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Abstract

In this paper we study the existence of periodic solutions to the partial functional differential equation

{ W — By(t) 4 Lye) + f(t,ye), Yt >0,
Yo = ¢ € Cp.

where B : Y — Y is a Hille-Yosida operator on a Banach space Y. For Cg := {¢ € C([-r,0];Y) : »(0) €
D(B)}, y+ € Cp is defined by y:(0) = y(t+0), 6 € [—r,0], L:Cp — Y is a bounded linear operator, and
f:Rx Cp — Y is a continuous map and is T-periodic in the time variable ¢. Sufficient conditions on
B, L and f(t,y:) are given to ensure the existence of T-periodic solutions. The results then are applied
to establish the existence of periodic solutions in a reaction-diffusion equation with time delay and the
diffusive Nicholson’s blowflies equation.
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1 Introduction

The aim of this paper is to study the existence of periodic solutions for the following partial functional
differential equation (PFDE):

WD = By(t) + L(y) + f(tm), ¥t >0, (L.1)
Yo = € Cp.

where B : Y — Y is a Hille-Yosida operator on a Banach space Y. Denote Cp := {p € C([-r,0];Y) : p(0) €
D(B)}. y; € Cp is defined by y;(6) = y(t + ), 6 € [-r,0], L : Cg — Y is a bounded linear operator, and
f:Rx Cp —Y is a continuous map and is T-periodic in the time variable .

The existence of periodic solutions in abstract evolution equations has been widely studied in the lit-
erature. By applying Horn’s fixed point theorem to the Poincaré map, Liu [12] and Ezzinbi and Liu [7]
established the existence of bounded and ultimate bounded solutions of evolution equations with or without
delay, which contains partial functional differential equation, implying the existence of periodic solutions.
Benkhalti and Ezzinbi [2] and Kpoumié et al. [9] proved that under some conditions, the existence of a
bounded solution for some non-densely defined nonautonomous partial functional differential equations im-
plies the existence of periodic solutions. The approach was to construct a map on the space of T-periodic
functions from the corresponding nonhomogeneous linear equation and use a fixed-point theorem concerning
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set-valued maps. Li [10] used analytic semigroup theory to discuss the existence and stability of periodic
solutions in evolution equations with multiple delays. Li et al. [11] proved several Massera-type criteria
for linear periodic evolution equations with delay and applied the results to nonlinear evolution equations,
functional, and partial differential equations. For fundamental theories on partial functional differential
equations, we refer to the monograph of Wu [17].

In this paper, we study the existence of periodic solutions of the partial functional differential equation
(1.1). In section 2, we recall some preliminary results on existence of mild periodic solutions of abstract
semilinear equations. In section 3, using the existence theorem of mild periodic solutions presented in section
2, we show the existence of periodic mild solutions of partial functional differential equations. In section 4,
we apply the main results of this paper to a reaction-diffusion equation with time delay and the diffusive
Nicholson’s blowflies equation.

2 Preliminary results

In this section, we first recall an existence theorem of classical solutions of partial functional differential
equations. Then we review a theorem obtained in Su and Ruan [16], which will be applied to prove our main
theorem in the next section.

Consider an abstract semilinear functional differential equation on a Banach space X given by

dt

) — Agu(t) + F(t,ug), Vt >0,
ug = ¢ € Cx,

(2.1)

where Ay : D(Ap) € X — X is a linear Hille-Yosida operator, Cx = C([—r,0],X) denotes the space
of continuous functions from [—r,0] to X with the uniform convergence topology. wu:(f) = u(t + 6) for
6 € [-r,0], F is a function from [0,00) x Cx into X, and ¢ € Cx is the given initial value.

The following theorem gives the existence of classical solutions of problem (2.1).

