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Abstract

In this paper, we study the existence of mild periodic solutions of abstract semilinear equations in a setting
that includes several other types of equations such as delay differential equations, first-order hyperbolic
partial differential equations, and reaction-diffusion equations. Under different assumptions on the linear
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mild periodic solutions in the abstract semilinear equations. When the semigroup generated by the linear
operator is not compact, Banach fixed point theorem is used whereas when the semigroup generated by the
linear operator is compact, Schauder fixed point theorem is employed. In applications, we apply the main
results to establish the existence of periodic solutions in delayed red-blood cell models, age-structured
models with periodic harvesting, and the diffusive logistic equation with periodic coefficients.
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1. Introduction

The existence of periodic solutions is a fundamental property in all types of differential equa-
tions. One basic and important result on this topic is Massera Theorem. In 1950, Massera [29]
studied the existence of periodic solutions for the following ordinary differential equation

d—u—f(t,u(t)), teR, (1.1)

dt
where f : R x R — R is continuous and periodic in ¢. He proved that the existence of periodic
solutions of equation (1.1) is equivalent to the existence of a bounded solution on R of equa-
tion (1.1). Important facts, results and references on periodic solutions of ordinary differential
equations can be found in Yoshizawa [44] and Farkas [14].

The problem on the existence of periodic solutions for differential equations in infinite dimen-
sional spaces has been investigated in various directions. One of them is to generalize Massera
Theorem to infinite dimensional systems. In fact, Massera and Schiffer [30] studied the relation-
ship between the periodic solutions and bounded solutions for the linear equation

d

d—’t‘:A(t)quf(t), 1>0 (1.2)
in infinite dimensional spaces. Chow [7] and Chow and Hale [8] established the existence of
periodic solutions under the existence of bounded solutions for the nonhomogeneous linear func-
tional differential equation

d—u=L(l,uz)+f(t), (1.3)
dt
where u; € C, := C([—r,0],R), L : (—00,+00) x C, — R is continuous, linear with respect
to the second argument and 7'-periodic in #, T > r, and f is continuous and T -periodic. They
proved that Massera Theorem holds for equation (1.3) by showing that the Poincaré map defined
by P:o — ur(-,¢, f),where ur (-, ¢, f) is the unique mild solution of equation (1.3) initiated
at ¢, has a fixed point. Further results on periodic solutions of functional differential equations
can be found in Hale and Verduyn Lunel [16], Diekmann et al. [10], and Burton [4].
Priiss [36] investigated the following abstract semilinear equation

fl—btt:Au(t)—i-F(t,u(t)), t>0 (1.4)
in a Banach space X, under the condition that A generates a Cp-semigroup {U(t)};>0 of
type (M, w), the domain D(A) is closed, bounded and convex, and F is continuous and T -
periodic in ¢. By constructing a Poincaré map and using Schauder’s fixed point theorem and
k-set contraction argument, he proved the existence of mild 7-periodic solutions of (1.4) when
U(t) is compact for t > 0 or w < 0 and F' is compact. By applying Horn’s fixed point the-
orem to the Poincaré map, Liu [23] and Ezzinbi and Liu [13] established the existence of
bounded and ultimate bounded solutions of evolution equations with or without delay, imply-
ing the existence of periodic solutions. Benkhalti and Ezzinbi [3] and Kpoumie et al. [20]
proved that under some conditions, the existence of a bounded solution for some nondensely
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defined nonautonomous partial functional differential equations implies the existence of pe-
riodic solutions. The approach was to construct a map on the space of T-periodic functions
from the corresponding nonhomogeneous linear equation and use a fixed-point theorem con-
cerning set-valued maps to prove the existence of a fixed point for this map. Li et al. [22]
proved several Massera-type criteria for linear periodic evolution equations with delay and
applied the results to nonlinear evolution equations, functional and partial differential equa-
tions.
For the abstract semilinear evolution equation

C;—LttzA(t)u(t)—i—F(t,u(t)), t>0 (1.5)

in a Banach space X, Nguyen and Ngo [32,33] assumed that A(¢) is T -periodic, F is T -periodic
in ¢ and satisfies the ¢-Lipschitz condition || F' (¢, x1) — F (¢, x2)|| < ¢(t) ||x1 — x2]| for ¢(¢) being
areal and positive function belonging to an admissible function space. They proved the existence
of periodic solutions to (1.5) in the case that the family {A(#)};>0 generates a strongly contin-
uous, exponentially bounded evolution family. They started with the linear equation (1.2) and
used the Cesaro limit to prove the existence of periodic solutions. Then they constructed a map
from periodic solutions of (1.2) and used the admissibility of function spaces combined with the
Banach fixed point argument to prove the existence of a unique fixed point of the constructed
map. The existence and uniqueness of a periodic solution of (1.5) follows from the existence and
uniqueness of the fixed point. Naito et al. [31] developed a decomposition technique to prove the
existence of periodic solutions to periodic evolution equations in the form of (1.2). Vrabie [40]
studied the existence of periodic mild solutions to nonlinear evolution inclusions that include
equation (1.4).

