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1 �Z
� Brayton R. m� [1] ���N��	

�B����
QM�

d

dt
[x(t) − qx(t − r)] = −ax(t) − qbx(t − r) + h(x(t), x(t − r)) (1)

U��EFHr���
AD��AM� (�j�� [1–7]), �� Krawcewicz, Wu n Xia �X
m� [3, 4] �U q ����F� (1) ���p���g� Hopf Qz��� ���R����
Zs����B�����uGIvK!w�Y���P�v Hopf Qz�q�i�R���
��M� (1) �Zs����B�poS�b�� q ��x������"bkL��U q �
��� (1) �v Hopf QzsR����w�Dw#
QM����h$�R���� “#��
po !���"��d��”. D�� (1), �iP���Zs����B�poS�bw# r

��U#� r ���� (1) �S�mg� Hopf Qz� �x��s�%����#�D��
�
QM��� [8]T���&!O�"y�B���M����$va#�L$Wx%�� 
�Q%&����� �mM� (1) � ���BD���S�h�w�vP!TsR"U�
hb��B��kQZ�� Ferreira J.[5] �b'�

2 (b)*+,-.-R/01
m #��&L'�hb(hM� �Q)Q'�R*B�k�m���M���()�

U+*#y)�

23 2.1 $u B ⊂ Rn �R%+&,� g(λ, µ) hb (λ, µ) ∈ C × B %F�hb λ ∈ C �

'�b g(λ, µ)ma-ZM {λ ∈ C |Reλ ≥ 0}s� �R4�'�rDlW µ ∈ B1 ⊂ B, g(λ, µ)
mD5s� ��n g(λ, µ)ma-&ZM {λ ∈ C |Reλ > 0}s� �6�,nhb B1 �R�
��. g(λ, µ)-ba-&ZMs �6�,nc�� µ ∈ B1 �h��� B1 ��'%+/,.

eC . g(λ, µ) -ba-ZM �R4�'��m L > 0, y g(λ, µ) = 0 �G7 Reλ ≥ 0
�aG7 |λ| < L. 0

A = {λ |Reλ ≥ 0, |λ| ≤ L},

InA � A �V%� ∂A � A �1'�./(� A ��X� g(λ, µ) m ∂A s� ���G
.�� [9] ��� 9.17.4 ��DK� µ0 ∈ B1, �m0�R&)f W (µ0) ⊂ B, yDlW µ ∈
W (µ0), g(λ, µ) m InA s� �6�,n1��

2i�
⋃

µ0∈B1
W (µ0) d2 B1 �R�&U3�b�.�3U3����mw� N > 0

y B1 ⊂ ⋃N
i=1 W (µi

0). .b g(λ, µ) -b InA s� �6�,nhb W (µi
0) �R4��G

{W (µi
0)}1≤i≤N 8t**1+��G g(λ, µ) m InA s� �6�,nhb ⋃N

i=1 W (µi
0) �R4

���F5y�

,DF#��B���
QM�9
d

dt

[
x(t) +

k1∑
j=1

Ajx(t − τj)
]

=
k2∑

i=1

Bix(t − σi), (2.1)

�� τj (j = 1, 2, . . . , k1) �x4�� σi (i = 1, 2, . . . , k2) �PW4�� x ∈ Rn, Aj , Bi (j =
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1, . . . , k1, i = 1, . . . , k2) #�4�u� (2.1) �$vM��

det
(

λI + λ

k1∑
j=1

Aje−λτj −
k2∑

i=1

Bie−λσi

)
= 0.

o&�;B35
λn(1 + qe−λτ0) + g(λ, τ, σ) = 0, (2.2)

�� τ0 � τ = (τ1, . . . , τk1) �P9�:,n� σ = (σ1, . . . , σk2), g(λ, τ, σ) �hb λ :��;
b n − 1 �<�F;z� q � Aj (j = 1, . . . , k1) �P9�:�9p�

