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Abstract

In this paper we study a host-generalist parasitoid model with Holling II functional response where the
generalist parasitoids are introduced to control the invasion of the hosts. It is shown that the model can
undergo a sequence of bifurcations including cusp, focus and elliptic types degenerate Bogdanov-Takens
bifurcations of codimension three, and a degenerate Hopf bifurcation of codimension at most two as the
parameters vary, and the model exhibits rich dynamics such as the existence of multiple coexistent steady
states, multiple coexistent periodic orbits, homoclinic orbits, etc. Moreover, there exists a critical value for
the carrying capacity of generalist parasitoids such that: (i) when the carrying capacity of the generalist
parasitoids is smaller than the critical value, the invading hosts can always persist despite of the predation
by the generalist parasitoids, i.e., the generalist parasitoids cannot control the invasion of hosts; (ii) when
the carrying capacity of the generalist parasitoids is larger than the critical value, the invading hosts either
tend to extinction or persist in the form of multiple coexistent steady states or multiple coexistent periodic
orbits depending on the initial populations, i.e., whether the invasion can be stopped and reversed by the
generalist parasitoids depends on the initial populations; (iii) in both cases, the generalist parasitoids always
persist. Numerical simulations are presented to illustrate the theoretical results.
© 2019 Elsevier Inc. All rights reserved.
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1. Introduction

Biological invasions have been an interesting and important issue since the pioneering work
of Fisher [8], and many mathematical models have been proposed to identify factors that humans
should concentrate on to stop invasions and even sometimes to reverse them (Hastings [11]).
Owen and Lewis [18] firstly proposed a series of reaction-diffusion predator-prey models to de-
rive conditions under which specialist predators can slow, stall or reverse a spatial invasion of the
prey. They examined the types of functional response which give such solutions and the circum-
stances under which the models are appropriate, and found that a slowdown of invasion can be
obtained if the functional response is linear (Type I) and if the preys show a weak Allee effect
in their growth. Later, Fagan et al. [7] confirmed the importance of Type I functional response
and the Allee effect in stopping or reversing the process for specialist predators. However, the
control capacity of a generalist predator depends on many factors, such as its preference, spatial
and temporal scales, etc. (Walde [24]).

Motivated by the invasion of leaf-mining microlepidopteron attacking horse chestnut trees in
Europe (in particular in France) and the need for a biological control and followed Owen and
Lewis [18], Magal et al. [17] investigated the following host-parasitoid model with Holling Type
II functional response
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U=I"2U(1_K_2)+ 1+&Ehu >

where u(¢) and v(¢) denote densities of the hosts (leafminers Cameraria orhidella) and generalist
parasitoids (Minotetrastichus frontalis) at time ¢, respectively. | represents the intrinsic growth
rate of the hosts in absence of parasitoids, r, represents the intrinsic growth rate of the parasitoids
in absence of hosts, K| denotes the carrying capacity of the host population, K, denotes the
carrying capacity of the parasitoid population. & is the encounter rate of hosts and parasitoids, y
is the conversion rate of parasitoids, & describes the harvesting time. r;, K;(i =1, 2), y, &, h are
all positive constants.

Magal et al. [17] analyzed the number and stability of equilibria in system (1.1) and showed
that the model always predicts persistence of the parasitoids. Special cases in which small car-
rying capacity leads to complex dynamical behaviors were studied by numerical simulations.
Depending on the parameter values, the model may predict that the hosts persist and go extinct
or there is something like an Allee effect where the outcome depends on the initial host density.
Most recently, Seo and Wolkowicz [22] revisited system (1.1), gave a more detailed analysis
of the model, and revised the criteria for control strategies of the leaf miner population pro-
posed by Magal et al. [17]. They obtained analytical conditions that divide the K|K,—plane
into regions in which there are zero, one, two, or three coexistence equilibria and considered the
local and global stability of these equilibria. They then showed that the model displays interest-
ing dynamical behavior using a bifurcation theory approach and provided analytical expressions
for fold and Hopf bifurcations and for the criticality of the Hopf bifurcations. Moreover, their
numerical results show very interesting dynamics resulting from codimension one bifurcations
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including Hopf, fold, transcritical, cyclic-fold, and homoclinic bifurcations as well as codimen-
sion two bifurcations including Bautin and Bogdanov-Takens bifurcations, and a codimension
three Bogdanov-Takens bifurcation. Although plentiful results have been shown for system (1.1),
the complete nonlinear dynamics and bifurcations still remain unknown and merit further inves-
tigation. This is the objective of this paper.

For simplicity, we first nondimensionalize system (1.1) with the following scaling

u v
xX=—,

LI S
K Y rkKp

Dropping the bar of 7, model (1.1) becomes

. by
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where a, b, ¢, are all positive constants. For system (1.2) (i.e., system (1.1)), we will show
that there are cusp, focus and elliptic types of nilpotent singularities of codimension three and a
weak focus of multiplicity at most two for various parameter values, and the model undergoes
a sequence of bifurcations including cusp, focus and elliptic types degenerate Bogdanov-Takens
bifurcations of codimension three, a Hopf bifurcation, and a degenerate Hopf bifurcation of codi-
mension at most two as the parameters vary.

The paper is organized as follows: In section 2, we analyze the existence and type of equilibria
in model (1.2). In section 3, we discuss various possible bifurcations of model (1.2), and show
that the model exhibits cusp, focus and elliptic types degenerate Bogdanov-Takens bifurcations
of codimension three, a Hopf bifurcation, and a degenerate Hopf bifurcation of codimension at
most two as the parameters vary. The paper ends with a brief discussion in section 4.

2. Equilibria and their types

By the biological implications, we only consider system (1.2) in Ri ={(x,y)|x >0,y > 0}.
It is easy to see that the positive invariant and bounded region of system (1.2) is

Q={(.N0<x<1,0<y<8+—1}
a-+1

Notice that system (1.2) always has three boundary equilibria (0, 0), (1,0) and (0, §) for
all permissible parameters. The Jacobian matrix of system (1.2) at any equilibrium E(x, y) of
system (1.2) takes the form

1 — 2y — _aby _ bx_

2 +
J(E) = wer (a+x) a+x .
§—2y+ =

(a+x)? a+x
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Fig. 2.1. Three boundary equilibria: A, is an unstable hyperbolic node, A3 is a hyperbolic saddle, and (a) Ay is a

a a

hyperbolic saddle if § < 7; (b) Aj is a stable hyperbolic node if § > 7.

and

B ~ _& B cxX abcxy
Det(J(E)) = (1 — 2x (a+x)2)(8 2y+a+x)+ @atx)?

Tr(J(E) =1 +6 — 2(x + y) + — aby
= —_ x _
Y a+x (a+x)?

It implies that E(x, y) is an elementary equilibrium if Det(J(E)) # 0, a hyperbolic saddle if
Det(J(E)) < 0, or a degenerate equilibrium if Det(J(E)) = 0, respectively.

Considering the Jacobian matrix of system (1.2) at these boundary equilibria, we can easily
get the following lemma.

Lemma 2.1. System (1.2) always has three boundary equilibria A1(0, §), A2(0, 0) and A3(1,0).
A is always a hyperbolic unstable node, A3z is always a hyperbolic saddle, and A is a hyper-
bolic saddle if § < 7, a hyperbolic stable node if § > 3 and a degenerate equilibrium if § = 7.
The phase portraits are given in Fig. 2.1.

Remark 2.2. When § < %, ie., Ky < %‘, from Lemma 2.1 and Fig. 2.1(a), we can see that the
invading hosts can always persist in spite of the predation of hosts by generalist parasitoids if the
carrying capacity for generalist parasitoids is smaller than a critical value 2, i.e., the generalist
parasitoids cannot control the invasion of hosts; When § > £, i.e., K» > 2L, from Lemma 2.1
and Fig. 2.1(b), we can see that the invading hosts can go extinct because of the predation of the
hosts by generalist parasitoids if the carrying capacity for generalist parasitoids is larger than the
critical value rg—‘, i.e., the generalist parasitoids can stop or reverse the invasion of hosts. In both
cases, the generalist parasitoids always persist.

Lemma 2.3. If § = % then A1(0,8) is a degenerate equilibrium. Moreover,

M ifc# “_h“z , then (0, 8) is a saddle-node, which includes a stable parabolic sector;
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Fig. 2.2. Three boundary equilibria when § = %, where A; is an unstable hyperbolic node, A3 is a hyperbolic saddle,

2
and (a) A is a saddle-node which includes a stable parabolic sector if ¢ # ”’b” ; (b) Ap is a saddle-node which includes
2 2
a stable parabolic sector if ¢ = a_b“ and a = %; (c) A; is a degenerate saddle if ¢ = “_b" and 0 <a < %; d) Ajisa
2
stable degenerate node if ¢ = 5"~ and % <a<l.

In ifc:%, O<a<1land
1) ifa= %, then (0, 8) is a saddle-node, which includes a stable parabolic sector;
(i) if0<a < %, then (0, 8) is a degenerate saddle;
(i) if % <a < 1, then (0, §) is a stable degenerate node.

The phase portraits are given in Fig. 2.2.

Proof. When § = %, we have Det(J (0, §)) = 0 and Tr(J (0, §)) = —4. Firstly, letting (u, v) =
(x,y — d) to translate (0, &) to the origin, system (1.2) becomes

b(v+%)

) a+tu )’ (2.1)
U=+ ;v + 755

u=u(l—u—
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Secondly, making the following transformations
a a
u=-X, v=X+Y, t=—-r1,
c b

and still denoting T by ¢, we obtain the Taylor expansions of system (2.1) around the origin as
follows

X =anX*+anXY +anX> + @i X?Y +anX* + a1 X°Y + f(X, ),

. - - e - e - - 2.2)
Y=Y +byX?+b XY +boaY? +b3X> + ba1 X2Y + baoX* + b3 X3V 4+ g(X, V),
where f, g are smooth functions in at least order five of (X, Y), and

_ b(—a+d*+be) __ b* _ bla—be) __ b*  __ b(—a+bc)
= =55 s M=""7,0440="53

ay=———>——", aj1 = —, a3 =
a’c a? a’c? a’c a?c3
b~ d*+ab—ad*h—bc ~ (a—bb —~ b
a3 = ——, b= 5 s bi=—5—, bn=—,
asc asc a a

oo A bO o bath) o @EDEb) o bath)

’ - ’

a?c? a’c a?¢c3 a?c?

By Theorem 7.1 in Zhang et al. [27], we know that (0, §) is a saddle-node, which includes a

: : a—a?
stable parabolic sector if ¢ # “

If c= a_baz, then @y = 0, by the center manifold theorem we suppose ¥ = m X? 4+ my X3 +

o(|X |3) and substitute it to the second equation of system (2.2). By using the first equation of
system (2.2), we have

b (a — b+ 2ab)b?
, m=-—————-———-
a2—a (a —1)2a3

mi) =

Substituting ¥ =m 1 X 2+ mr X3 +0(1X)?) into the first equation of system (2.2), then the reduced
equation restricted to the center manifold takes the following form

_b3(1 —2a)

TR X3 +o(1X)).

Noticing that when a = %, X = O(|X|*), we substitute a = 1 to the first equation of system (2.2)
and obtain

X =64b* X" +o(1X|%).

Again by Theorem 7.1 in Chapter 2 of [27], and notice that we have made a time transformation

T = —gt, then (0, §) is a stable degenerate node if % <a < 1; (0,6) is a degenerate saddle if

O<a< %; and (0, 4) is a saddle-node, which includes a stable parabolic sector if a = % O
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Remark 2.4. When § = 7, we have K» = %‘, i.e., the carrying capacity of generalist parasitoids
is equal to a critical value %1, from Lemma 2.3 and Fig. 2.2, we can see that whether the invading
hosts persist or go extinct depends on other factors including the carrying capacity K; for the

hosts and the conversion rate y for generalist parasitoids.

