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Abstract In this paper, we study the existence, uniqueness and stability of traveling wave
fronts in the following nonlocal reaction—diffusion equation with delay

du (x,1t)

” =dAu(x,t)+ f u(x,t),/h(x—y)u(y,t—r)dy

—00

Under the monostable assumption, we show that there exists a minimal wave speed ¢* > 0,
such that the equation has no traveling wave front for 0 < ¢ < ¢* and a traveling wave
front for each ¢ > ¢*. Furthermore, we show that for ¢ > ¢*, such a traveling wave front is
unique up to translation and is globally asymptotically stable. When applied to some popu-
lation models, these results cover, complement and/or improve a number of existing ones. In
particular, our results show that (i) if 9, f (0, 0) > 0, then the delay can slow the spreading
speed of the wave fronts and the nonlocality can increase the spreading speed; and (ii) if
d2 f (0, 0) = 0, then the delay and nonlocality do not affect the spreading speed.

Keywords Existence - Uniqueness - Asymptotic stability - Traveling wave front -
Nonlocal reaction—diffusion equation - Delay - Monostable equation

Mathematics Subject Classification (2000) 35K57 - 35R10 - 35B40 - 34K30 - 58D25
1 Introduction

Traveling wave solutions for reaction—diffusion equations with local and nonlocal delays have
been extensively studied in the last two decades ([22]). For reaction—diffusion equations with
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time delay (local delay), Schaaf [39] considered two scalar reaction—diffusion equations with
adiscrete delay for both Huxley nonlinearity and Fisher nonlinearity. Wu and Zou [47] consid-
ered more general reaction—diffusion systems with finite delay using the classical monotone
iteration technique coupled with the sub- and supersolutions method. Following [47], Ma
[28] employed the Schauder’s fixed point theorem to an operator used in [47] in a properly
chosen subset in the Banach space C (R, R") equipped with the so-called exponential decay
norm, and showed the existence of traveling wave fronts for a class of delayed systems with
quasimonotonicity reaction terms. However, the reaction term in a model system arising from
a practical problem may satisfy neither the quasimonotonicity condition nor the nonquasimo-
notonicity condition considered in [47]. A typical example is the Lotka—Volterra competition
system with delays. Recently, Li et al. [23] developed a new cross iteration scheme, which is
different from that defined in [28,47]. By using such a scheme to the Lotka—Volterra com-
petition system with delays, we constructed a subset in a suitable Banach space equipped
with the exponential decay norm and reduced the existence of traveling wave solutions to
the existence of an admissible pair of sub- and supersolutions which are easy to construct in
practice.

For the stability and uniqueness of traveling wave solutions in reaction—diffusion equa-
tions with a discrete delay, we should mention the work of Smith and Zhao [40]. They first
established the existence and comparison theorem of solutions in a quasimonotone reaction—
diffusion bistable equation with a discrete delay by appealing to the theory of abstract func-
tional differential equations [33], and the global asymptotic stability, Liapunov stability and
uniqueness of traveling wave solutions are proved by the elementary sub- and supersolutions
comparison and the squeezing technique developed by Chen [9] (see also [5,11,12,15,19]
for this technique). In fact, the earlier results concerning with this topic are due to Schaaf
[39]. It is worth mentioning that Ma and Zou [32] generalized the method of Chen and Guo
[11,12] to a class of discrete reaction—diffusion monostable equation with delay and obtained
the existence, uniqueness and stability of traveling wave fronts.

A nonlocal (or spatio-temporal) delay is a term that involves a weighted average over the
whole infinite spatial domain and all previous times. Britton [6,7] made the first comprehen-
sive attempt to study the periodic traveling wave solutions in reaction—diffusion equations
with such nonlocal delays. Since then, quite a few methods have been developed to prove
the existence of traveling wave solutions in these types of equations. The first is to use the
perturbation theory of ordinary differential equations coupled with the Fredholm alterative,
see Al-Omari and Gourley [3] for an age-structured reaction—diffusion model with nonlocal
delay and Gourley [20] for a nonlocal Fisher equation. The second is using the geometric
singular perturbation theory of Fenichel [18], see Ai [1], Ashwin et al. [4], Gourley and Ruan
[21], Ruan and Xiao [36], etc. The third is recently developed by Wang et al. [43]. The main
idea is to use a monotone iteration and the non-standard ordering in a profile set for the
corresponding wave system to develop a new monotone iteration scheme, then apply it to
establish the existence of solutions for a second order system of functional differential equa-
tions if the nonlinear term satisfies certain monotone conditions. Applying this approach,
Li et al. [24] and Li and Wang [25] studied the existence of traveling wave fronts for the
diffusive Nicholson’s Blowflies equation with nonlocal delay and the diffusive and coop-
erative Lotka—Volterra system with nonlocal delay, respectively. Faria et al. [16] developed
a new approach to obtain the existence of traveling wave solutions for delayed monostable
reaction—diffusion equations with global response, which is based on a combination of some
nonlinear perturbation analysis, the Fredholm theory and the Banach fixed point theorem,
so that the existence of traveling wave solutions is dependent of the existence of heteroclin-
ic connecting orbits of a corresponding functional differential equation. Recently, using a
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similar idea to that of Faria et al. [16], Ou and Wu [34] showed the persistence of traveling
wave solutions for reaction—diffusions with nonlocal and delayed nonlinearities when the
time lag is relatively small, which can be applied to not only the monostable case but also
the bistable case.

In addition to the existence of traveling wave solutions, the spreading speed has been
widely studied by many researchers, see [27,42,48,50] and the references therein. Thieme
and Zhao [42] generalized the spreading speeds and monotone traveling waves to a large
class of scalar nonlinear integral equation so that the results can be applied to some nonlocal
reaction—diffusion population models with delay by recasting the reaction—diffusion equa-
tion into a integral equation, see also Xu and Zhao [48]. They showed the minimal wave
speed coincides with the spreading speed and also discussed the uniqueness of traveling
wave solutions. Recently, the theory of spreading speeds and monotone traveling waves for
monotone semiflows has been developed by Liang and Zhao [27] in such a way that it can
be applied to various evolution equations admitting the comparison principle, see also [50].
For more results and details about traveling wave solutions in reaction—diffusion equations
with both local and nonlocal delays, we refer to the survey by Gourley and Wu [22]. We also
refer to Ruan [35] for some results in nonlocal epidemiological models.

Due to its significant nature in biology, there are particular interests in studying the fol-
lowing structured single species population model of the form

au(ax; 2 - dAu(x,t) —apu(x, 1)+ ¢ / h(x =yb @y, t —1))dy. (1.1

Under the bistable assumptions, for example, b(u) = pu?e~%*, Ma and Wu [30] proved
the existence, uniqueness and asymptotic stability of traveling wave solutions with a unique
velocity of (1.1) by using a slight modification of the method developed by Chen [9] where the
so-called squeezing technique and a new method were developed to establish the asymptotic
stability and existence of traveling wave solutions for a class of bistable evolution equations
satisfying the comparison principle, respectively. Ma and Zou [31] also used this method to
prove the stability of traveling wave solutions for a delayed lattice differential equation with
global interaction which was proposed by Weng et al. [44]. Under the monostable case, in
particular b(u) = pue=*", So et al. [41] applied the method of Wu and Zou [47] to (1.1)
with 1 < ep/ap < e and obtained the existence of monotone traveling wave solutions. Fur-
thermore, under the condition e < ep/ap < 2, Faria et al. [16,17] and Ma [29] considered
(1.1) by using different techniques and established the existence of traveling wave solutions
for large ¢ ([16]) and all = > 0 ([29]) and non-monotone traveling wave solution for large ¢
([17]), respectively.

Although there are some results on Eq. 1.1, the existence, uniqueness and stability of trav-
eling wave solutions of many biological and epidemiological models with nonlocal delays,
such as the age-structured population model proposed by Al-Omari and Gourley [3]

—(—p?

e T Uy (y,t —T)dy — boud,,  (1.2)
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the vector disease model proposed by Ruan and Xiao [36]

o0

9

B—Z:dAu—aou+bo[1—u]/h(x—y)u(y,t—t)dy, (1.3)
—00
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and the Nicholson’s blowflies equation with nonlocal delay ([24])

oo o0
ad
8—1: =dAu —tu + byt / gx —y)u(x,t —t)dyexp | — / gx —yu(x,t —t)dy |,
—00 —00

(1.4)

are not well-understood. In fact, by using the results of Diekmann and Kaper [14] (see also
[42,Theorem 3.2 and Theorem 4.3]), Thieme and Zhao [42] showed the uniqueness of mono-
tone traveling wave solutions of (1.1) and (1.2), but it is invalid for non-monotone waves. For
the other results on the uniqueness of traveling wave solutions, we refer to [8, 10]. Also, there
are some results considering the effect of the time delay on the spreading speed (minimal
wave speed), see [39,51], but there are few results for the influence of the nonlocality on the
spreading speed which only considered by Li et al. [24] for Eq. 1.4.

In this paper we are concerned with the following nonlocal reaction—diffusion equation
with delay

du (x,t)
ot

=dAu(x,t)

+f u(x,t),/h(x—y)u(y,t—r)dy , xe€R,t>0, (L5

where d > 0 and T > 0 are constants. The functions f (u, v) and & (x) satisfy the following
assumptions:

(A1) f € C?([0,K1*,R), f(0,0) = f(K,K) =0, f (u,u) > Oforu € (0, K), and
o f (u,v) >0 for (u, v) € [0, K12, where K is a positive constant.

(A2) 01/ (0,0)u+ 02f(0,0)0v > f (u,v) for any (u,v) € [0, K]? and o1f (K,K) +
Wf(K,K)<0O.

(A3) Forevery § € (0, 1), thereexista =a () > 0,0 =a(§) >0and 8 = B(5) >0
with @ + B > 0 such that for any 6 € (0, §] and (u, v) € [0, K12,

Q-0 fwv)y—f(1-0)u,(1-0)v) < —abu®P.

(G1) h (x) is nonnegative and integrable, and satisfies
)
/ h(x)dx =1land h(x) =h(—x),x € R.
—o0
(G2) One of the following is satisfied:

(i) Forany A > 0, [;° h (x) e**dx < oc.
(i) There exists A9 > 0 such that fooo h (x) e dx < oo forany A < Ag and
limy— -0 fo~ h (x) €+ dx = +o0.