=3 2.2 D (q, τ, σ) ∈ [−1 + ε, 1 − ε] × Rk1
+ × Rk2

+ , M� (2.2) -ba-ZM�a�R4�
'���� 0 < ε < 1.

eC .b g(λ, τ, σ)hb λ�:��;b n−1�%;��<�m�Y&�<z� e−(τ0,σ0)λ,
�� (τ0, σ0) �. τ n σ ���:9p2�PW��f�m M > 0 n N > 0, y |λ| ≥ N w

� |g(λ,τ,σ)|
|λn−1| < M. b�. (2.2) ��� |λ| > N b Reλ ≥ 0 w

|λ| ≤ 1
1 − |q|

|g(λ, τ, σ)|
|λ|n−1

<
M

ε
.

�G�r λ � (2.2) ��PWx%�a�&� |λ| < max{N, M
ε }.

=3 2.3 DM� (2.2), r |q| < 1, b���a#�L$Wx%�n�m δ > 0, y�lRa
λ G7 Reλ < −δ.

eC .�� [10] <Ap�� 2.1 ��rs�� δ > 0 ��m�n&� |q| = 1, �F5y�
23 2.4 r |q| < 1 b (2.2) ��a#�L$Wx%�n (2.1) � ��R44�����
Y�F3.Z� 2.3 n�� [6] ��< 9 p=F 4.1 >55=�

3 QI>HUA)*+?O@XDEN Hopf -f
DM� (1), &LT$u

h(0) = h′
x1

(0, 0) = h′
x2

(0, 0) = 0. (H1)

b�� (1) mZs� x = 0 >��B%Q�

d

dt
[x(t) − qx(t − r)] = −ax(t) − qbx(t − r). (3.1)

�$vM�� λ[1 − qe−λr] + qbe−λr + a = 0, .

(λ + a)eλr − q(λ − b) = 0. (3.2)

=3 3.1 r 0 < a < b, n
(i) M�

tanβr =
(a + b)β
β2 − ab

(3.3)

��36�xa {βj}1≤j≤∞ G7 βj+1 > βj > 0, limj→∞ βj = ∞, b
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(a) �
√

ab < π
2r w

βj ∈
(

(j − 1)π
r

,
(2j − 1)π

2r

)
, j ≥ 1;

(b) �
√

ab = (2m−1)π
2r w

βj ∈




(
(2j − 1)π

2r
,
jπ

r

)
, 1 ≤ j ≤ m − 1;(

jπ

r
,
(2j + 1)π

2r

)
, j ≥ m;

(c) � (2m−1)π
2r <

√
ab < (2m+1)π

2r w

βj ∈




(
(2j − 1)π

2r
,
jπ

r

)
, 1 ≤ j ≤ m;(

(j − 1)π
r

,
(2j − 1)π

2r

)
, j ≥ m + 1.

�� m ≥ 1 �Rw��

(ii) ± iβj �M� (3.2) � q = qj w�?Da����� √
ab < π

2r w

qj =
βj cos βjr + a sin βjr

βj
;

�
√

ab = (2m−1)π
2r w

qj =




−a cos βjr + βj sin βjr

b
, 1 ≤ j ≤ m − 1,

βj cos βjr + a sin βjr

βj
, j ≥ m;

� (2m−1)π
2r <

√
ab < (2m+1)π

2r w

qj =




−a cos βjr + βj sin βjr

b
, 1 ≤ j ≤ m,

βj cos βjr + a sin βjr

βj
, j ≥ m + 1;

b qj G7 |qj | =
[β2

j +a2

β2
j +b2

] 1
2 < 1.