In this paper, we study the existence of mild periodic solutions of the abstract semilinear
equation (1.4) and abstract semilinear evolution equation (1.5) in a setting that includes several
types of equations such as delay differential equations, first-order hyperbolic partial differential
equations, and reaction-diffusion equations. We consider the general cases where A is a linear
operator on X (not necessarily densely defined) satisfying the Hille-Yoshida condition and A ()
is a T-periodic linear operators on X satisfying the hyperbolic conditions (A1)-(A3) introduced
by Tanaka [37,38], which will be specified later. In section 2, we recall some preliminary results
on semigroups generated by a Hille-Yoshida operator, the evolution family and the existence the-
orem of solutions of nonhomogeneous linear equations (2.1) and (2.6). In section 3, we start with
the linear equations (2.1) and (2.6) to show the existence of mild periodic solutions, whose initial
value is controlled by the norm of the input function f(¢). Using this result and the fixed point
argument, we prove the existence of mild periodic solutions of (1.4) and (1.5) under some as-
sumptions on F. At the end of section 3, we also discuss the case where the semigroup {U (¢)};>0
generated by A in (1.4) is compact for ¢ > 0 and give existence theorem of mild periodic solu-
tions of (1.4). The approach is also to start with the linear equation (2.1) to show the existence
of mild periodic solutions of it and use this result combined with the Schauder’s fixed point the-
orem to prove the existence of mild periodic solutions of (1.4). In section 4 we use the main
results of this paper to discuss the existence of periodic solutions in three types of biological
models, delayed periodic red-blood cell models, age-structured models with periodic harvesting,
and diffusive logistic models with periodic coefficients.
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2. Preliminary results

In this section, we consider the nonhomogeneous linear Cauchy problem

u
Z=Au(z)+f(t), t>0, 2.1

u(0)=x e D(A),

where the linear operator A is densely or non-densely defined in a Banach space X, the function
f:RT — R™ is continuous and T -periodic.
First we make the following assumptions.

Assumption 2.1.

(@) A: D(A) C X — X is alinear operator and there exist real constants M > 1 and w € R such
that (w, 00) C p(A) and (A1 — A)™"| < forn>1and A > w;

(b) x € Xo=D(A);

(¢) f:[0,00) — X is continuous.

(k w)n

A linear operator A : D(A) C X — X satisfying Assumption 2.1 (a) is called a Hille-Yosida
operator.

Remark 2.2. Note that the renorming lemma (Lemma 5.1 in Pazy [35]) holds. By exactly the
same argument as in [35], we see that if || A — A" || < % for n > 1 and A > w, then
there exists a norm |.| on X which is equivalent to the orlgmal norm ||.|| on X and satisfies
x|l < x| <M |lx| for x € X and |[(A] — A)™"| < for n > 1 and A > w. That is, without
loss of generality, M can be chosen to be 1.

G—o)" w)"
Definition 2.3. A continuous function u : [0, 0c0) — X is called a mild (or an integrated) solution
to (2.1) if fé u(s)ds € D(A) and

t

t
u)=x +A/u(s)ds + / f(s)ds 2.2)

0

for all # > 0 (see Thieme [39]).
The existence theorem for (2.1) is as follows:

Theorem 2.4 (Da Prato and Sinestrari [9]). Under Assumption 2.1, there exists a unique mild
solution to (2.1) with value in Xo = D(A). Moreover, u satisfies the estimate

lu@®)ll < Me®" x| +fMe“” ILf ()l ds (2.3)

forallt > 0.
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If D(A) # X; that is, A is nondensely defined, let Xo = D(A). If f(¢) = 0, then the family
of operators {Ua(t)};>0 with Ua(t) : Xo — Xo, t > 0, defined by Ua(t)x = u(t) for all t >0
is the Cp-semigroup generated by Ay, the part of A in X(. For the rest of the article, we denote
by {Ua(#)};>0 the semigroup generated by Ag. Moreover, if u is a solution of (2.2) we have the
approximation formula (see Magal and Ruan [26,27])

t
u(t) = Ua(@x + _ lim / Ua(t — )AL — A) "' f(s)ds. (2.4)
0

Kato [19] initiated a study on the evolution family of solutions of the hyperbolic linear evolu-
tion Cauchy problem

du
{ =A@, 1= (2.5)
u@s)=xeX

in a Banach space X. To recall some results about the linear evolution Cauchy problem (2.5), we
make the following assumptions.

Assumption 2.5.

(A1) D(A(?)) := D is independent of ¢ and not necessarily densely defined;
(A2) The family {A(¢)};>0 is stable in the sense that there are constants M > 1 and w € R such
that (w, 00) C p(A(t)) for t € [0, c0) and

k
M —A)) | < ———
[ ) < Gk
j=1
for L > w and every finite sequence {z‘j}lj‘,:1 withO<f<n<..<frandk=1,2,...;
(A3) The mapping t — A(¢)x is continuously differentiable in X for each x € D.

Note that the linear evolution Cauchy problem (2.5) is called hyperbolic if the linear time-
dependent operator A(t) satisfies the hyperbolic conditions (A1)-(A3) in Assumption 2.5. Now
we recall some classical results due to Kato [19].

Theorem 2.6 (Kato [19]). Let {A(t), D(A(t))}:>0 be a family of linear operators on a Banach
space X satisfying Assumption 2.5 such that D is dense in X. Then the Cauchy problem (2.5) is
well-posed and the family of operators {A(t)};>0 generates an evolution family {U (¢, s)}i>s>0.
Moreover, for x € D the map t — U(t, s)x is the unique continuous function which solves the
Cauchy problem (2.5).