We would like to point out that the assumptions (Al) and (A2) are standard and the
assumption (A3) is not a more restrictive condition. Indeed, the assumption (A3) is a convex
condition and in general, monostable nonlinearities satisfy it. For example, the nonlinearities
f@) = u(l —u)in [9] and f(u,v) = —du + b(v) in [32] with many well-used birth
functions b(-) (see [26] and the references therein) satisfy (A3), the nonlinearities of Eqs.
(1.2-1.4) also satisty (A3), see also Sect. 5 for applications. However, it could be invalid for
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bistable nonlinearities, for example, f(u, v) = —du + pv?e™*" with suitable p > 0 and
a > 0, see [31]. From (A1) we can see that (1.5) has two equilibria 0 and K. Furthermore,
condition (A2) together with (A1) implies that 3 f (0,0) + > £ (0,0) > 2 f (5, &) > 0,
hence 0 is unstable and K is stable. Throughout this paper, a traveling wave solution of (1.5)
always refers to as a pair (U, c¢), where U = U () is a function on R and ¢ > 0 is a constant,

such that u(x, t) := U(x + ct) = U (§) is a solution of (1.5) and

Elim U¢)=K, Slilzl UE)=0. (1.6)

We call ¢ the traveling wave speed and U the profile of the wave front.

The purpose of the current paper is to establish the existence, nonexistence, uniqueness
and stability of traveling wave solutions of (1.5), see Theorem 2.6, Theorem 4.1, Theorem 4.8
and Corollary 4.9. We then apply the results to some specific biological and epidemiological
models with nonlocal delay. In particular, our results for the uniqueness of traveling wave
solutions is valid for nonmonotone waves, see Corollary 4.9.

The rest of the paper is organized as follows. In Sect. 2, we use the sub- and supersolution
method of Wang et al. [43] to obtain the existence of traveling wave fronts. In order to consider
the uniqueness and stability of traveling wave solutions, in Sect. 3 we establish the existence
and comparison principle of solutions and construct some sub- and supersolutions for the
initial value problem of (1.5). In Sect. 4, by using the comparison principle and squeezing
technique of Chen and Guo [11], we consider the asymptotic stability and uniqueness of trav-
eling wave fronts, respectively. In Sect. 5 we apply our results to the age-structured model
(1.2), the vector disease model (1.3) and the Nicholson’s blowflies model (1.4), some new
results are obtained, which conclude, improve and/or complement a number of existing ones
in [3,24,36,39,42]. Finally, in Sect. 6, we consider the effect of the delay and nonlocality in
(1.5) on the spreading speed (the minimal wave speed), respectively.

2 Existence of Traveling Wave Fronts

In this section we consider the existence of traveling wave fronts of (1.5). In fact, there are
some known results on the existence of traveling wave fronts of (1.5), see [27,42,50]. In
order to prove the stability of traveling wave fronts, we give the proof of the existence of
traveling wave fronts of (1.5) by using the theory developed by Wang et al. [43].

Letu (x,t) = U(&), & = x + ct. Then Eq. 1.5 reduces to the following equation

dU" (&) —cU" ) + fUE), (hxU)(E) =0,§ €R, (2.1)
where (h+ U)(§) = [T h () U (§ —y — ct) dy.

Now we consider the existence of monotone solutions of Eq. 2.1 satisfying (1.6). Let
g(x,t) = §( —1)h(x). Then it is easy to see that g(x, t) satisfies (Hp) in [43]. Fur-
thermore, the condition d; f (u,v) > 0 for (u,v) € [0, K ]2 implies that the function
FUE), (h=U)(&)) satisfies the following monotonicity condition:

(H;) There exists a positive constant y such that

J(D2), (h*¢2) (E) +yd2(5) = [ (P1 (), (hxep1) (5) +y1 (),

where ¢1, ¢ € C(R,R) satisfy 0 < ¢1 (§) < ¢ () < Kin& € R.
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Let A = 400 if (G2)(i) holds and » = Ag if (G2)(ii) holds. For A € C with Rex < A,
define a function

G = / h(y)e ™ dy :/h(y) (¥ +e ™) dy.
—00 0

Since e~ 'IMAY is bounded, G (1) is well defined for all . € C with Rex < A. Obviously,
G (0) = 1. Here we give a property of G(A) which can be proved by using Lebesgue’s
dominated convergence theorem and we omit its proof.
Lemma 2.1 G () is twicedifferentiablein [0, 1), G' (A\) = [~ yh (y) (¢* —e ™) dy > 0
and G" (A) = [5° y*h () (e +e™*) dy > 0.

LetAT = 1if 3, £ (0,0) > 0Oand At = 4+00if 2 f (0,0) = 0. For A € C withRer < AT
and ¢ € R with ¢ > 0, we define a function

A(h,c) =dA> —ch+ 31 £ (0,0) + 2.1 (0,0) e TG (A).

Note that for . € R with0 < A < AT,
2

) e
a?A()L, ¢)=2d+ 3 f(0,0)e "
o0
x / h() (€ (y—ct)* + e (v +c1)?)dy > 0,
0

9
B—A(A, ¢)=—A—A1d [ (0,0)e "G (1) <0,
C

A0,¢) =01 f(0,0)+02f(0,0) >0,

A, 0) =dr> + 01 (0,0) + 02/ (0,0) G (A) > 0,
and lim, _, ;+_g A(A, ¢) = 400, then it is easy to see that the following result holds.

Lemma 2.2 There exist ¢* > 0 and A* € (0, k*) such that a%A(k, c = 0 and

A\*, ¢®) = 0. Furthermore,

(i) if0 < ¢ < c*, then A(A,c) > 0 forany A € (O, A*);
(ii) if ¢ > c¥, then the equation A(), ¢) = 0 has two positive real roots A1 (c) and Ly (c)
with 0 < &i(c) < A* < Aa(c) < A such that M (c) <0, 15(c) > 0 and

>0 for Xl € (0, 11(c)),
A, c) 3 <0 forr e (A1(c), 12(c)),
>0 forx € (a(c), AT).

plie

Now we give definitions of the sub- and supersolutions of (2.1).

Definition 2.3 A continuous function ¢ : R — R” is called a supersolution of (2.1) if ¢’
and ¢” exist almost everywhere and are essentially bounded on R, and ¢ satisfies

—dg" (&) +cg' &) — f (p&). (h*¢)(§)) = 0ae.onR. 2.2)

A subsolution of (2.1) is defined in a similar way by reversing the inequality in (2.2).
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Lemma 2.4 Assume that (A1), (A2), (G1) and (G2) hold. Let c¢*, 11 (c) and Ay (c) be defined

as in Lemma 2.2. Let ¢ > ¢* be any number. Then for every n € (1, min {2, ifgf; ]), there

exists Q(c,n) > 1 such that for any g > Q(c, n) and any ET € R, the functions ¢ and
defined by

¢ (&) = min {K, HMEOEHET) | qenxl(cxm*)}, EeR (2.3)
and
¥ (&) = max {0, HMOEHET) _ qenm<c><s+s—>}’ EeR (2.4)

are a supersolution and a subsolution to (2.1), respectively. Furthermore,

o0

mé

—(x—y

¢ (x +ct) = e M= 5>¢(y+cs)dy

/\/émd(—t—z/ewt 9 F(¢) (v, 2)dydz, t >5 >0, (2.5)

o0

Y (x+ct) < 7% / ezzf(’_)‘) Y (y+cs)dy

t o0

1 —G—y)?

+f — Wi F ,2)dydz, t >0, (2.6

/ 4ﬂd(t_z)/e W) 62y dydz, t> 520, (26)
5 —0Q

where
F@)(y.2)=f ¢(y+cz),/h(y—9)¢(0+cz—cr)d0

Proof We begin by proving that ¢ (§) and ¥ (§) are a pair of super- and subsolutions of (2.1).
We first consider the case d; f (0, O) > 0. In this case, nA1(c) < A.From (2.3), itis easy to see
that there exists a £* < —&1 — nx\l(c) In £ satisfying e*1(©)¢” HD 4o g @E+ET) — g

¢(E) = K for & > &% and ¢ (&) = M OETED) 4 gen@OCE+E) for & < g+,
For& > &*,¢” (§) =0, ¢’ (§) = 0, then, by (A1), we have

de" (&) —c¢' () + f (@ ©), (h*x¢) (€)= f (K, (hx) (§)) < f(K,K) =0.

For & < £* note that A(phi(c),c) < 0, ¢"(€) = A}(e)eOEHED L gp232(c)
eMMOGHED) | 3/(£) = 3, ()M OEHD) 4 ami | (€)™ @G+ ang

(h% ) (§) < MOCHETDG (11(@) + g™ OEHETDG i), @)
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then

A" (&) — ¢’ (&) + f (@ (&), (h* §) ()

= (d23(0) — cr1(0) M1 OCHED L g (dnaF(e) — enhi () e OEHED
+F @E). (h* ) (§)

= A (A1(), ) M1OETED L g A (nhy(e), ) TOETED L £ (p(), (hx ¢) (€))
01 £ (0,004 (©)—32.£ 0, 0) (M OETET=DG ) () + ge™ =G g1, c)))

< gA (hi(0), ©) ePOEHED L £ (h(E), (h % ¢) (§))
—811 (0,0)¢ (§) — 02 (0,0) (h % $) (§)

< gA (ri(c), ¢) e’]}»l(C)(§+§+)

<0,

where we have used the condition (A2) in the last inequality. Therefore, ¢ is a supersolution
of (2.1).
Let

M= max {max{[d;1f (u, v)|, [012f (u, V)|, 021 f (u, V)], |22 f (u, v)|}}
(u,v)€[0,K]%

and

e =—-8" — ;lnq, 0 (c,m) :max[l,

_10MG (121(0)) ]
(n = D)

A (nr1(0))

Ifg > O (c,n),then&, < —&~.Obviously, ¥ (§) = Oforé > &, and ¢ (§) = e ©Q(G+7)
qe™1©E+ET) for £ < &,. Then for £ > &,, we have

dy" (&) — ' &)+ f (W ©E), (hxy) €)= f (0, (h*9) (€)= f(0,0)=0.