We next consider the positive equilibria of system (1.2). If E(x, y) is a positive equilibrium
of system (1.2), then x is a root of the following equation

X34+ 2a — Dx2 4 (a® = 2a + be + bd)x + abs —a* =0 (2.3)

in the interval (0, 1). Note that the third-order algebraic equation (2.3) can have one, two, or three
positive roots in the interval (0, 1), correspondingly, so system (1.2) can have one, two, or three
positive equilibria, respectively. In order to investigate the types of positive equilibria, we firstly
let

f(x)=x3+ 2a — )x*> + (a®> — 2a + bc + b8)x + abs — a?,

2.4)
f'(x) =3x% +2Q2a — Dx + (a> — 2a + bc + b$).
From f(x) =0, we have
— _ (@t0@a=D—x+x>+bs)
C__axaxhxxx . (2.5)
The Jacobian matrix of system (1.2) at E(x, y) can be simplified as follows
1—x bx
-1 —
o N )
(a+x)2 a+x
and
Det(J(E)) = %(2(6‘ + 8)x2 + @Bas —c—8)x+ad(a—1)+ac),
(a+x)
1
Tr(J(E)) = ——(2)c2 +@+c+6—1)x+ad).
a—+x
Substituting (2.5) into Det(J (E)), we can rewrite Det(J(E)) as
Det(J(E)) _ x(x—1) (a+x)(—a?+x2—2ax>—2x3+abs)
- bx(a+x)?2
= Mo (xf (0) = f () 2.6)
= /@),
According to the root formula of the third-order algebraic equation, we let
A=(Qa—1)?—3(a®—2a+bc+bs),
- N ) 2.7
A=—4A%+ (=301 - 2a)A+ (1 —2a)* +27(abs — a*))".
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Fig. 2.3. The positive roots of f(x) =0 when § < %. (a) Three single positive roots x1, x2 and x3; (b)(c) Two positive

roots: a double root x, and a single root xj (or x3); (d) A unique triple positive root x*; (e)(f) A unique single positive
root x3.

Since the maximum number of positive roots of (2.3) is determined by the constant term of
equation (2.3), we classify the number and type of positive equilibria of system (1.2) into the
following two cases: § < § (i.e., K» < %‘) and 8§ > ¢ (ie., K» > ’E—').

2.1. The case § < § (i.e, Ky < %‘)

In this case, system (1.2) has three boundary equilibria: a hyperbolic unstable node (0, 0), two
hyperbolic saddles (1, 0) and (0, §), and at most three positive equilibria. According to Fig. 2.3
about the curve f(x), we have the following lemma.

Lemma 2.5. When § < § (i.e, K> < 2_—‘), system (1.2) has at least one positive equilibrium and
at most three positive equilibria. Moreover,

(D if A <O, then system (1.2) has three different positive equilibria: E» is a hyperbolic saddle,
and E;(x;, yi)(i = 1, 3) is a hyperbolic stable node or focus if Tr(J (E;)) < 0, a hyperbolic
unstable node or focus if Tr(J(E;)) > 0, and a weak focus or center if Tr(J(E;)) =0,
where 0 < x1 <xp <x3 <1;

D) if A=0and
(a) A >0, then system (1.2) has two different positive equilibria: a degenerate equilibrium
E.(xx, y«), and an elementary equilibrium E{(x1, y1) (or E3(x3, y3)) which is a hy-
perbolic stable node or focus if Tr(J (E;)) < 0, a hyperbolic unstable node or focus if
Tr(J(E;)) > 0, and a weak focus or center if Tr(J(E;)) = 0, where x| < x4 < X3,
(b) A= 0, then system (1.2) has a unique positive equilibrium E*(%, 2(1;;“)2 ), which is

a degenerate equilibrium, where 0 < a < %;
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Fig. 2.4. The coexistence of three positive equilibria and three boundary equilibria when § < %: an unstable focus Ej,

5
three saddles Eo, A1 and A3z, a stable focus E3, and an unstable node A;.

(ML) if A > O, then system (1.2) has a unique positive equilibrium E3(x3, y3), which is a hy-
perbolic stable node or focus if Tr(J(E3)) < 0, a hyperbolic unstable node or focus if
Tr(J (E3)) > 0, and a weak focus or center if Tr(J(E3)) =0, where 0 < x3 < 1.

Proof. From equation (2.6) and the derivative property of f(x), it is easy to see that
Det(J(E;)) > 0 (i =1,3), Det(J(E2)) <0, Det(J(E4)) =0, Det(J(E*)) =0, so E, E» and
Ej3 are all elementary equilibria and only E» is a hyperbolic saddle, E, and E* are all degenerate
equilibria. O

Remark 2.6. When § < %, ie., K» < 2—‘, from Lemma 2.5 and Fig. 2.4, we can see that there
exist multiple positive steady states in system (1.2), and the boundary equilibria are all unstable,
i.e., the invading hosts can always coexist with the generalist parasitoids if the carrying capacity
for the generalist parasitoids is smaller than the critical value ’é—l

Next we consider the case (//)(a) in Lemma 2.5 and look for some parameter values (con-
ditions) such that Eq(x1, y;) is a nonhyperbolic equilibrium satisfying Det(J(E)) > 0 and
Tr(J(E1)) = 0, and the degenerate equilibrium E, (xy, y) satisfying Tr(J(Ex)) = 0. From
f(xe) = f'(x4) =0and Tr(J(E4)) =0, we can express b, ¢ and § by x, and a as follows:

_ (=x)@tx)? | x(-a=2x)> ¢ x(l-a=2x)(@—x+2x])
b= xe(1—a—2xy) c= a(l—xp) 6= 2@t T—xs) . 2.8)

Moreover, since x1 4+ 2x4, = 1 — 2a, from Tr(J(E1)) =0 and (2.8), we can get

L 10x2 =9+ 14+(1—x,)y/—28x24+20x,+1 2.9

a=a 6—8x, )

where 0 < x4, < % and x, # %. In fact, from Tr(J(E;)) = 0 and (2.8), we also can get

10x2 =9, +1—(1—x,)y/—28x2420x,+1 1—3x,

— 13x — ; — _
a=—5*ora= 8, , while from a = ~—=* and x| + 2x, =
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1 — 2a, we have x| = x,, i.e., x1 is a triple root of f(x) = 0, which contradicts with the
case (I1)(a). From 0 < x, < %, we have 10x3< —Ox,+1<(-— )c>,<)\/—28)cf< + 20x4 + 1, then
2 9x, 11— (1—x,)y/— 2832120k, + | _ 2 9yt 1—(1—xs)y/—28x24 20, + 1
10x; —9xs+1 (16383{* B, +200 41 _ Thus, a % 1 23x* and a # 10x7 —9x5+1 (]6—)68)1* 28x2+20x,+1
for case (I1)(a).
When b, ¢ and § satisfy equation (2.8), system (1.2) can be reduced as follows

(1=x)(@+x:)2 )

x =X(1 X x5 (1—a—2x4)(a+x)

(1—a—2x,)(a—x,+2x2) (1—a—2x,)> (@10
. Xy (1—a—2x4) (a—x4+2x; Xy (1—a—2x,
y=y( a(a+xy)(1—xy) -yt a(1—xy)(a+x) )
it is easy to calculate that system (2.10) has two positive equilibria
2x5(1 —a — 2xy)? xe(1 —a —2xy)
Ei(xg, =(1—2a — 2xy, , Ey(xy, = (xy, ——88888™ ).
1(x1, y1) =¢( * (a—i—x*)(l—x*)) # (X, yi) = (s a+x,
Next, we define
ar = 1—3x*—(1—2x*)~/1—8x* . a3 = 1—3x*+(1—2x*)~/1—8x* ’ (211)

and have the following results.

Theorem 2.7. If § < %, xx(1 —2xy) <a < %, 0<xe< % (xs # %), and the conditions in
(2.8) are satisfied, then system (1.2) has two positive equilibria E.(x,, y:) and E1(x1,y1) (or
E3(x3, y3)). Moreover,

(D ifa=ay, then
(1) Ej (or E3) is a weak focus with multiplicity at most two;
(i) Ey is a cusp of codimension two;
D) ifa=a3 and 8= ‘7100‘“2“/— J100-12/69 <xp<i g (ora=azand 0 < x, < 8), then

(i) E| (or E3) is a stable hyperboltcfocus (or node)
(i) Ey is a cusp of codimension three.

The phase portraits are given in Fig. 2.5.

Proof. (I)(i) We first verify that E; is an unstable weak focus with multiplicity at most two.

Translate E; to the origin by letting u = x — (1 —2a — 2x,), v=1y — % and t =
(a + u + x1)7, the Taylor expansion of system (2.10) around the origin takes the form (still

denote 7 by ¢)

it = ajou + apiv + azou’ + aniuv + asou’ + azuv +o(ju, v)?),
. X . _ . _ i 2.12)
O = biou + bo1v + baou? + bijuv + boav? + baou® + baju?v + o(lu, v|?),

where
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a=528 b=605224 a=5/27 b=3227
§=116 c=11/112 §=2/15 ¢=32135
T T

0.15f 4 0.35[

Fig. 2.5. Two positive equilibria when § < %. (a) An unstable weak focus E| with multiplicity one and a cusp Ey of

codimension two. (b) A hyperbolic stable focus E3 and a cusp E of codimension three.

1— 1—2a-2 2
dio= —(1 —2a — 2x)(1 —3a —4dxy). ay = — LU =20 =2x)la@tx)”

Xe(1—a —2xy)
i} B} 1— +x)? i}
azo =—(2 —5a — 6x,), 6111=—M, ap =0, azo=—1,
xi(1—a—2x,)
- 221 —a-2x)% - 2x.(1—a—2xy)3
a1 =0, din=0, ai=0, b=l —¢=20)" 0 Za(lza=2x)

(I—x)%a+x)" —  (—x)@+x)
o b x:(10x2 + (11a — 9)x, + 3a®> — 5a +2)
0= A= (1 — x2)(a + %)

b3 =0, by =0, bip=—1, bp3 =0.

) b62 = _(1 —a— ZX*),

Make a change of variables as follows

u _ 061\/5_ __ 410401 x
( ) = ai0®+D aio*+D ( ) ,
v 0 1 y

where D = ajobo1 — ag1bio, then system (2.12) can be written as

i=—VDy+ f(x,y),
_ (2.13)
y=+Dx + g(x,y),

where

F(x, ) = ca0x? + c1xy + coay? + ox> 4+ 2152y 4 ciaxy? 4 co3y° + o(|x, y1?),
g(x,y) = daox? + di1xy + dopy® + daox> + dar x%y + dipxy* + dozy® + o(|x, y1%),
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¢ij and d; j can be expressed by a;; and b; j» we omit their expressions here for the sake of brevity,
and the first-order Liapunov number (Perko [19]) can be expressed as

1
o] = 1_6(fxxx + Sfryy + &xxy + &yyy

fxy(fxx + fyy) - gxy(gxx + 8yy) — Sex&xx + fyygyy
+ = )|x:y:0
v D
2¢711(¢20 + co2) — 2d11(dao + don) — 4c20da0 + 4ciadon )

VD

r . _ - _
= 1_6(6C3O + 2¢12 + 2dy1 + 6do3 +

_ 2(1 — x2)?Ry
X35 —6x. —w)*Ry’

where

Ry =5120x 10 + 12871 x) — 320rx8 + 32r3x] — 80r4x8 + 8r5x> — 64rex 4 480r7x2
—24r8x£ — 10rgx, + w + 1,
Ry = 352x — 4(227 — 4w)x? 4 (788 + 6w)x3 — (243 + 41w)x2 + (12 + 22w)x, — 1 — w,

and

wz\/—28x£+20x*+1,
r1 =195 — 68w, rp =490 — 121w, r3 =9200 — 2127w, rq4 =3354 — 743w,
rs = 15997 — 3277w, rg =470 —8lw, r1=6—w, rg=95—6w, rg=1+2w.

