ir x(§) > ho(§) for all £ € [—X, X]. Thus, we obtain that

p1&) = I x(§) 2 hi(§), p2§) = L x(§) = ha(§), V& e[-X, X]

This completes the proof. O

Making use of the classic embedding theorem, we know that 7 is acompact operator
from 'y to I'y. Using the globally elliptic estimates (Gilbarg and Trudinger 2001)
and the embedding theorem, it is easy to show that 7 : 'y — [y is completely
continuous. Thus, the Schauder’s fixed point theorem implies that there exists a vector
function (S1,x, S2.x, 11, x, I2,x) € I'x satisfying

Stx, S2.x. Iux, bx) =T S1.x, S2.x, I1,x, 12, x)

for & € [—X, X]. In particular, (S1,x, S2.x, I1,x, I2,x) satisfies

—di S} x® + S} x© =1+ (BrTLx(®) + B2l x () S1,x €) +8151,x(€) =0,
- dzsﬁ/’x(é) + cSQ,X(S) — A+ (/32111,)((5) + ﬁ2212,x(5)>52,x($) +828,, x(6) =0,
= DU © + clf x® + il x® =81 xE — 0 (B x + Bab x ) € = 0,

— Dol 5 (&) + el x €) + 12l x(§) = €282, x (¢ — ) (Buf1 x + B2 x ) (6 = e0),
Si(EX) =87 (£X),  L(EX) =17 (£X)

(2.16)
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for every £ € (—X, X), where

(ﬂilil,x +,3i2i2,X) (& —ct) =Bl x(& —ct) + Bh x(E —c1), i=1,2,

o _ ) Six(®), &l <X, | =
Sz,X(“;:) - {Sl_(%-)’ Ee(—X —ct,—X], =12

and

i x(&), &l <X,

hx@)= {hi(é), fe(-X—ct,—x], 'Th*

Theorem 2.9 For given Y > 0, there exists a constant M(Y) > 0, which is indepen-
dent of

1
X>max{Y,—ln—,—l —, —In—
&

such that
I Si,X ||C3[—Y,Y]v I Ii,X ||c2,1[_y,Y]§ M), i=1,2. (2.17)

Proof We consider the Eq. (2.16). Itis clear that S; x(§) < SO and [; (§) < n; MY L
M;(Y) for& e [-Y,Y]and i = 1, 2. Applying the L”(p > 2) estimates of linear
elliptic differential equations to S; x gives

2
1Si xlwery,ry <O | i+ D BipStmie +1xillwery.y) |
j=1

where O is a constant depending upon Y, and x; is taken to be a linear function connect-
ing the points (=Y, S; x(=Y)) and (¥, S; x(¥)). As a consequence, we can choose a
positive constant M (Y) which is depending on Y such that ||S; x| |W2 (=Y, Y) < M(Y)
for any X > Y. Since Wzl’( Y,Y) — clo[—y, Y] fora = 1 — ;, we have
that there exists a constant P(Y) depending on Y such that ||S; x[|cle_yy] <
PMI)IS:. xlw2pr—y,y)- We further conclude that [|S; x|lclej—yy; < PY)M(Y).
According to the S; x equation, we obtain |[S; x|c2(_y y] < M (Y), where M (Y) is a
positive constant depending upon Y. By a similar argument, we have || 1; x ||c2(_y y] <
M(Y)(@i = 1,2). Differentiating both sides of the S; x equations of (2.16), we have
that ||Si,X||C3[—Y,Y] < M(Y), where M(Y) is a positive constant depending upon Y.
By the definitions of §; y and J; x (i = 1,2), we have that ||1; x||c21_y.y) < M(Y)
for some positive constant M (Y) depending on Y. This completes the proof. O

Take a sequence of positive numbers {X,, },,~0 such that X,, - +o0o when m —
~+o00. Then by Theorem 2.9, there exists a solution (S, S2, I1, [2) € CZ(R, R4) of
(2.3) such that

STE) < SiE) <8 hi(€) < L(E) < pi(§), VEER, i=12. (2.18)

@ Springer



Traveling wave solutions in a two-group SIR epidemic model... 1883

By (2.18), we have

lim ;&) =S° lim I;(&) =0. (2.19)
E—>—00 E——00

In the following, we show some properties of solutions (Sy, 2, I1, 7).

Lemma 2.10 Let y = min{é1, 82, r1, r2}. Then we have

0< 1) < ri€in/d; Ai < S < Aj (2.20)
1 X D,’ ) ' A€l ,— Ar€n ,— 1 Y .
Y 3 + Bi1 )/F + Bi2 )/F Y

wherei = 1,2 and & € R.

Proof Since I; (i = 1, 2) are nonnegative and notidentically zero, the strong maximum
principle implies that /; (§) > O for any & € R. It then follows that

—d1 S () +cS1E) +yS1€) < A — BriS1EV1(E) — B12S1(E) 2(§),
—ds>85(€) +¢S5(E) + ¥ $2(6) < A — 12OV 1(§) — B22S2(E) [ (§),

VE € R,
=D () 4+ cl{(§) + y11(§) < €151 — cr)(B1111 + Br2D2) (€ — cT),
—DyI5(€) + cly(§) + v () < €282(8 — cr)(Bar 1 + Pa2l2) (€ — ),
2.21)

where (2111 + P2212)(E —ct) := Bor111(§E — cT) + Boala(§ —cT), VE € R. Set
m;(§) == Bi1Si(§)11(8) + BiaSi(§) 12(§)
and
ni(§) = €Si(§ —ct)(Bin 11 (§ —ct) + Pinf2(§ — 1))

for each £ € Rand i = 1, 2. Consider the following Cauchy problems

{g,ui(z,s> ~diggui () Ui O Fyui O =hi —mi®).
u;(0,8) = S; (),
(2.22)
and
30i(t.8) = Dizlrvi(t,§) + cgpui (1, €) + yvi (1, §) = ni (6), Vi 0 ECR,
vi (0, 8) = 1;(§),
(2.23)
we have (see Friedman 1964, Chapter 1, Theorems 12 and 16)
1 _(g ct—y)?
ui(t, &) =e S (y)dy

R »,/47'[dil‘

@ Springer



1884 L. Zhao et al.

1 e Vs _ (E—cs—y)?
+/ / i (A —mi(y)) dyds
0 JR

e
Q/47'[dis
and
w6 = [ T o
vi(t,§) =e — i ]
i o VAT Dil i\yay

f t/ T )y
—+ —_—e i n; Ky
o Jn VarDis Ay

forany t > 0, & € Rand i = 1,2. Then, by the comparison principle (see the
Phragmen-Lindelof principle in Protter and Weinberger 1983, Chapter 3, Theorem
10), we have

Si(6) Sui(t,§) and [;(§) <vi(t,§)
foranyt > 0,& e Randi = 1, 2. Letting t — oo yields

Ai .
Si(§) < v Ja;(§) and [;(§) <gp,(§), VEER, i=1,2,

where
too vt +o0 2
fa €)= /O S /_ e —y —ene”dyar
and

+00 eVt +00 _i
40, () = /O ni(E — y — ctye Pdyds

JaAr Dit J oo
=€ fp;(§ —cT), VE €R.

By the expression of fy (§), one has

+oo
Vi f4,(6) = /O

efyt +o00 _i
M/ mi(E —y—ct)e “irtdydtVE eR, i =1,2.
—0oQ
(2.24)

Furthermore, due to (2.24) and d; > D;, it is easy to see that

Vi f4,E) = /Difp,€), VEER, i=1,2,

which leads to

VDili(§) < /Digp, (€)
= €v/Di fp, (€ — c1)
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< €v/d; fa, (€ — cv)
)\’.