For & < &,, by the definition of &, one can see that § + &~ < —m In g. Note that
n—=2

ne (1, min {2, iﬁgg}), we have e@-DHOGH) < (10 _ 35 < | goh@E+E) <
qefﬁlnq = qz%% <1, g2e"©OE+E) < qzefﬂnjlnq = qz%% <1and

exl(f)(§+57*CT)G (A1 (c) — qeﬂ}tl(c)($+57*0f)G r1(0))
< (hx ) (€) < MOETE DG (31 (c)) + g™ OCHE DG (nai(c)) . (2.8)
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Then

dy" &) — ey’ )+ f W E). (hx¥) )
= (@37 (0) = eh1(e) MO — g (dPAF () — enia(e)) M OEHET)
+f (W@, (h* W) (©))
= —g A1 (0), )™ OCTED 3, £(0,0) Y (&)
—~02.f (0,0) [HOETE=DG (1 (0)) — e OETE=DG gy (o) |
+f W), (h ) (€))
—gAmhi(c), )™ OCTED) — py? (&)

v

—2Myr (§) I:e)\l(c)(EJrE**L‘T)G O (0) + qeﬂll(c)(EPE**CI)G (71)\1(0))]

M [exl(c>(é+5*—cr)G (1(0)) + g OEHE =D G (,m(c))]Z

\%

—gA(nA1(c), C)enkl(C)(EJrE_) - M [l +2G (M1 (0) + G2 ()Ll(c))] e2M(OE+ET)
—2MG (21(c)) G (nri(c)) ge D EOE+ET)

—M [1+2G (111(0)) + G* (nh1(c))] g1 O EFED)

%

—gAMAi(c). ¢) —2M (14 G (h1(0)) + G (nh1(0)) + 2G? (i1 (c))) | e OEHED)

[
> [~gAMri(0), ©) — 10MG?* (nry(c))] e OEFET)
>0

Thus, v is a subsolution of (2.1).

For the case 9, f (0, 0) = 0, the proof is similar. In this case, we do not need the estimates
(2.7) and (2.8).

We now prove that (2.5) and (2.6) hold. For the supersolution ¢, let

H(x+ct)=d¢” (x +ct) —cd' (x +ct) + F (¢) (x, 1),

where a prime indicates differentiation with respect to & = x + ct. Then H (x +ct) < 0.
Again let

1 —@—y)
= —m d[
g(x,1,2) 4ﬂd(t_z)/e“ D¢ (y+cz)dy

*_cz

—(x—y)
- TS / o +ends
m / .

*—cz
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t >z > 0. Then

1 —(x—y)

20— 2)VAmd - 2) . e = >¢(y+cz)dy

i (x,1,2)
——8 WX, I, =
3zg ¢

> — y>2 )

Jm / IR W g+ ey

(o]
1 —(x=1)?
| cHWETTde" (v +c2)d
47rd(t—z)/ ¢ (y+cx)dy
—00
o0
TR / T [F(9) (n2) — H (v +c)ld
T [ e¥ ,2) — c )
And (t —2) .2 y+edldy
—00

Let ¢' (£%) = limg g0 @' (§) and ¥ (&x) = limg g, 0 ¥'(§). From (2.3) and (2.4), we
then know that ¢ (§*) and ¥/ (&) exist, ¢ (§*) > 0, ¥ (&) < 0. Since

o0
/ i 9" (y +cz)dy

Jm
—00
g% —cz
\/471d(—t—z / AT (3 + ) dy
d —(x—£%+c2)? d 2(x—y) —G- )2 E*—cz
= 7(1,’_ g* e M- — e =3 ¢ (y + cz)
4rd (1 — 2) &) dnd (t —2) 4d (t — 2) e

*_cz

JAW—Z—Z / 4d(t

—(x—y)*

)¢ W ¢ (y+ecz)dy

(x—y?® -t

J‘Md(—t—z / 4d% (1 — 7)? ye M )¢’(y+cz)dy,

and

/ o oW dy
m 4d (1 — 2)°
Lo
—&* —(x—E* ez —(x—y)
_ K-+ e% K e )dy’
2(0—z)VA4md (t —2) 2(t—z)\/471d(—t—z

*_cz
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it follows that

g d (e ) K(x—§*4cg)  —ltre)?
—g(x,1,2) = ————=0¢_ (§") e ®r  — o T
9z And (1 —2) 2 —2) JAnd (i — 2)
—(x v2
K e4§i()‘ )) dy

2(t —2)JAnrd (t — z

m / 4d (1 —2)

m / €4¢l(r ) [F(®)(y,z) — H(y+cz)]dy
= Fmaa=o- &) T

o0

m/ T [F (6) ()0 — H (v 4+ coldy.

« 2
Since %g (x, t, z) is continuous in z € [0, 1), \/ﬁ(ﬁ/_ (E*) exp [%] is inte-

——y)?
grable on z € [0, 1), and lim,_,; ‘/ﬁ ffooo e M= ¢ (y +cz)dy = ¢ (x +ct), we
have for 0 < s < r that
¢ (x+ct) = hrn g(x t,t—m)
7]—)
t—n

9
lim — ,t,2)d 1
"_)O+0/ aZg(x 2)dz+ g (x,t,s)

N
o0

«/47[d (t —5) /

—(x—y)?*

HE g (3 4 c) dy

+ / Ly e
e t—z
JaArd (¢ —z) ¢

S 1F (9) (5,2 — H (v + o)l dydz.

| =]

In view of ¢’_ (§*) > 0, we can see that (2.5) holds.
In a similar manner, we can show that (2.6) holds together with " (&) < 0. This com-
pletes the proof. O

Remark 2.5 The supersolution and subsolution ¢ and v in Lemma 2.4 were firstly used by

Chen and Guo [11] and Ma and Zou [32]. The inequalities (2.5) and (2.6) imply that ¢ (x +ct)
and ¥ (x 4 ct) are a supersolution and a subsolution of (1.5), respectively, see Definition 3.1.
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Theorem 2.6 Assume that (Al), (A2), (G1) and (G2) hold. Let c* and \i(c) be defined as
in Lemma 2.2. Then for each ¢ > c*, equation (1.5) has a traveling wave front u(x,t) =
U (x + ct) being increasing and satisfying (1.6). Moreover, if ¢ > c¢*, then

lim U@E)e ™% =1, lim U'(E)e % = x(c). (2.9)
E——00 E——00

Proof We first consider the case ¢ > ¢*. By Lemma 2.4, the functions ¢ (&) and ¥ (§) defined
by (2.3) and (2.4) are a pair of super- and subsolutions of (2.1) and satisfy ¥ (§) < ¢ (&)
on R. Then Theorem 4.8(i) of [43] implies that (1.5) has a traveling wave front U (£) being
increasing and satisfying (1.6) and ¥ (§) < U(§) < ¢(&). Furthermore, it is easy to prove
that limg —, —oo U (§)e 1% = 1.

We now prove that limg ., _ e (8 U'(§) = X1(c). From Lebesgue’s dominated con-
vergence theorem, we know that

oo

Jim MO xUNE) = /h(y)e—mc><,v+n)
——00

—0o0

[ lim e M©@CEy=eDy (5 —y — cr)} dy

E——00

oo
- / h(y) e MO0 gy = e HOTG (11 (0)). (2.10)

—0o0

Let V(&) = (h * U)(£). Then
Jim T U@, VE)

= im0 0.0 UE) + lim e Fof 0.0 VE)
+ lim e % (VU2E) +V2E)

=31£(0,0) + 3 f (0,0) e TG (a1 (c)).

Using limg_, _oo U'(§) = 0 and integrating both sides of (2.1) from —oco to &, we have
au’'¢) =cU() — ffoo S W@, (h*U)E))dt. Thus,

&

1

Jim e MO (§) = 2 v lim e~ / fW@®.,V@)de
—00

¢ e MR FWUE), V)
= —— lim
d E——00 dkl(c)
_chi(e) = 91 (0,0) — 02 f (0,0) e MG (3 (c))

- dxri(c)

= Ari(0).
The remainder is to consider the existence of traveling wave fronts when ¢ = ¢*. In fact,

it could be obtained by a limiting argument similar to that of ([49], Theorem 3.1). We omit
the details. The proof is complete. O
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3 The Initial Value Problem

In order to study the uniqueness and asymptotic stability of the traveling waves, we need to
consider the following initial value problem

%’;:dAu—I—f(u(x,t),_{oh(x—y)u(y,t—r)dy) 3.0

u(x,s) =¢x,s),

whered > 0,7 >0, x e R,t > 0,5 € [—7,0].

Let X = BUC (R, R) be the Banach space of all bounded and uniformly continuous func-
tions from R into R with the supremum norm |-|y. Let XT = {p € X; ¢ (x) > 0, x € R}.
It is easy to see that XV is a closed cone of X and X is a Banach lattice under the partial
ordering induced by X*. By ([13], Theorem 1.5), it follows that the X -realizationd Ay of d A
generates a strongly continuous analytic semigroup T (f) on X and T (t) X* C X+, ¢ > 0.
Moreover, we have forx € R, ¢ > 0, ¢ (-) € X that

17 (x — )2
T = [ en( =55 Jomar (32)

Let C = C ([—7, 0], X) be the Banach space of continuous functions from [—t, 0] into
X with the supremum norm ||| and CT = {p € C; ¢ (s) € X, s € [-7,0]}. Then C*
is a closed (positive) cone of C. As usual, we identify an element ¢ € C as a function
from R x [—7,0] into R defined by ¢ (x,s) = ¢ (s) (x). For any continuous function
w:[-1,b) - X,b > 0, we define w; € C,t € [0,b), by w;(s) = w(t+5s),s €
[—7,0]. Then t +— wy; is a continuous function from [0, b) to C. For any ¢ € [0, K] =
{peC,p(x,5) €[0,K],x eR,s € [—1,0]}, define

F@) =100, /h(x—y)w(y,—r)dy

—0o0

Then F (p) € X and F : [0, K]c — X is globally Lipschitz continuous.

Definition 3.1 A continuous function v : [—7,b) — X, b > 0, is called a supersolution
(subsolution) of (3.1) on [0, b) if
t
VO = (DT =9)v )+ [ T=0)F () do (33)
N
forall0 <s <t < b. If v is both a supersolution and a subsolution on [0, b), then it is said
to be a mild solution of (3.1).

Remark 3.2 Assume that thereisav € BUC (R x [—1,b),R), b > 0, such that v is CZ in
x€R, Clinr e (0,b) and for x € R, € (0, b),

?}—I;z(f)dAv—i-f v(x,t),/h(x—y)v(y,t—t)dy

Then, the positivity of the linear semigroup 7 (¢) : X™ — X implies that (3.3) holds and
hence v is a supersolution (subsolution) of (3.1) on [0, b).
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We now have the following existence and comparison result. Since its proof is similar to
that of ([40], Theorem 2.2) (see also [33,46]), we omit it.