Since o7 is an irrational function with respect to only one variable x, in the interval 0 < x, < &

2
(x4 # %), we will see, in the section 3.3, that E is a weak focus with multiplicity at most two.

(I)(ii) Next we show that the degenerate equilibrium E, is a cusp of codimension two if
a = a. Translate E, to the origin by letting u = x — x4, v=1y — %e(1=a=2%) a0 the Taylor

. .. a-+xy
expansion of system (1.2) around the origin takes the form
. xe(1—a—2x 1—x,)(a+x a(a—D)+3ax.+xZ 7 a(l—x. 2
i = SO — SRy - SR — S+ o, v,
. x2(l—a—2x,)3 xe(l1—a—2xy) x2(1—a—2x)° 2 | xu(1—a—2x,)> 2 2
V= i@ T @ VT U@ttt U@z v Folu vl

(2.14)

Next we transform the linear part of system (2.14) to the Jordan canonical form. To do so, let

poxplatE) sz*a—a—zx*)z’
xx(1 —a —2xy) (I —xs) (@ + x4)

then system (2.14) can be rewritten as
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v Xs(1—a—2x4) y2 (14a) 1 2 2
X=Y -2 X~ oo XY ~ namazm ¥ TolX. Y, (2.15)
5 xf(l—a—2x*)(l—2a—3x*) 2 2x£—4x*—a+l (1—a—3xy) v2 2 :

Y= ()’ X+ U@ XY + sta iy ¥ +o(X, Y19).

By Remark 1 of section 2.13 in Perko [19] (see also Lemma 3.1 in Huang et al. [12]), we obtain
an equivalent system of (2.15) in the small neighborhood of (0,0) as follows:

X =y+o(x,y?,

2.16
y=Dx%+ Exy +o(lx, %), (210

where

~ x2(1—a—2x,)(1 —2a —3x,) Ee _2x,§ —2x2+ (1 +3a)x, +a(a—1)

b (a+ x,)3 (a4 x)2(1 — xy)

Since 0 < x, < 4, x,(1 = 2x,) <a < =2 and a # 5% then 1 —a — 2x, > 0, and 1 — 2a —
3x4 # 0, it follows that D # 0. On the other hand, substituting a = a; into E, we have

. 4(32x2 — 26x, + 1 + /1 + 20x, — 28x2)
(1 —2x, +/1+20x, —28x2)>2

it is not difficult to show that E # 0 if 0 < x, < % and x, # % Hence the positive equilibrium
E, is a cusp of codimension two by the result in Perko [19].

(IN)(i) By case (I), we know that if a(a — 1) + (1 4 3a)x, — 2x2 +2x; =0, i.e., a = ap or
a = a3, then E = 0, hence the degenerate positive equilibrium E, is a cusp of codimension at
least three. Substituting a = a, or a = a3 into Tr(J(E})), we have

4(1 = x)(1 — 8x,
Tr(J(E})) = — (1;/)1(—78; ) _o,

since 0 < x, < %, the positive equilibrium E is a stable hyperbolic focus or node.

(ID (i) Next we discuss the exact codimension of cusp E, when a = ap or a = a3. We first
transform E, into the origin by letting u =x — x4, v=1y — %}jx*), then the Taylor expan-
sion of system (2.10) around the origin takes the form

0= x*(lfafzx*)u _ (lfx*)(aer*)v _ (a—Da+3ax+x2 o _a(l—xy) o — a(l—x,) 3
a—+xy 1—a—2x, (a+xs)2 Y(—a—2x7) @trn)?
+muzv + ‘(’i}‘;i;ﬁ ut+ x*(a+xj)(21(_—)cl*-+)-a+2x*) uv+ o(lu, U|4)’
= g - M - GRS + SR -2
PSR — gl 2y — o U2y o, uf).

(2.17)

Note that the coefficient of the term v in the first equation of (2.17) is nonzero, we can make
transformations X = u and Y = du/dt such that (2.17) is changed to the following system
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X=Y,
Y=a1 X2+ Y2+ 03X + a4 X2Y + a5 X Y2 + a6 X + 07 XY + ag X2Y2 +0(|X, Y[,
(2.18)
where
x2(1—2a —3x,)(1 —a —2xy) 1 — 2x,
“= (@+x0 T N
xe(l —a — 2x*)(4x2 4+ (9a — 2)xf +2a(2a — 3)xy +a — 2a?)
w3 = (1 —xp)(@+ xs)* ’
14+a+2@@—3)x,+ 8x£ a(4x£ + 2a — 3)x. —a)
e S T E A
xe(l —a — 2x*)(x,f + 3axf +a@2+5a)x, +aa* —1))
% = (1 — x0)(a + x)5 ’
o 14+a—4x, +4xf s = _a(5x*3 + (6a — 4)x£ +2@a% = x. —a?)

T Ut+x)@tx)’’ 31— x0) (@ + x2)3

Introducing a new time variable t by dt = (1 — oz X)dt and rewriting 7 as ¢, we obtain
X=Y(1—-mX),

Y=(0-awX) (@ X?+wY?+u3X? +aaX?Y +asXY? +asX* + a7 X3Y (2.19)
+agX2Y2+o(1X, YY),

The transformation x = X, y =Y (1 — a2 X) brings (2.19) into

xX=y,
¥ =o1x? + (03 — 20100)x> + (12% — 20003 + 006)x* + aax?y + (a7 — cpaa)x3y  (2.20)
+(as — 02?)xy? + (o — 2®)x?y? + o(|x, y[*).

. 1—w? 1—3x,—(1—x4)/1—8x
Next2 we let @ = /1 — 8xy, i€, Xy = T‘“, tlzlen we have ay = —( 2*) £ —
(lfa))(cul672a)+5)’ — l—3x*+(1—2x*)«/l—8x* — (1+a))(0116+2w+5)' Moreover, when a = ay, we have

as

O<w<1since 0 < xy < %; when a = a3, we have 0 < w < \/2‘7100“2‘ 69+23‘7100_12V 09-13

V693 N
0.139681 since 3=(190+12 69)12_(100_12 M3 Xy < %, which comes from x, (1 —2x4) < a <

1—2x4
=5,
2 3
Ifazazzwand0<x*<%,thenm=%>Osince0<w<l.80

we make the following changes of variables and time X =x, ¥ = \/La_l and t = /oit, system

(2.20) becomes (still use ¢ to denote 1)

X=v,
5 v2 o (3—20100) v3 | (e’ —2mraztae) ya4 | oa y2 (a7—apa4) 3
Y=X"+ a X’ + P X +¢oTIX Y + NG XY 2.21)

+(as — a2?)XY? + (as — 2®) X2Y2 +0(1X, Y |H).
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By Proposition 5.3 in Lamontage et al. [16] (see also Lemma 3.2 in Huang et al. [12]), we know
that system (2.21) is equivalent to

X =Y,

Y=X2+MXY +0o(X,Y|Y), (2.22)

where

o 25672 -0
V0= 031+ o) (T +w?)?

for 0 < w < 1, then the equilibrium E, is a cusp of codimension three (Dumortier et al. [5]).
2 3
If a = ay = UHGH2010%) 4040122561 ~ 8—\/100+12\/6192—\7100—12«/69

<Xy < %,thenal =

3
— sl < 0 since 0 < o < 2100+ 12V20100-12/89-13 139681, We make the

following changes of variables and time X = —x, ¥ = — \/i_al and t = \/—aqt, system (2.20)

can be rewritten as (still use ¢ to denote )

X=v,
o y2 _ (e3—2a0102) v3 (“1“§_2“20‘3+0‘6) 4 ay 2y _ (o7—azas) 3
Y=X o X’ + o X +JTMX Y =TE XY (2.23)

+(as —03)XY? — (ag — @) X2Y2 +o(|X, Y[*).

Similar as above, we have

25642

— 0
St (o taby

M =

forO<w< \/2‘7100+12@+23‘7100_]2@_13 ~ (0.139681, then the equilibrium E, is a cusp of
codimension three ([5]). O

Next we consider the case (II)(b) of Lemma 2.5, where system (1.2) has a unique degenerate
2
positive equilibrium E*(%, 2(]9%“)). From f(%) = f’(%) =0, we can express ¢ and §
by a and b as follows

_ (1+a)® _ (14a)*@Ba—1)
C= g 0= 2lab  * (2.24)

Moreover, from Tr(J (E*)) = 0 and (2.24), we have

_ 2(1+a)?
b= 3(1—3@ (2.25)

and get the following results.

Theorem 2.8. If § < 7, % <a< % and the conditions in (2.24) are satisfied, then system (1.2)

2
has a unique degenerate positive equilibrium E*(%, 2(19+“)). Moreover,
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a=1/4 b=2512 a=9/20 b=841/60
§=1/9 c=5/36 §=13/405 ¢ =29/1620
T T

0.0355

0.035

0.0345

0.034

0.0335

0.033

0.0325

0.032

Fig. 2.6. A unique positive equilibrium when § < % (a) A degenerate nilpotent focus E* of codimension three. (b) A

degenerate nilpotent elliptic equilibrium E* of codimension three.

M ifb# %E{tgiﬁ, then E*(%, W) is a stable (or an unstable) degenerate node if 0 <

2 2
b < %Eif;;) (orifb > §§}tg;) respectively);

2
dn ifb = 5832,) then E*( 132”, 132“) is a degenerate nilpotent focus of codimension three if

1 5 5 2432
8<a<16or16<a< 16

a degenerate nilpotent elliptic equilibrium of codimension

three if %E <a< %; and a nilpotent symmetric cusp of codimension two if a = 15_6'

The phase portraits are given in Fig. 2.6.

3 2
Proof. When ¢ = (1;{;; and § = %, we have A =0 and A = 0. Moreover,

3(1 = 2a)b —2(1 +a)?

Det(J(E*)) =0, Tr(J(E*)) = %

(I) When b # 383’5), we have Tr(J (E*)) # 0, i.e., there is only one zero eigenvalue for the

Jacobian matrix J(E*). Substituting (2.24) into system (1.2), we have

. _ _hy
x=x(1—x u+x),

. (1+a)?Ba—1) (1+a)’
y=yC"7p =¥+ Tabarn )

(2.26)

Firstly, we transform the linear part of (2.26) to the Jordan canonical form. To do so, let

1—2a 2(1 4+ a)?
’ vzy_—a
3 9%

u=x—
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then system (2.26) becomes

c__ 1-2a (1-2a)b 1-5a ,,2 9ab 18a 3 27ab 2 S54a 4
U="F"U— "1 V" T~ T2~ Gra2® G ¥V T G
— Mb iy 4 o(fu, w1, .
. 2(14a)® 2(14a)> 2(14a)? 1 211 1 2 ’
b= (2;;aa2) u— (QJZa) v — (9J£2a) u? + %uv—vz—i— (3;2“)u3 _ l—,uzv— b_2”4
+ﬁu3v +o(|u, v|4).
Secondly, to eliminate the v> terms in system (2.27), we let
3b N 9(1 — 2a)b? N 2(1 +a)*> —3(1 — 2a)b
u = X , V=X , T =— )
1" " 204ap Y %
and still denote t by ¢, then system (2.27) can be rewritten as
% = a30x? + aj1xy + agy? + d3ox> + an1x%y + ajaxy? + dosy? + agox*
+ 3103y + anx?y? + aizxy® + apuy* + o(lx, y|h), 028

Y=y +baox? +biixy + bopy? + b3ox> + baix2y + bioxy? + bz y? + baox*
+ b31x33y 4+ bapx?y? 4 b1axy? 4 boay* + o(|x, y[*),

where the coefficients are given in Appendix A.