Theorem 2.1 (Ezzinbi and Adimy [6, Theorem 13]) Assume that F(t,p) is continuous differentiable
and satisfies the following locally Lipschitz conditions: for each o > 0 there exists a constant Cy(«) > 0 such
that

|F'(t, 1) — F(t,02)| < Ci(a) [l — w2ll,
|DeF(t, 1) — DiF(t, p2)] < Ci(a) [lor — w2l
|DF(t, p1) — Do F(t, p2)| < Ci(a) [|o1 — w2

for all t € [0,T,] and ¢1,p2 € Cx with ||p1]|,|¢2| < o, where DiF and D F denote the derivatives of
F(t, ) with respect to t and ¢, respectively. For given p € Ck := CY([-r,0], X) such that

©(0) € D(Ag), ¢'(0) € D(Ag) and ¢'(0) = Ao (0) + F(0, ),

let u(., ) : [=r,T,) = X be the unique integral solution of equation (2.1). Then, u(.,p) is continuously
differentiable on [—r,T,) and satisfies equation (2.1).

Now consider the abstract semilinear equation

d
dit‘ = Au(t) + F(t,u(t)), ¢t >0 (2.2)
in a Banach space X, where A is a linear operator on X (not necessarily densely defined) satisfying the

Hille-Yoshida condition (see the following) and F : [0,00) x D(A) — X is continuous and T-periodic in ¢.

Assumption 2.2 (H1) There exist M > 1 and w € R such that (w,00) C p(A4) and [[(A — A)7"|[; ) <

%for)\>w,n21,

(H2) F :[0,00) x D(A) — X is continuous and Lipschitz on bounded sets; i.e., for each C' > 0 there exists
Kp(C) > 0 such that ||F(t,u) — F(t,v)]| < Kp(C) ||u— || for t € [0,00) and |lu]| < C and |jv] < C;

(H3) F :[0,00) x D(A) — X is continuous and bounded on bounded sets; i.e., there exists Lg(T,p) > 0
such that ||F(t,u)|| < Lp(T,p) for t <T and |jul| < p.



Definition 2.3 A linear operator A : D(A) C X — X satisfying Assumption 2.2 (H1) is called a Hille-
Yosida operator.

With these assumptions, we have the following result for equation (2.2).

Theorem 2.4 (Su and Ruan [16, Theorem 3.3]) Let Assumption 2.2 hold with w < 0, M =1 and F
being T-periodic in t. Suppose that there exists p > 0 such that (N+T)Kp(p) <1 and (N+T)Lp(T,p) < p,

T

where N = =7 . Then the abstract semilinear equation (2.2) has a mild T-periodic solution.

3 Existence of periodic solutions

In this section, we rewrite the partial functional differential equation as an abstract semilinear equation and
present an existence theorem of periodic solutions.

Let B: D(B) CY — Y be a linear operator on a Banach space (Y, ||-||y). Assume that B is a Hille-Yosida
operator; that is, there exist wg € R and Mp > 0 such that (wp, +00) C p(B) and

1M — B)™|| < (AMij)n YA > wp, 0> 1.
— WB

Set Yy := D(B). Consider the part of B in Y, denoted By, which is defined by
Boy = By, Vy S D(Bo)

with
D(By) :={y € D(B) : By € Yo}.

For r > 0, set C := C([—7,0];Y) endowed with the supremum norm

[l = sup o0y -
oe[—r,0]
Consider the PFDE it .
Yo =@ € CBa

where Cp := {¢ € C([-,0;Y) : ¢(0) € D(B)}, y+ € Cp is defined by y;(0) = y(t +0), 6 € [-r,0],
L:Cp — Y is a bounded linear operator, and f : R x Cg — Y is a continuous map.

Now we rewrite the PFDE (3.1) as an abstract non-densely defined Cauchy problem such that our
theorems can be applied. Firstly, following Ducrot et al. [5] we regard the PFDE (3.1) as a PDE. Define
u € C([0,+00) x [-7,0],Y) by

u(t,0) =y(t+0), vVt >0, V0 € [—r,0].