Fori>0,0<s <tand x € D, set
[%]

Urt.s)x= [ (—2rAG@)) .
i=[5]+1
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Theorem 2.7 (Tanaka [38], Kpoumié et al. [20]). Let {A(t)}s>0 be a family of linear oper-
ators on a Banach space X satisfying Assumption 2.5. If x € D satisfies the condition that
A(s)x € D, then there exists an evolution Jamily {U(t,s)};>s>0 defined on D by U(t,s)x =
limy_, o+ Uy (¢, s)x uniformly for x € D and satisfying:

(i) U(t,s)D(s) C D(t) forall 0 <s <t, where D(t) :={x € D : A(t)x € D};

(ii) forall x € D(s) andt > s, the mapping t — U (¢, s)x is continuous in D;
(iii) forall x € D(s) and t > s, the mapping t — U (t, s)x is continuously differentiable with

U, s)x=A)U(t,s)x

and

ajU(t, sS)x=-U(t,s)A(s)x.

Theorem 2.8 (Oka and Tanaka [34], Tanaka [38], Kpoumie et al. [20]). Assume that {A(t)};>0
satisfies Assumption 2.5. Then the limit

U(t,s)x = lim U, (¢, s)x
A—0F

exists for x € D, 0 < s < t, where the convergence is uniform on I :={(t,s) : 0 < s < t}. More-
over, the family {U(t, s) : (t, s) € '} satisfies the following properties:

(i) Forx e D, »>0and 0 <s <r <t, one has
Up(t,t)x =x

and

U, (t,s)x = Uy, r)U,.(r, s)x;

(ii) U(t,s): D — D for (t,s) €I';
(iii) U(t,t)x =x and U(t,s)x =U(t,r)U(r,s)x forx e Dand 0 <s <r <t;
(iv) the mapping (t,s) — U(t, s)x is continuous on I for any x € D;

v) (U, s)x|| < Me® =) | x|| forx € D and (t,s) €T.

In the following, we give some results on the existence of solutions for the following non-
densely defined nonhomogeneous linear evolution Cauchy problem

du
{ = AOuO + ), 1el0.a] (2.6)
u(0) =x,

where f :[0,a] — X is a function. The following theorem gives a generalized variation of con-
stant formula for equation (2.6).
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Theorem 2.9 (Tanaka [37]). Let x € D and f € L' ([0, a], X). Then the limit

t
u(t)=U(@,0)x + Alir51+ / U (t,r) f(r)dr 2.7
0

exists uniformly for t € [0, a], and u is a continuous function on [0, a].

As in Tanaka [37,38], for x € D a continuous function « : [0, a] — X is called a mild (or
an integrated) solution of equation (2.6) if it satisfies (2.7). Furthermore, we have the following
estimate.

Lemma 2.10 (Kpoumieé et al. [20]). Assume that f € L'([0, a], X). If u is a mild solution of
(2.6), then
t
lu@)ll < Me" x|l + / Me® || f(9)llds. 2.8)
0

3. Existence of periodic solutions

In this section we will present our main results on the existence of periodic solutions in sys-
tems (1.4) and (1.5) under different conditions.

3.1. Time-independent operators

We first assume that the operator is time-independent and consider the nonhomogeneous linear
equations

W a0+ 0 @3.1)
—_— = u .
dt
and the semilinear equation
d
= Au() + F(t.u), (32)

where A : D(A) C X — X is alinear operator, f € C([0, c0), X) and F € C([0, o00) x D(A), X)
are both T -periodic in ¢.

We have the following results for the nonhomogeneous linear equation (3.1).

Theorem 3.1. Assume that A is a Hille-Yosida operator with M > 1 and w € R, f €
C([0,00), X) is T-periodic, i.e. f(t +T) = f(t) for all t > 0. Further, suppose that v < 0.
Then the linear equation (3.1) has a unique mild T -periodic solution uy(t). Moreover, we have

luo(O)l <N sup [[f()ll, N=

s€[0,T] 1—el’
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Proof. Since A is a Hille-Yosida operator, the Cauchy problem (2.1) has a unique mild solution
u(t) : [0,00) - D(A) on ¢t € [0, 00) for each x € D(A) by Theorem 2.4. Now by the variation
of constant formula, we have

t

u(t) =Us(t)x + N lirf / Ua(t — )M — A~ f(s)ds, (3.3)
0

where {U4 (t)}s>0 is the Cp-semigroup generated by A on D(A). Let Pr : D(A) — D(A) be the
Poincaré map, i.e.,

T
Pr() =u(T) =Us(Tx + lim f Ua(T — s)h(L — A~ £ (s)ds. (3.4)
0

Since by assumption w < 0, [|[Us(T)|| < Me®T. Without loss of generality (W.L.0.G.), assume
that M = 1. Then ||U4(T)|| < ¢®T < 1. Thus, the operator [ — U4 (T) is invertible and Pr(x) = x
has a unique solution

T
xo=( —Ua(T))™" ,Jim / Ua(T — )AL — A~ £ (s)ds, (3.5)
0

i.e., xq is a unique fixed point of Pr.
Now let u7(t) = u(t + T), where u(t) is the unique solution of (2.1) with initial value xq.
Then

t+T
ur(@®=Ua(t+T)xo+ lim / Ua(t +T — )r(AI — A) "' £(s)ds
——+00
0

T
= UsUAM + i / Us(OUA(T — A — A~ f(s)ds
0

t+T
+ lim Ua(t +T —s)AAL — A~ f(s)ds

A——+00
T

t
=Ua®)u(T) + AETOO/ Ualt =0T — A~ £+ T)do
0
t
=Us()ur(0) +x£rfoo/ Uat — AT — AL F(6)d6.
0
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Since ur(0) = u(T) = xo, ur(t) is also a mild solution of (2.1) with initial value xo. By the
uniqueness of solutions, ur (¢) = u(t). Thus, we have u(t + T) = u(t) for ¢ € [0, 00).
Moreover, by (3.5), we have