By center manifold method, we suppose y = mx? + nx> + o(|x|*), substitute it to the second

: : 18h 324b%((1+a)>+3(1—2a)b
equation of system (2.28), and obtain that m = — T30 = (1+a)2<2((+2aaz)—3b4(ra(41)6;))2 )

Then the reduced equation restricted to the center manifold is as follows

. 486(1 — 2a)b®
T 0T 0220 +a)? —3(1 - 2a)b)?

x* +o(lx|h).

By Theorem 7.1 of Chapter 2 in Zhang et al. [27], E* is a degenerate stable node if 0 < b <

2 2
5833) and a degenerate unstable node if b > gg}fgg) .

(II) When b = %81’2{2), we have Tr(J(E*)) = 0. It follows that E*(%, %) is a nilpotent
singularity with double-zero eigenvalue. To determine the exact type of E*, we provide a series
of explicitly smooth transformations to derive a normal form with terms up to the fourth order.

Firstly, we translate the unique positive equilibrium E*( 132“ , 1}2“) to the origin and expand
system (1.2) in power series up to the fourth order around the origiri. Let

1—2a 1—2a
bl V= - 3
3 Y73

) :u=x—

then system (1.2) becomes
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e 1-2a 2(0+a), 1-5a,2 _ 6a 18 3 18a 2 S54a 4
u=-—73-u 3 VT Tha Y T 0202V T Tra T T T2V G
. 54a 3 4
(l+a)2(1—2a)u v +0(|M, U| )v
C_(=20%  1-2a, _ (1-2a)°
V=600 Y~ 73 VT 2(11a2

_9(1—2a)*> 4 | 9(1—2a)
2t T AT

3(1=2a)> 3 3(1=2a) 2 (2.29)

2(1+a)3 2(1+a)?

1-2a
(T+a)

u2+2 uv —v? +

wv +o(lu, v|*).

Secondly, we transform the linear part of system (2.29) to the Jordan canonical form. Let

2(1+a) 6(1+a)
) u= X Y v=X
D= Xt T v=%

then system (2.29) can be rewritten as

X—y_2x2_ 9 xy 18 y2, 6 w3, T2 x2y . 200 yyp2, 3% y3

1-2a T (1—2a)? -2a (1—2a)? (1—2a)3 (1—2a)*
— g X = G XY — B XY — XY - R Y Fo(1X, Y,
Y=o xy + By - PRexd - B X2y - T X y? - Ry
+ P X+ IR XY 4 PREE X2y 2 4 ZECEG Xy SRy
+o(IX, Y.
(2.30)

Thirdly, to eliminate the X? and Y? terms in system (2.30), we make a near-identity transfor-
mation

9(1 —4a) ,

18a 8,
_ N ,
2(1 —2a)?

1202 T 02202

i : X =x , Y=y+2x+

then it brings system (2.30) into

X =y 4300 + a1xty + claxy? + ey + chox* + 51Xy 4 c3x?y?

+ c13xy® + chuy* 4 o(lx, y[*),
o i 3 i N N 3 i 2.31)
y=dnxy + dzox3 + darx?y + dioxy? + dozy? + daox* + dz1x3y + drax?y?

+dizxy® +doay* + o(lx, y1h),
where the coefficients are given in Appendix A.
Notice that

4(5 — 16a)

didyo = 22

9

then dy1d3 # 0 if a # 3, by Lemma 3.1 in Cai et al. [1], in a small neighborhood of (0, 0)
system (2.31) is locally topologically equivalent to the following system



4636 C. Xiang et al. / J. Differential Equations 268 (2020) 4618-4662
x=y,
¥ =diixy + d3ox® + (do1 + 3c30)x%y + (doa — dircin)x (2.32)
+(@cio +day + M+ BE2)y + O (x. ),

where Q(x, y) is a smooth function of order at least five in (x, y). Moreover, since % <a< %,

we have

24(40a% — 28a — 5)

5d30(da1 + 3c30) — 3d11(dao — diicio) = — —— #0
(1 —2a)-
and
- -2~ 1284 —32a—7
dp=—-4<0, di) +8dyp=—"—"—"5—,
30 < 11+ 38d3o (1= 2a)?

a4 8dy =0if a = # ~ 0.390165. By Lemma 3.1 in Cai et al. [1] we can obtain that

E *(%, %) is a degenerate focus of codimension three if é <a< ]5—6 or % <a< 2+13€f2; a
1

degenerate elliptic of codimension three if # <a<j.

Finally, we prove that the unique positive equilibrium E *(%, %) is a nilpotent symmetric cusp

of codimension two if (a, b, ¢, §) = (%, %, 87—0, %). Substituting a = % to system (2.31), we get

the following system

X =Y —64X3 —1152X%Y — 8192X Y2 — 16384Y3 + o(|X, Y |?),

i 233
Y = —4X3 —32X%Y — 128X Y2 —2048Y3 + o(|X, Y 3). (2.33)

Next we make another affine coordinate transformation

1216
X=x— Tﬁ —5120x2y — 16384xy2, Y =y + 64x> — 64x%y — 2048xy°,

then the third order terms in system (2.33) can be simplified and the equivalent system of system
(2.33) is as follows

¥=y+o(X, Y],

2.34

y = —4x3 —224x%y + o(|X, Y ]%). (2.34)
According to the result on Page 259 of Chow et al. [2], (%, %) is a nilpotent symmetric cusp of
codimension two. O

2.2. The case § > § (i.e., Ko > 2—1)

In this case system (1.2) has three boundary equilibria: (0, 0) is an unstable hyperbolic node,
(1,0) is a hyperbolic saddle, (0, ) is a stable hyperbolic node if § > 7, and at most two positive
equilibria.

According to the curve of f(x) in Fig. 2.7 and the root formula for third-order algebraic
equation, we have the following results for the existence and number of positive equilibria.
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f@) /) (=)

(1) (I1) (I11)

Fig. 2.7. The curve of f(x) when § > %. (I) f(x) =0 has no positive root, (II) f(x) =0 has a positive double root x,
(III) f(x) =0 has two different positive single roots xp and x3.

Lemma 2.9. When § > % (i.e., Ky > 2—1), system (1.2) has at most two positive equilibria. More-
over,

@D ifA>00r A= A =0, then system (1.2) has no positive equilibrium;
D) if A=0and A> 0, then system (1.2) has a unique positive equilibrium E (X, Y«), which
is a degenerate equilibrium,

(IID) if A <O, then system (1.2) has two positive equilibria: E>(x;, y2) is a hyperbolic saddle,
and E3(x3, y3) is a hyperbolic stable node or focus if Tr(J (E3)) < 0, a hyperbolic unstable
node or focus if Tr(J(E3)) > 0, and a weak focus or center if Tr(J (E3)) = 0, where 0 <
xp <x3<1.

The phase portraits are given in Fig. 2.8.

Proof. From equation (2.6) and the derivative property of f(x), it is easy to see that
Det(J(E3)) < 0, Det(J(E3)) > 0, Det(J(E4)) = 0, then E, and E3 are all elementary equi-
libria and only E; is a hyperbolic saddle, and E, is a degenerate equilibrium. O

Remark 2.10. When § > % (.e., Kr» > %‘), system (1.2) can exhibit bistability phenomenon:
A1(0, ) is a stable hyperbolic node and E3 is a stable hyperbolic focus. From Lemma 2.9 and
Fig. 2.8(a), we can see that the invading hosts will go extinct if the initial populations lie in the
left of the two stable manifolds of the equilibrium E», and will persist if the initial populations

lie in the right of the two stable manifolds of the equilibrium E>.

We firstly consider case (II) of Lemma 2.9, where system (1.2) has a unique positive equilib-
rium E, (x4, y+), which is a degenerate equilibrium. From f(x,) = f/(x4«) =0, ¢ and § can be
expressed by a, b and x, as follows

o= (a+x*)2511bfa72x*)7 5= (a+x*)(aafbx*+2x$)' (2.35)

Moreover, from Tr(J(Ey)) = 0 and (2.35), b can be expressed by a and x, as follows

b= (a+x)*(1=x,) (2.36)

Xe(1—a—2xy) °

We have the following results.
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a=1/458=13 b=1c=1/60 a=145=5108 b=7 c=7/432
T T T T T T T

0.01 - \ 9
A, A

0 0.1 02 03 04 05 06 07 08 0.9 1 0 0.1 02 03 0.4 05 06 07 08 0.9 1

Fig. 2.8. (a) The coexistence of two positive equilibria and three boundary equilibria when § > %: Ajq is a stable hy-

perbolic node, A; is an unstable hyperbolic node, A3 and E; are hyperbolic saddle, and E3 is a stable hyperbolic

focus. (b) A unique positive equilibrium E, which is a saddle-node with a stable parabolic sector when § > % and
(I—xs)(a+x4)%

0<b< —x*(l*—a—in) .

a=1/4 8=5/126 b=49/6 c=1/72
T T T T

} A
T ! 0.04
0.03 4
> > 0.08
r//%—”‘l

oot : : : 1 001 .
AE \AS A2 \Aﬁ
o —> 0<— o &> — 0 <

! L L L L L L L L L i L L L L L L L L L !
0 0.1 0.2 03 04 05 06 07 0.8 0.9 1 0 0.1 0.2 03 04 05 06 07 0.8 0.9 1

a=13/27 §=2/39 b=256/27 c=8/351
T T T T

Fig. 2.9. A unique positive equilibrium Ey when § > %. (a) A cusp Ey of codimension two. (b) A cusp Ey of codimension
three.

Theorem 2.11. If § > %, % <a<1—2x, 0<xy < % and the conditions in (2.35) are
satisfied, then system (1.2) has a unique positive equilibrium E.(x., Vi), which is a degenerate

equilibrium. Moreover,

(atx)°(1=xy) ; L .
(D when b # ~ =% then E, is a saddle-node, which includes a stable parabolic sector

xs(1—a—2xy)
(1—xy) (@+x5)? (1—x) (@+x4)? );

(or an unstable parabolic sector) if 0 < b < a—2xs) 0 a—2xs)

(or b >

2
1) when b= % then E is a cusp of codimension two if a # a3, a cusp of codimen-

1 1
sion three ifa = a3 and 0 < x, < 8_(100“2‘/@);2_(100_12‘/@)3 ~ (.122561.

The phase portraits are given in Figs. 2.8(b) and 2.9.
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Proof. () If b # (atx)’(1—x) then the Jacobian matrix of system (1.2) around E has only one

xs(1—a—2xy)
zero eigenvalue. We first transform E, into the origin by letting u = x —x,, v=y— W ,

then the Taylor expansion of system (1.2) around the origin takes the form

. —a— _ 2
0 = Xy (l—a 2x*)u bxy U+a(1 a)+3ax,+x, M2 (a+ )zuv+0(|u U|2)

a-+xy a+xy (a+x,)?
. 1—xy)(a+x)(1—a—2x4 1—x,)(a+x4 1—x,)(1 Qx4
5 = (=x)@ xbzx R (2.37)
+ 2y — 02 o (lu, ).