Theorem 3.3 Assume that (Al), (A2), (GI) and (G2) hold. Then for any ¢ € [0, K],
equation (3.1) has a unique mild solution u (x, t, ¢) on [0, 00) and u (x, t, @) is a classical
solution to (3.1) for (x,t) € R x (t, 00). Furthermore, for any pair of supersolution w (x, t)
and subsolution w (x, t) of (3.1) on [0,00) with 0 < w(x,t),w(x,t) < K for x € R,
t €[—t1,00), andw (x,s) > w (x,s) forx € R, s € [—1, 0], there holds w (x,t) > w (x, t)
forx e R, t >0, and

z+1

W(x,t)—g(x,t)z@)(J,t—to)/ (W (y.10) —w (y. 10)) dy (3.4)

forany J >0, x and 7z € Rwith |x —z| < J, andt > ty > 0, where

®J,1) ! Lt 4+ 17 J>0,t>0
1) = expl — ———F— ), J=0,t>0.
Vardr P 1 4dt
and L1 = Max, ,)e0. K2 |01 f (u,v)|. In particular, if there exists xo € R such that

w(xg, 0) > w(xg, 0), then w(x,t) > w(x,t) foranyx € Randt > 0.

Remark 3.4 From Theorem 3.3, if E] (&) is a traveling wave solution of (1.5) satisfying
0<U (&) <Kand(l.6),then0 < U (§) < K forany & € R.

Remark 3.5 Assume that U (£) is a traveling wave front of (1.5) given in Theorem 2.6. Then
U' (&) >0for& e R.

Lemma 3.6 Assume that u (x,t) and v (x,t) are two mild solutions to (3.1) with initial
values ¢ (x, s) and ¥ (x, s), respectively, where ¢, € [0, K]c. Then

lu (. 0) —v (Dl < ?UPO] ¢ Co5) =W C,)ly et (3.5)
se|l—T,

foranyt >0, where u = L1 + Ly and L; = max, , co. k2 |0; f (u, v)|.
Proof By Definition 3.1, we have

|M ('7 t) -V (’7 t)lX

t
=IT®¢©0)— T(t)w(o)lx+/IT(t—9)F(u0)—T(t—9)F(v9)|xd9
0

t
=le .0 -y (¢, 0lx +/|F(M9) — F (vo)lx db
0
t
+/(L1 lu(,0) —v(Olx +Lafu(,0—1)—v(,0—-1)lx)dd
0

1

<160 =¥ (-, O)ly + u/ sup i (- 5) — v (- 9)lx 6.

0 se[—1,0]
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Consequently,

sup fu (-, 8) —v (., 9)lx < SUP0]|¢(~,S)—W('7S)|X

se[—1,1] se[—rt,
t

+,LL/ sup |u (-, s) —v(,s)|xdb.

se[—1,0]
Then it follows from the Gronwall’s inequality that

sup |M (',S)—U(',S)|X =< sup |¢('!S)_w('!s)|xeluv

se[—1,t] s€[—1,0]
which implies that (3.5) holds. The proof is complete. O
Lemma 3.7 Assume that (Al), (A2), (A3), (G1) and (G2) hold, and that U is the traveling
wave front with wave speed ¢ > ¢* given in Theorem 2.6. Then for each § € (0, 1), there

exist p > 0 and o > 0 such that for each € € (0, 8] and for any £+ € R, the following
functions

wy (x,0) =min{(1+ee ™) U (x+ct +£" —oee™ ), K} (3.6)
and
wo(x, 1) =(1—ee™”)U (x+ct+& +oee™) 3.7
are a pair of super- and subsolutions to (3.1), respectively.
Proof First, we define a new function f: [0, K] x [0,2K] — R by

A( )_ f(u’v) for (u, U)E[O, K]z,
fluv) = fw,K)+@w—K)df (u, K) for (u,v) €[0, K] x [K,2K].

Obviously, d1 f(u, v) exists and is continuous on [0, K ]2, 0> f(u, v) exists and is continuous
on [0, K] x [0,2K]. In fact,

A f (u,v) =01 f (u,v) on (u,v) € [0, KI?

and

o f (m,v) >0 for (u,v) €0, K12,

Bzf(u,v)z [azf(u’K)zo for (u,v)e[()’K]X[K,ZK].

Note that 9 := 91 f(K, K)+ 9> f (K, K) < 0. There exists 0 with0 < 6 < K /2 such that for

any (u,v) € [K — 6, KI%, 81 f (u, v) — 01 f (K, K)| < —=9/8, |82 f (u, v) — 2. (K, K)| <

—19/8, and for any (u, v) € [K — 0, K] X [K —0,2K], |02 f (u,v) — 32 f(K, K)| < —1/8.
Let & > 0 be such that forany & > &, U(§) € [K — 6, K], V(§) € [K — 0, K] and

90 K,K)+ 0o K, K d K, K)+ 90 K, K
d K,K)—"70 K, K 30 K,K)— 50 K, K
1f (K, K) 2 f (K, )V(S)— EACSLY 2f (K, )U(§2)>0 (3.8)

8 8
From (2.9) and (2.10), there exists &; such that for any & < &,

3 1 3
< U(E)e ™M < > M = U'(E)e 1% < SH1©),

N =

U EV() £
<7, V@ <7,
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and

1 N 3
5e—W”G (r1(c)) < e MOV (&) < 5e—W”G (r1(c)).

Fix 0 < p < 1 such that ¢’ < % and
1
—pK —(e’" = 1)KLy — 5 O f(K,K)+df(K,K)U () =0, (3.9)
pK + LoK ("7 — 1) —aU® (&) VP (£1) < 0, (3.10)

wherea = a (1), o = o (42) and = p (14?) are determined in (A3).
Let o = min {U’(E) <& < %'2} > (. Now let ¢ > 0 be sufficiently large and satisfy

3 1 3
= 3P+ 50Ph (@) = 3L = JLa (7 +1) e MOTG (i () 20, (D)

—pK +0po—2KL — (" +1) KLy > 0, (3.12)

3 1 3
3P 3 (1=8) opr (¢) + ELQ (e”" — 1) e MG (3 (o) < 0. (3.13)

Define

Bt ={(x,0): (1+ee™™)U (x+ct +&7 —oee™™) > K},
B-={(x,n): (1+ee™)U (x+ct+&" —oee ™) < K}.

Leté = x+ct+& —oee . Since (1 + €e ) U (x + ct + T — oee™ ") is continuous,
B* are open sets. If (x, ) € BT, then w, (x, t) = K and so

9
b —dhwy = f i ) (s wi)0) = —f (K (hw) (x,1)
> —f (K.K)=0.
If (x,t) € B—, then
(h % wy)(x, 1) < / h(x—y) (1 + ee—ﬂ“—f)) U (y fe(—t)+Et - aee—/’”—f)) dy

= (1 + ee_p(t_”) /00 h(MU (E—y—ct—oee (" —1))dy
- (l +€e*p(t7”) V(E—oee (7 = 1))

< (1 n ee—/’“—f)) V().
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Thus, by (3.8) and (3.9), we have for & > &; that

d
% —dAwy — f (wy (x.1), (hxwy)(x, 1)

= —pee ""UE) + (1 + ) (c+opee ™) U () —d (1 +ee ) U" (&)
—f((14+ee™P)UE), (h*wi)(x, 1))

> —pee MU E) + opee™ (1 +ee™ ™) U'E) + (1 +ec™) f UE), V(E)
—f((l +ee M) UE), (1 4 ee*f’(’*ﬂ) V(§)>

> —pAee_’”U(r‘?) + opee U (§) +ee_ptf(U/(\€)v VE) + FUE)LVE)
—f (M +ee™™)UE), (1+ee ™) VE)+ f((1+ee P )UE). (1 +ee ™) V(E))
—f((l +ee MY UE), (1 + ee—ﬂ(f—f)) V(g))

> —pee P'U(E) + opee™ U’ (§)
+ee P fUE) +61(K—U(®$),V(E) +61 (K — V() (K—U(®)

+ee Mo f (UE) +601 (K —UE), V(E) +61 (K—V(E)) (K —V(E)
—ee P31 F (14 bree PV UE), VE) U®E)

—ee P f (1 +ee ™) UE). (1+63ee ") V(E)) V(E)
—ee (T =) VERT (1 4+ e ) U@ (14 ee™” +bace™ (7 = 1)) V(£)
e P UE) 4 e 2N K K) + 0 [ (K. K)

v

g (K-U(®)
et a1 f (K, K) —;932f (K, K) K — V)
et —701f (K, K)g—l— hf (K, K)U(g)
ree [81]‘(1(, K) —8732]‘(1(, K, o 1)} Ve = 0.
For £ < &, by (3.11), we have
dwy

Eryaie dAwy — f(wg (x, 1), (h*wi)(x, 1))

= —pee P"UE) + (1+ee ) (c+opee P )U'(E) —d (1 +ee ") U"(§)
_f ((1 + ee_pt) U(%—)a (h * w+)(xv t))

> —pee "UE) +opee™ (1+ee P )U'E) + (1 +ee™) fFUE) V)
_f ((1 +ee M) UE), (1 n ée_”(t_f)) V(g))

> —pee P'U(E) + opee P'U' (&) — 2L1€e P U(£) — Lyee™ " (e‘" + 1) V(&)
3 1 3
> e MO8 [‘5‘) + 5041 (€) =3L1 = SLa ("7 +1) e MOTG (1 (c»] >0,
and for &1 < & < &, by (3.12) and using the estimate for the case & > &, we have
3w+

T - dAw+ - f(w+ (X, t)7 (h * u}+)(x, t))

> —pee P'UE) + opee U () —2KLiece P — 2K Lyee P! —ee™ ! (e’” - 1) KL,
> ce P! [—pK +opo—2KL) — (¢’ +1) KL2] > 0.
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Note that for every ¢ > 0, there exists a unique x* (¢) such that wy (x* (t),¢) = K, (x,t) €
BT for x > x* (t) and (x,t) € B~ for x < x* (¢). In addition,

0
—wy (x,1) =(l+ee”)U (x" (1) +ct+&E" —oee™) > 0.
dx x=x*(1)—0

Thus, we can use a similar argument, which has been used to prove (2.5) in Lemma 2.4, to
show that (3.3) holds for w4 (x, t). Therefore, w is a supersolution of (3.1).
Let& = x +ct + & + oee . Then (A3) implies that

a% —dAw_ — f (w_ (x,1), (h % w_)(x, 1))
=pee "UE) + (1 —ee ) (c—opee P )U' () —d (1 —ee ") U"(§)
—1((1=ee™) U ©, (1= e ) V (5 + oee™ (e 1))
< pee "' U(E) —opee ™ (1 —ee ") U'(€) + (1 — ee™) £ (U (). V (€))
—f ((1 —ee VU (), (1 - ee—f’“—f)) % (g))
< pee U &) —opee ™ (1 —ee ) U'E) + (1 — ee™™) f (U (€). V (&)
—f((1—ee ™) U &), 1= ™) V(&) + [ (1—ee™ ") U (&), (1—ee™ ") V (&)

—f((1—ee™ U@, (1-ec )V @)

< pee—p’U(s)—%opee—p’U’(s)—aee—ﬂ’U“ (€) VP (£) +Loce™ (eP"—1) V (&)
1-46

<ee” [pU(é‘) == opU'®) —aU* @ VP @) + Lo (T = 1) V (s)}.