Hlimk_ﬂroo JTUAT =200 = A~ f(s)ds H

llxoll =
11— Ua(D)ll

. T —
_ Nimipoo g SUPsepory 1/ (11 fy e ™ds
- 1= lUADII

=<

sup [ f (Il

1—e2T cio.11

ie., lug(Q)| < 1—% supsepo. 77 | f (). This completes the proof. O

Now we make the following assumptions.

Assumption 3.2.

(H1) A is a Hille-Yosida operator on X i.e., there exist M > 1 and w € R such that (v, 0c0) C
p(A) and || A — A" HL(X) < WLwW for A > w,n > 1,

(H2) F :[0,00) x D(A) — X is continuous and Lipschitz on bounded sets; i.e., for each C > 0
there exists K p(C) > O such that || F (¢, u) — F(t,v)|| < Kr(C) |lu — v| for ¢ € [0, 00) and
ull < C and |v] < C;

(H3) F :[0,00) x D(A) — X is continuous and bounded on bounded sets; i.e., there exists
Lrp(T,p)>0suchthat ||F(t,u)|| < Lp(T,p) fort <T and |ul| < p.

With these assumptions, we have the following result for the semilinear equation (3.2).

Theorem 3.3. Let Assumption 3.2 hold with w <0, M = 1 and F being T -periodic in t. Suppose

that there exists p > 0 such that (N + T)Kpr(p) <1 and (N +T)Lp(T, p) < p, where N =

T

T=goT Then the semilinear equation (3.2) has a mild T -periodic solution.

Proof. Denote

B, ={ve CRy, D(A), vt +T)=v(), llvll = sup. o)l = p}.

s€[0,T]

By Theorem 3.1, for each v € B, let f (1) = F (¢, v(¢)), then (3.1) has a mild T -periodic solution

t
u(t) =Us(t)u(0) + N liril f Ua(t —Da(d — A" R v())dl. 3.6)
0
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Define an operator ¢ on B, by ¢(v)(t) = u(t). Then
lp () @)| < Me® u(0)]| + hm / Me®=h —— T IIF(l vl dl.

Let M = 1. Since ||u(0)] < 1_% supsero.ry I f ($) I, we have

e

A
lp )@ <e” N sup [[F(s,v(s))] + llm T sup |[F(s,v(s)Il,
5€[0,T] A —® 5€0,T]

sup [|¢()(DI < (N+T) sup [[F(s,v(s)I <(N+T)Lp(T,p)=<p.
5€[0,T] 5€[0,T]

So ¢ maps B, to B,. Furthermore, let vi, v2 € B,. Then

¢ (W) (t) — P (2) (1) = u1(r) — uz(t)
=Ua(0)(u1(0) —u2(0))

t

+ hrn Uat = )L(T — A) " (F (s, v1(5)) — F (s, v2(s))),

0

g (v1(1) — (D)l < Me® [u1(0) — uz(0) |
t

. o(t—s) MA
+ lim Me — | F(s,v1(s)) — F(s,v2(s))]| ds.
A—>~+00 A—w
0

Again let M = 1. Since [lu1(0) — u2(0)|| < N sup¢po. 71 1F (s, vi(s)) — F(s, va(s)) ], by the re-

sult in Theorem 3.1, we have

lp(WD(@) —P)D)Il < e N ‘ S[I(l)pT] £ (s, v1(s)) — F(s,v2())

+ lim T sup [|F(s,vi(s)) — F(s,v2(s),
A—>+00 )\—a)se[oj‘]

sup [l¢ () (@) —p) I = (N +T)Kp(p) sup [vi(s) —va(s)l.
5€[0,T] s€[0,T]

So it implies that

o) =) = (N +T)Kr(p) sup [lvi(s) —v2(s)ll.

s€[0,7T]

Since (N + T)KF(p) < 1, by Banach Fixed Point Theorem, ¢ : B, — B, has a fixed point; i.e.,
there exists u € B, such that
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t
u) =Us(@)u(0)+ lim / Up(t —s)AAT — A)le(s, u(s))ds,
A—>—+00
0

which is a T-periodic solution for (3.2). O

Remark 3.4. For the case M # 1, it can be transfered to M = 1 by re-norming the Banach space
X [35].

3.2. Time-dependent operators

Now consider the linear evolution equation

du
= = AQu@+ 1) (3.7
and the semilinear evolution equation
du
7y = AQu@) + Ft ), (3-8)

where A(t) is a T-periodic linear operator on a Banach space X, f : Ry — X is continuous and
T -periodic, and F : R4 x X — X is continuous and 7 -periodic in 7. We make the following
assumptions.

Assumption 3.5.