: _ b b2x, (=D (a4x,)>+bxs (1—a—2x,)
Letting u = a7, X+ T Gr? Yv=X+4+7Y and dt = I drt,

then system (2.37) can be rewritten as follows (still denote t by 7)

X =a50X? + a1 XY +ant? +o(X,Y|?),

. ~ s n N ) (2.38)
Y=Y +byX +buXY+bpY”+o(X,Y]).
where
~ bzx*(l —xy)(a~+x)(1 —2a — 3xy)
a)) = — s
T T 0 —a—2x) (1 —x)(@ + 102 — bxo(1 —a — 2x,))>
L D1 =x) (a4 x)(@ — x4+ 2x2) — bx(2x2 —4x, — 1 — )
a = P}
8 (1= x)((I — 1)@ + x,)2 — bxy(1 —a — 2x,))2
o b?xi(1 —a — 2x,) (x} + p1x3 + pax? + p3xs + pa)
2T (= x@+ 202 ((1— x) (@ + x0)% — bxs(1 —a — 2x,))%
g (atx)(-x)(i—(—a—bx.—a)
T 0 —a—2x)((I—x)(@+ x2)2 — bx(I —a — 2xy))
b= — b(x; + psxi + pex; + p1x; + psx« + po)
@+ x0)((1 = x2) (@ + x2)% — bxe(1 —a — 2x,))°
by = bU =X (@4 x) A+ pro+ pu+ pr)
(1 = x)(a+x0)? —bx(1 —a —2x,))2°
and

p1=3a—2b—1, pr=3a®+3b*>—4ab—3a+b,

p3 =a’ —2a%b + ab® — 3a® +2ab — b2,

pa=a’(b—a), ps=4a—1, pe=6a>+2b>—2ab—4a —b,

p7=a(4a’® +4b> —4ab — 6a — b), ps=a(a’ —2a’b+ ab* — 4a* + ab — b?),
b?x2(1 —a — 2x) bxy(a+2xy — 1)

(1 —x)(a+x)*’ pn= (1 —x)(a+x0)2

b2x(a + 2x, — D(a(l — x)(a + x,)% + bx, (x2 + 3ax. + a® —a)
(1 —x0)%(a + x,)8

po=a’(b—a), pio=

pPi2=
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otice that —5—=* < a < 1 — 2x,, then ayg and, according to eorem /.1 1n ang et al.
Notice that 1=3* 1 — 2x,, then a5y # 0 and ding to Th 7.1 in Zhang et al
[27], the equilibrium E, (x,, W,M) is a saddle-node with a stable parabolic sector if 0 <

b< miﬁlz_ﬁ and a saddle-node with an unstable parabolic sector if % <b.
(II) The proofs are similar as those in cases (I)(ii) and (II)(ii) of Theorem 2.7, we omit the

procedures for brevity. 0O

Remark 2.12. When § > 7 (i.e., K2 > —) we can see that the invading hosts will go extinct for
some positive initial populatlons and w111 persist for some other positive initial populations (see
Theorem 2.11 and Fig. 2.8). On the other hand, from Fig. 2.9, we can see that the invading hosts
will go extinct for almost all positive initial populations.

3. Bifurcations of system (1.2)

In this section, we are interested in studying various possible bifurcations in system (1.2).
From Theorems 2.7 and 2.11, we know that system (1.2) may exhibit a cusp type degenerate
Bogdanov-Takens bifurcation of codimension three around the equilibrium E,, and a Hopf bi-
furcation around the equilibrium E or E3; From Theorem 2.8, we know that system (1.2) may
exhibit a focus or elliptic type degenerate Bogdanov-Takens bifurcation of codimension three
around the equilibrium E*. Furthermore, from (2.3) we can see that the positive equilibrium de-
pends on a polynomial equation of degree three, which makes the full bifurcation analysis very
difficult and challenging.

3.1. Cusp type degenerate Bogdanov-Takens bifurcation of codimension three

From Theorems 2.7 and 2.11, we know that system (1.2) has a cusp Ey (x4, %}jx*)) of
codimension three if the parameters satisfy

2 2 —a— — 2
5< . a=as, (b,c, 6):((1—x*)(a+x*) xe(1—a—2x4)* x:(1—a—2x4)(a x*+2x*))’ 0<xy < é;

xi(1—a—2xy4) a(l—xy) a(a+xs)(1—xy)
(3.1
or
. (I=x)@+x)?  x (1—a—2x3)?  xx(l—a—2x,)(a—x,4+2x2)
§<fg. a=az (bc 8) =ty al=ry a(atxe)(I—x) )
. (3.2)
and 8—(100+12«/6_9)132—(100—12\/6—9)3 <Xy < 8’
or
a o (=x)(atx)?  xe(l—a—2x)% xe(l—a—2x,)(a—x,42x2)
8§27, a=a, (b, ¢, 8) =( xx(l—a=2x,) *~ a(l—xy) ° ala+xs) (1—xy) ) (33)

! 1
_ 00— 1
and 0 < x, < 32000412 69)12 (100-12v/69)3

In the following we study if system (1.2) can undergo a cusp type degenerate Bogdanov-Takens
bifurcation of codimension three in a small neighborhood of equilibrium E, (x,, M)

a-+xy
as parameters (a, b, ¢, §) varies in a small neighborhood of (ag, by, co, 8o) which satisfies (% 1),
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(3.2) or (3.3). We firstly present the definition and a universal unfolding about a cusp type de-
generate Bogdanov-Takens bifurcation of codimension three (see Dumortier et al. [5], Chow et
al. [2] or Li et al. [15]).

Definition 3.1. The bifurcation that results from unfolding the following normal form of a cusp
of codimension three

=, (3.4)
y=x>+x3y .
is called a cusp type degenerate Bogdanov-Takens bifurcation of codimension three.
Proposition 3.2. A universal unfolding of the above normal form (3.4) is given by
X=y,
Y (3.5)

Y =14 poy + uaxy + x2 £x3y + R(x, y, ),
where

R(x,y, 1) =y20(Ix, 1) + O(lx, y1>) + O(w)(O(|y|*) + O(Ix, y1*)) + O(u®) O (|x, y)).
(3.6)

We firstly consider the bifurcation around the cusp E, of codimension three when (3.1) is
2
satisfied. For simplicity, we let @ = /1 — 8x,, then a; = 1_3x*_(]_2x*) VI-8x: _ (1_‘”)(51_62“’+“’ ) |
When a = ap, from (3.1), we have

_ (403040 o (I—o)(+w)?
€= 16(w? —2w+5)° §= 2(@2—2w+5) (37)

a= (1—0)(5—20+0?) b= (1—w)(T+w?)?
- 16 > T T 16(14w)?

if we choose a, ¢ and § as bifurcation parameters, then the unfolding system of (1.2) is as follows

(—w)(T+0?)?
16(1+w)2
2
(lfw)(51762w+w )+k1+x ’

x=x(1—x—
(I ETD Y )x 3-8)
= y(w F g — y 4 —1662wil) 3
2(5—2w+w?) (1—w)(5;62m+m2>+k1+x ’

where A = (A1, A2, A3) is a parameter vector in a small neighborhood of (0,0, 0). If we can
transform the unfolding system (3.8) into the versal unfolding (3.5) of Bogdanov-Takens singu-
larity (cusp case) of codimension three by a series of near-identity transformations, and check the
nondegenerate condition W # 0 for small A, then we can claim that system (3.8) (i.e.,
system (1.2)) undergoes a cusp type degenerate Bogdanov-Takens bifurcation of codimension
three.

Theorem 3.3. When § < . and the conditions in (3.1) are satisfied, the degenerate equilibrium

2
E.(xy, %};Zm) (i.e., E*(%, %)) of system (1.2) is a cusp of codimension three. Sys-

tem (1.2) undergoes a cusp type degenerate Bogdanov-Takens bifurcation of codimension three
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in a small neighborhood of E as (a, b, c, ) varies in a small neighborhood of (ay, by, co, o),
where (ag, by, co, 8o) satisfies (3.7). More precisely, system (1.2) can exhibit the coexistence of a
stable homoclinic loop and an unstable limit cycle, coexistence of two limit cycles (the inner one
unstable and the outer stable), and the existence of a semi-stable limit cycle for different sets of
parameters.

Proof. Firstly, we translate the equilibrium E*((I_Tf”z), %) of system (3.8) when A = 0 into
the origin and expand system (3.8) in power series around the origin. Let

1-o? 1+ w)?
X:x_w’yzy_ﬂ’
8 8

then system (3.8) becomes

X =apo +a10X +ao ¥ +axX? +an XY + a3 X> 4+ an XY +agpX* + a3 X3Y
+o(1X, Y%,

) (3.9
Y=b00+b10X+b01Y+b20X2+b11XY+b02Y2+b30X3+b21X2Y+b40X4

+b31X3Y +o(1X, Y[,

where the coefficients are given in Appendix B, and all the coefficients depend on A; (i =1, 2, 3)
which we omit for brevity.
Next, note that the coefficient ag; of the term Y in the first equation of (3.9) is nonzero, we

make transformations x; = X and y; = ‘i]—}f such that (3.9) is changed to the following equation

X1 = Y1,
Y1 = co0 + c1ox1 + co1y1 + c20x3 + crixiyi + coay? + c30x; + co1x3yr +epxiy? - (3.10)
+ caox] + c31x7y1 + eaxty? 4+ o(lxr, yil*),

where the coefficients are given in Appendix B.

Now following the procedure in Li et al. [15] (see also Huang et al. [14]), we use several steps
to transform system (3.10) into the versal unfolding of a Bogdanov-Takens singularity (cusp
case) of codimension three.

(I) Removing the y12-term from y; in system (3.10). We let x| = x; + ‘%x%, Y=y +
c02X2y2, then system (3.10) is changed into

X2 =2,
2 = doo + diox2 + do1y2 + doox3 + di1x2y2 + dsox3 + daix3ys + dipxay? + daoxy  (3.11)
+d31x3 Y2 + doox3y3 + o(|x2, y2 b,

where the coefficients are given in Appendix B.
(IT) Removing the x; y%-term from y; in system (3.11). Let x, = x3 + %xg’, o =y3+

%x%yg, then we obtain the following system
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X3 =y3,
3 = €00 + €10X3 + €013 + 20%3 + e11x3y3 + €303 + e21x3y3 + esox; (3.12)
+ e31x3y3 + Ri(x3, y3, 1),

where the coefficients are given in Appendix B, and R (x3, y3, A) has the property of (3.6).

3
(IIT) Removing the x33 and xg‘ -terms from ys in system (3.12). Note that eyg = % +

O(A) #0for 0 <w < 1 and small A. We let

2
oy e30 |2 15e3, — 16ezoe4ox3 ey
3=X4— ——X)+ ———————X;, V3= )4,
den 80e3, 4

e 48er0e40 — 2562 48er0e30e40 — 35¢3
dr = (1 4+ —2 x, 02 203y,
2e20 80e3, 80e3,

and obtain the following system from system (3.12) (still denote t by 7):

X4 = Y4,
4= foo+ froxa+ forya+ fr0x3 + fuixays + fr0x3 + f1x7ya + faoxi (3.13)
+ f31x3y4 + Ro (x4, ya, A),

where the coefficients are given in Appendix B, and Ry (x4, y4, A) has the property of (3.6).