For & > &1, by (3.10) we have
1-46 i o B T
PUE) = ——0pU'§) —aU" @ VI ) + La (7 = 1) V (£)
< pK —aU® E) VP (&) + LK (7 — 1) <0,

and for & < &1, (3.13) implies that

1
2

e M(% [pU(&) - opU'(E) —aU* )V (E) + Ly (" — 1) V (5)]

. 1-6
< e s [pU@) — 5 opU' ) + La (e = 1)V (5)]
3 1 3 T —A1(c)et
55,0—1(1—5)@?»1 (C)+§L2(ep —1) e 197G (A (0) < 0.
Thus Remark 3.2 implies that w_ is a subsolution of (3.1). The proof is complete. O

Remark 3.8 We note that the supersolution w in Lemma 3.7 is only a slight modification
of the supersolution of ([32], Lemma 4.6) and the subsolution w_ is same as that of ([32],
Lemma 4.6). In fact, these types of supersolutions and subsolutions were firstly used by Chen
and Guo ([12], Lemma 3.7).
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4 Stability and Uniqueness of Traveling Fronts

In the following, we first establish the asymptotic stability of traveling wave fronts of (1.5)
obtained in Theorem 2.6 by using the method of Chen and Guo [11] and Ma and Zou [32].
We also refer to Alexander et al. [2], Samaey and Sandstede [37] and Sattinger [38] for other
techniques in studying stability of traveling waves.

We now state our stability result in this section.

Theorem 4.1 Assume that (Al), (A2), (A3), (GI) and (G2) hold. Let ¢ > ¢* and U be the
traveling wave front given in Theorem 2.6. Assume that there exists a py € (0, 400) such
that the initial value ¢ € [0, K]¢ satisfies liminf,_, ;1 ¢ (x,0) > 0 and

lim max ‘(p (x, 5) e MOF _ poeh1©es| — 4.1
X—>— OQS‘E
Then
u(x,t)
lim sup |————— =0, 4.2)
t>+00 g | U (x +ct + &)

where &y = ﬁ In pp.

Lemma 4.2 Under the assumptions of Theorem 4.1, for any € > 0, there exists a &1 () < 0
such that
sup u (§ —2e —ct,t) <U(E+ &) < 1nf u (€ +2 —ct,t) 4.3)

t=—1

Jorall§ < & (e).

Proof Lete; = po (€*1©€ — 1) e=*1()T_ Then by (4.1), there exists an x~ < 0 such that
forany x <x~ ands € [—t, 0],

@ (x _ E,S) e—)q(c)(x—e) < poe)\l(c)cs +e = poe)\l(c)cs + po (e)q(c)e _ 1) e—)»l(c)cr
< poekl(c)m + po (ekl(c)e _ ]) e)hl(c)cs — poekl(c)eekl(c)cs’

that is ¢ (x — €,5) < eMOCF0T) Similarly, let & = pg (1 — e *1(9€) e7*1(©CT  then
there exists an x* < 0 such that ¢*(©OCH+es) o (x 4+ ¢, 5) for any x < x* and
s € [—7,0]. Take x1 (¢) = min{x~ —1,xT — 1}, then ¢ (x — €, 5) < M @@+gotes)
¢ (x +e¢€,s)forany x < xj(¢) and s € [—1, 0]

Let (&) = max {0, e*1©CE+50) — genh1@©CE+)} where n = 1 (1 + min {2, ﬁzz;})

and ¢ > max {Q (c,n),e” M DMOEIEOFH=cD Then by Lemma 2.4, ¥ (x + ct) is a
subsolution of (3.1). Since e*1 (@@ Héotes) _ genti(@©G+iotes) — ( for any x > xj (€)
and s € [—7,0], we have ¢ (x +¢€,5) > max {0, e} Fhores) _ gonhi@Ctfotes)} for
any x € Rand s € [—7,0]. By Theorem 3.3, for any x € R and t > —t, we have
u(x +e, 1) > MOCFE+N _genhi@©@+ted) Since limg_, oo U (§) e 416 = 1, there
exists an x» (6) < O such that ¢*(©@E+ote) _ genti(@E+iote) - [ (& 4 &) foe any
& < x3 (e). Thus, for any & < x; (€), we have

zi>n_fr u (€ +2e —ct, 1) > MOEHFD _ gonh1©OE+h+e) S (g 4 &) .

Let ¢ (&) = min{K, e*(©QEFE0) 4 ge11(©E+50)) Then by Lemma 2.4, q’)(x +ct)isa
supersolution of (3.1). Since eM©E 4 qe’”“(c)S > K for& > — '7)\1(6) In 4 %> We can take
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q sufficiently large so that ¢*1(©QC+5oFes) 4 genri(@G+fotes) 5 K for any x > x1(€) and
s € [—1,0].Since p(x —¢, 5) < M O@Hbotes) o phi(@(ctbotes) 4 genti(@©Gtbotes) for any
x < x1(e)ands € [—7, 0], wehave p(x—e, 5) < min{K, e (©C+éot+es) 4 g onri(©)x+éotes)y
for any x € R and s € [—1, 0]. By Theorem 3.3 and Lemma 2.4, we have

i (x — €, 1) < min {K M @OGtEoten) 4 qenxl(c>(x+so+cz>}

POE—6) g1 @E—6) _
for any x € Rand ¢ > —r. Since limg_, oo +g;) = e M€ < |, there

exists x3 (€) < 0 such that e} (E+60—6) L genti@©E+o—€) 7 (& + So) forany & < x3 (¢).
Therefore, for any & < x3 (¢), we have

sup u (£ —2€ —ct, 1) < MOE+E—e) | qenkl(c)(f-‘rc?o—f) <U(E+&).

t>—1

Setting &1 (¢) = min {x| (¢), x2 (€), x3 (€)}, then (4.3) holds. The proof is complete. ]

Lemma 4.3 There exist 6 € (0,1), p > 0, 0 > 0 and z9 > 0 such that for all x € R and
t>1,

(1 — 8@7”(”14)) U (x + & —z0 + 80’67‘)([717”)
<u(x—ct,t)
<min {(1+ 8¢ ") U (x + & +z20 —Soe™ "), K}. (4.4)
Consequently, forall t > 1,

1 _86*,0([7171) flnf M('—Ct,l) M('—Ct t)

R Se Pt 4.5
N T+t -2 P UFh+ T s

Proof In view of (4.3), there is u(x +2—c(l+t+s),14+7+s) > U (x + &) for
any x < & (1), and hence, u(x +2,1+7t+s) > U(x+c(l+71+s)+ &) for all
x<&(A)—c(Q+r1)ands € [—7,0].

Since lim inf,_, y 5o @ (x, 0) > O, there exist §; > 0 and x4 > 0 such that ¢ (x,0) > &;
forall x > x4. Fix apositiveinteger N > x4 —[£1 (1) —c (1 + D). Ifx > & (1) —c (1 4 1),
then x + N > x4. Then Theorem 3.3 implies that

x+3+N
u(x+2,1+474+s)>60(N,1+17+5) / o (y,0)dy
x+2+N
81 (N +1)2
>—— exp{-L1A+T+s5)— ——
= Vamd(tt+s) p( 1 P

>8716X L (]+t)_u
= Jamd(to P\ 4d
>(1-HK

forany x > & (1) —c(1+71),s € [-7,0] and some 0 < § < 1. Thus, for p > 0 with
8efT < M , we have

ux+2,1+t+s5) >0 =-8Ux+c+71+5)+&)
>(1=8e ) )U(x+c(+7+5) +& —doe’™ +80e™")
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forany x € Rand s € [—7, 0]. Consequently, using Lemma 3.7 and Theorem 3.3, we have
u@x+2,1+t+0=(1=8")U(x+c(+7+1)+& —d0e’ + e ")

for any x € R and ¢ > —t, namely,
ux—cl+r+0,1+r+0)=(1—-8e")U (x —24& —d0e’™ +80e™"").

Let7 = 1 + 7 + ¢ and denote the variable 7 still by ¢. Then for all x € R and z > 1, we have
u(x —ct,t) > (1 — Se_p(’_l_T)) U (x —2+& —doe’” + 806_"([_1_7)). (4.6)

Again, in view of (4.3), there is u (x —2 —¢s,s5) < U (x + &p) for all x < & (1), and
hence, u (x —2,5) < U (x +c¢s + &) forall x < & (1) and s € [—7, 0]. Also, for § given
in the above estimate and sufficiently large x5 > O satisfying U (§; (1) — ¢t + x5 + &o) >
l%, we have u (x —2,5) < K < (14+8)U (x +cs + x5 + &) for any x > & (1) and
s € [—1,0]. Thus, forall x € Rand s € [—1, 0], we have

ux—=2,8) < (1+8Ux+cs+x5+&)
< (1—I—(Se_"’s)U(x—i—cs—i—xs—|—§~'0—i—806’0r —806’”).