(A1) D(A()) := D is independent of t and not necessarily densely defined;
(A2) The family {A(#)};>0 is stable in the sense that there are constants M > 1 and @ € R such
that (w, 00) C p(A(t)) for t € [0, c0) and

k
[Jor—aen™| <

j=1 (.- )t

for A > w and every finite sequence {tj}ljf:] withO0<ti<mh<..<frandk=1,2,...;
(A3) The mapping t — A(¢)x is continuously differentiable in X for each x € D.
Forx>0,0<s <t,and x € D. Set
[£]

U; (t,$)x = ]_[ (I —AAGL)) 'x. (3.9)
i=[5]+1
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Then the generalized variation of constant formula of (3.7) with initial value u(0) = x is given
by

t

u(t) =U(,0)x + ,\lir{)lﬂ/ Uy(t,r)f(r)dr. (3.10)
0

Now we state and prove the results for the nonhomogeneous linear evolution equation (3.7).

Theorem 3.6. Let Assumption 3.5 hold, Me®T < 1, f € C([0,00), X), f(t + T) = f(¢) for
t € [0,00), and w < 0. Then the linear evolution equation (3.7) has a unique mild T -periodic

solution u(t). Moreover, ||u(0)|| < N supscpo. 77 |/ ($) ||, where N = %

Proof. By assumptions, the variation of constant formula (3.10) holds. Let Pr : D — D be the
Poincaré map

T
Pr(x) =u(T) = U(T,0)x + lim / U (T, r) f(r)dr. (3.11)
0

Since |U(T,0)|| < Me®T < 1,1 — U(T,0) is invertible. Pr has a unique fixed point which is
given by x = (I — U(T, 0)) ™' limy o+ fy Up(t, ) f(r)dr.
Now let u(¢) be the unique solution with initial value u(0) =x. Let ur(¢) = u(t + T). Then

T+t
ur(t)=U( +T,0)x + lixg+ f U, (T +1,r) f(r)dr
A—
0

T
=U@+T,T)U(T,0)x +,\h%1+ / U (T +t, YU (T, r) f(r)dr
0

T+t
+ lim /U;L(T—l—t,r)f(r)dr
A—0F
T

T
=UG+T, DU, 0x + lim Up(T +1,7) / Us(T,r) f(r)dr
0

t+T
+ lim /U;L(T—l—t,r)f(r)dr
A—0F
T

T
=U,0U(T,0)x+UT +1¢,T) Alir& / Un(T,r) f(r)dr
0
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t+T
+ lim /U;L(T—i—t,r)f(r)dr

A—0t
T

T
=U@,0U((T,0x+U(t,0) Alir(r)1+/ U, (T,r) f(r)dr
0

t+T
+ lim, / Us(T +t,r) f (r)dr

A—>

T

T
=U(,0)[U(T,0)x + Alirr})/ U (T,r) f(r)dr]
0

t
+ lim U T+, T +s)f(T+s)ds
A—0F
0

t
=U,0)u(T)+ lim /Ux(t,s)f(s)ds
A—0t

0

t
=U(,0)x + klinol+ / U, (t,s) f(s)ds.
0

So ur(t) is a solution of (3.7) with initial value u7(0) = x. By uniqueness, u7(t) = u(z), i.e.
u(t+7T)=u() for t € [0, c0). Furthermore,

T

ot =t = ver oy | sim [ vt s
0

T
1
S oy U,(T, d
< U0 AL’&/” (T () dr
0

1 Y
S oo I —1AG)"! d
= =U, 0 AE{)L/ 1 ( @D If @) dr
o |i=l31+1
T
I =U(T, 0] a0t 1 -
0
T

1 T—r
<— i M T d
= —U(T.0)] Ai’f)ﬂ/ T - Tohdr

0
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T
1 M — (T —r) n=20)

< 1 A d
SN U ol o) T—w 7@l dr
0

Q

IA

sup [Lf ()l

1—Me“T cio.7)
This completes the proof. O

In order to study the semilinear evolution equation (3.8), we introduce the following defini-
tion.

Definition 3.7. A continuous function u : Ry — X is called a mild (or an integrated) solution of
equation (3.8) if it satisfies the following

t
u(t):U(t,O)u(O)+Ali%1+/U;L(t,a)F(a,u(a))da, t>0. (3.12)
0

Next we establish the existence of periodic solutions for the semilinear evolution equation
(3.9).

Theorem 3.8. Let Assumption 3.2 (H2) (H3) and Assumption 3.5 hold, @ < 0, Me®T < 1,
F+T,)=F(t,-) fort > 0. Suppose that there exists p > 0 such that M(N + T)Kr(p) < 1
and M(N +T)LFp(T, p) < p, where N = % Then the semilinear evolution equation (3.8)
has a mild T -periodic solution.

Proof. Let B, = {v € C(R+,5), vt +T) =v(),|v|| = SUP;ef0,7] lv(s)]l < p}. By Theo-
rem 3.6, for each v € B, let f(t) = F (¢, v(t)), then (3.7) has a unique mild T -periodic solution
given by

t
u(t) = U(t, 0)u(0) —}—)LlinOlJr/Ux(t,r)F(r, v(r)dr, t > 0. (3.13)
0

Let ¢ be an operator on B, defined by ¢ (v)(t) = u(z). Then by the argument in Theorem 3.6,
we have

t
() ()]l < Me® lu(0)] + / Me® T | F(r, v(r))ll dr,
0

sup (gDl < MN sup [[F(r,v(r)|+MT sup |[F(r, v(r)]

te[0,T] rel0,T] rel0,7]

=<M(N +T)LF(T,p)