(iii) 7 λ(q) = α(q) + iω(q) �M� (3.2) �G7 α(qj) = 0, ω(qj) = βj �a�n�
Sgn

( dα(qj)
dq

)
= Sgnqj .

eC (i) ) Γ1 n Γ2 Q@!8m� y = (a+b)β
β2−ab n y = tanβr -b (β, y) ZM�a-ZM

f��b�� Γ1 n Γ2 �+� (β, y) �� β .� (3.3) �a�

(a)�
√

ab < π
2r w�p? 1�8�Γ1 n Γ2�36�+� (βj , yj),G βj ∈ ( (j−1)π

r , (2j−1)π
2r

)
.
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(b) n (c) �yO9@�E�

G 1

(ii) r iβ (β > 0) �M� (3.2) �a��CP/(� β G7
β sin βr − a cos βr = qb, a sin βr + β cos βr = qβ. (3.4)

.�5M� (3.3), .

tan βr =
(a + b)β
β2 − ab

.

�GD (i) ��X� βj, 7

qj =
a sin βjr + βj cos βjr

b
yr qj =

βj sin βjr − a cos βjr

b
,

SI (qj, βj) �M� (3.4) ����G iβj � (3.2) � q = qj w�a�
� (3.4) �K�Ez*BZM1:5

q2 =
β2 + a2

β2 + b2
,

b� (qj, βj) G7
q2
j =

β2
j + a2

β2
j + b2

,

2i. (i) � limj→∞ βj = ∞, b. b > a > 0 � q2
j < 1 � limj→∞ |qj | = 1.

(iii) D (3.2) *Bhb q eHbJ qj Lqsz��

dλ

dq

∣∣∣∣
q=qj

=
−b + iβj

(cos βjr − qj − rqjb) + i(rqjβj + sin βjr)
,

s!O
α′(qj) =

1
� [bqj + rqjb

2 − b cos βjr + rqjβ
2
j + βj sin βjr], (3.5)

�� � = (cos βjr − qj − rqjb)2 + (rqjβj + sin βjr)2. . (3.4) �<H�M��&L�

a

βj
sin βjr = qj − cos βjr,
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��Lq (3.5) 5

α′(qj) =
1
�

[(ab

βj
+ βj

)
sin βjr + qj(b2r + β2

j r)
]
. (3.6)

. (i) �UI�

Sgnqj = Sgn sin βjr,

�G. (3.6) .5 (iii) ��F�yV�

.Z� 3.1 � (ii), 3U;= |qj+1| > |qj |, b {qj : qj > 0} n {qj : qj < 0} #�36,p�
�MX��OJs�,pQ@0� {qk} n {q−k}, k = 1, 2, . . . , �� q−(k+1) < q−k, qk+1 > qk.

=3 3.2 DM� (3.2), r 0 < a < b, n

(i) � q ∈ (q−1, q1) w����a#�L$Wx%�

(ii) � q ∈ [q−(k+1), q−k) ∪ (qk, qk+1] w� (3.2) �xx%�a�6�,n� 2k.

eC DlW ε > 0, .Z� 2.2 � (3.2) �-ba-ZM�ahb q ∈ [−1 + ε, 1 − ε] �R
4�'��

� q = 0 w� (3.2) u� (λ + a)eλr = 0, 2i�a� λ = −a < 0, . q = 0 w� (3.2) -b
a-ZMa�6�,n� �

.Z� 3.1 �� q−1 n q1 �y (3.2) mD5s��a�W\�W q OnWV�x q O�
. q ∈ (q−1, q1) w� (3.2) mD5s�a�b�.�� 2.1 nsM��F5 q ∈ (q−1, q1) w�
(3.2) ���a#�L$Wx%��F (i) 5y�

3CO� q = q1 w�(3.2)��xx%a�r�i�0��xx%�a� λ(q), Reλ(q1) > 0.
.ahb��%FB��� q < q1 bCQ<� q1 wm� Reλ(q) > 0, c�F (i) HE�

.Z� 3.1, 0� q = qk w (3.2) �\RRD?Da� ± iβk, . (3.2) �-ba-ZM�a
hb q ∈ [−1 + ε, 1− ε] (0 < ε < 1) R4�'B��m K > 0, y� q ∈ [−1 + ε, 1− ε] w� (3.2)
�G7 Reλ ≥ 0 �a� |λ| < K. 0