Hence, u(x —2,5) < min{(l1+8e ) U (x +cs+ x5+ & + doe’™ —doe’*), K}.
Obviously, Lemma 3.7 and Theorem 3.3 yield

u(x —2,t) <min {(1 + (Se_p’) U (x +ct + x5+ & + Soeft — 806’”) , K}
for any x € R and ¢t > —r. Therefore,
ux —ct,t) <min{(1+8e ) U (x +2+x5+& + d0e’” —doe”), K}. (4.7)

Now, letting zp = 2 + x5 + o e”?, then (4.4) follows from (4.6) and (4.7), and (4.5) is a
direct consequence of (4.4). The proof is complete. O

Lemma 4.4 There exists My > 0 such that for any € € (0, 8] and & > My + &,
(1—e)U(E+3e0e’™) U E) < (146U (§ —3e0e). 4.8)
Proof Note that
d
- {1+9U (§ —3s0e’™)} =U (§ —3s0e’™) —30e”" (1 +5)U' (§ —3s0e7).
s

Since limg_, 100 U’ (§) = 0, there exists My > 0 such that U (§) — 60e”™U’ (¢§) > 0 for
any £ > Mo + & — 30e”". Thus, % {(1+s5)U (& —3s0eP")} > 0 forany s € [-4, §] and
& > My + &p. This completes the proof. O

Lemma 4.5 Let z and M be any given positive constants and w* be the solutions of the
equation

88—1: =dAw+ f(w(x,t), (h*w)(x,t))

on R x (0, +00) with initial values

wr(x,s)=U@x+es+E&+2)(x+ces+M)+U(x +cs + & +22)
x[1—¢(x+cs+ M) 4.9
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and

w(x,s)=Ux4+ces+& -2 (x+es+M)+U (x+cs+& —22)
X[1=¢(x+cs+ M)] (4.10)

forx € Rand s € [—t, 0], respectively, where { (y) = min {max {0, —y}, 1} forall y € R.
Then there exists an € € (0, min {%, ze Pt/ (30)}) such that for any x € [—M, 4+00),

wh—c+t+9,1+14+5) <(U+e)U (x+&+2z—3e0e’™), (4.11)

w x—c(l+t+95),l+7+5)>A—€)U (x+&+2z43e0e’™).  (4.12)

Proof We only consider w, asimilar argument can be used for w™. In view of wt(,8) <
U(+cs+E&+2z) onRand wh (-,s) < U (-+cs+& +2z) on (—oo, —M — 1], by
Theorem 3.3, we have wt (x —c(1+7+s),1+17+5) < U (- + & + 2z) forany x € R
ands € [—7,0]. Since w* and U are continuous, there exists € € (0, min {% ze~ "7/ (30)})
such that

w"'(x—c(l—{—‘r—i—s),l—}—r—}—s)5U(x+“§0+21—3eoem)

on the interval [—M, My — 2z], where My > 0 is defined as in Lemma 4.4 which asserts
that U (- + &) < (1 +€) U (- + & — 3e€0ePT) on [My, +00). Hence, we also have

whC—cl+1t+8),14+174+5) <U(+E&+22)
< (14+e)U(-+& +2z—3e0e’)

on [My — 2z, 400). Therefore, (4.11) holds. The proof is complete. ]

Proof of Theorem 4.1 Define

et 1)
*i=inf{z]z € AT ,A+::[ > 0 |lim sups ”(%ql 413
: inf {22 } °= t—>+gcr>) %pU(-+$o+2z)_ @19
and
ominf{clre AT}, A" = o= 0ftimintinf AU 7DD oyl g
T ’ T T |t=+o0 R U(-+& —2z2) — ' ’

In view of (4.5), we see that %Z() € A*. Hence, zt and 7z~ are well defined and z+ €
U(-+e)
ue)

AT = [zi, +oo). Thus, to complete the proof, it is sufficient to show that F=z"=0.
First we prove that z™ = 0 by a contradiction argument. For the contrary, suppose that

7t >0.Wefixz=2z"and M = —& (z* /2) 4+ 2", and denote by e the resulting constant

in Lemma 4.5. Since z* € A™, limsup,_, ., supy % < 1. It then follows that

there exists 7 > 0 such that supp % <1l+¢€ / K for any s € [—t, 0], where

€=€U (=M + &) — 3ecel™) e *+D) From (4.9), we have

[O, %20]. Furthermore, as lim¢_, o = 1 uniformly on R, we see that 7+ € AT and

w*(-,s):U(-—l—cs—i—Eo—l—Zer)
on [—M — c¢s, +00). Thus, we have u (- —cT, T +s) < U ( +cs+ & +21+) + € =
wt (., s)+€on[—M — cs, +00).
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On (=00, —M — cs] = (—oo, £ (%) - z+—cs], by (4.3) and the definition of w (-, 5)
in (4.9), we have u (- —cT, T +s) < U(-+cs+& +2z7) < wh (-, 5). Thus, for any
se[-1,0,u(-—cT, T +5s) <w' (- 5) + € on R. By virtue of Lemma 3.6, we have

u(G—cl, TH1+1+5) <wh (-, 14+7+s)+ D
=w"(,1+1+5)+eU (—M+& —3eoe’™) onR.
Therefore, it follows from (4.11) that
uC-—c(T+14+t+s), T+14+17+%)
swhC—cl+t+9), 141+ +eU (—M + & — 3ece’T)
I+ U (-+& +2z" —3eoe’™) +eU (—M + & — 3ece’)
<(14+26)U (- +& + 2z —3e0e’™) on [—M, +00).

IA

Again, by (4.3) and 3ece’? <z, wehaveu (- —c(T+1+1+5), T+1+7+5s) <
U(-+&+2") <U(-+& +2z" —3e0e™) on (—oo, —M]. Thus,
u(-—c(T+14+t+s), T+1+145)
< (14+2e) U (- + & — 3ece)
< (1 + 266_‘”) U ( +E&+2zT —€0 — 2606’”) on R.
Therefore, for any s € [—1, 0],
u(-—c(T+14+t+s), T+14+1t+5)
<min{(1+2ee ) U (-+& +2z" —eo —2e0e”), K} onR.
Then, Lemma 3.7 and Theorem 3.3 give that
u(-—c(T+14t+t),T+14+1t+41)
<min{(1+2ee ) U (-+& +2z" — €0 —2e0e”), K}
for any x € R and ¢ > 0, which implies that
u(-—ct,t)

lim sup su <1.
t—>+o<? ]Rp U(-+&+2zF —eo) ~

Thatis,z* —eo /2 € AT, But this contradicts the definition of z*. This contradiction shows
that z+ = 0.
In a similar manner, we can show that z~ = 0. The proof is complete. O

In the remainder of this section, we show the uniqueness of traveling wave fronts of
(1.5). Our method is to firstly establish the exact asymptotic behavior of the profile U (§) as
& — —oo by using the approach developed by Carr and Chmaj [8] for a nonlocal reaction—
diffusion equation, and then obtain the uniqueness by using Theorem 4.1. For the sake of
simplicity, we first provide a technical lemma about the asymptotic behavior of a positive
decreasing function, which is given by Carr and Chmaj ([8], Proposition 2.3) and is important
to prove our result. Also, we consider the nonexistence of traveling wave fronts.

Lemma 4.6 Let ¢ (L) = fooo u(€)e M de with u(&) being a positive decreasing function.
Assume that £ has the representation

toy = —E®
- ()\+(X)k+l ’
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where k > —1 and E is analytic in the strip —a <Rel < 0. Then

L u® B
im = .
E—>+o0 Eke—E 'e+1)

Lemma 4.7 Assume that (Z(S) is a traveling wave front of (2.1) satisfying 0 < ﬁ(é) <K
and (1.6). Then limg_, 400 U'(§) = 0.

The proof is similar to that of ([47], Proposition 2.1) and is omitted.

Theorem 4.8 Assume that (Al ), (A2), (GI) and (G2) hold and that U (&) is a traveling wave
Sfront of (1.5) with speed ¢ > c¢* satisfying (1.6) and 0 < U (&) < K. Further suppose that

Ao > «/81f(0 0 /[ if (G2)(ii) and 3, f (0, 0) = Oholdat the same time. Then for ¢ > c*
limg s _ oo U(S)e’)‘l(c)é exists, and for ¢ = ¢*, limg_, _oo U(§)§ Le=*"8 exists. Moreover
for c with O < ¢ < c¢*, there is no traveling wave front with speed c of (1.5) between 0 and
K satisfying (1.6).

Proof Define V(§) = [*2 h(2) U (¢ — ¢t —z)dz. Let g = 31 £ (0,0) + 8>/ (0, 0) and
wy = d2f (0,0) — 91 f (0, 0). Since = = 91 f (0, 0) 4+ 32 f (0,0) > 0, by Taylor’s expan-
sion, there exists &’ < 0 such that for any & < &/,

% (&) +V©) > M (T +20@)VE) + V2©),

where M is given in Lemma 2.4. Then for any & < &',

—dU"E) +cU' ) = f(UE).VE)
> 910,00 UE) + & f (0,0)V(E) — M (U*)
R2UEV(E) + V()
=2 TO+Z (VO -06)+ VO + 0O +7®)
—M (U*) +2UE)VE) + V©))
= 20O+ 2 (Vo) - 0©) + 5 V@) (4.15)
Now we show that for any & € R, U (&) is integrable on (—oo, &£] and there exists y > 0 such

that supg e U(€)e 7% < +oo0. By Fubini’s theorem and Lebesgue’s dominated convergence
theorem, we have

7

y

o0

h(z) (U (s — et —2) — U (5)) dzds

£
/ (V(s) = U (5))ds
y

[e'9) 1
/ (ct+2)h (z)/U (s —t(ct +2))dtdzds

I
/
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00 1 &
/ (ct+2)h(2) // (s —t(ct +2))dsdtdz
—00 0 v

/(cr—i—z)h(z)/ U(E—1(ct+2)

—U(y —t(ct + Z))] dtdz

- —/(cr+z)h(z)/c7(s—t(cz+z))dtdz
o0 0

as y — —o0. Since limg_, U’ () = 0 by Lemma 4.7, integrating (4.15) from —oo to &,
we have for any & < &’ that

00 1
—dU'(€) + cU (€) + % / (cT +z)h(z)/l7(€ —t(ct +2))drdz

£

/ (s)ds+—/V(s)ds

—00

which implies that U () and ‘7(5) are integrable on (—o0, £].
Now we define a function VT/(E) = ffoo U (s)ds, which is increasing and satisfies
lime_, oo W(&) = 0and W(£) < W (0) + K& for € > 0. Obviously,

& & oo
/V(s)ds=//h(z)ﬁ(s—cr—z)dzds

o0
= lim //h(z)ﬁ(s—cr—z)dzds
y—>—00
y —o0o

00 &
= lim /h(z)/U(s—cr—z)dsdz
y——00
% i
oo 3 00
:/h(z)/fj(s—cr—z)dsdzz/h(z)VT’(é—cr—z)dz.