<p.
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So ¢ : B, — B,. Moreover, let v, v3 € B, then

d()@) —d(2) () =u1(t) —uz(t)
=U(,0)(u1(0) —u2(0)

t
+ lim. / Uy (t, PLF 01 (7)) = F(r, va(r)1dr,
0
16 DE) — @O < Me®™ 1 (0) — u0)]
t
+ f M | F(r, v1(r)) — Fr va(r) | dr.
0

sup @) (#) — @) < MN sup [[F(r,vi(r)) — F(r,va(r))ll

1€[0,T] rel0,T]
+MT sup [[F(r,vi(r)) — F(r,v2(r)ll
rel0,T]
<M(N +T)Kr(p) sup [lvi(t) —va(®)].
t€l0,T]

Thus, we have

¢ (v1) — @)l = M(N +T)Kr(p) [lvr — vzl

Since M(N + T)Kr(p) < 1, by Banach Fixed Point Theorem, ¢ has a fixed point u € B,; i.e.,

t
u(t)=U(,0)u(0) + Alil’{)lJr / U, (t,r)F(r,u(r))dr,
0

which is a mild T -periodic solution for (3.8). O
3.3. Time-independent operators - revisited

Now consider (3.1) and (3.2) again when A is time independent. We will investigate the case
when A is compact.

Theorem 3.9. Let Assumption 3.2 (HI) hold, f € C([0,00), X), f(t +T) = f(t). Assume that
U (T) is compact on D(A). If there exists x € D(A) such that the Cauchy problem (2.1) has a
unique bounded mild solution u : [0, 00) — D(A) for u(0) = x € D(A), then the nonhomoge-
neous linear equation (3.1) has a mild T -periodic solution.

Proof. It suffices to prove that the Poincaré map Pr has a fixed point x¢, where

T
Pr(x) =Ua(T)x + lim / Ua(t — )AL — A) "L £ (s)ds.
0
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By the same argument as in the proof of Theorem 3.1, let u(¢) be the solution such that u(t +7) =
u(t) for t+ > 0, which implies that u(¢) is a T-periodic solution of (3.1).
Suppose Pr has no fixed point, i.e.,

T
x=Ua(Tx + hT /UA(T — AT — A" f(s)ds
0

has no solution in D(A). Let P = Ux(T) : D(A) — D(A) and

T
xo= lim [ Ua(T —s)A(AI — A)~! f(s)ds € D(A).

A—400

0

Then x = Px + x¢ has no solution in D(A). Since P is assumed to be compact on D(A), 1 is
an eigenvalue of P, I — P is Fredholm, thus its range R(I — P) is closed in D(A). Then there
exists x* € D(A)/ such that x*((I — P)x") =0 for each x’ € D(A) and x*(xo) # 0. Let

Xn = PR(x) = P"x + (P"' 4 ...+ Dxo,
where x is chosen such that (3.1) has a unique bounded solution for #(0) = x. Then

x*(xp) = x*[P"x + (P" ' + ...+ Dxo]
=x*(P"x) + x*[(P" ' + ...+ Dxo]
= (P')"x*(x) + [(P)" " + ..+ T]x* (x0).
Note that x*(x) = x*(Px), so P'x*(x) = x*(x) for x € D(A). Then we get x*(x,) = x*(x) +
nx*(xp). Let n — oo, it follows that nx*(xg) — oo. Then x*(xy) — oo, which contradicts the

fact that x,, is bounded, since (3.1) has a unique bounded solution for x € D(A). Therefore, Pr
has a fixed point in D(A) and (3.1) has a mild T-periodic solution. O

Finally we prove an existence theorem of periodic solutions for the semilinear equation (3.2)
when the operator A is compact.

Theorem 3.10. Let Assumption 3.2 (H1)(H3) hold with M =1 and F(t + T,x) = F(t, x) for
t >0, x € D(A). Let Us(t) be compact on D(A) for t > 0. Suppose that there exists p > 0 such
that (N +T)Lg(T, p) < p, where N = ﬁforw <0, and (N + T)e®T Lp(T, p) < p, where
N = MI—TI;—:ZT)H Jor o > 0. If for each T -periodic f € C([0, 00), X), there exists x € D(A) such
that the Cauchy problem (2.1) has a unique bounded mild solution for u(0) = x € D(A), then
the semilinear equation (3.2) has a T -periodic solution.

Proof. Define

B, ={ve C(RT,D(A), vt +T)=v(),llv] = S[lépT] )l = p}-
sell,
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By Theorem 3.9, for each v € By, let f(¢) = F (¢, v(¢)). Then equation (3.1) has a unique mild

T -periodic solution given by

t
u(®)=Us(Ou(0) + lim /UA(t — DA — A)VF@, v())dl.
0

Moreover,

T

u©)= (I —Ua(T))™! . “{E / Ua(T — )X — A"V F (s, v(s))ds,
0

eT'T
()]l < { m supsero. 71 1 F (s, v(s) I, @ >0,

=0T SWPsero.71 1 F (s, v, @ <0.

T

—or forw <0, let

. T
<
Since gy = 1

T
T=gor> @ <0,
N = e[“TT > 0
T=uan @ =%

(3.14)

(3.15)

(3.16)

Then we have [u(0)[| < N supg¢po.7; I F(s, v(s))|l. Define an operator ¢ on B, as follows:

t

$W)(0) =u(®) = Ua(Hu(©®) +  lim / Ua(t — DA — A" F(@, v(0))dl.

0

Then

t
() (®)]| < Me® lu(0)|| + / M DN FA, vyl dl
0

t

2L e |u(0) | + / D F (1, v dl.