<edi=, VEeR, i=1,2.
14

This completes the proof of inequalities for I; (i =1, 2).

Let
inf S;(£) :=0; >0 and o; := M i =1,2
EIIEIR i(§):=0; 20 and 0; := S + Bilreivdy + BizhreaJ/dy ' P= b
! y~/Di ¥~ D2

In the following we show that
0i 20, 1=12.

Without loss of generality, we assume on the contrary that 01 < o7. Since S1(§)
satisfies

eid raer/d
A SIE) — eS| (E) + hy — (81 PPRALELI 262“/_2) S1(5) <0, VE € R,

+
/D1y P /D2y
(2.25)

it is impossible that there exists a local minimum point &y € R satisfying S1(§p) < o7.
Then we conclude that there exists £&; > 0 such that Sy () is nonincreasing in [§], +00)
and

lim Sl(é-') =01 <O].
E—o00

Since S1(§), $2(£), I1(§) and I>(£§) are bounded in & € R, then by the interior
L? estimate for elliptic equations (Gilbarg and Trudinger 2001) and the embedding
theorem, we have that there exists a constant Cy > 0 such that

||Si(')||c3(]R) , ||Ii(')||c3(]R) < Co, i=1,2.

Applying the inequality ||'||2C'([x,+oo) < 41l ooy Il 2 (r. 400 to the function
S1(¢) — o1, we have that

Jim S1¢) = lim S7() =0.

Letting & — 400 in (2.25) yields A} — % < 0. This is a contradiction due to

01 < o1. This completes the proof. O
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Proposition 2.11 Assume that (S1(§), S2(§), 11(§), I>(§)) is a positive bo_unded solu-
tion of (2.3) and (2.19). Then there exist two positive constants M| and M such that

max{ max I;(x), max Iz(x)}
xelE—1,6+1] xelE—1,E+1]

(2.26)
< M| min { min I (%), min Iz(x)}
x€[E—1,6+1] xelé—1,E4+1]
and y I
1(8) 2 (&) - 2.27)
1 (&) L&)
forany & € R.

Proof Using

&
L(§) = L / eM1E e 8 (x — 1) (Bin I (x — cT) + Binla(x — cT)) dx

Pi J—oc0
1 400

+ f A2ED¢ 5, (x — e1) (Bily (x — 1) + Biala(x — cT)) dx
i JE

(2.28)

. - . 2 AD:r: - N 2 AD:r:
forany & € R, where i = 1,2, A;} = N 720 W, Ajp = SV Habini ”;[;:’r’, pi =

Di(Aip — A1) and_l_\ = max{—A11, A2, —A21, Axl, we can show that for each
£ e R, I;(£+y)e ™ isdecreasing in y € Rand I; (¢ + y)e® is increasing in y € R.
Furthermore, we have
—DiI' (&) + cI[(§) + ri I; (§)
> & (B Si6 — ONE) +aBRSIE -~ cOR®)  (229)

and

—D;I]'(€) + cI/ (&) + ri I; (§)
< et (ﬂn Si(¢ —ct)1(§) + € finSi(§ — 07)12(??)) (2.30)

forany £ € Randi = 1, 2. By (Foldes and Polacik 2009, Theorem 3.9 and Lemma
3.10), there exist two positive constants /C and C such that for any § € R

inf{ inf  I(x), inf Iz(x)}
xe(E—-2,6+2) xe(E-2,E+2)

> Kmax {11 |l Lre-2.642), |1 2llLrE—2.642)}
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and
max {11l Lr—2.642). 1 2llLrE—2.642) )

> Cmax sup I (x), sup L(x);¢,
xe(E—1,E+1) xe(E—1,6+1)

where p > 1 is a constant. According to

inf Ii(x) > inf I,-(x), VEeR, i=1,2,
xe(E—1,6+1) xe(§-2,6+

then we know that (2.26) holds.

Furthermore, we show that (2.27) holds. In fact, applying the L? interior estimates
(Gilbarg and Trudinger 2001, Theorem 9.11) to the equations satisfied by /1 and I,
we have that there exists a positive constant M, > 0 such that for any & € R,

max{nhnwzp( vert) Ml (e lm)}

<M, (nilnL,,(é,,H]) + lllele(gl,gﬂ)) 7

where

I | ;i (- —cOllLre—1.64n, i =1,2.

Lr(s-1 g+1)

Since [; (§ + y)e[\y is increasing in y € R, one has

<||11||Lp(§_1’5+1) + ||12||Lp(g_1,s+1))

<Mt (“IlHLP(E—LéH) + ”IZHLP(E—I,EH)) :

Using the embedding theorem, we have that there exists M3 > 0 such that

max{”llll c(ie-berh) ||12|| (L J)}

< Ms max{ max [;, max 12} (2.31)
[E—1,E+1] [E—1,6+1]

for any & € R. Let M = M Mj. It follows from (2.26) and (2.31) that the inequality
(2.27) holds. This completes the proof. O

Now we prove the convergence of traveling waves as x — 400, which is a conse-
quence of some suitable Lyapunov functional. Let g(x) = x — 1 — In x. Define

- :(Sl(-), $2(), [ (), () € (CY(R, (0, 4+00)) x --- x C'(R, (0, +OO)))}
11(§) LE) .

I > 0, "““‘Jr LO| < 1. Ve e R,
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For each (81, S, 11, 1) € C, define

V(E) =———— (e1Vs1(§) + Vi1 (&) + el BuSTII Wi (€) + €1 B12ST I Wi2(§))
€1B12871;
+ W (2Vs2(8) + Vi (&) + €221 S5 11 Way (§)
€268 1; Wn(§)), V& €R,
(2.32)
where . . S
Vsi(§) =S; (diS,-(é) <% - S_l*> +cg ( 5 )) ,
Vi: =1*( D; I 1 1 Ii(f)
11 (§) =1; ( il; (&) (TS) - I_z*> +Cg( I ))
and

Wij(€) =/Crg (Si(((E _(;»)k;i(g _U)>d0, VEeR, i=12
0 i1

Then we shall show the following result.

Theorem 2.12 Let (A) be satisfied and the solution (S1, S», 11, I2) be a positive solu-
tion of system (2.3) such that for some constant H > 1,

1 Ai
7 <s®<L (233)
I;(§) < HIF, (2.34)
o HGIRIAG)
157 2.35
moIRG) (239

for each & € Randi = 1,2. Then there exists a constant m > 0 (only depending
upon 'H) such that
—m<V(E)<oo, VEeER (2.36)

and the map § — V (§) is non-increasing. Moreover, if ¢ — V(&) is a constant then
Si=8 L=1I' i=12

Proof Note that S; is bounded in C2(R). Due to inequalities (2.33)—(2.35), we obtain
for any £ € R that

1 1 1 1
astas© (55~ 57) + 200 (75 77

* 1 l/ Ii/(é)
<EiSidillsflloo(H+S—?)+Di1i*<I—i + 7 >
1 1-/(5) ¢
< €87di|lS] DI | D;I
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N AIRAD <H + %) +DIFH(+H), i=12. (2.37)
Let
@®=C&ﬁ%<@»+ﬁ <@v+§ﬁmﬁlmﬁﬂ
EeR, i=1,2
and | |
- (), VEER. 2.38
() Elﬂlef‘Iﬁ"wl(s) + 62,32153‘11*(02(5) §e (2.38)

It is obvious that
O0<wE) <oo, VEER.