Ω = {λ |Reλ ≥ 0, |λ| < K},

SI q ∈ [−1 + ε, 1 − ε] w� (3.2) -ba-ZM�a#-b Ω V�

.b (3.2) � ��e���f3G A > 0 =�V�yQ@U (0, β1) n (0,−β1) �^� A

�->�&g O+ n O− �/_s� (3.2) � q = q1 � ± iβ1 #��0 ��b� q = q1 w

m Ω\O+ ∪ O− �1's� ���G. [9] ��� 9.17.14 ��m δ > 0, � 0 ≤ q − q1 < δ

w� (3.2) m Ω\O+ ∪ O− s� �6�,n1��G q = q1 w� (3.2) m Ω\O+ ∪ O− s�
 ��5 0 < q − q1 < δ w� (3.2) mYfs� ��Gm O+ s�.b (3.2) � q = q1 w�
R� ��b��� 0 < q − q1 < δ w� (3.2) m O+ s?�R� ���RMM�.Z� 3.1
�� α′(q1) > 0, 3�� q > q1 bCQ<� q1 w� (3.2) �R��xx%�a-b O+ V�5
� q > q1 bCQ<� q1 w� (3.2) ?�R��xx%�a-b O+ V���3y� q > q1 b

kQ<� q1 w� (3.2) ?�R��xx%a-b O− V�[s�� q > q1 bCQ<� q1 w�
(3.2) @�*��xx%�a-b Ω V�.Dp�� q > q1, (3.2) @�*��xx%�a�

�RMM�.Z� 3.1, � q ∈ (q1, q2) w� (3.2) mD5s�a�b�.�� 2.1 ���
q ∈ (q1, q2) w� (3.2) �xx%�a�6�,n� 2.
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*My q = q2 w� (3.2) ��xx%�a�6�Q� 2. \P$W9@sM�F�35�
q < q2 bCQ<� q2 w� (3.2) �xx%a�6�,nc q = q2 w� (3.2) �xx%a�6�
,n1��.5�F�

b�3)iTJ�9@sM�FWy5 q ∈ (qk, qk+1] w� (3.2) �xx%a�6�,n�
2k. hb q ∈ [q−(k+1), q−k) w��FyO_g9@�E�

23 3.3 r (H1) 2��b 0 < a < b, n

(i) q ∈ (q−1, q1) w�M� (1) � ��<�4������ q ∈ (−1, q−1)∪ (q1, 1) w� (1)
� �������

(ii) q = qj (j = 1, 2, . . .) �M� (1) � Hopf QzO�

eC (i) .Z� 3.2 � (i) n�� 2.4 � (3.1) � ��R44�����() Hale J. c
Lnuel S. V.[6] < 9 p��� 5.2 .5�F�

�F (ii) 3. Wu J. n Xia H.[4] XC���� A 5=�

*M&LU#� r ����F (1) � ����Bc�% Hopf Qz�

iβ (β > 0) � (3.2) �a�CP/(� β G7{
a cos βr − β sin βr = −bq,
a sin βr + β cos βr = βq,

YM�9EJb 


sin βr =
qβ(a + b)
a2 + β2

,

cos βr =
q(β2 − ab)
a2 + β2

,
(3.7)

b β &G7
β2 =

q2b2 − a2

1 − q2
. (3.8)

=3 3.4 r |q| < 1, nD�� r ≥ 0, M� (3.2) ��a#�L$Wx%�CP/(�
qb + a > 0 n qb − a ≤ 0.

eC &PB�r�F�t�. qb + a ≤ 0 y qb − a > 0. .b r = 0 w� (3.2) �a�

λ = −qb + a

1 − q
,

./(&� qb + a > 0. �G( qb + a > 0 b qb − a > 0. b�

β0 =

√
q2b2 − a2

1 − q2
(3.9)