If y € CY([—r,+00),Y), then
ou(t, 0)

ou(t,0)
ot ’

06

=y (t+0)=
Moreover, for § = 0, we obtain

ou(t,0)
00
Therefore, we deduce that u satisfy a PDE

= y/(t) = By(t) + L(y:) + f(t.y) = Bu(t,0) + L(u(t, ) + f(t,u(t,.), ¥t > 0.

aug;,e) B 8u{§1;,0) =0,
2ult0) — Bu(t,0) + L(u(t,.)) + f(t,ult,.)), V¢ > 0, (3.2)
u(0,.) = p € Cp.

In order to write the PDE (3.2) as an abstract non-densely defined Cauchy problem, we extend the state
space to take into account the boundary conditions. Let X =Y x C with the usual product norm

‘Ki)“lwu+wm.



Define the linear operator A : D(A) C X — X by

A( ‘LY ) _ ( “P/(O);CB‘P(‘)) > v( 0(; > € D(4) (3.3)

with
D(A) = {0y} x {p € C'([-7,0],Y), ¢(0) € D(B)}.

Note that A is non-densely defined because
XO = D(A) = OY X CB #X

Now define L : Xy — X by
and F': R x Xg — X by

Let
_( Or
v(t) := ( u(t) )
Then we can rewrite the PDE (3.2) as the following non-densely defined Cauchy problem

do(t)
dt

= Av(t) + L(v(t)) + F(t,v(t)), t > 0; v(0) = ( O;/ ) € Xo. (3.4)

To state an existence theorem of periodic solutions for equation (3.1), we make the following assumptions.

Assumption 3.1 (C1) f : R x Cp — Y is Lipschitz on bounded sets; i.e., for each C' > 0 there exists
K¢(C) > 0 such that || f(t,u) — f(t,v)]| < Kf(C) |lu—v| for t € [0,00) and ||u| < C and ||v|| < C;

(C2) f: R x Cp — Y is bounded on bounded sets; i.e., there exists L¢(T,p) > 0 such that || f(t,u)| <
Li(T,p) for t <T and |lul| < p.

With these assumptions, we have the following result for equation (3.1).

Theorem 3.2 Let Assumption 8.1 hold with wg < 0, Mg = 1 and f being T-periodic in t. Suppose that
there exists p > 0 such that (N + T)(Ks(p) + iH ) < 1 and (N +T)(L¢(T,p)+
P

iH p) < p, where
p

N = 1—5+BT’ then equation (3.1) has a T-periodic mild solution.

Proof. Since (3.1) can be written as (3.4), denote G(t,v(t)) = L(v(t)) + F (¢, v(t)), it suffices to prove that
(a) A satisfies Assumption 2.2 (H1) with w =wp < 0 and M = 1;
(b) G:]0,00) x {0y} x Cp — Y x C satisfies Assumption 2.2 (H1) (H2);
(c) There exists p > 0 such that (N+T)K¢(p) < 1 and (N+T)La(T, p) < p, where N = L5 = 1—e+BT

It follows from Theorem 2.4 that equation (3.4) has a T-periodic mild solution, which implies that equation
(3.1) has a T-periodic mild solution with initial value u(0,.) = ¢ € Cp.

From Lemma 3.6 and its proof in Ducrot et al. [5], we know that A as defined in (3.3) is a Hille-Yoshida
operator with w = wp < 0 and M = Mp = 1, which proves (a).

For o1, p2 € Cp such that ||¢1]] < C and ||¢2] < C, we have

(%) (%) eorxen-rpm

Oy OY
= |lgall < C, = |2l < C.

4

and




Then

o (% p=ee ()
a2 a2 e (5 ()
<f (8 p-m (3 Dl (5 p-re (%)
_ (L(smo;soz) )H+‘
= |[Lter =), + 15t 00) = St 22y
< K5(O) llpr = gall +||L]  llor =
= (K () + |I£] ) lier =
40050 -1

such that
c

( f(t, @1)0;f(t, ©2) ) H

>

= (K5 (C) +

So there exists K¢ (C) = Kf(C) + ) L

oo (20 e (% =@l (5) (2]

Furthermore, for ¢ <7 and H ( ) H < p, we have

o (% Y- ) oo
(%) ()
()l

ﬁpr + Lg(T, p).