As a consequence, the inequality (2.36) holds.
Let us now show that the map § — V (£) is non-increasing. By a direct calculation,
we have for any £ € R that

Swua—SDZ
(o18) = 5

ST S L) +11($)>

Ve (§) = — + BuSi Iy (1—

$1(6) $i16)  STIY If
s (1 Sy - MO0 B0y (40
Vi (§) = —82% + Bu S5 It (1 - sté) - SZ(E;L(E) + Il;?)
(- Sy - 2O B8) (50
Wﬂ9=g(§%%%9>—g(&@ CQ;@_C”> ij =12,

I 2 S _ It . ]
Vi (&) = —DyI} (Iigi) (1 BLSTIT ( 1§ c;izlllk(é ) 11(1*5)
816 —cli(§ —c1) n 1)
STI(&)
+e1B12S7 Iy (Sl €= cgiﬁ(é — <o)
112

L) SiE—cen)h@ - ct)lf N 1)

Iy STIEL(E)
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and
Vi, () = _D2[;( 2I(§)> +62,321S§‘11*< 2 (& crz 1*(5 cT) 2(5)
2 Sy I
(& —cn)l1(§ —cr)l3 n 1>
S3I (&)

S2(E —ct)h(E —cT)
+e2$2285 17 < & o Ii
215

@) SE-cObE—cn) | 1)
I3 S5h(E) ‘

Let Vi(§) = &V (§) + V},(§) + Bt SFIT W/ (€) + € BinSFIF W, (§) for any
& e Randi = 1, 2. Then we have for any & € R that

- S* S — I _
Vi@ = eipusii (2‘ 5 - 5;1)1(15(5 -
i S1(§ —ct)1(§ — CT))

S16)11(§)

. St LE)  LE)  SiIE—cn)hE -l
Fapndil (2_ s T I SFETL(E)
o S1E = Db - cr)) ey, SO =S (s;@)z
S1(€) (&) S1(&) PUsie)
pir <1{<s>)2
AV
and
_ - S5 S —c)h(E — 1)
V26) = eafndify <2 T ne S51(8)
i s2(s—cr>12<s—cr)>d
S$2(8)(§)
crifs S5 L@ hE  SHE—cnhE -l
TS <2 Se 1§ SRAG)
o S2E 0N —cr)) s, 526 = I st <S§(s>>2
SH(EVI(E) G 2\ 88)

L (BEN
—hab <12<s>) '

It follows that

/ 51111*{ < St ) (51(5—61)11(S—CT)>}
V) = — 0L e N
@ =" *\5e) *¢ SThE)
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_{ ( s )+ (sl@)lz(s—crﬂ;‘)}
\sie) "\ sgne
_bnly {g< $; )+g(52($—ct)12(§—cr))}
B I $2(8) S50 (&)
- s > (sz@m(s—cr)l;)}

{g (sz@ S\ T srne

TEROIG RN (S;<s)>2 8 (5206) = 8p)?

CBSI Si6) Bl \Si®))  BuSilf $%)
& (%(5))2_ DI} (1{@))2_ DI} (12/@:))2
Bar I \ $2(8) €1B12ST1y \11(§) epnS3 17 \ 12(§)
<0, VEeR.
aveE) _

When V (§) is a constant, we have = 3 0 for all £ € R, which implies that

S;(6)=0, [E) =0, SiE) =S, LE =1 &R,
The proof is completed. O

Theorem 2.13 Assume Ry > 1 and (A) holds. Then for each ¢ > c¢*, system (1.2)
has a traveling wave solution satisfying (2.3) and (2.4).

Proof Using the previous argument, we know that there exist positive functions
(1), $10), [1(), 12(+))
satisfying (2.3), (2.20) and
lim S;(§) = S?, lim [;(¢§)=0, i =1,2.

E—>—00 §—>—00
The reminder is to show that

lim S;() =S/, lim L) =1 i=12.

§—>+o0 §—>+o0

Consider an arbitrary increasing sequence {&,},,>0 with &, > 0 such that §,, —
+o00 when m — 4-00 as well as the sequences of

Sim(§) =Si(§ +&m)s Lim(E) =1i(E +8n), =12

Due to elliptic estimates, up to a subsequence, one may assume that the sequences
(St,m» S2.m» Ii,m» Io,m) converge towards some functions (S1,00, 82,00 11,005 12,00)

in CIIOC(R) X ++e X Clloc(R)~ As a consequence, (S1,00, 32,00 11,005 12,00) 1 @ solution
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of the system (2.3). Moreover, since the map & — V(&) is non-increasing, we have
for each m > 0 that

V(St,ms S2.m> Ivms 2m)(E) = V(S1, S2, I, )(E + &) < V(S1, 82, 11, 1)(§),
V&€ € R.

Since it is bounded from below, there exists / € R such that

im V(St,m, Som» Llim, .m)(E) =1, V& eR.

m— 400

Since

Lim  V (St m, S2,ms L1,ms D) (§) = V(81,00 82,005 11,005 12,00) (§)

m—+00

in CI]OC(R), we have V (S1.00s 52,005 11,00, 12,00)(§) = [, which combining with The-

orem 2.12 implies that
Sie) =85 Lioo() =17, S 0() =0, I/ () =0, i=12.
By the arbitrariness of the sequence {&,,}, we obtain

lim S;(&) =S lim LE) =1 i=1,2.
E—>+o0 §—>+o0

This completes the proof. O

Theorem 2.14 Let (A) be satisfied and Ry > 1. Then for ¢ = c*, system (1.2) admits
a traveling wave solution (S1(-), S2(-), I1(+), I2(-)) satisfying (2.3) and (2.4).

Proof Assume that {c,,} € (c*,¢* + 1) is a decreasing sequence satisfying
limy,— o0 ¢;n = ¢*. Following Theorem 2.13, for each ¢, there exists a solution

(Sl,m, S2,m, I],m» IZ,m)

of (2.3) such that (2.4), (2.20), (2.26) and (2.27) hold. Since (S1,,(- + a), So.m (- +
a), I1 m(- + a), I (- + a)) are also solutions of (2.3) and (2.4) for any a € R, we
can assume that

SO 4 g*
S1.m(0) = 12 L

Using the interior elliptic estimates, Arzela-Ascoli theorem and a diagonalization
argument, one has that there exists a subsequence of {(S1,u, S2.m> I1.m> 12.m)}meN,
agaiﬂ denoted by {(Sl,ma S2,ma Il,m , I2,m)}meN’ SatiSfying (Sl,m , SZ,m , Il,m , IZ,m) -
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(S1, 8, I, ) asm — ooin CIZOC(R, RY). It is clear that (S}, S», I, I») also satisfies
(2.3) and

0
Sy + St

5100) = —

(2.39)

Using (2.39), we further obtain (S1, Sz, I1, I») # (89, 89,0, 0). Since S; and I; are
nonnegative, we have S;(§) > Oand /;(§) > Oon & € R. Using these observation, we
know that (S1, S2, I1, I2) satisfies (2.20) (2.26) and (2.27). Similar to the argument of
Theorem 2.12, we have
Si(+00) = 8%, Li(+o0) =17, i=1,2.
In order to complete the proof of Theorem 2.14, we need to prove

Si(—00) =8P, Ii(—00) =0, i=1,2. (2.40)

Theorem 2.12 implies that —V’(&) > 0. Then we can obtain either

Jim VE) =L <400 (2.41)
or
Jim V(©) = +oc. (2.42)

If (2.41) holds, by the argument similar to that in Theorem 2.12, we can obtain
Si(—o0) = §F, Li(—o0)=1F, i=12.