�WX�

7

r0 =
1
β0

arcsin
(qβ0(a + b)

a2 + β2
0

)
,

.�� (r0, β0) � (3.7) ���. iβ0 �� r = r0 w (3.2) �a�c/(HE�&PB5y�
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CQB�. qb + a > 0, � r = 0 w� (3.2) �a�

λ = −qb + a

1 − q
< 0,

. r = 0 w� (3.2) -ba-ZMa�6�,n� ��w�./(� (3.8) �x� β, .Dl
W r ≥ 0, (3.2) �?Da�2i (3.2) Q� a�b�.Z� 2.2 n�� 2.1 .5�F�

=3 3.5 $u |q| < 1, qb + a > 0 b qb − a > 0, n�
(i) � r = rj w�M� (3.2) �RD?Da ± iβ0, �� β0 . (3.9) �X�b

rj =
1
β0

[
arccos

( q2b − a

q(b − a)

)
+ 2jπ

]
, j = 0, 1, . . . . (3.10)

(ii) U λ(r) = α(r) + iω(r) !8 (3.2) G7
α(rj) = 0, ω(rj) = β0

�a�SI

α′(rj) > 0, j = 0, 1, 2, . . . .

(iii) � r ∈ [0, r0) w� (3.2) ���a#�L$Wx%�� r ∈ (rj , rj+1] w� (3.2) ��x
x%�a�6�,n� 2(j + 1), j = 0, 1, 2, . . . .

eC .$u� (3.9) �WX�b�. (3.7) �<H�M��X rj 5 (3.10). �G5 ± iβ0

� (3.2) � r = rj w�?Da�2i�\RRD?Da� (i) 5y�
. (3.2), &L�

dλ

dr
= − qλ(λ + a)(λ − b)

q(λ − b)[1 − r(λ + a)] − q(λ + a)
,

�G

(
dλ

dr
)−1 = −

[ 1
λ(λ + a)

− 1
λ(λ − b)

− r

λ

]
.

J rj Lq5

Re
[(dλ

dr

)−1

r=rj

]
=

b2 − a2

(β2
0 + a2)(ω2

0 + b2)
.

b�.$u5

Re
[(dλ

dr

)−1

r=rj

]
> 0,

. Re(dλ
dr |r=rj ) > 0. (ii) 5y�
2i� r = 0 w� (3.2) �a�

λ = −qb + a

1 − q
< 0.

b�.Z� 2.2 n�� 2.1 5 r ∈ [0, r0) w� (3.2) ���a#�L$Wx%�
(iii) �<H��F�yO_g9@bZ� 3.2 � (ii) �yO�E�
23 3.6 u |q| < 1 b (H1) 2��n
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(i) M� (1) � �[D���CP/(� qb + a > 0 n qb − a ≤ 0.

(ii) � qb + a > 0 n qb − a > 0 w�D r ∈ [0, r0), M� (1) � ��<�4�����D
r > r0, (1) � ������� r = rj (j = 0, 1, 2, . . .) �M� (1) � Hopf QzO�

()Z� 3.4, �� 2.4 n [6, < 9 p��� 5.2] 35�F (i); ()Z� 3.5 � (iii) ��3
5�F (ii) ��a%Q�()Z� 3.5 � (i) n (ii) �� [4] XC���� A .�M� (1) mK
� rj (j = 0, 1, 2, . . .) >#\] Hopf Qz�

4 QI>HUA)*]EE Hopf -f
 #&LUw# r ���M����M�

d

dt
[x(t) − qx(t − r)] = −ax(t) − qbx(t − r) − g(x(t)) + qg(x(t − r)) (4.1)

�g� Hopf Qz�. ^��g��mB�_xs� Brayton m� [1] �Zq��	

�B
M�.� (4.1) �$`<z��� g(x) = x3. �MX�'w`�w t = rs � y(s) = x(rs), bm
) t !8��� s, n (4.1) u�

d

dt
[y(t) − qy(t − 1)] = −ary(t) − rqby(t − 1) − rg(y(t)) + rqg(y(t − 1)). (4.2)