IN

IN

So there exists Lg (T, p) = HﬁH p~+ L¢(T, p) such that HG(t, ( O;/ ))H < Lg(T, p), which completes the
P
proof of (b).

With K¢ (C) and Le(T, p) given as above, (c) follows directly from the assumptions. ]
4 Applications

In this section, we apply the results in last section to a reaction-diffusion equation with time delay and the
diffusive Nicholson’s blowflies equation.

4.1 A reaction-diffusion equation with time delay

Let us consider the following periodic reaction-diffusion equation with time delay:

a(tz):% au(z,t) — bt)u(z,t —7), 0<x <1, t>0
uw(0,t) =u(l,t) =k, t >0 (4.1)
u(, ) = () (z), 0 <z <1, =1 <t <0,



where k is a constant and a > 0, b € C([0,00), R, ) is T-periodic. We will study the existence of T-periodic
solution of problem (4.1).
Let v(z,t) = u(x,t) — k, then we have the following equation:

duita) _ O0ta) _ qyy(a,t) — bt)o(w,t — 1) —ka — kb(t), 0 <z <1, >0
v(1,t)=0,t>0 (4.2)

)=
v(x,t) =¢(t)(x) =k, 0<z <1, —r<t<O0.

We know that the existence of T-periodic solutions of equation (4.2) is equivalent to the existence of T-
periodic solutions of equation (4.1).
Let X = C(0,1) and B : X — X be defined by

Bo= ¢ —ao
with
D(B) = {¢ € C*([0,1],R), $(0) = ¢(1) = 0}.
Let Cp :={¢ € C([-r,0],X) : $(0) € D(B)} and define f : [0,00) x Cp — X by
f(t,¢) = =b(t)¢(—r) — ka — kb(t).

Then equation (4.2) can be written as

{ W — By(t) + f(t,ys), V=0 (4.3)
Yo=9€Cp

Proposition 4.1 Assume that

(i) a>0,0<0b(t) <by and b(t+T) =b(t) fort>0;

(ii) (=== +T)by < 1;

(iii) There exists p > 0 such that (;—=zr + T)(ka + kby + byp) < p.
Then equation (4.2) thus (4.1) has a T-periodic solution.

Proof. Since equation (4.2) can be written as (4.3), it suffices to check the assumptions of Theorem 3.2. Let
1 € X and let A > —a. Then
(M =B)p=1 & Ata)p—¢" =

Set ¢ = ¢'. Then

@{\//\4—@90 4,5 VA+a(VA+ap+ @) —
(VA+ap — @)+ 1.

AT

Define

- (iFap s
VA+ap

Then we have

The first equation of (4.4) is equivalent to
e VAT (1) = e VAT Wy (y) — / e~ VATay(hydl, Vo > y. (4.5)
y

In (4.5) let y = 0, then we obtain

w(z) = eVATaTy(0) — eVATa® / e~ VAtaly(1)dl, (4.6)
0



where w(0) = VA + ap(0) + ¢(0) = $(0). In (4.5) let = 1, we have

1
w(y) = eVATW=VATay (1) 4 evAtay / e~ VAtaly(1)di

Y

where w(1) = VA +ap(1l) + ¢(1) = $(1).

1
The second equation of (4.4) is equivalent to

xr
e\/me(w) —c >\+ayw(y) +/ eV’\"‘“lz/J(l)dL Vo > y.