Because of —V/(£) > 0, one has V(&) = 0in R. As a consequence, Theorem 2.12
implies that

SE® =8 LE =" §eR, i=12

which contradicts with (2.39). Therefore, it is impossible that the inequality (2.41)
holds. Thus, there must be
lim V(&) = +oo. (2.43)
E——00

We firstly show that
liminf 71 (§) = 0.
E——00

Otherwise, one has that lim infe_, _oo /1(§) > 0 which, combining limg_, 400 I1(§) =
I and I1(£§) > O forany £ € R, yields that there exists § > 0 such that /;(§) > & for
& € R. Since I;(€) can be expressed as

+00 et +o00 7i
I = _— ni(E —y—ct)e *P2'dvydt,
2(8) /o N e i€ —y ) y
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then there exists § > 0 such that
L&) >68, £eR.

As a consequence, we have

limsupw(§) < 400, (2.44)

£——0o0
which leads to a contradiction with (2.43), where w (£) is defined by (2.38). Thus, one
has liminfg_, o 11(§) = 0.

Secondly, we prove that
lim I;(¢) =0.
E——00

If
limsup1(§) =6 >0
£——00
for some § > 0, then there exists a sequence {&x} such that & — —oo as k — +o0
and
lim I;(&) = 3.
k—+o00

Let Ny € N with ¢*t € [Ng, Ng + 1). Due to (2.26), one has

1
min min I; > — max max I;
i=12 (g —N—1,6—N+1) i€ > M) i=12&c(E&—N—1L&—N+1) i©)
1
> — min min I; (&)
My i=1,2€(E—N.&—N+2)
1
> — max max 1;
M? i=126cE—N.&-N+2) A
> ! I; (§)
— max max i
T oMY i=12sc@-Ta+D
< )
~ oMy

forany N € {1, .-, No} and k > K, where K € N satisfies 1 () > % fork > K.
Consequently, we have

)
min min [; —y) > ——, Vk> K.
521,2 Jel0. e G —y) = 2M1N° >

It follows that
limsup V(&) < oo,

k—o00

which leads to a contradiction with (2.43). Thus, we have limg_, _ [1(§) =0.By a
similar argument, we have limg_, _ o 12(§) = 0.
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Finally, we show that
lim S(éf)—so—ﬂ
E——00 ! ! 31 ’

We divide the proof into two steps.
Step 1. We prove that limg_, _o S1(§) exists. On the contrary, we assume that
limg_, _ o S1(§) does not exist. Since S (§) satisfies (2.20), then we have

s
liminf S1(£) < lim sup S (&) < =
E——o00

E——00 g
Let {&} such that & — —o0 as [ — 400 and
. .. Al
Iim S;(&) = liminf S1(§) < —,
[—+00 E——00 81
) (2.45)

d d
%Sl (&) =0, @51 (&) = 0.

Since
lim [;(§) =0, i=1,2,
[—+o00

then the S;-th equation with ¢ = ¢* implies that
. A
lim §1(&) > —,
I—+00 81

which leads to a contradiction with the inequality (2.45).
Step 2. We prove that limg_, _o S1(§) = g—ll Letlimg s _oo S1(§) = ky. In view of

—d1S{(§) + ¢S1(§) + 8151(8) = A1 — BuSiE)1(§) — B12S1(§) [(§),

one has that

1 [§
516 = [ M (= Busion e - fasinem )ds

1 +00
o [ (1 = SR W) — s (L)) dx
o J;
|
=—/ eA‘x<M — BuS16 —x)11(§ —x) — f12S1(§ —x) (& —x))dx
o Jo
1 0
o [ e (= pusie —nneE -

— P21 (6 — )b — ) )dx,
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where

c—+/c2+4d8 A C+\/C2+4d181
5 2 = —.

=di(Ar — Ay, A =
o 1(A2 1) 1 24 2,

Let £ — —o0, the Lebesgue’s dominated convergence theorem implies that

A 400 A 0
ki = —]f eAM¥dx + —1/ M dx.
P Jo P J—oco

By a straightforward computation, we have that

A ( 1 1 > A
kl - — _—— = —.
p\A1 A 1

Thus, one has

lim_$i(6) = =
im = —.
00 | 81
By the same way, we can obtain

lim_$a(6) = =2

im = —.

0 )

This completes the proof. O

3 Nonexistence of traveling waves

In the section, we show the nonexistence of traveling wave solutions of system (2.3)
for the following three cases: (I) Rg < 1; (II) Rg = 1; (III) Rp > 1 and ¢ < c*.

31 Casel: Ry <1

Theorem 3.1 Assume that Ry < 1. There exists no nonnegative bounded solution

(81(6), $2(8), 11(6), 12(8)) of (2.3) satisfying (2.4).

Proof We prove Theorem 3.1 by contradiction. Assume that there exists a solution

(S1(5), $2(86), 11(8), I2(§)) satisfying (2.3) and (2.4). Let [ sup := supgcp 1i (), i =
1, 2. By (2.3), we have

" VEeR.

{Dll{’(é‘) —cI[(&) + €1 (Bu SV sup + B2 sup) — 11 (§) =0
) >0,

Dy L) (&) — cI5 (&) + €2 (B21 Sy sup + B2 S sup) — 12 (&

The comparison principle implies that

Il(é) Il,sup
(IZ(S)) sL (IZ,sup> F VB ER,
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which in turn implies that

Il,sup <[ [l,sup

IZ,Sup h I2,sup '
See Sect. 2 for the definitions of £ and r(L). It is easy to see that the matrix L is
nonnegative and irreducible, and (L) = Rp. The Perron-Frobenius theorem yields

that there exists a vector Q = (g1, ¢2)7 € R? with ¢g; > 0 and g > 0 such that
LO = RpQ. Note that there exists a large constant ¢ > 0 satisfying

Il sup
. < )
< IZ,sup - QQ
Consequently, we have

(h,sup) <£n<ll,sup) <Q£"Q=QR'0’Q—>O

IZ,sup IZ,sup
as n — 00, which contradicts to the fact that /;(£) > O and I»(§) > O for any £ € R.
This completes the proof. O
3.2 Casell: Ry =1

Theorem 3.2 Assume that Ry = 1. There exists no nonnegative bounded solution

(81(6), $2(8), 11(6), 12(8)) of (2.3) satisfying (2.4).