$u

(P1) g ∈ c3(R,R), g(0) = g′(0) = 0.
m/( (P1) *� (4.2) m y = 0 >��BuM��$vM��

(z + ar)ez − q(z − br) = 0. (4.3)

J (4.3) c (3.2) lc��UI� λ = rz. b�.Z� 3.5, 35

=3 4.1 $u |q| < 1, qb + a > 0 b qb − a > 0, n�

(i) � r = rj wM� (4.3) �RD?Da ± iβ0
rj

, �� rj . (3.10) �X� β0 . (3.9) �X�

(ii) U z(r) = γ(r) + iω(r) !8 (4.3) �G7

γ(rj) = 0, ω(rj) =
β0

rj

�a��

γ′(rj) =
1
rj

α′(rj) > 0, j = 0, 1, . . . ;

(iii) � r ∈ (0, r0) w�M� (4.3) ��ad�L$Wx%�� r ∈ (rj , rj+1] w� (4.3) ��
xx%a�6�,n� 2(j + 1), j = 0, 1, 2, . . . .

() Krawcewicz, Wu n Xia m� [3] ��Z� 6.3 35�

=3 4.2 pk |q| < 1 b (P1) 2��nDlWxw� m, M� (4.2) #J� ^� 2
m �P

4� ^��
=3 4.3 r |q| < 1, nD r = 0, M� (4.2) J�P4� ^��



102 � I I � 45�

eC � r = 0 w�M� (4.2) �

d

dt
[y(t) − qy(t − 1)] = 0. (4.4)

b�D (4.4) �lR� y(t), �m4� c y

y(t) = c + qy(t − 1).

sz!OD t ∈ [n, n + 1], �

y(t) = c + q[c + qy(t − 2)] = c + cq + q2[c + qy(t − 3)] = c

n−1∑
i=0

qi + qny(t − n).

. |q| < 1, t − n ∈ [0, 1] � y(t) �%FB�

lim
t→+∞ y(t) =

c

1 − q
.

�G� (4.4) �P4� ^��
=3 4.4 $u 0 < a < b,

(i) yg(y) > 0 � y 	= 0 w�

(ii) g(y) hb y �{�

(iii) � y → ±∞ w� g(y)/y → ∞;

(iv) q ∈ (0, 1) bG7 limy→±∞
g(qy)−qg(y)

qy < −(a + b).

n�m M > 0, yM� (4.2) �lWP4� ^� y(t) � |y(t)| < M D t ∈ R 2��

eC ?y�m M , y (4.2) �lWP4� ^� y(t), � y(t) ≤ M, 8b y(t) ≥ −M �y
O9@�

.b y(t) � ^m��f�m t ∈ R, y

y(t) − y(t − 1) = max
s∈R

[y(s) − qy(s − 1)]. (4.5)

b�DKR s ∈ R, �

y(s) ≤ qy(s − 1) + [y(t) − qy(t − 1)].

.�35

y(s) ≤ q2y(s − 2) + (1 + q)[y(t) − qy(t − 1)].

3)iTJy5DlR�i� m, �

y(s) ≤ qmy(s − m) +
1 − qm

1 − q
[y(t) − qy(t − 1)].

7 m → ∞, �

y(s) ≤ y(t) − qy(t − 1)
1 − q

.
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DsM� t, Q�

y(t) ≤ y(t) − qy(t − 1)
1 − q

,

. −qy(t) ≤ −qy(t − 1). . −q < 0, f y(t) ≥ y(t − 1).
. t ��X�� d

dt [y(t) − qy(t − 1)] = 0, b�. (4.2), �

ay(t) + qby(t − 1) = −g(y(t)) + qg(y(t − 1)). (4.6)

Q*_c<�
DW 1 y(t) > 0, �w&� y(t− 1) < 0. r�i�. y(t− 1) ≥ 0, SI (4.6) �;B�x�

r��aB
−g(y(t)) + qg(y(t − 1)) = g(y(t))

[
− 1 + q

g(y(t − 1))
g(y(t))