0

It follows that if w < 0,

sup flo ()OIl < [lu(O)| +T sup [[F(r,v(@))ll
1€[0,T] 1€[0,T)

S(N+T)Lp(T, p)
<p.

Ifw=>0,
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sup [lp )OIl < [u©)] + Te®” sup |[F(t,v(e)
t€[0,T] 1€[0,T]

<e®T(N+T)Lp(T, p)

<p.

So¢: B, — B,.
Next, we show that ¢ is compact. Let t > 0, u € ¢ (B,). Then there exists v € B, such that

t

u(t) = Up(@u(0) + Tim / Ua(t — DA — A" F(@, v(0))dl.
0

Let 0 < ¢ < t, then

t—e

u(®) =Us()u0) + N 1iT / Upa(t —s)A(AT — A~} F(s,v(s))ds
0

t

+ lim /UA(t—s)x(u—A)*‘F(s,u(s))ds
A—>+00
r—&
t—e

= Un@u(0) + Ua(e) lim / Ua(t — e — )AL — A) " F(s, v(s))ds
0

t
+A1i111 / Ua(t — )AOI — A) " F (s, v(s))ds.
t_

&€

Since
o A
IF(s. 0D < Lt p) and |2 I = 47 Fls,v(s)| < ==L (1. p),
it then follows that
1—&
lim / Ua(t — e — )AL — A" F (s, v(s))ds
A——+00
0

is bounded. By the compactness of Uy (¢), it follows that

t—e

{Ua(e) AEI-',I-IOO / Up(t —e — )AL — A" F (s, v(s))ds, v e B,}
0
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is relatively compact in D(A). Moreover, there exists some b > 0 such that

t
lim fUA(t—s)A(kI—A)_IF(s,v(s))ds < be
A—400

t—e

for v € B,. Hence, {u(t),v € ¢(B,)} is relatively compact in D(A) for each ¢t > 0. By the
periodicity, {u(0) : u € ¢(B,)} is relatively compact in D(A).
Now we show the equi-continuity of {u(t), v € ¢(By)}. For T + ¢ >t > 7 > 0, we have

t
u(t) —u(r) = Ua(t) = Ua(r))u(0) + N lirf f Ua(t —s)A(A — A) " F (s, v(s))ds
0

T

- 1113 /UA(T — AT — A F(s, v(s))ds

0

t

=Ua(t) = Ua(r))u(0) + N 1ir+n / Ua(t — )M — AL F (s, v(s))ds
0

T

—)Llilll /UA(t — A — A F (s, v(s))ds

0

T

+ lm | Ua(t —)AOI — A" F (s, v(s))ds
A—+400
0

T

- 1113 Ua(t — )T — A"V F(s, v(s))ds

0

t
=Uas@t) —Us(t))u(0) + N lir+n / Upgt —s)A(AI — A)_lF(s, v(s))ds

+ N lirf /(UA(I — 1) = DUp(t — s)A(AT — A)_IF(S, v(s))ds,
0

t

lu(®) —u@) = 1Ua(®) = Ua(@)llp+ AETOO/ Ua(t = )A(AT — A)~'F (s, v(s))ds

T

T

+ |(Uat—71)=1) Agrfoo/ Ua(t — AT — A" F (s, v(s))ds | .
0
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Since {U(t)};~0 is compact on D(A), it is continuous in uniform topology. Then
lim; ¢ |UA(t) — Ua(z)|l = 0. Since |F(s,v(s)| < Lp(T +¢&,p) forve B,,0<s <T +¢,
there exists C > 0 such that

t
lim /UA(I — A — A)le(s, v(s))ds| <C(t — 1) for ve B,.
— 400

T

A

Then
t
lim || lim /UA(t—s)A(AI—A)_lF(s,v(s))ds < lim Ct—1)=0
t—+47

t—>+7T |[[A—>+00
T

uniformly for v € B,,. Since {u(t) : v € ¢(B))} is relatively compact in D(A) for each t > 0
as shown above, {u(t) — Ua(t)u(0) : v € B,} is also relatively compact in D(A) for each t >
0, which implies that {lim;_, for Ua(t — )A(AT — A F G, v(s))ds,v € By} is relatively
compact in D(A) for each t > 0. So there exists a compact set K C D(A) such that

T

lim Ua(r —s)AAT — A)7l F(s,v(s)ds e K
A— 400

0

forall v e B,,.
Since limy, g supyc g [1(Ua(h) — Iall = 0 for compact K, it follows that

lim sup (UA(t—T)—I)kliT /UA(r—s)A(AI—A)—lF(s,v(s))ds =0.
0

1—>T
vEB,

Summarizing the above analysis, we have

lim sup [lu(t) —u(r)|| =0.

t—>1,t>1>0 veB,
Similarly,

lim sup |lu(t) —u(r)|| =0.

=T, T7>1> veB,

By periodicity, u () is also equi-continuous at # = 0. Now by Arzela-Ascoli theorem, ¢ (B)) is
relatively compactin C = {p|gp € C(R4, D(A)), ¢(t +T) = ¢(¢)}. So ¢ has a fixed point in B,,;
i.e., there exists u € B, such that

t
u) =Us(t)u(0) + N liT / Ua(t —s)A(AT — A)fl F(s,u(s))ds,
0

which is a mild T-periodic solution for (3.2). O
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Remark 3.11. Note that if F is bounded, i.e., | F(, x)|| < B for each ¢ € [0, 00) and x € D(A),
it is a special case of Theorem 3.10. In this case, we choose p > (N + T)B, then |¢(v)| <
(N +T)B < p, which implies that ¢ : B, — B,. By the argument in Theorem 3.10, ¢ has a fixed
point in B,, which is a T-periodic solution for (3.2). For the case M # 1, it can be transfered to
M =1 by re-norming the Banach space X [35].