Proof Since Ry = 1, there exists K = (ki, kz)T € R? with k; > 0 and k» > 0 such
that LK = K. It follows that

Br2SVerkar Ba1SYerkira
ri=BnSlel + —1——— 1 =pnSle+ —2 "=, (3.1
kyiry kary
Take a sequence {&,},nen C R such that
lim 1;(&,) = B := sup I (£). (3.2)
m——+00

£eR

Next we shall show that B = 0. To do so, let us argue by contradiction. Assume B >
0. Consider the function sequence (S1,, (&), S2.2(&), [1,m (&), .m(§)) = (S1(§ +
En), SH(E+ER), I1(E+Ey), L (E+E&,)) form € N. Using the elliptic estimates, we can
assume, possibly along a subsequence, that (S1 (&), S2.m (&), 1 m(§), I m(§)) —
(3‘1, 3'2, fl, fz) asm — +o00 in Cfoc(R) and (3‘1, 3‘2, fl, fz) satisfies
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dy 81 (€) — cS1€) + A1 — 81518) — BriS1E[1(5) — Br2S1(E) 12 (§) =0,

dsy S5 (§) — ¢S5(E) + 2o — 8252(8) — B $2(E)[1(§) — P Sa(§) 2(8) =0,
Di(©) = cl{©) = i1 © + €151 —cv) (Bl € —c0) + prabE —cn)) =
D213(&) = el — b (® + 22826 — cv) (B i € = cv) + oo — 1)) =
LO)=B, ¢ <B

0<SiEe <=5 i=12
i

]
for any £ € R. Using the comparison principle and the second equality of (3.1), we
have

262185k

D sup,
kory Sup

2621898 > <r2 - 62,3225(2)) D osup =
which implies that
kory

I < =
Sup X kira

Thus, by the first equality of (3.1), plugging the above inequality into the I-th equation
yields that

0= D1l =51 + e (BuSi(—enfi(=cr) + pradi(—en) b (—cr))
2 8 5 kary % 5
< D117 (0) + €181 (—c7) ﬂ113+ﬂ12EB —nB

= D]I{/(O) + 6151( C‘L’)

—rlB
81

Due to I”(O) 0, one has ;8 (— cr) ” B — r1B > 0, which implies that

Si(—ct) — 8V > 0.

When 3‘1 (—ct) — S? > 0, it leads to a contradiction with 3’1 &) < S? for all £ € R.
Thus, one has 3’1 (—ct)— S? = 0, which leads to 3'1 &) = S? foreach & € R. Plugging
3‘1 &) = S? into the S;-th equation, we get fl () = 0, V& € R. As a consequence,
one has B = 0, which leads to a contradiction with B > 0. The proof is completed. O

3.3 CaseIll: Ry > 1and c € (0, c*)

,S 89 .. . . .
Let R; o := 6“8 LA RS 62'62 —==22 i = 1, 2. The characteristic equation of the matrix L is

given by

f@) = (A - M) <A _ GzﬂzzSg) B 162812215089 N

ri rn rir
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From Zhao et al. (2017, Propositions 4.2, 4.3 and 4.4), we can get some relationships
between Rp and R; o(i = 1, 2) as follows:

Proposition 3.3 If Ry > 1, then at least one of R1,0 and Ry is greater than 1.
Moreover, we have: (i) Ro = 1 if Ri g =1and Ry o = 1; (i) Ro < 1 if R1,0 < 1 and
Ry = 1; (i) Rg < 1 ile’() = 1and Ry < 1.

Proposition 3.4 [fR10> 1, Roo > 1 and RioR20 > 1, then Ry > 1.
Proposition 3.5 Assume Ry > 1. If R0 < 1 or Ry o < 1, then f(1) < 0.

Lemma 3.6 Assume Ro > 1. Foranyc > 0, if system (1.2) admits a positive traveling
wave solution (S1(x + ct), S2(x + ct), I1(x + ct), [(x + ct)) satisfying (2.3) and
(2.4), then there exist some constants J > 0 and M > 0 large enough such that

X
f L;()deE < T, x<—2M+ct, i=1,2.
o0

Proof Fix ¢ > 0. Assume that (S1(x + ct), S2(x + ct), [1(x + ct), [L(x + ct))
is a nonnegative traveling wave solution of (1.2) satisfying (2.3) and (2.4). Since
Si(—o0) = S?, there exists M > 0 sufficiently large such that

Si€) > S2(1—v), V&e (o0, —2M4c1), i=1,2,

where v € (0, 1) is a small constant which will be determined later.
For &£ < —2M + ct, we have

e1(Bi1E = c0SIE =) + puSiE — cBE —c0) —rhi(E)

> e Sy (1 = v)L(E —ct) — [1(§)]
+e1B128)(1 = V)[La(E — c7) — L(£)]

+(e1Busi( —v) = n ) 11©) +e1pr2S) (1 = VL), (3.3)

Similarly, for § < —2M + c7, one has

62(,32111(5 —c1)8(E —ct) + PnS2(E —cr)(§ — CT)) —nrh(é)

> €B2189(1 — V[ (¢ — c1) — I1(£)]
+e282083(1 — W[h(E — ct) — L(E)]

(2808001 =) = 12) ) + 22151 = VN ©). (3:4)

Fory <x < —2M +ct, let Ji(x, y) = f; I; (§)dE& . Integrating both sides of (3.3)
from y tox(y < x < —2M + c7) yields

(a1Bustt —v) = )7 ») +e1prasi = v hax, »)
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< /yx (€1B1111(§ —cT)81(§ — cT) + €1 B12la(§ — cT)S1(§ —cv) — r111(§)) d§
—e157(1 =) (ﬂn fy (- cv) - 1©)) de
+ o /y (& —cr) - Iz@))ds) . (3.5)
Similarly, for any y < x < —2M + ct, one has

(2822891 = v) = 12) To(x. ) + 2P 91 = 1) (x. )

< /} (@B E — c$1(E — ) + bl — S E — 1) — b)) dE
—65(1 —v) (/322 /y " (b — cv) - D) dt
s /) ChE—en -1y (é))d$> . (3.6)
In the following, we show that there exist constants 7 > 0 such that

/ [(E)E< T, x <—2M+ct, i=1,2. (3.7)

In order to prove (3.7), we take into account the following five cases:

Case 1: elﬂnS? —r; > 0.

In this case we take v € (0, 1) small enough so that el,BllS?(l —v) —r; > 0.Due
to Lemma 2.10 and (2.27), we have

172wy < P, lim I[(x)=0, xeR, i=1,2, (3.8)
X—>—00
where P is a positive constant. It follows that

/ {eiBith (5§ —ct)Si(§ —ct) + € Binha(§ —c1)Si(§ —ct) —1i1;(§)} dE

—00

— tim [ (@Bl - c0)SiE —cr)
y—>—o0 J,

+€Binla(§ —ct)Si (5 —c1) —ril;(§)}dE
= —Dili/(x) +cli(x), VYx € (—o0,+00), i =1,2.

Furthermore, we have

/ (1i(§ —ct) — 1i(§)) dyd§ = ZLinloo/ (i(§ —ct) — 1;(§)) d§
e’} Z
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7——00

X 1
= lim —ct / / (€ — 6(ct))dOdE
z 0

1
= —cr/ Ii(x — 0ct)df, x < —2M + cT
0

fori =1, 2. Letting y — —oo in (3.5) yields

(apnsta - -n) [

1(E)dE + 1281 — v) / 5(€)ds
= —DiI/(x) + cli(x) + erctSY(1 —v)
1 1
(.311 / Ii(x —0ct)dO + ,312/ L(x — Gct)de)
0 0

< —DiP +cP+erctSY1 —v) (B + B12) P,

X

which implies that the inequality (3.7) holds for any x < —2M + ct.

Case 2: 62,32253 — 1) > 0.
This case is similar to case 1 and we omit the details.

Case 3: 61/31150 —r <0, 62/32258 —ry <0, 61,3115(1) + 62/32158 —ry > 0and
€1B128Y + €2$228) — 2 > 0.

In this case we take v € (0, 1) satisfying 61;3115?(1 —v) +62,32ng(1 —v)—r1 >0
and 61,3125?(1 —V) + 62/32258(1 —v) —rp > 0. By adding both sides of inequalities
(3.5) and (3.6) respectively, we have that

[e1B1 S0 = v) + 2218901 = v) =1y | Ji(x, )

+[e2B228901 = v) + €1Ba8Y(1 = ) = 12| o, ) (3.9)

< / {e1p1111(E —c1)S1(§ —c1) + 1Bl (6 —cT)S1(§ —cr) —r111(§)} dE
y
+/ {e2Bo111(§ —c1)$2(8 — 1) + B0 a(§ —c1)$2(§ —cT) —r2x(§)}dE
y
- (61,3125?(1 —v) +eBnSi(1 — v))/ (I —ct) — 1 (§))dE
v

~(apusta v rapusta-v) [ nE-c-nend G0

y

forany y < x < —2M + ct. Similarly, letting y — —o0 on both sides of (3.9), we
obtain inequality (3.7).