Y

In (4.8) let y = 0, then we have

— 7\/)\+amw(0)+67\/)\+az/ e\/)\+alw(l)dl
0

where w(0) = VA + ap(0) — $(0) = —p(0). In (4.8) let = = 1, we have

1
N _ 6\//\+ 7\/>\+ay’li}(1) _efx/)\Jray/ 6\/)\+a11/)(l)dl

= VAT ap(l) - 4(1) = —4(1).

where w(1)
(4.6) and (4.9), we have

From

62\/)\+az ( )+w / \/)\Jraa:( VA+tal 767\/>\+al)1/)(l)dl,

where x € [0,1]. Combining (4.7) and (4.10), we obtain

62‘/)‘+“(17$)w( )+w / \/)\+az( 2V Ata—vVA+al \/ l)l/}(l)dl

Since w = VA +ap — @ and w = VA + ap + ¢, (4.11) and (4.12) can be written as

M(e%/k—&-aw + )(P‘i‘ (1 _62\/>\+(L.L / \/)\—Hu( VA+al —6_\/)\+al)w(l)dl

and

1
(23T 4 1)VX T ap + (2VAFA0-2) _1)p = / R e L O

Combining (4.13) and (4.14), we have the following
(62\/)\+a7\/)\+az _ e\/)\Jra:r) fow (e\/)\+al _ 67\/)\+al)¢(l)dl

€Tr) =
o(z) ST a(e2 e 1)
(67\/)\+ax o e\/)\Jram) f1(62\/)\+a7\/)\+al _ 6‘/)‘+al)1/)(l)dl

x

2V T a(VAra 1)
i (e2VAFaVATa@=l) _ 2V FaVATa(etl) _ evVATatatl) 4 oVAFale—Dyy (1) d]

B 2V A + a(e2vAite — 1)
fl(eZ\/)\+a—\/A+a(:c+l) — eVAFall—2) _ 2vAFa—VAta(l-z) 4 e\/)\—&-a(x—&-l))w(l)dl

2V + a(e2VAta — 1)
B f0$(62\//\+a—\//\+a|z—l\ _ 62\/)\+a—\//\+a(w+l) _ e\/)\+a(a:+l) 4 e\//\+a\w—l|)w(l)dl

2\/m(ezx/m —1)
[H(e2VAFaVATall=x] _ o2VATa=VATalwtl) _ oVAFaatl) 4 evATall=wlyy()q]

2V + a(e?vAite — 1)

+

(4.8)

(4.10)

(4.11)

(4.12)

(4.13)

(4.14)



[ (e2VATa-VATale—ll _ 2VAFa—VATa(@tl) _ oVATa@tl) 4 oVATale—ll)y (1) d]
2V T (2 ra _ 1) '

Since ¢ € D(A), it follows that

lell = sup |p(z)]

z€[0,1]
— up fol(eQV Xa—vAFale—ll _ 2V Fa—VATa(et) _ ovVATa@) 4 oVAFale—ll)y(1)qp
z€[0,1] 2V + a(e2vAite — 1) '
Since e2VAta—Vatalz—ll _ o2V ta—VAtaletl) _ oVAtaletl) 4 oVAtalz—ll > ( for z € [0,1] and I € [0,1], we
have
Ji |e2vAFa= VT ala—ll _ ga2VAFa- VAT H) _ R 4 o WFale=t g
< sup |¥(z)| sup
el Ie[0’1]| ( )|w6[071] e T
f1<62 Vata—vAtalz—l] _ o2vAta—VAta(z+l) _ ovVAta(z+l) + emu-u)dl
= sup [¥(x)| sup 2
€[0,1] z€[0,1] 2V F a(e2VAta — 1)
€2m( 2 _ 1 e\/m(m—l) _ 1 E—Mz + 1 e—\/m(z+1) _ 1 e—v)ﬂ-am)
= sup [¢(z)] sup VAta  Vita VAta VAta VAta
€[0,1] z€[0,1] 2V F a(e2VAita — 1)
2 41 ~VAtal-1) 4 1 VAtar _ 1 VAta(etl) L L ViAtas
+ Vita | Vta Vita Vita V+a
2\ + a(e2VAite — 1)
(62\/m _ 1)( 2 _ 1 e\/m(a:—l) _ 1 e—\/ma: + 1 e—\/m(x-&-l) _ 1 e~ A-i—a:v)
< sup [(z)| sup Vita  VAta Ve Vita Fi=e
T 2el0,1] z€[0,1] 2V + a(e2VAta — 1)
(62\/m _ 1) )\2
< sup |Y(z)| sup ta
s @] s e O
1
= sup |v(z
)\+axe[071]| (z)]
1
= Il
Now we have ||(A] — B)™'¢|| < 53 [|¢[], which implies that [|(\] — B)™!|| < 115 So B is a Hille-Yoshida