Integrating (4.15) from —oo to & with & < &', we get

—dU'E) + cUE) = %W@) + % (/ h(Z)W (& —ct—2)dz — W(&))

o0

+% / h(z) W (E —ct —2)dz. (4.16)
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Note that

£ oo
//h(z) W (s —ct —2) — W (s)] dzds
y —o0o
)
//(cr+z)h(z)/W (s —t(ct +2))dtdzds
y —o0
/(cr+z)h(z)/ [W(E —t(t+2)—W( —1(ct+2)]ddz

- — / (cr+z)h(z)/v’(/(s—t(cr+z))drdzasy—> —00,

then, for any & < &’, (4.16) implies that

o0

—dU(€)+cW(€)+7/(cr—i—z)h(z)/W(S—t(cr+z))dtdz

—00
o

E

4

\m

—~ W —~
W(s)ds—l—T/ /h(z)W(s—ct—z)dzds,

—0o0 —0o0 —00

which means that W(é) and f_oooo h(z) w (& — ¢t — z) dz are integrable on (—o0, £].
Since W (£) is increasing, for any z € R, we have

(ct+2)h (@)W (E — (et +2))

< (ct +Z)h(Z)/W($—t(cr+Z))dt <(ct+2)h () WE).

Thus, if w2 = 92 f (0,0) — 91 f (0, 0) > 0, then

= —dl7(§)+ch/(§)+% / (cT+2)h(2) W(&)dz

w1 ~
z o | W©ads (4.17)

é\m

If oy = 3£ (0,0) — 31 £ (0,0) < 0, that is, 31 £ (0,0) > 2.1 (0,0) > 0 (see (A2)), then,
for sufficiently small &, we have —dU" () + cU'(§) = f (U€),V(€)) = f (U§).,0) >
181 £ (0,0) U(#). Thus,

;
_dﬁ(§)+cW(é)z%/W(s)ds. (4.18)
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Now, for sufficiently small £ and any r > 0, we have
0 0
~ cT ~ (o) ~ (o ~ o ~
cW(EH—? IZU2|W($)ZT / W(E+S)dSZT/W(«§ +S)dSZTrW(E —r).
—00 —r

Thus, there exist ro > 0 and some 6 with (_) <6 < _1 such that W & —rp) < A (&). Let
e (&) =W (&) e 7, where y = % In é < A, where X is defined in Sect. 2. Then

e —rg)=W(E—rg)e 70 = éﬁf@ —rp)e 7 < W(E)e T =e ().

In view of limg_, 40 w (&) 7€ = 0, then SUPg R {W &) e_Vs} < 4-00. Moreover,

£ 0
e_ys/W(s)ds:e_yg/ﬁ/(f—i—s)ds

0
~ N e ~ 1
= / W (€ +5)e 7ET)erSds < sup {W (2) e"’z} —.
. zeR 14

From (4.17) and (4.18), we have SUPger {17 &) e_VE} < 400.

Next we prove that limgﬂfoof’“(")’fﬁ (&) exists. For A with 0 <ReA < y, we define a
two-sided Laplace transform of U by

o0

L) = / e MU (€)dE.

—00
Note that for & > 0, i (y) U (€ —ct —y)e R < Kh(y)e R and for £ < 0,
hOUE=ct—y)e "M = h () U (€ —ct —y) e 7 ET 07T o1y RS

< eV TMh (y) e VY eV TREME

where M = SUP; g {(7 () e}, then h (y) U (£ — ct — y) e Re* g integrable on R2.
Since e~ js bounded and % (y) U (§ — ¢t — y) e *¢ is integrable on R2, by Fubini’s
theorem, we have

/ T (E)dE = / = / h ()T € —ct — y)dyds
- / h (y) e M) / eHETIT (¢ — et — y)dEdy
=0\ e T / h(y)e Mdy

=L(1) e TG ().

@ Springer



600 J Dyn Diff Equat (2008) 20:573-607

Since dl7”(§) - c~ﬁ/(«§) + 31 £(0,00U (&) + 32 £(0,0)V(§) = 01 £(0,0)U (€) + 32 £ (0, 0)
V(&) = fUE), V(E)), we have

o0

AQc) () = / e 81 £(0,0)UE) + 821 (0,0) V(§)

—00

—f (U ). V®)]dé. (4.19)
By limg . oo U(§) = 0 and limg_, o, V(§) = 0, we have
WfO.0UE) +df0.00VE —f(UE.VE) =0 (UE) +VE)

as & — —oo. Since it is not difficult to prove that supg g {\7 &) e_VS} < 400, the right-
hand side of (4.19) is defined for A with 0 < Rel < 2y. Now we use a property of Laplace
transforms ([45], p. 58). Since U (x) > 0, there exists a real n such that £ () is analytic for
0 < ReXl < n and £ (A) has a singularity at A = 5. Hence, for ¢ > ¢*, £ ()) is defined for
Rel < A1 (0).

Using (4.19), we conclude that, for 0 < ¢ < ¢*, there is no traveling wave front of (1.5)
bounded between 0 and K. We argue by contradiction. Since A (X, ¢) has no real zeroes,
£ (X) is defined for all A such that ReA > 0. Also, (4.19) can be written as

/ e [AGLAUE) —31£(0,00UE) — 321 (0,0) V(E) + £ (UE), V(E))]dé =0.

By A (A, ¢) - +00 as A — 400, we have a contradiction.
From now on we study the case ¢ > ¢*. We rewrite (4.19) as

0

/ Ug)e dg

[ e [91£0,00UE)+df(0,0)V(E) — £(TE), V(E)]de

—0o0

A (A, )

—/ﬁ(s)e%ds.
0

Note that fooo U (&)e M dE is analytic for ReA > 0. Also, the equation A (X, ¢) = 0 does not
have any zero with ReA = X1 (c¢) other than A = X (¢) . In fact, let A = X1 (c) + i, then
A (X, ¢) = 0 implies

dA2 (¢) 4 81 f (0, 0)

[ee)

+0, f (0, 0) e M@t / h () e 1Y [cos Bet cos By — sin Bet sin Byl dy
—00

=dp® + chi (¢) (4.20)
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and
2dB — cB
o0
—3 f (0, 0) g M1t / h (y) e 1Y [sin Bet cos By + cos et sin Byl dy = 0.
-0

By using A (A1 (¢), ¢) = 0, then (4.20) can be rewrite as

o0

2 2
—dB> = 0 f (0,0) e MO / h (y) e =M@ [2 (sin ﬂzﬂ) +2 (sin %)

—0o0

2 2
—4 (sin 'B%) (sin %) + sin Bet sin ,8yi| d

_pet)? By et \ (. By
2 (sm T) +2 (sm 7) —4 (sm T) (51 7) + sin Bct sin By
ol BN (L BYY B\ (o BN
=2 (sm T) (cos 7) +2 (cos 7) (s 7) + sin Bct sin By

Since

> 4 |sin 'sz cos '8% sin % cos % + sin Bct sin By
= |sin Bct sin By| + sin Bct sin By
>0,

we have —dB2 > 0, which implies 8 = 0.
There are two cases to be considered:
(@) lz (&) is increasing for small &; and
(ii) U (&) is not monotone for small &.

If case (Q holds, then we can choose a translation of U , which is monotone for & < 0. Let
u(€) = U(—£). Then Lemma 4.6 implies that our conclusion holds. If case (ii) holds, let

—c+/c2+4d(1+Ly)

p= o and U (&) = U (&)t

Then,
—dU" &)+ (c+2dp U E) =[A+LDTE) + £ (UE), V(©)] e >0

for any £ € R. We assert that U’(E) > 0 for any & € R.

First, forany £ e Rand s > 0, U (¢ — s) < U(&). By a contradiction argument, if there
exist £ and s; > O such that U (§; — s1) > U (£1), then there exists & € (& — s1, +00)
such that

U= EE[EIIE§P,+00) U#), U (6)=0

and U” (&) > 0. Hence,
02 —dU" E) + (c+2dp) U &) = [1+ L) U &) + f (U ).V )] e > 0,

which is a contradiction and hence U’ () > Oforany & € R.
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Second, U (£) > 0 for any £ € R. In fact, if there exists £&3 € R such that U (&3) = 0,
then by U’(S ) > Oforany £ € R, 17 (&) = 0. Consequently,

0=—dU" (&) + (c+2dp) U (&) = [(1 + | f{ 0, 0)]) U (&3)
+1 (U &),V ()]’ >0,

which is also a contradiction. Therefore, for any § € R, U’(s) > 0.
Let? (M) = [0 e *U(§)d&. Note that € (A) = £ (A — p), we apply Lemma 4.6 to U (£)

to see that limg o ﬁ exists for ¢ > ¢* and limg_, ¢ exists for ¢ = ¢*.

76
ge(PH2¥)E
Thus, the proof is complete. O

Corollary 4.9 Assume that (Al), (A2), (A3), (GI) and (G2) hold. Further suppose that
ho > V01 (0,0 /f if (G2)(ii) and 9, f (0, 0) = 0 hold at the same time. For any ¢ > c*
lf U (x 4 ct) is a traveling wave front of (1.5) satisfying (1.6) and 0 < U(E) < K, then
U(E) U (& + &), where U (x + ct) is the traveling wave front with wave speed c¢ given in
Theorem 2.6 and &y € R is a constant.

Proof Fix & = x + ct. In view of Theorem 4.8, there exists pp € R such that limg_, _
)
e(A1 ()&

= po. By (4.2), there are

U (x 4 ct)

li T
o S0P U (x + ct + &)

t—=>+00 R

-1| =0

Then for any ¢ > 0, let t — 400, we have ‘ Ué(fgo) — 1‘ < ¢. Since ¢ > 0 is arbitrary, it

follows that % —1=0,thatis U (¢§) = U (£ 4 &o). This completes the proof. O

5 Applications

In this section, we shall apply our results developed in Sects. 2—4 to some specific biological
and epidemiological models.

5.1 An Age-Structured Population Model

Consider the age-structured reaction diffusion model of a single species [3]:

—(x=p?