Case 4: 61,31150 —r; <0, 62/32253 —r <0, 61,3115? + 62/32158 —r; > 0and
€1B128Y + €26228) —r < 0.
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Following Proposition 3.5, in this case there is f(1) < 0, that is

0 0 0 ¢0
. (61,31151 . 62/32252) L aeBnpn—puh) St

A r2 rnra

We take v € (0, 1) such that €1 811 S(1 — v) + €282155(1 — v) —ry > 0 and

(1—v)? <0.

r rn rnra

SO SO _ SOSO
1 (ﬂﬂu L €fn 2) (1 -+ €re2 (B11B22 — B12B21) S1S)

(3.11)
Set

:<61/311510(1—V)—r1 €1B125%(1 —v) )

€2B2155(1 —v) €B20S)(1 —v) —r)

It is obvious that inequality (3.11) implies |.A| < 0. Note that el,BllS?(l —v)—r; <0
and €282259(1 —v) — r, < 0. Multiplying (3.5) and (3.6) by €282253(1 —v) — 1,
and —€1 8 125(1)(1 — v) respectively, and adding them up, we obtain that there exist two
constants S; < 0(i = 1, 2) such that

— AT (x, y)
< (rz —eBnSy(1 — v))

/ (€181 —ct) (B 11 (E — ct) + Brala (€ — c1)) — r111(§)} dé
y
+ €1B128V(1 — v)

/ {e282(5 —c1) (Bo1 11§ —ct) + Bola(§ —c1)) — 2D (§)} dE

y

+81/ (¢ —ct)— 11(8))dE +32/ (12§ —c1) — 1(§)) dé,
y Yy

where y < x < —2M +ct. Letting y — —o0, we have the inequality (3.7) for 17 (x).
Similarly, we can show that (3.7) holds for I5(x).

Case5: €850 —r) < 0,€1 8115V +€282159—r1 < Oand e B12S)+€2B2089—1r> >
0.

This case can be treated by a similar argument to that for Case 4. We omit the
details. The proof is completed. O

In the following, we let J; (x) = ffoo I; (§)dé& for any x < —2M.

Lemma 3.7 Assume Ro > 1. Forany c > 0, if system (1.2) admits a positive traveling
wave solution (S1(x + ct), S2(x + ct), I1(x + ct), [(x + ct)) satisfying (2.3) and
(2.4), then there exists some g > 0 such that

sup{l; (£)e "%} < o0, sup{|I](£)|e "¢} < +o0,
£eR £ecR
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sup{| 1/ (£)|e "%} < 400, i = 1,2.
EeR

Proof Fix ¢ > 0. Assume that (S1(x + ct), Sao(x + ct), [1(x + ct), [ (x + ct)) is a
positive traveling wave solution of (1.2) satisfying (2.3) and (2.4). Let M > 0 and
v € (0, 1) be defined as in Lemma 3.6. Then one has

Si(€) > SX(1 —v), V& e (—o0, —2M).
For & < —2M, one has

cI{(§) = D1I(&) + e1 1111 — cO)S1(E — cT)
+e1Br2hi(§ —ct)S1(6 —ct) —ri11(§)
> DiI{ () +e1puiSY(1 — )11 (§ — cT)
+e1BrS)(1 — ) L(E —ct) — ri1(§)

= D@ +epusi —v)(1E - e - 1©)
+e1pst1 = v)(hE - c0) - L©))
+ (aust =) = 1) 1 + e st - nLE). (12

Due to (3.8), integrating both sides of inequality (3.12) from —oo to x with x <
—2M yields

(61,3115?(1 —v) — rl) Ji(x) + 61,3125?(1 —v)Ja(x)
< =DiI{(x) +cli(x) — €1 SV —v) (Ji(x — cT) — J1(x))
—€e1B12SY (1 —v) (2(x — 1) — 2 (x)) . (3.13)

In addition, integrating both sides of inequality (3.13) from y to £ (y < & < —2M)
leads to

§ §
(apusta=v —n) [ nmdn+eposia - [ nomdy

y y

3
+ D / 1 dn
Y : (3.14)
<ed1(&) — eSO — v)f (10— ct) — T diy

3
— a1 BaS(1 = v) f (2 — e1) — Bo(n)) dy.
y
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Similarly, for § < —2M, we have

£ §
(pstt =) =) [+ exprsia - v [ ndy

y y

3
+ Dy f Bndn
y
&
< (&) — 2P 81 — v) / (21 — cv) — Ja(m) dy
y
3
— 2B 21— v) / (11 — ct) — Ji(n)) dn.
y

Next, we show that there exist positive constants ap, az, b1, by such that

3 3
a / J(ydn + a3 / Bdn < b €) + bahr(€), VE < —2M. (3.15)

—00 —00

Because Ry > 1, it follows from Proposition 3.3 that elﬂnS? + 62,321Sg —r1 >0
or € ﬂzzsg +€ 1/3125? — rp > 0. Therefore, we prove (3.15) by considering the five
cases as in Lemma 3.6.

In the following, we only prove Case 1. Cases 2-5 can be treated similarly. Assume
€1B11 S? —r1 > 0. Inthis case v € (0, 1) is taken to satisfy €1 811 S?(l — v)2 —r1 > 0.
In view of

§ 3
/ (Ji(n —ct) = Ji(n) dydn = Z_l)ir_nw/ (Ji(n —ct) = Ji(m) dn

-0
z—>—00

£ rl 1
— lim —f / I:(n — Oct)dOdn = —Cr/ Ji(§ — Oct)do
z JO 0

fori = 1,2, letting § — —oo in (3.14) yields
0 &
(apnsta—v=n) [
—00

1 1
<cli(€) + elﬁllS?cr/ Ji(E — Oct)dO + elﬁlgS?cr/ Jr (& — Oet)do.
0

0
(3.16)
Since J; (£ —6ct) is non-increasing on 6 € [0, 1], the above inequality (3.16) reduces

to
(apusta—v —r) /S

&
Ji(m)dn + 1812801 — v) / J(dn + D1 (§)

&
Ji(dn + €1 B128(1 — v) / J(m)dn + D1 (&)
< cJ1(€) + cter 1SV I (€) + ctrer B1a SV (&), VE < —2M,

which implies that (3.15) holds.
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Now we are in the position to prove the main result of the lemma. Let J(§) =
J1(€) + J2(&). Then inequality (3.15) implies that there exist constants a > 0 and
b > 0 such that

3
a/ J(dn <bJ(E), VE< —2M.

Consequently, we have

0
a/ JE +n)dn <bJE), VE<-2M.

—0o0

Since J (+) is increasing, we have anJ (¢ —n) < bJ (&) for any & < —2M and any
n > 0. Therefore, there exist 9 > 0 large enough and wg € (0, 1) such that

JE —no) SawoJ (&), VE< —2M.

Let w(§) = J(&)e 08 with g = % In - > 0. Then we have

[20)
w(E —no) = J(E — no)e M0ETM0) < gy J(£)e M0 — (&), £ < —2M.