operator with M =1 and wp = —a < 0. We conclude that
1
M-B) Y <— VA>—
[ = B) Y € 42 A > —a

For 1,2 € Cp and ||p1|| < C, ||p2|| < C, we have

1f (8 1) = Ft p2) | = [[=b(t)pr(=7) — ka — kb(t) + b(t)p2(—7) + ka + kb(?)]|
= [[bt)(pr(=7) — @2(=r))
< 6@ 2 (=7) = p2(=r))

<byller— 2.
So K¢(p) = by for Vp > 0. Moreover, for ¢ € Cp with |¢|| < pand 0 <t < T,
1 (& @)l = [[=b()p(=7) = ka — kb

< by el + ka+ kb
< byp+ka+ kby.

So we have L;(T, p) = by p+ka+kby. Therefore, assumptions (ii) and (iii) imply (N +T) (K¢ (p)+ H]ALH) <1
and (N +T)(Ls(T,p) + HﬁH p) < p in Theorem 3.2, respectively. The conclusion follows from Theorem 3.2.
[



Now we choose parameters for equation (4.2) such that assumptions in Proposition 4.1 are satisfied. We
will perform some numerical simulations to demonstrate the existence of T-periodic solutions.
Let T =1,k =05 r =1, a =1 and b(¢t) = 0.15 + 0.15sin(27t). We can verify that conditions in

Proposition 4.1 are satisfied, so there exists a T-periodic solution, which can be seen from Figure 1.

0.50
0.49
0.48
0.47
0.46
0.45
0.44
0.43

Figure 1: A T-periodic solution of the delayed reaction-diffusion equation (4.2) with initial condition ¢(z,t) =
0.5 for t € [-1,0], x € [0, 1], where b(t) = 0.154+0.15sin(27t), T =1,r =1, k=0.5and a = 1.

Now we change the parameters so that the conditions in Proposition 4.1 do not hold. Let T =1, a =1,
k=0.5,r=1and b(t) = 1.5 + 10sin(27t). Figure 2 gives a solution in this scenario.

Figure 2: A solution of the delayed reaction-diffusion equation (4.2) with initial condition ¢(z,t) = 0.5 for
t € [-1,0], z € [0,1], where b(t) = 1.5 4 10sin(27t), T =1, k=0.5,r =1 and a = 1.

4.2 The diffusive Nicholson’s blowflies equation
We consider the diffusive Nicholson’s blowflies equation (So and Yang [15], Yang and So [18], So et al. [14])

ou(t,x 82u(t,x u(t—1,x
{ oultr) _ D) _ () 4 Bt)ru(t — 1,2)e 010 £ >0, z € [0, 1] (415)

ot
uw(t,0) =wu(t,1) =k, t >0,



where k is a constant and §(t) is T-periodic. To study existence of T-periodic solutions of equation (4.15),
let v(t,z) = u(t,z) — k. Then we have

Bv((att,ﬂc) _ 6259(:2@) _ T’l)(t7£[') + ﬁ(t)T?)(t _ Lx)e—[v(t—l,m)—&-k]

+k/6(t)7-e—[v(t—l,3?)+k] — kT (416)
v(t,0) =wv(t, 1) =0.