(IV) Removing the xfy;;-term from y, in system (3.13). Note that fg = % +

O(}) #0for 0 <w < 1 and small A. Letting

fai 2 le 3
X4=Xx5, Ya=y5s+ —y;5 + ,
MEBT 35 T a6s2
and introducing a new time variable t by d7 = (1 + 3](;210 ys+3 g;‘z y52)dt, then system (3.13) can
be rewritten as (still denote t by #)
=S 5 3 (3.14)
V5 = 800 + £10X5 + 015 + g20X5 + g11X5Y5 + €31x3 Y5 + R3(x5, y5, 1)),
where
Joofar flofa1
goo = foo0, &10 = f10, go1 = fo1 — , &0= f, g1 =il ——F—,
fo 20
21530
g1 = fr1———,
f20

and R3(xs, y5, A)) has the property of (3.6).
(V) Changing goo to 1 and g3; to -1 in ys in system (3.14). We can see that gog =

1 3
%juoupomgﬂ=—m+0(x)<0f0r0<w<1andsmam

By making the following changes of variables and time:
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4 3 3 1

1 2 3
-3 5 _ 75 -5 _3
X6, Y5 = 850831 Y6, 1= "8 8317

3
X5 = 820831

system (3.14) becomes (still denote T by ¢)

%6 = s, , 3 (3.15)
Y6 = hoo + h10x6 + ho1ye + hi1x6ye + xg — X5 Y6 + Ra(xe, Y6, 1)),
where
4 1 2 s 13 2 _1
hoo = 800831820 > 110 = 810831820 » ho1 = —801831820 > M1 = —81185) &31 »

and R4(xg, Y6, A) has the property of (3.6).
(VI) Removing the xg-term from yg in system (3.15). Let xg = x7 — h%, Y6 = ¥7, then
system (3.16) becomes

X7 =y7,

. 3.16
Y7 = p1 + H2y7 + wax7y7 + X2 — x3y7 + Rs(x7, y7, 1), (5-16)
where Rs(x7, y7, A)) has the property of (3.6), and
h2
1 =hoo — % =qi1A1 + @22 +q3r3 +o(Q),
1
M2 =hor + g(h?o —4h1oh11) = gar1 + gsha +gers +o(M),
3
uz=hy — Zh%o =q7M1 + qsh2 + qor3z +o(A),
the coefficients ¢; (i = 1,2, 3,4,5,6,7, 8,9) are given in Appendix B.
With the help of Mathematica software, we obtain that
D(ui, pa, p3) 12871671 — ©)*(3 + w)(@? — 20 + 5)(3w? — 60 +7) L 0G)£0

DM, ho,A3) o1+ )36(7 + w?)6

for 0 < w < 1 and small A, it is obvious that system (3.16) is exactly in the form of system (3.5),
by the results in Dumortier et al. [5] and Chow et al. [2], system (3.16) is the versal unfold-
ing of the Bogdanov-Takens singularity (cusp case) of codimension three, the remainder term
Rs(x7, y7, 1) satisfying the property of (3.6) has no influence on the bifurcation phenomena, and
the dynamics of system (1.2) in a small neighborhood of the positive equilibrium (I_Twz, (IJ%’”) 2)
as (a, c, §) varying near (ao, co, 8p) are equivalent to system (3.16) in a small neighborhood of
(0,0,0) as (i1, u2, u3) varying near (0, 0, 0).

Next we describe the bifurcation diagram of system (3.16) following Fig. 3 of Dumortier et
al. [5] based on a time reversal transformation. The bifurcation diagram has the conical structure
in R3 starting from (w1, o, n3) = (0, 0, 0). It can be shown by drawing its intersection with the
half sphere

S = {(11, p2, w3)|ud + 3 + 13 = €%, 1 <0, € > 0 sufficiently small}.
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Fig. 3.1. Bifurcation diagram for system (3.16).

To see the trace of intersection clearly, we draw the projection of the trace onto the (w2, i3)-plane,
see Fig. 3.1. The curves C, H, L denote the homoclinic bifurcation curve, Hopf bifurcation curve
and saddle-node bifurcation curve of limit cycles, respectively. b; and b, are the Bogdanov-
Takens bifurcation points. ¢ and h; correspond to a homoclinic bifurcation of codimension two
and a Hopf bifurcation of codimension two, respectively. The point d represents a parameter
value of simultaneous Hopf and homoclinic bifurcations, where an unstable limit cycle coexists
with a stable homoclinic loop. For parameter values in the triangle dh;c>, there exist exactly
two limit cycles: the inner one is unstable and the outer one is stable. The detailed bifurcation
phenomena can be referred to Dumortier et al. [5] (see also Lietal. [15] or Huangetal. [14]). O

The typical phase portraits for a cusp type degenerate Bogdanov-Takens bifurcation of codi-
mension three in system (1.2) are given in Fig. 3.2. The coexistence of a cusp E of codimension
three and a hyperbolic focus E3 is given in Fig. 3.2(a), the coexistence of an unstable limit cycle
and a stable homoclinic loop is given in Fig. 3.2(b), and the existence of two limit cycles (the
inner one is unstable and the outer one is stable) is given in Fig. 3.2(c).

Next we consider the bifurcation around the cusp E, of codimension three when the con-
ditions in (3.2) or (3.3) are satisfied. For simplicity, we still let w = /1 — 8x,, then a3 =
I3 ) VI8 _ (140)(H20+0%) When g = g3,

from (3.2), we have

_ (14+0)(5+20+0?) _ (14o)(T+w?)? _ (1—0)3(T+wd _ (+w)(1-w)?
“= 16 b= T €T w20t 0T awtiaars O

and E,(xy, y+) = Ex( 1_8“’2 , (1_8“’)2 ), if we choose a, b and § as bifurcation parameters, then the
unfolding system of (1.2) is as follows
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a=5/27 b=32/27 c=32135 §=2/15 2=527-1/3090 0=3227 ©=32135- 112100 5=2/15-1/10000
T T T

ozl ; : : ; : : : e 0228

024

0.28

0218

0216

0214

1 i i I i I i
0.085 01 0.105 [Al] 0115 0.12 0125

a=10003499 b= 1999213499 c= 17730269423 5 = 10385269423

Fig. 3.2. Typical phase portraits of system (1.2) in a cusp type degenerate Bogdanov-Takens bifurcation of codimension
three. (a) The coexistence of a cusp Ey of codimension three and a hyperbolic focus E3; (b) The coexistence of an
unstable limit cycle and a stable homoclinic loop; (c) The existence of two limit cycles.

2,2
(4w)(T+w?)
16(1—w)2 +22)y
2 k)
(1+w)(511%2w+w )+)\]+X

X=x(1—x—(
T+ (1-w)3 (3.18)

< (to)(1-w)? . 1665+ 20t w?)

y= y(2(5+2w+w2) +A3—y+ (1+w)(51J%2w+w2)+)Ll+x ’

where A = (A1, A2, A3) is a parameter vector in a small neighborhood of (0, 0, 0).

Theorem 3.4. When the conditions in (3.2) or (3.3) are satisfied, the degenerate equilibrium

2
Ey(xy, %}jx*)) (ie., E*(%, (I_Tw))) of system (1.2) is a cusp of codimension three. Sys-

tem (1.2) undergoes a cusp type Bogdanov-Takens bifurcation of codimension three in a small
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neighborhood of E, as (a, b, c,§) varies in a small neighborhood of (ay, by, co, 8o), where
(ao, bo, co, 8o) satisfies (3.17). More precisely, system (1.2) can exhibit the coexistence of a stable
homoclinic loop and an unstable limit cycle, the coexistence of two limit cycles (the inner one
unstable and the outer stable), and the existence of a semi-stable limit cycle for different sets of
parameters.

Proof. The proof is similar to that of Theorem 3.3. After making a sequence of transformations
as those in the proof of Theorem 3.3, we obtain the following equivalent system of system (3.18)

X7 =y7,

. ~ 3.19
Y7 = p1 + H2y7 + uax7yr +x2 — x3y7 + Rs(x7, 7, ), (5-19)

where (11, wo and 3 are the C* function of A, A2, A3 and w, and ﬁ;— has the property of (3.6).
Under the help of Mathematica, when the conditions in (3.2) or (3.3) are satisfied, we obtain

D(ui, pa, p3)  128¥167/(1 4+ @)3(3 — 0) (54 2w + 0?) (7 + 6w + 30?)
D (A1, 22, A3) V(1 — 0)36(7 + 0?)b

+0M)#0

for 0 < w < 1 and small A, it is obvious that system (3.19) is exactly in the form of system
(3.5), by the results in Dumortier et al. [5] and Chow et al. [2], system (3.19) is the versal un-
folding of the Bogdanov-Takens singularity (cusp case) of codimension three, the remainder
term Rs5(x7, y7, A) satisfies the property of (3.6) and has no influence on the bifurcation phe-
nomena, and the dynamics of system (1.2) in a small neighborhood of the positive equilibrium
(1_8“’2, (178"’)2) as (a, b, §) varying near (ao, by, 69) are equivalent to system (3.19) in a small
neighborhood of (0, 0, 0) as (w1, p2, u3) varying near (0,0,0). O

3.2. Focus and elliptic types degenerate Bogdanov-Takens bifurcation of codimension three

Theorem 2.8(II) indicates that if

_20+a)? . _ (+a)(1-2a) 5 _ (1-2a)8a—1)
b=3115g = g 8= g (3.20)

then the unique triple positive equilibrium E* of system (1.2) is a degenerate nilpotent focus or
elliptic singularity of codimension three, system (1.2) may exhibit degenerate focus or elliptic
type Bogdanov-Takens bifurcation of codimension three around E*. If we choose b, ¢ and § as
bifurcation parameters, then the unfolding system of system (1.2) is as follows

2
. Gy +2)y

x:x(l—x— — atx )s (a2 (321)
. 1-2 -1 (g2 +23)

y:y(( ci)S(aSa )_|_)\2_y_|_ 182+x ”‘)’

where A = (L1, A2, A3) is a parameter vector in a small neighborhood of (0, 0, 0).

Theorem 3.5. If § < %, é <a< %, a# %, and the conditions in (3.20) are satisfied, then the
unique triple positive equilibrium E* of system (1.2) is a degenerate nilpotent focus or elliptic
singularity of codimension three. Moreover, if we choose b, c and § as bifurcation parameters,

then
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2432

(i) when % < a < =5p==, system (1.2) undergoes a focus type degenerate Bogdanov-
Takens bifurcation of codimension three around E* in a small neighborhood of the point
(ao, bo, co, 80) of the parameter space, where (ag, bo, co, 8o) satisfies (3.20). Thus, system
(1.2) can exhibit a big limit cycle enclosing three hyperbolic positive equilibria, two big limit
cycles enclosing three hyperbolic positive equilibria, and a big limit cycle enclosing three
hyperbolic positive equilibria and a small limit cycle for different sets of parameters;

(i1) when # <a< % and a #* 23+3“/— , system (1.2) undergoes an elliptic type degenerate
Bogdanov-Takens bifurcation of codtmenszon three around E* in a small neighborhood of
the point (ao, bo, co, 8o) of the parameter space, where (ao, by, co, 8o) satisfies (3.20). Thus,
system (1.2) can exhibit the coexistence of three positive equilibria and a homoclinic loop,
and one or two limit cycles enclosing only one positive equilibrium for different sets of
parameters.

Proof. Firstly, we make a sequence of smooth coordinate transformations (), (II) and (IIl),
which were used in the proof of Theorem 2.8, to get the following system from system (3.21)

X =y +coo(t) + cTo)X + o1 (MY + 3o X2 + 1M XY + cp(h) Y2
+ 30X + 21 (MXY +ca(MWXY? + (MY + 01X, Y [h,

Y =doo(M) +dio() X +dot (WY +dao(M) X+ dii )XY + dop ()Y
+d300) X3 +day (M X2Y +dia(MXY? 4+ dos(MY? + O(1X, YY),

(3.22)

where ¢;;j (1) and d;j (1) are smooth functions whose long expressions are omitted here for
the sake of brevity, coo(0) = c10(0) = ¢01(0) = c20(0) = ¢11(0) = ¢02(0) = doo(0) = d10(0) =
d01(0) dro(0) = d02(0) 0, 30(0) = 30, 21(0) = 21, ¢12(0) = ¢12, c03(0) = 003,d11(0)
d11 d30(0) = d30,d>1(0) = da1,d12(0) = dy2,do3(0) = dos, and 3, ¢31, cia, ¢33, d11, dao,
d21 d12, d03 are given in system (2.31).