Since w(§) — 0 as & — o0, then there exists a constant kg > 0 satisfying
w(&) < ko foré € R, which implies that J(§) < KkoeMt for any £ € R. Consequently,
there exists go > 0 satisfying ffoo Ji(mdn < qoeMs forany & < 0,i = 1,2.
According to (3.16), we get that there exists pg > 0 such that

I1(§) < poe™®, YEeR.

By a similar way, we have that I>(§) < poe”5, V & € R. Finally, using (3.12) and
(3.13), we can obtain

sup{/; (£)e "%} < +o0,  sup{|I{(&)le "%} < o0,  sup{[I](&)le "%} < +oo.
§eR §eR £eR

Similarly, we have

sup{l(§)e M5} < +oo,  sup{|I5(&)le M5} < +oo,  sup{|I3(£)|e H¥} < +o0.
§eR §eR £eR

This completes the proof. O
In the following, we prove the main result of this subsection.
Theorem 3.8 Assume that Ry > 1. For ¢ € (0, ¢*), there exists no positive traveling

wave solution (S1(x + ct), S2(x + ct), I1(x + ct), [(x + ct)) satisfying (2.3) and
2.4).
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Proof We prove the theorem by contradiction. Fix ¢ € (0, ¢*). Suppose on the contrary
that there exists a positive solution (S (x + ct), S2(x +ct), I1 (x + ct), [(x + ct)) of
(2.3) satisfying (2.4). By Lemma 3.7, there exists ;o > 0 such that

sup{Z; (§)e M5} < +o0o, sup{|I/(£)|e "%} < +o0,
§eR £eR

sup{| 1/ (£)|e "%} < 400, i =1,2.
EeR
Consider R (&) := S? — S1(&). Then R (&) satisfies
CRY(E) = diR(§) — 51R1(§) + BuiS1EV[1(§) + PraS1(E) L (&).

Using the inequality

IR} (00,01 < 2\/||731||c<(—oo,0])IIR’{IIC((—oo,O])
and the fact that

lim Ri(§) =0,
E——o00

we obtain that
lim R/l &) =0. (3.17)
E——o00

In addition, since R’l (&) is bounded by the expression of S7(§) for & € R and
(3.17), integrating the above inequality from —oo to x(x < 0), it follows that there
exists a constant G > 0 such that

81 /5 Ri(mdn = —cR1() + diR) (§) +/E 51(77)[/31111(77) +,31212(?7)]d77
h <G, §<0. h
Let
§ &
Ey(§) =,311/_C>O SimIi(mdn + Br2 [_Oo Si(mI2(mdn
and

3
Bi(&) = 8 / Ra(ndn

for any £ < 0. We can see that E1(£) < Cye"¢ for any & € R, where Cy; > Ois a
constant. By the definition of R (£), we have

diR|(§) — cR1(§) = B1(§) — E1(§), & <0.
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Solving the last equation yields

A C 1 ce (O _c
R1(§) =Cyeli” + —eii® / e BB — Bi© Jan
di A

P 1 < 0 .
<Cpyedt® + d—e 15/ e dl"E1(n)d77’ § <0,
1 &

where @M = R1(0). According to E{(§) = O (08 as & — —o0, it is obvious
that R1(£) = O(e'f) as &€ — —oo, where po = minfuo, %, %}. In view of
0<Ri(§) < S?, one has

sup{R; (§)e ¢} < +o0.
EeR

Let Ry (£) := S — $2(&), & € R. Similarly, we have

sup{Rz(g)e_“é)s} < +o00.
EeR

In view of supgcr{/i (§ Ye M08} < 400, we define the one-sided Laplace transform
of [; by

0 _
L,-(I\):/ e MLE)dE, i=1,2.

Next, we only consider 2 € R... Since I;(£) > 0 forany & € R and L;(-) is increasing
on RT, for each i = 1, 2, either there exists a positive constant o; > ¢ such that
L;(A) < +oo forany 0 < A < ; and limy_, oL () = +o0, or L; (X)) < 400 for
any A > 0. Now we further define the two-sided Laplace transform of I; by

“+00 _
L,-(X):/ e MEYdE, i=1,2.

]

We also only consider A € R4. Since [; (§) isboundedin R, we have f0+°° e M (&)dE
< +oo for any A > 0. Thus, £; () shares the same property with L;(1) in A > 0,
that is, for each i = 1, 2, either there exists a positive constant «; > o such that
Li(Z) < +oo for any 0 < * < a; and limi»ai—o Li(X) = o0, or L; (X)) < +oo for
any A > 0.

We firstly show that indeed there are ¢y = +o00 and oy = +00, that is, for both
i=1,2,L;(1) < +ooforany A > 0. We prove this claim by a contradiction argument.
Without loss of generality, we suppose 0 < o) < 400 and o] < oy < 400 on the
contrary. We consider two cases: 1) 0 < o] < ap < 400;2)0 < a1 = ap < +00.
For the first case, assume that 0 < a1 < ap < +00. In view of

Di1(€) — clj (&) — ri[1(§) + €1 B11 SV (€ — cT) + €1 B12SV I (§ — cT)
=B (S) = $1E = e0)) 1€ = ) + 1Bz (S) = $1(6 = 1)) b€ = c),
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one has
L1(0) (Dliz —ch—r1+ elﬁns?e*m) + Lo(Mer fraSde et

+o0o _
e [ e (S - siE - en) 1e - o

—00

—+00 _
+ € / e By (S? — 8516 — cr)) L (& — cT)dE. (3.18)
—00
Similarly, we have

L1(M)e2fa1 53¢ + Lo(R) (Dz)_xz —ch—ry+ 62,3225(2)6_AH>

+oo _
= [ e p (85 5ate - e0)) & - crrde

—00

“+o00 _
‘e / e pon (82— 2 — o)) D€ — cr)de. (3.19)

—00

Since 0 < SY — S; (&) < S? forany £ € Rand sup, {(S? — Si(€)) e*%x} < 400,
we obtain that

+0o0 _
/ B (S? = 516 — en)) 116 — 1) < +oo, V€ (0,01 + 1)

—00

and
+o0
/ e Bin (S? — S5i(& — cr)) L& — ct)dE < +o00, Ve (0,024 ).

In view of @1 < a2, letting » — a; —0in (3.19) yields a contradiction because the
first term tends to infinity and the other terms have bounded limits as A — a1 — 0. It
follows that the assumption 0 < o] < ap < 400 is impossible.

Consider the second case, that is, assume that 0 < a1 = ap =: @y < +00.
If one of inequalities Dla(z) —cog —r1 + el,BuS?e_“O” > 0 and Dza% — cop —
r + 62,322Sge’°‘0” > 0 holds, then letting A — a1 — 0 in (3.18) or (3.19) yields a
contradiction. If both inequalities
YT (0 and Dzaé —cog—ry+ 62,32258670{0” <0

(3.20)

Dlag—cag—rl —l—el,BuS?e
hold, then we rewrite (3.18) and (3.19) as
- - hi ()
M(2, ¢) <£1(A)> - (Ll()”)> = ™m®I )% e (0, ),

Lo(x) Lr(L) ()
ma(A,c)
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where hi (1) == €; ;) 5 [t e By (8? — Si(¢ —c1)) I;(§ — ct)dé. Tt is obvi-
ous that «g < . due to (3.20). See Sect. 2 for the definitions of M (X, c) and
p(r,c). Since ¢ € (0, ¢*) and Ry > 1, it follows from Proposition 2.3 that
inf sef0.a0) P(As©) > L. Since the matrix M (A, ¢) is positive, then we can show that
either

0,0

€1B11 ST €1B12SYe et

o) Li(h) + Wﬁz(?») > p,0)L1(V), X e (0, ap)
holds or
0 kY 0 by
PnHH00) 5y P00 ) B G L), e 0,00
mp (A, c) my (A, ¢)

holds. Hence, for any X € (0, ap), there holds either

= z hi ()
(oG 0) = 1) L1 (1) < m (3.21)
or _
- - ha(A)
(/0()% c) — 1) Lo(A) < m (3.22)

Since inf3 (g o) 7i (A, ¢) > 0 and /; (%) is well defined in [0, ap + 1)), letting A —
oo — 0in (3.21) and (3.22) yields a contradiction due to limiaaofo Li(A) = +oo.
Thus, we have proved that the assumption 0 < o] = ar =: o9 < +00 is also
impossible.