We know that existence of T-periodic solutions of equation (4.16) is equivalent to the existence of T-periodic
solutions of equation (4.15).
Let X = C[0,1] and let B : X — X be defined by

Bo =" — 76

with D(B) = {¢ € C2([0,1],R), $(0) = ¢(1) = 0}. Let Cp := {¢ € C([~1,0], X) : $(0) € D(B)} and define
f:]0,00) x Cp — X by

Ft,8) = B)Td(—1)e PCDHH 4 kB e~ 0(-DFH] _ fr
Then equation (4.16) can be written as

dy(t
% = By(t) + f(t,y), Vt =20 (4.17)
Proposition 4.2 Assume that

(i) 7> 0,0< B(t) < B+ and B(t) = B(t +T) for ¥t > 0;

(ii) There exists p > 0 such that (=1 +T)B+7e F(p+k+1)e? <1 and (=L + T)7(k+ Bpe’F +
kByer~F) < p.

Then equation (4.16) thus (4.15) has a T-periodic solution.

Proof. Since equation (4.16) can be written as (4.17), it suffices to check assumptions of Theorem 3.2. Let
¥ € X and let A > —7. Then

M -=Blp=v & A+1)p—¢" =2
By following exactly the same way as in the proof of Proposition 4.1, we obtain that

A =B)7!| < %ﬂ VA > -7,

which implies that wg = —7 < 0. For ¢1, 2 € Cp and ||g1|| < p, |lp2]| < p, we have

Ft, 1) = f(t,p2) = B(t)Tor(—1)e L1V 4 pa(t)re~lor(CDFR _ gr
— B(t)rpa(—1)e 2 (DR _ gty re—le2(-1HR] 4 gy

and
£t 01) = F(t2)]| < Hﬂ(t)fgol(71)6*[w(71)+k] s el
+ |[kB(t)re e CVFR] _ pa(4)rele2(= 1+k]H
< [[Byre (o1 (~)e=1 D — gy (-1)e2D)|
+ [Btyre (pr (=)= — gy~ 1)eme V)|

+ ||kB(t)reF (emr (7D — gmwa(=1)

< Byre M (p+1)e’ [lpr — pa + kBrTe e [lp1 — oo
=Bire " (p+k+1)e” |1 — 2 -

10



So we have K(p) = B4me *(p+ k + 1)e? for p > 0. Moreover, for ¢ € Cp with [|¢|| < pand 0 <t < T,

1t ol = [[BOre(-De D 4 pa(eyrete-DwH |
< Brre* H(p(—l)e_“"(_l)H + kByTe " He“”(_l)H + kT
<7k + Byppe’ F + ke’ ™).

Hence, we have L (T, p) = 7(k + Bype? ™% + kB e’~*). Therefore, assumption (ii) implies (N +T)(K(p) +
HIA/H) <land (N+T)(L¢T, p)+ HﬁH p) < p in Theorem 3.2. The conclusion follows from Theorem 3.2. m

Now we choose parameters for equation (4.15) such that assumptions in Proposition 4.2 are satisfied.
Let T=1,7=1, k=0.1 and 5(t) = 0.025 + 0.015 cos 27t in equation (4.15), then it is easy to check that
assumptions of Proposition 4.2 are satisfied. So there exists a T-periodic solution, which can be seen from

Figure 3.

0.100
0.098
0.096
0.094
0.092

0.090

Figure 3: A T-periodic solution of the diffusive Nicholson’s blowflies equation (4.15) with initial condition
o(x,t) = 0.1 for t € [-1,0], « € [0,1], where (t) = 0.025 4+ 0.015cos(27t), T =1, k =0.1 and 7 = 1.

Remark 4.3 When u(t) does not depend on the spatial variable x in equations (4.1) and (4.15), the conclu-
sions in Propositions 4.1 and 4.2 still hold. We then obtain conditions for the existence of periodic solutions
in delayed periodic logistic equation (Chen [3]) and delayed periodic Nicholson’s blowflies equation (Chen

[4]), respectively.

Remark 4.4 The techniques and arguments used in this paper can be modified to study the existence of
periodic solutions in partial functional differential equations with infinite delay (Benkhalti et al. [1]).
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