Secondly, to simplify the third order terms when A = 0, we make the following coordinate
transformation

2651 +dy do di>
C21;‘ 12x3+61z—; 03x2y+603xy’ Yy = y_cgox i

1V): X=
(v) x+ >

—=x%y +dosxy?,
and rewrite system (3.22) as follows

X =y+ein) + eio()x + €51 (V)y + ex0(M)x? + i1 (W)xy + e (h)y? + 3 (M)x?
+e21(Mx?y + eia(Mxy? + €53 (M)y? + O (lx, yI*),

b= foo) + fioMWx + for )y + foMx? + fLiMxy + for )y + fr0()x
+ W2y + fru)xy? + fsM)y* + 0(x, y1,

(3.23)

where ¢;; (1) and ﬂ () can be expressed by ¢; (1), d; (1), we also omit their expressions here
to save spaces.
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Thirdly, introduce the following transformation

X=x,
Y =x +ego(d) + elo(M)x 4+ eg1(L)y + e50(M)x* + e1(Mxy + etn(R)y* + eo(h)y?
+ €31 (D2 + eln(Mxy? 4+ egz(M)y° 4+ O(lx, y*),

and rewrite system (3.23) as

X=Y,
Y = go0(h) + g1 X + o1 (W)Y + g50(M) X2 + g1 (M XY + g (L) Y2 (3.24)
+&0M X3 + g1 (M X2Y + gla(MX Y2 + g3 (MY + 01X, Y|H,

where g;; (1) can be expressed by ¢;; (1) and ﬁ (1), we also omit their expressions here. With the
help of Mathematica software we calculate that g39(0) = —4 < 0 and g3;(0) = % #*
0if a7 24365,

Fourthly, to remove the X-term in the second equation of system (3.24), we let X = x —

820(M) _ ;
3600 Y =y, then system (3.24) can be rewritten as

X=y,
¥ =hoo(A) + hio()x + kot (A)y + hi1(AW)xy + hoa (V) y? (3.25)
+h30(0)x3 + ka1 (Wx2y 4+ h12(M)xy? 4+ hos (V) y> + O(|x, y|*),

where

- . 2830° (1) — 9gT0(M)g0(M g0 - i £30°()

h )\, = )\ + i h )\4 = )\- - ~ )

00(2) = goo(4) Y60 ) 10(2) = g10(1) 353000

~ ~ 20(M) (g20(M) 221 (M) — 3271 (M) g30(A

his () = goa(h). ot (1) = g1 () + §20(A)(g20( )gzlf ; g11(M)g30( ))’

9g30°(A)

~ . 2820(M)g21(A)

hii (L) = A)— —————

n)=gn®) 35300

. 0N g0~ . .

ioa(0) = gia () — SIS - ) = G0, Bt () = g31 (). K12 () = gia ).
3g30(A)

Fifthly, in order to change h30(A) to —1 in the second equation of system (3.25), we let

then system (3.25) can be rewritten as
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X = —h3MY.
Y = joo(k) + jio(W)X + jor MY + jii(WXY + jo(WY? + j3o() X3 + jor (M) X2Y
+ j2WXY? + js(WY3 + 01X, Y|4,

(3.26)
where
o) =), o= —9B 6y = . = B
v —h300) v —h30()
. - . . ha () o) -
Joo () =hox(), joo@) =—1, jn)=—m——, jun=—m—= jo}) =h30).
vV 3 (V) v —h3o(A)
Finally, let
L ()E (=) )
=X, Y_Z—y’ t—+f,
J21 () Jn ) —Jj30(A)
then we can get the versal unfolding of system (3.21) as follows (still denote 7 by )
¥=y, (3.27)
¥ =n10) +mMWx — x>+ y[n3(A) + AW)x + x?1+ y?Q(x, y, 1) + O(lx, y|*), '
where
Jui(d) Jo2 M)/ = j30(A)  jia(A)jao(d) 3 () jos(h)
AN) = ——, LV, A) = - — )
W= et 21 () PO
Joo () j3 () J10() j3 () J10() jo1 ()
)\, =, )\, - )\. -
n(A) (—jso(/\))% n2(A) 2.0 n3(3) o)

Since % <a< % and a # 15—6, by lengthy calculation, we have

(1 (), m2 (), n3 (1)) _ 8la(224a® —92a —1)°
(A1, A2, A3) =0 1310722a — )13(1+a)37'é

if a # ZSJﬁE . Moreover, we have

16a — 5

A(O)Zm,

and it is easy to show that 0 < A(0) < 2J/2if 2 g <a< 3“/156"’2, and A(0) > 24/2 if # <a<
234365 23+3f
12

<a<2
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By the results in Dumortier et al. [4] or Xiao and Zhang [25], we know that system (3.27) is
a generic 3-parameter family of nilpotent focus (or elliptic) singularity of codimension three if
% <a< # and a # 15—6 (or % <a< % and a # %), and system (1.2) undergoes a
degenerate focus or elliptic type Bogdanov-Takens bifurcation of codimension three around E*

2(1+a)>  (14+a)(1-2a) (172a)(8u71)) 0

when (b, ¢, §) vary in a small neighborhood of (3(1_2a) , 8 , R

3.3. Hopf bifurcation and degenerate Hopf bifurcation of codimension two
In this subsection, we discuss Hopf bifurcation around E;(x1, y1) or E3(x3, y3) in system

(1.2). For simplicity, we use the same technique as in Dai et al. [3] and make the following
scaling for system (1.2)

X=1, V=4, r= Tt (i=1,3). (3.28)

Dropping the bar and still denoting t by ¢, then system (1.2) becomes

. By

x=x(a—Bx — 535),

. y Cx (3.29)
y=y¥ -5+ )

where

1 X a b
o= , B=/—, y=a8, A=—, B= , C=ca,
/XiYi Vi Xi Bxi

and o, B, ¥, A, B and C are all positive constants. Since (1, 1) is an equilibrium of system (3.29),
then we have

B =(a—p)(1+A), C=—(V—%)(1+A), (3.30)
and

a>ﬂ,y<%,a>0,,3>0,y>0,A>0. (3.31)
Make a time variation T = AL_H, then system (3.29) becomes (still use ¢ to denote )

i=x((@=Bx)(A+x)— (@—B)A+1Dy),

. , 1 (3.32)
y=y(y - g A+x)—(y—p(A+ Dx).

Since the transformation (3.28) is a linear sign-reserving transformation, system (3.32) and sys-
tem (1.2) have the same qualitative property. The Jacobian matrix of system (3.32) at a positive
equilibrium E (x, y) takes the form

200 — AB)x —3Bx% — (@ + Ao — B — AB)y + A —(@—B)A+Dx

J(E) = _ (A(l—ﬁ):g)-i—l—)’)y (1+A—Aﬁy)x—§Ay—2xy+AﬂV ’
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and
D 2 Det(J(1. 1)) = (A+ 1)(,3(2+A,37/;—05(1 + ABy —A))’
A+1
Tr(J(1, ) =a — (A+2)B — —5
We let
I+ A+Q+AB AR+ A+ AR — )
o= B P T A B 2AB + 2B +2A8Y)

and have the following results.

Lemma 3.6. If y < % and the conditions in (3.31) are satisfied, then we have

(M E(,1) is a stable hyperbolic focus or node if 0 < a < &y, and an unstable hyperbolic focus
or node if & > oy,
(I) E(1,1) is a weak focus or center if o = oy.

Proof. Since 0 < 8 < a, from Det(J(1, 1)) = (AH)(’B(HA’BV;_“(HAW_A)) > 0, we have y <

%. From Tr(J(1,1)) =a — (A +2)B8 — % =0, we have a = a,. The results fol-
low. O

We next consider Case (II) in Lemma 3.6 and explore the exact multiplicity of the weak focus
E(1,1) when o = «,. Firstly we check the transversality condition

i(Tr(J(l, D) la=a, =1>0.
da

We investigate the nondegenerate condition and stability of the bifurcating periodic orbit from
the positive equilibrium E(1, 1) of system (3.32) by calculating the first Liapunov coefficient.
When o = «, using the formula of the first Liapunov number o in Perko [19], we have

B (1+A)(1+H0
C8A(L—BY)AN = By)A+ ) - 1)

(o5
where
0 =y{A( + B2 +248% +28* +248%) — (2(A’B> + A’B + AB> — B)).
From o = o, and Det(J (1, 1)) > 0, we have

AQ+BYH—1
AB(1+8%)



C. Xiang et al. / J. Differential Equations 268 (2020) 4618-4662 4653

ie., A(1 — By)(1 + ,32) — 1 > 0. Moreover, from 0 < By < 1, we have 8A(1 — By)(A(1l —
By)(1+ ﬂz) — 1) > 0. Thus, the sign of o7 is the same as Q. From Q =0, i.e., o1 =0, we have

2A’B + AB+AB - BY)

TV T A+ BT 2AB + 284 1+ 248Y)
where
203 2 3_ a3 LA 1
A+ A°B+ AB° — 57 >0, y, < min{ Aﬂ(1+ﬂ2)’f3}' (3.33)
Theorem 3.7. When o = oy, y < %, and the conditions in (3.31) are satisfied, the fol-

lowing statements hold.

(D If y > vy, then E(1, 1) is an unstable weak focus with multiplicity one, and system (3.32)
exhibits a subcritical Hopf bifurcation;
D) If y < ys, then E(1,1) is a stable weak focus with multiplicity one, and system (3.32)
exhibits a supercritical Hopf bifurcation;
(M) If y = yx, then E(1,1) is a weak focus with multiplicity at least two, and system (3.32)
exhibits a degenerate Hopf bifurcation.

Next, using the formal series method in Zhang et al. [27] and MATLAB software, when
o = a4 and Yy = y,, we obtain the second Liapunov coefficient as follows

__BA+ A1 +010
12(A + AB? +26%2D2

where

D=Det(J(1,1)) >0, Q1 =1+ (1+24)8>+2(1+ A)p*,
02 =143 +68% +2A%(1 + BH> + 241 + BH*(1 + B?).

Since A > 0 and 8 > 0, we have Q1 > 0, Q7 > 0, i.e., 03 <0 when @ = a,, ¥ = yx and the
conditions in (3.31) and (3.33) are satisfied.

Theorem 3.8. If @ = oy, ¥ = Y4, and the conditions in (3.31) and (3.33) are satisfied, then the
equilibrium E(1, 1) of system (3.32) (i.e., the equilibrium E1(x1,y1) or E3(x3,y3) of system
(1.2)) is a stable weak focus with multiplicity exactly two. System (3.32) (or system (1.2)) can
undergo a degenerate Hopf bifurcation of codimension two around E(1,1) (or E{(x1, y1) or
E3(x3, ¥3)). Thus, system (3.32) (or system (1.2)) exhibits the coexistence of two limit cycles (the
inner one unstable and the outer stable) for some parameters.

Finally, we present some numerical simulations to show the existence of limit cycles. In
Fig. 3.3(a), we show the existence of one stable limit cycle arising from a supercritical Hopf
bifurcation around the equilibrium E(1, 1) of system (3.32), Fig. 3.3(b) is the local amplified
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(c) (d)

Fig. 3.3. (a) A stable limit cycle created by the supercritical Hopf bifurcation of system (3.32) with o« = 8.002, g = %,

y =1 and A =2; (b) Amplified phase portrait of (a) showing the existence of a stable limit cycle; (c) An unstable limit

cycle created by the subcritical Hopf bifurcation of the system (3.32) with % —0.05, 8= 15—1, y = % and A = %;

(d) Amplified phase portrait of (c) showing the existence of an unstable limit cycle.

phase portrait of Fig. 3.3(a); In Fig. 3.3(c), we show the existence of one unstable limit cy-
cle arising from a subcritical Hopf bifurcation around the equilibrium E (1, 1) of system (3.32),
Fig. 3.3(d) is the local amplified phase portrait of Fig. 3.3(c).

Next we give some numerical simulations in Fig. 3.4(a) to show the existence of two limit cy-
cles based on Theorems 3.7 and 3.8, Fig. 3.4(b) is the local amplified phase portrait of Fig. 3.4(a).
Firstly, we fix A=1and § =2, then get « =7 and y = % from o = a4 and y = y, respec-
tively, i.e., E(1, 1) is a stable weak focus with multiplicity two for those fixed parameters. Next
we first perturb y such that y increases to % + 0.01, then E(1, 1) becomes an unstable weak
focus with multiplicity one, a stable limit cycle occurs around E(1, 1) which is the outer limit
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~0.002 v=20/77 +0.01
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085
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(a) (b)

Fig. 3.4. (a) The existence of two limit cycles (the inner one unstable and the outer stable) enclosing a stable hyperbolic
focus E(1,1) in system (3.32) witha =7, =2,y = % 4 0.01 and @ =7 — 0.002; (b) The local amplified phase
portrait of (a).

cycle in Fig. 3.4. Secondly, we perturb « such that o decreases to 7 — 0.002, then E(1, 1) be-
comes a stable hyperbolic focus, another unstable limit cycle occurs around E(1, 1), which is the
inner limit cycle in Fig. 3.4.