Now we complete the proof of the theorem. Note that we have proved that for each
i =1,2, L;(A) < +oo for any A > 0. Using (2.28) we get that for each £ € R,
I;(€ + y)e™™ is decreasing in y € R and I;(§ + y)e™Y is increasing in y € R.
Consequently, we obtain that

DiI]'&) — eI} (&) — ril;(§) + € fi1 S{ T (E — 1) + € B S Lo (8 — c7)
= ifit (S0 = Si€ —c0)) & = e0) + i (S = 81 — e0)) (6 — D)
< €SP NE — c) + € inla(§ — c1)
= i1 SPATEAT (& — cv) + €SP N Te AT L (6 — c1)

< €BiSPe T (E) + € BinSLeMT Iy (8) (3.23)

forany £ € R, i = 1, 2. Using (3.23), we have

+oo _ - _
/ 0@ (—mi (o) + epuShe T — e sl de

—00

+00 - _ -
# [ e (apste e - e psheie) de <0

—00
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and

+00 _ s _
f 1€ (2B 8P — a1 SPeAT) d

—00

+oo _ = Iy
+ / e BE) (—ma(d, 0) + e Sle T — 2 $9eMT) de < 0.

—00

Adding the last two inequalities, we obtain that

“+00 _ +00 _
/ e E) 1 (MdE + / e M hL(E) x(MdE <0, (3.24)

—0o0 —0o0

where

X1 1= —mi(h, ¢) + €1 118%™ 4 €271 ST THT
—€18118Ve™T — 221896,
x2(0) 1= —ma(h, ©) + €1B128Ve T + e2p2S9e T

— €1B128)e™ T — €220 SYeNCT

However, letting X — +o0in (3.24) yields a contradiction because limj_, , . x; ) =
+o00. This completes the proof. O

4 Numerical simulations and discussion

In this section we firstly provide some numerical simulations to confirm the existence
of traveling wave solutions of system (1.2) connecting the disease—free equilibrium
and the endemic equilibrium. For this purpose, we take the parameters of the model
as below:

di =0.04, dy =0.04, D; =0.04, D, =0.04, t =1,
€1 =0.57, ¢ =0.67, Ay =1.6, Ao = 1.5, r; =0.55, r, =04,
Bii=1, B12=0.8, B2y =03, B =02, 6§ =04, 6, =0.3.

Using these parameters, we obtain the basic reproduction number Ry ~ 4.7 >
1, the minimal speed ¢* ~ 0.459, the disease-free equilibrium (SO, Sg , I? , Ig) =
(4, 5,0,0) and the endemic equilibrium (S}, S5, I}, I}) = (0.4817, 1.3595, 1.4586,
1.8291). To simulate the traveling wave solutions of system (1.2), we further truncate
the spatial domain R by [0, 800] and the time domain R™ by [0, 200]. For the sake of
convenience, we use the following piecewise functions as initial conditions:

S¥, 0<x <400, -t <1r<0,i=1,2,

S"(I’x):{sf, 400 < x <800, -7 <1< 0,i=12
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8%

L((t, %)

" 50— 0
00 X

Fig. 1 Numerical simulations of solutions for system (1.2)

and

) — I, 0<x<400, —1<1<0,i=12,
mHX=10, 400<x <800, —t<r<0,i=1,2.

In addition, we take Neumann boundary condition for system (1.2). Figure 1 illustrates
the simulation results of (1.2) with the given parameters, which shows that system (1.2)
admits a traveling wave solution (S1, S», 11, I) with wave speed ¢ = ¢*. Note that
the traveling wave of system (1.2) is not monotonic, see Fig. 2.

In addition, the dependence of the minimal wave speed ¢* on the parameters can be
discussed by similar arguments to those in (Zhao et al. 2017, Section 5). Notice that
S? = ;‘—l’_', ri = m; +9; and ¢, = e~ "i". Then by virtue of (2.8) and Proposition 2.3,
it is easy to see that the minimal wave speed ¢* depends on the parameters A;, 8;, D;,
Bij» m;, ¥; and T, where i, j = 1, 2. For the sake of convenience, we denote p (X, ¢)
by p, where p(X, ¢) is defined in (2.8). In addition, we always assume R > 1 in the
following. Then by direct calculations, we have
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Fig. 2 Cross section curves of solutions of system (1.2) at # = 200 in Fig. 1

3 9 9 9 3
A W A S
S0 dD; aBij dri dt

when ¢ > 0 and p € (0, u.), where i, j = 1, 2. Consequently, by Proposition 2.3
we know that ¢* is increasing on A; > 0, D; > 0 and B;; > O respectively, and is
decreasing on §; > 0, n; > 0, 9% and T > 0, where i, j = 1, 2. This implies that all
the recruitment X; of the susceptible individuals, the diffusion rates D; of the infective
individuals and the transmission rates ;; can increase the spread speed of the disease,
while the death rates §; of the susceptible individuals, the recovery rates 71; and the
death rates ¥; of the infectious individuals, and the latent period T can decrease the
spread speed of the disease.

Extensive studies have been carried out to study the effects of spatial heterogeneity,
host heterogeneity, and latency on the transmission dynamics of infectious diseases.
However, there are few results about their combined effects on the spatial spread of
infectious diseases. In this paper, we described the spatial heterogeneity by using
reaction-diffusion equations and a constant recruitment of the host population, the
host heterogeneity by using two host groups, and the latency by using a discrete time
delay. More specifically, we considered a two-group diffusive SIR model with time
delay and constant recruitment and studied the existence and nonexistence of traveling
wave solutions of the model. When the basic reproduction number Ry > 1, we proved
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that there exists a positive number ¢* such that for each wave speed ¢ > c*, the
model admits a nontrivial traveling wave solution with wave speed c. In particular, we
used Lyapunov functional method to establish the convergence of traveling waves as
x — +o00. We also showed the nonexistence of nonnegative traveling wave solutions
of this model when Ry < lor Ry > 1and 0 < ¢ < ¢*.

Here we would like to provide some comparisons between the results in our earlier
paper (Zhao et al. 2017) and those in this paper. Note that (Zhao et al. 2017, (2.11))
includes the mobility of the latent individuals but not the natural death of the individ-
uals, while in this paper (see (1.2)) we considered the recruitment and natural death
of the individuals but not the mobility of the latent individuals. Therefore, for system
(1.2) of this paper the minimal wave speed depends on the recruitment A; and the death
rates §; of the susceptible individuals but not the mobility of the latent individuals,
while for the model (2.11) of Zhao et al. (2017) the minimal wave speed depends on
the mobility of the latent individuals but not the natural death rates §; of the susceptible
individuals.
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