]
,

. y(t) ≥ y(t − 1) ≥ 0 � g ��{&B� −1 + q g(y(t−1))
g(y(t)) < 0, . (4.6) aB�W�YHElO

y(t − 1) < 0.
J (4.6) q�

ay(t) + g(y(t)) = qy(t − 1)
[g(y(t − 1))

y(t − 1)
− b

]
. (4.7)

. y(t) > 0 n y(t − 1) < 0 � (i) � g(y(t−1))
y(t−1) < b. b�. limu→∞

g(u)
u = ∞ ��m M1 > 0, y

y(t − 1) ≥ −M1. �G. (4.7), 5

ay(t) + g(y(t)) ≤ max
−M1≤u≤0

q[g(u) − bu].

�G��m M2 > 0 y y(t) ≤ M2, b�� y(t) − qy(t − 1) ≤ M2 + qM1. $WDlW s ∈ R, �

y(s) ≤ y(t) − qy(t − 1)
1 − q

, (4.8)

�U5 y(s) ≤ M2+qM1
1−q , D�� s ∈ R 2��

DW 2 y(t) ≤ 0, . y(t) ≥ y(t − 1), �

y(t − 1) ≤ y(t) ≤ 0.

pk y(t) − qy(t − 1) ≤ 0, . (4.8) ��F2��r y(t) − qy(t − 1) > 0, n y(t) > qy(t − 1), b
�. (4.6), �

qg(y(t − 1)) − qby(t − 1) ≥ aqy(t − 1) + g(qy(t − 1)).

.
g(qy(t − 1)) − qg(y(t − 1))

qy(t − 1)
≥ −(a + b).

b�./( (iv), �m M3 > 0 y y(t − 1) ≥ −M3. 6Vc< 1 �t-%Q�3q= M > 0 y
y(s) ≤ M D�� s ∈ R 2��yV�

23 4.5 $u q ∈ (0, 1), 0 < a < b, qb − a > 0, (P1),

π(1 − q2)
q2b2 − a2

arccos
q2b − a

q(b − a)
< 1 (4.9)
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�Z� 4.4 � (i)–(iv) 2��nDK� r > r0, M� (4.2) 8t�R�P4� ^���� r0 .
(3.10) �X�

eC .Z� 4.4�$u (i),oV;�DlW r > 0, (r, 0)�M� (4.2)�\R�|��bK
� (rj , 0) (j = 0, 1, . . .) � (4.2) �e��^��� rj . (4.10) �X�.Z� 4.1 � (i) D r > 0,
(4.2) |e��^ (rj , 0) (j = 0, 1, . . .) #��0�^��G�.Z� 4.1 � (ii), (rj , 0, π

ωj
) �r

~� γ(rj , 0, 2π
ωj

) = −1, j = 0, 1, 2, . . .. b�. [3] ��� 5.14 �DK�g�� j, C(rj , 0, 2π
ωj

) �

%+�'���� C(rj , 0, 2π
ωj

) �M� (4.2) ����-b�` V × R × R+ ��PZL ^�
,p�/_ S ��%+Qz� V ��� ^m�g}� r ∈ R,R+ � ^�m��`�

*M&L?,D C(r0, 0, 2π
ω0

), $W=

ω0 =
β0

r0
=

β0

1
β0

arccos q2b−a
q(b−a)

� β0 =

√
q2b2 − a2

1 − q2
,

�
2π
ω0

=
2π(1 − q2)arccos q2b−a

q(b−a)

q2b2 − a2
,

�U. (4.9), 5
2π
ω0

< 2.

�pZ� 4.2 ��mw� m ≥ 1, y (4.2) �-b C(r0, 0, 2π
ω0

) s� ^�� ^ T G7 2
m+1 <

T < 2
m . b�l�pZ� 4.4 �%+Qz C(r0, 0, 2π

ω0
) m r 5s�� �'�G.Z� 4.3 �0

m r 5s� �a�d�._l [r0,∞). yV�
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