Remark 3.9. From Fig. 3.3(a) and Fig. 3.4, where K, < 2—1, we can see that the boundary equi-
libria are all unstable, and there exist multiple positive equilibria or multiple limit cycles, i.e., the
invading hosts and generalist parasitoids can always tend to coexistent steady states or coexistent
periodic orbits, if the carrying capacity for the generalist parasitoids is smaller than a critical
value 2. From Fig. 3.3(c) and (d), when K, > %, we can see that the boundary equilibrium
A is a stable hyperbolic node, and there exist multiple positive equilibria and an unstable limit
cycle, i.e., the invading hosts will die out for almost all positive initial populations outside the
unstable periodic orbit, tend to periodic outbreaks for almost all positive initial populations on
the unstable periodic orbit, and persist in the form of a positive steady state when the positive
initial populations lie inside the unstable periodic orbit, if the carrying capacity for the generalist
parasitoids is larger than a critical value 2—1

4. Conclusions

In this paper, we rivisited a host-generalist parasitoid model with Holling II functional re-
sponse, which was proposed by Magal et al. [17]. After performing a complete qualitative and
bifurcation analysis depending on all four parameters, our results revealed that model (1.2) ex-
hibits complex dynamics and bifurcations, such as the existence of cusp, focus and elliptic types
degenerate Bogdanov-Takens bifurcations of codimension three, Hopf bifurcation, and degener-
ate Hopf bifurcation of codimension at most two. Thus, there exist various parameter values such
that model (1.2) exhibits one or two limit cycles enclosing only one positive equilibrium, or the
coexistence of a limit cycle and a homoclinic loop, or a big limit cycle enclosing three hyperbolic
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positive equilibria, or two big limit cycles enclosing three hyperbolic positive equilibria, or a big
limit cycle enclosing three hyperbolic positive equilibria and a small limit cycle, etc. We also
presented numerical examples which have one and two limit cycles, and the coexistence of an
unstable limit cycle and a stable homoclinic loop, respectively.

Complex bifurcation phenomena have been found in some models arising in applications, such
as Bogdanov-Takens bifurcation of codimension two in Ruan and Xiao [20], cusp type degener-
ate Bogdanov-Takens bifurcation of codimension three in Zhu et al. [26] (see also Li et al. [15],
Huang et al. [12], [14]), focus type degenerate Bogdanov-Takens bifurcation of codimension
three in Xiao and Zhang [25] (see also Huang et al. [13]), saddle type degenerate Bogdanov-
Takens bifurcation of codimension three in Etoua and Rousseau [6], elliptic type degenerate
Bogdanov-Takens bifurcation of codimension three in Cai et al. [1]. Moreover, Shan et al. [23]
observed the existence of nilpotent cusp, focus and elliptic singularities of codimension three in
a SIR type of compartmental model with hospital resources. In this paper, we have established
the existence of cusp, focus and elliptic types degenerate Bogdanov-Takens bifurcations of codi-
mension three in model (1.2). To the best of our knowledge, we believe that this is the first time
the existence of three topological types Bogdanov-Takens bifurcations of codimension three in a
single model is rigorously proved.

We also found that there exists a critical value for the carrying capacity of the generalist
parasitoids such that: (i) when the carrying capacity for the generalist parasitoids is smaller than
the critical value, the invading hosts can always persist in spite of the predation of hosts by
the generalist parasitoids, i.e., the generalist parasitoids cannot control the invasion of hosts;
(i1) when the carrying capacity for the generalist parasitoids is larger than the critical value, the
invading hosts can tend to extinction, or persist in the form of multiple coexistent steady states or
multiple coexistent periodic orbits depending on the initial populations, i.e., whether the invading
hosts can be stopped and reversed by the generalist parasitoids depends on the initial populations;
(iii) in both cases, the generalist parasitoids always persist. These results may be useful for the
control of invading species by introducing generalist predators.

The ODE model (1.1) and its PDE version

up = Duxy +riu(l — ) — 1i§2u’ .1)
v = Duxx +rv(l — ) + ffsuhvu

(under certain boundary conditions) were proposed in Magal et al. [17] to study the invasion
problem of lepidopteron, Cameraria orhidella (Lep. Gracillariidae), in the east of Europe since
1985 and in France since 1998. This moth attacks horse chestnut trees by mining their leaves and
infested chestnut trees turn completely yellow early summer and lose almost all leaves. There are
three generations of C. ohridella per year from May to October and the spatial spread is estimated
to be about 60 km per year (Sefrova and Lastuvka [21]). Moths disperse a few hundred meters
per generation (Gilbertet al. [9]). In order to control the invasion of the leafminer, several para-
sitoids were introduced to attack the leafminer. The most common parasitoid is Minotetrastichus
frontalis (Hym. Eulophidae). Parasitism rate varies from O to 33.4%, with an average low of
6.5% (Grabenweger et al. [10]). In this paper we have provided detailed bifurcation analysis of
the ODE host-parasitoid model (1.1). Though some numerical simulations were carried out for
the PDE model (4.1) in Magal et al. [17], detailed mathematical analysis on the spatial dynam-
ics such as the existence of traveling waves of the PDE model (4.1) has not been done, which
deserves further investigation.
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Appendix A. Coefficients in the proof of Theorem 2.8

In this appendix, we list the expressions of some coefficients that were used in the proof of
Theorem 2.8.

27(8a — 1)b?
2(1 4+ a)2(2 4242 —3b +a(4 + 6b))’
27Qa — 1)(1 +a® + a2 — 9b))b*

ax =0, aj; =

O S ¥ a2+ 242 —3b+ a4+ 6b))
5 243(1 + 4a)b?
O 0T )22 1242 —3b+a+6b)2
243b3(1 + 4a)(1 + a% — 6b + 2a(1 + 6b))
T T Y a2 +2a2 —3b +a@d +6b)?
729b*(8a* — 2a — 1)(4 + 4a®> — 15b + a(8 + 30b))
an= 4(1 + )02+ 2a% — 3b + a(4 + 6b))> ’
21876 (1 — 2a)*(1 4+ 4a)(1 + a®> — 3b + a(2 + 6b))
a3 == 4(1+a)3(2 +2a% — 3b + a4 + 6b))? ’
. 2187b%*(1 + 4a)
W T 0 r a2 +2a2—3b+a@d +6b)72"
2187b*(1 + 4a) (2 + 2a% — 15b + a(4 + 30a))
B T 1402+ 242 —3b+a(d+6b)2
19683b°(8a* — 2a — 1)(2 + 2a* — 9b + 2a(2 + 9b)))
== 4(1+a)3(2 +2a% — 3b + a4 + 6b))? ’
_ 590496°(1 — 2a)%(1 4+ 4a)(2 4 2a* — Tb + 2a(2 + 7b))
a3 = 81+ a) 192 + 242 — 3b + a(4 + 6b))? ’
5904957 2a — 1)*(1 4 4a)(1 4+ a® — 3b + a(2 + 6b))
as == 8(1 +a)'2(2+2a2 — 3b + a(4 + 6b))? ’
- 18b - 9b(1 + a* + a(2 — 2ab) + 6b)
by 1

= N b = )

2t4a+2a>—3b+6ab T (1+a)2Q2+ 242 —3b+ a4+ 6b))

o 9b(2 4 8a> + 2a* + 9b% + a(8 — 63b%) + 6a%(2 + 15b2))
02 = 200+ a)* 2+ 242 —3b +a(4 + 6b))

1626%(1 4 a® + a(2 + 9b)) - 145863 (1 + a® + a(2 + 9b))
(I+a)’Q2+2a2—3b+a@d+60)2 T 1+a) Q2 +2a2—3b+a(d+06b)?2"

)

by = —
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i 162b%(1 + a* — 6b + a3 (4 + 21b) + a(4 + 9b — 54b%) + 6a>(1 —|—6b+18b2))
2 (1 +a)*2 +2a% —3b + a(4 + 6b))?
~ 243b‘(2a — D@ 44a* — 15b+2a3(8 + 33b) + a(16 + 36b — 135b%) + 3a>(8 + 39b + 9Ob2))

b= 2(1 + )52+ 2a2 — 3b + a(4 + 6b))?
by = 72964 (1 — 2a)%(1 + a* — 3b + a>(4 + 15b) + a(4 + 9b — 27b%) + 3a*(2 + 9b + 18b2))
2(1 +a)3(2 4 2a2 — 3b + a(4 + 6b))?
By — 729b3(2+2a — 15b + 8a3(1 4+ 6b) + a(8 + 18b — 135h?) +3a2(4+27b+90b2))
(14+a)°Q2+2a? —3b+ a4+ 6b))?
by — 65616*(2a — 1)(2 + 2a* — 9b + 4a3 (2 4 9b) + a(8 + 18b — 81b%) + 3a% (4 + 21b + 54b%))
2(1+ a)®(2 +2a2 — 3b + a(4 + 6b))2 ’
b= ~ 19683b° (1 —2a)* (2 +2a* — 7h + 8™ (1 + 4b) + a(8 + 18b — 63b2)+3a2(4+19b+42b2))
41+ a)!02 + 242 — 3b + a(4 + 6b))?
by — 1968360 (2a — 1)3(1 4+ a* — 3b + a3 (4 + 15b) + a(4 + 9b — 27b2)+3a2(2+9b+18b2>)
41 +a)'2(2 + 242 — 3b+ a(4 + 6b))?
. 6-—48a . 81®8a-—1) _ 1088a-—1) _ 324
=0 202 P T 20202 PT 020t T T 020"
9(272a* — 104a +11) . 27(424a® — 142a+19) 486(4a% — 10a + 1)
€40 = 21 —2a)F 97 2(1 — 2a)5 C T e
. 11664a 5832 - 16a—5 - - 3(32a%+28a —13)
Cl3=m, CO4=m, d11=m, dyg=—4, dy1 = 2(1—2a)3 ,
~ 72(31a>—13a+1) - 108 - 12(44a% — 17a + 2)
2= (I—2a0)* T T 0203 T T 1)
- 11664a -~  —4464a> +576a+18 - 81(104a® — 304> — 45a + 8)
U= T a2 BT (1 —2a)* 2= (1 —2a)b ’
i _324(208a2 —64a +7)
(1—="2a)b

Appendix B. Coefficients in the proof of Theorem 3.3

Here we provide the expressions of some coefficients that were used in the proof of Theo-
rem 3.3.

(1 — )T+ oH)i (1 — w)2(7 4 w?)?
WM —0Trod F 160 T T8 o) (1 — o) T+ ) + 16)]
(1 —?)?(7+ @?)? + 16(1 — ©) (7 + @*)(5 + 30P)A1 + 5123 + w?)A?
a10= 8((1 — @)(7 + w?) + 1611)2 ’
40963 + 768m322 + 16maky —
T ()T +o?) + 1608
o= (1 — )7+ 0®?((1 — w)(w* — 2w+ 5) + 1611)

(14 @)?((1 — w)(7 + @) + 16A1)2
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32(1 — w)(7 4+ 0®?((1 — w)(w? — 2w + 5) + 161)

wo=- (1= @) (7 + w?) + 1647)? ’
1601 — 0)(7 4+ 0H)*((1 — w)(@* — 20+ 5) + 1611)
ar= 1+ 0)2((1 —0)(7 + @) + 1641)? ’
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