2
At 3 It

ar " ax g2 Haoe

Uy (y,t —1)dy — bou 5.1

m>

|

where u,, denotes the number of mature members of a single species population, the delay
7 is the time taken from birth to maturity, bou represents death of matures, the remaining
delayed term is the adult recruitment, which represents the rate of leaving the immature and
entering the mature class, and d; is the constant diffusion rate of the immature species. Obvi-
ously, (5.1) has two equilibria u,, = 0 and u,,, = %e ~7T. By using a perturbation argument
together with Fredholm orthogonality theory, Al-Omari and Gourley [3] proved that there
exists ¢, > 0 such that for every ¢ > c, there exists a traveling wave front for (5.1) with
speed ¢ when d; is sufficiently small. By taking ¢ = 7 and the kernel function g(x, ¢) with
the form (1.2)(iv) in Ai [1], then for any ¢ > 2,/ao, we know that for sufficient small T > 0,
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(5.1) has an unique traveling wave front with wave speed ¢ and satisfying some additional
conditions, see ([1], Theorem 1.2). For sufficiently small T > 0, the existence of traveling
wave fronts of (5.1) can also be obtained from Theorem 1.2 of Ou and Wu [34]. Following
Theorems 4.2 and 4.3 of Thieme and Zhao [42], there exists ¢* > 0 such that for ¢ > c*,
(5.1) has a monotone traveling wave front with speed ¢, and (5.1) admits no traveling wave
front connecting 0 and Z—ge_yf with speed ¢ € (0, ¢*). In particular, the traveling wave front
with speed ¢ > ¢* is unique up to a translation in the class of monotone solutions and c¢* is
the spreading speed.

)
Leth () = <k exp {ﬁ} and f (4, v) = age~? v — bou?. Then (A1), (A2), (G1)
and (G2) hold. We now verify that (A3) holds. Taking § € (0, 1) and a = a(§) = (1 — 8)bg.

Then for 6 € (0, §],

A=0)fv)—=f({A=0)u (1-0)v)
= (1—0) [ape ™" v — bou?] — (1 — 8) [ape ™" v — by (1 — ) u?]
=—(1—6)boou’> < — (1 — 8) bpbu’> = —abu?,

which implies that (A3) holds if we take « = 2 and 8 = 0. Also, we can prove that any
traveling wave front of (5.1) has an upper bound Z—ge_yf. Thus, we have the following result.

Theorem 5.1 There exists ¢* > 0 such that for every ¢ > c*, (5.1) has a traveling wave
front which is increasing and satisfies (1.6) with K = Z—ge_’”. Furthermore, for ¢ > c*, such
a traveling wave front is unique (up to a translation) and asymptotically stable with phase
shift in the sense under Theorem 4.1, and (5.1) has no nonnegative traveling wave front with
speed ¢ € (0, c®).

Remark 5.2 Al-Omari and Gourley [3] assumed that d; > 0 is sufficiently small and ¢ > c*,
where d; depends on the size of 7. Our result is independent of the size of d;. On the other
hand, if d; = 0, that is to say, the immatures are immobile, then / (x) = § (x). In this case,
our result still holds. Though the existence of traveling wave fronts can be derived from the
results in Ai [1] and Ou and Wu [34], it is only valid for sufficient small delay t > 0. In [42],
there are no results about the stability of traveling wave fronts of (5.1) and the uniqueness of
traveling wave fronts of (5.1) in [42] is only valid for monotone waves. However, our result
on the uniqueness of traveling wave fronts of (5.1) in Theorem 5.1 is valid not only for mono-
tone waves but also for nonmonotone waves. Thus, Theorem 5.1 improves and complements
the results in [3,42].

5.2 A Vector Disease Model
Consider a vector-disease model with nonlocal delay [36]

u

oo
m =dAu — agu + by [1 — u] / / F(x,y,t,s)u(y,s)dyds, 5.2)

—00 —0O0
where x € Randr > 0, d is the diffusion constant of the infectious host, and u (x, ) is the nor-
malized spatial density of the infectious host at time 7 in x. If by > ag, then (5.2) has two equi-
libria O and (bg —ap) /bp. Ruan and Xiao [36] considered the existence of traveling waves that
connect 0 and b()b;O“O for the two cases: (i) without delay, i.e., F(x, y, 1, 5) = §(x —y)é(t —s);
V)
(ii) with local delay, i.e., F (x, y, s, 1) = §(x—y) ’;—zse_ = , T is sufficiently small, where the
geometric singular perturbation theory of Fenichel [18] was used to obtain a traveling wave
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front when 7 is sufficiently small. Under the assumptions that F'(x, y,t,s) = F(x—y, t—s),
F(x,1) = F(=x,1), s [ F(y,s)dyds = 1 and [;° [0 F(y,5)e*™dyds < oo
for all ¢ > 0 and A > 0, Zhao and Xiao [50] further showed that there exists a constant ¢*
such that for ¢ > ¢*, (5.2) has a monotone traveling wave front with speed ¢, and (5.2) admits
no traveling wave front connecting 0 and b(’b;()“o with speed ¢ € (0, ¢*). In particular, ¢* is
the spreading speed.

It is easy to show that any traveling wave front of (5.2) has an upper bound b“b 90 et
f (u,v) = —apu + bp (1 — u) v. Then it is easy to verify that (A1), (A2) and (A3) hold In
fact, if we take § € (0,1),a = a(8) = (1 —=8)bg > 0, = a(§) =l and B = B(S) =1,
then for 6 € (0, ],

Q-0 fw,v)y—f(A-60)u,(1-0v)=—-(1-0)0uv <—(1—-238)0uv =—aduv.

Thus, if we choose F (x, y,t,s) = h(x — y)é (t —s — 1), where h(x) satisfies (G1) and
(G2), then we have the following result.

Theorem 5.3 Assume bg > ap > 0and F (x,y,t,s) = h(x — y)§ (t —s — ©), where h(x)
satisfies (G1) and (G2). Then there exists ¢* > 0 such that for every ¢ > c¢*, (5.2) has a
traveling wave front which is increasing. Furthermore, for ¢ > c*, such a traveling wave
front is unique (up to a translation) and asymptotically stable with phase shift in the sense
under Theorem 4.1 and for 0 < ¢ < c¢*, (5.2) has no nonnegative traveling wave fronts.

Remark 5.4 In [50], there are no results on the uniqueness and stability of traveling wave

fronts of (5.2). Obviously, Theorem 5.3 improves and complements the results in [36,50]. In
lx|

particular, our results holds for the case h(x) = ﬁe 0,

5.3 The Nicholson’s Blowflies Equation with Nonlocal Delay

Consider the following diffusive Nicholson’s Blowflies equation with nonlocal delay [24]:

2—? =dAu —tu+ byt ((g *u) (x,1))exp[— (g xu) (x,1)], (5.3)

where

t o0
(g*xu)(x,t) = / / g(x, vy, t,89)u(x, s)dyds
—00 —00
and 1 < by < e. It is easy to see that (5.3) has two equilibria O and In by. Let f (1, v) =
—1u + bgtve™ V. Then (Al), (A2), and (A3) hold.

Theorem 5.5 Assume that g (x, y,t,s) = h(x — y)d (t —s — 1) and h(x) satisfies (GI)
and (G2). Then there exists ¢* > 0 such that for every ¢ > c¢*, (5.3) has a traveling wave
front which is increasing. Furthermore, for ¢ > c*, such a traveling wave front is unique (up
to a translation) and asymptotically stable with phase shift in the sense under Theorem 4.1
and for 0 < ¢ < ¢*, (5.3) has no nonnegative traveling wave front.

Recently, Li et al. [24] proved that any traveling wave front of (5.3) has an upper bound
In bg. Thus, Theorem 5.5 follows from Theorems 2.6, 4.1 and Corollary 4.9.

Remark 5.6 In [24], we established the existence of traveling wave fronts of (5.3) for several
types of the kernel function g. Theorem 5.5 further shows that such a traveling wave front is
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unique up to translation and is asymptotically stable. We note that the existence of traveling
wave fronts of (5.3) can also be obtained from the results in [1,34], but the time delay and
spatial nonlocality, for example 79 > 0 and p > 0O (see the next section), have to be suffi-
ciently small. For the case by > e, that is, ve™" is nonmonotone on v € [0, In bg], we refer
to [16,17,29].

Remark 5.7 Whenh (y) =68 (y), K = 1,91 f (0,0)4+09>f (0,0) > Oand 95 f (u, v) > 0 for
(u, v) € [0, 1]2, Schaaf [39] showed that for every ¢ > ¢*, (1.5) has a unique traveling wave
front (up to a translation) and for sufficiently small 7, the traveling wave front is linearly
stable with a weighted norm, and for 0 < ¢ < ¢*, (1.5) has no traveling wave front bounded
between 0 and 1. But his results are not valid for (5.1), (5.2) (ap > 0) and (5.3). Obviously,
our results extend and complement that established by Schaaf [39].

6 The Effects of Delay and Nonlocality on the Spreading Speed

In this section, we shall consider the effects of the delay and nonlocality in (1.5) on the
spreading speed c. In fact, Li et al. [24], Schaaf [39] and Zou [51] have considered the simi-
lar problem for special models. Here we shall consider the general Eq. 1.5. In particular, we
shall see that the monotone condition 9, f (0, 0) > O plays an important role in this problem.
From Theorem 2.6 and Corollary 4.9, we know that the ¢* defined by Lemma 2.2 is the min-
imal wave speed of traveling wave fronts. From [27,42,48,50], we know that the minimal
wave speed ¢* coincides with the spreading speed.

6.1 The Effect of Delay on the Spreading Speed

For the sake of simplicity, we take & (y) = § (y). Then G (A) = 1 for any A > 0 and hence,
AL, ¢) =dr?> —ch+ 31 f(0,0) + d2f (0,0)e 7, 1 eC.

From A (A*, ¢*) = 0 and %A(A, c*)h:}\* = 0, we see that ¢* = ¢* (r) and A* = 1* (1)
are differentiable functions with respect to 7. Furthermore, it is easy to see that
det _ FHf0.0 e
dt 14713 f(0,0) et ~

)

which implies that if 9, f (0, 0) > 0, then the delay will slow the spreading speed, and if
d2 f (0, 0) = 0, then the delay is independent of the spreading speed.

6.2 The Effect of Nonlocality on the Spreading Speed

In order to show the effect of nonlocality of (1.5) on the spreading speed c¢*, without loss of
2

generality, we take T = 0 and 4 (y) = \/41:176_2{7' Then G (1) = P for any A > 0 and

A, ¢) =dr2 —ch+ 081 £(0,0) + 851 (0,0) P, A e C.

Similarly, ¢* = ¢* (p) and A* = A* (p) are differentiable functions with respect to p and

dc*
dp

— 20,1 (0,0) " > 0. 6.1)
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It is well-known that the constant p is a measure of the nonlocality of (1.5). Then (6.1)
implies that if 9, f (0, 0) > 0, then the nonlocality will increase the spreading speed and if
d2 f (0, 0) = 0, then the nonlocality is independent of the spreading speed.
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