4. Applications

The results obtained in last section can be applied to study the existence of periodic solu-
tions in several types of equations including delay differential equations, first-order hyperbolic
partial differential equations, and reaction-diffusion equations, in particular some biological and
physical models described by these equations. In this section we consider retarded periodic func-
tional differential equations with application to a delayed red-blood cell mode, age-structured
population models with periodic harvesting, and the diffusive logistic equation with periodic
coefficients.

4.1. Retarded functional differential equations and delayed red-blood cell models

The existence of periodic solutions in periodic functional differential equations has been stud-
ied by many researchers (see, for example, Chow [7] and Chow and Hale [8]), we refer to the
monographs of Hale and Verduyn Lunel [16] and Burton [4], and the references cited therein.
In this subsection, we will apply the results in section 3 to obtain existence of periodic solutions
in periodic functional differential equations. Namely, we will first consider a general class of re-
tarded periodic functional differential equations, then we will consider a delayed red-blood cell
model with periodic coefficients.

(i) Retarded periodic functional differential equations. For » > 0, let C = C([—r, 0], R")
be the Banach space of continuous functions from [—r, 0] to R” endowed with the supremum
norm

lell = sup |@(@)Irn
oe[—r,0]

Consider the retarded functional differential equations (RFDE) of the form

{ 4D — Bx(t) + Lx) + f (8. x,).Vt = 0, .1

xo=¢€C,

\yhere x; € C is defined by x;(6) = x(t + 0) for 6 € [—r,0], B € M,(R) is an n x n real matrix,
L :C — R" is a bounded linear operator given by

0

L) = / dn(@)e(®),

—r

here 1 : [—r, 0] = M, (R) is a map of bounded variation, i.e. V (1, [—r,0]) =sup Y _7_; [n(¥;+1)
— n(6;)|| < +o0o in which the supremum is taken over all subdivisions —r =60] <6, < ... <
0p <0,+1=0,and f:R x C — R”" is a continuous map.
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Now following Liu et al. [24] we rewrite (4.1) as an abstract non-densely defined Cauchy
problem so that our theorems can be applied. First, we write it as a PDE. Define u € C([0, 00) x
[_r9 0]» Rl’l) by

u(t,0)=x(+0), ¥t >0, € [—r,0].
If x € CY([—r, +00), R"), then

du(t,0) Xt 16) = du(t,0)

ot a0

So we have

du(t,0) du(t,0)
at a6

=0,vVt>0,VY0 €[—r,0].

Moreover, for § = 0, we have

3“;;» : =x'(t) = Bx(t) + L(x) + f(t, %))

= Bu(t,0) + L(u(r,)) + f(t, u(t,.)), ¥t = 0.
Thus, u satisfies the PDE

du(t.) _ du@8) _

dt 0
WO — Bu(r,0) + L(u(r, ) + f(t,ult,.)), ¥t =0, (4.2)
u(0,)=¢eC.

To rewrite (4.2) as an abstract non-densely defined Cauchy problem, let X = R” x C with the

usual product norm
X
= |X|Rn + .
H(‘/’>H IxIrn + Nl

Define the linear operator A : D(A) C X — X by

() () (e
@ ¢ ¢

with D(A) = {Ogs} x C!([—r, 0], R"). Then D(A) = {Ogn} x C # X. Define L : D(A) — X by

Ore \ _ ( L(gp)
L( ¢ >_< Oc )

and F: R x D(A) — X by
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Set

v(t) = <2§))

Then the PDE (4.2) can be written as the following non-densely defined Cauchy problem

dv(t)
dt

=Av() + L))+ F(t,v()), t>0; v(0) = <Oﬂ(§n ) e D(A). 4.4)

Now we give an existence theorem of periodic solutions for equation (4.1).

Assumption 4.1.

(B1) f:R xC — R" is Lipschitz on bounded sets; i.e., for each C > 0 there exists K r(C) >0
such that || f(t,u) — f(t,v)|| < K¢(C) |lu — v|| for r € [0, 00) and ||| < C and |lv] < C;

(B2) f:R x C — R" is bounded on bounded sets; i.e., there exists L (T, p) > 0 such that
lf @& wl <Ls(T,p)fort <T and |[u] < p.

With these assumptions and the notation wo(B) := sup, ¢, 5y Re(A), we have the following
result for equation (4.1).

Theorem 4.2. Let Assumption 4.1 hold with wy(B) < 0 and f being T-periodic in t. Suppose
that there exists p > 0 such that (N +T)(K s (p) +V(n,[—r,0)) < 1and (N +T)(L ¢ (T, p) +
V(n,[—r,0]) < p, where N = 1—&"%’ then equation (4.1) has a T-periodic solution.

Proof. Since (4.1) can be written as (4.4), denote G (¢, v(t)) = L(v(¢)) + F (¢, v(t)), it suffices
to prove that

(a) A satisfies Assumption 3.2 (H1) with o < 0;

(b) G:[0,00) x Ogn x C — R" x C satisfies Assumption 3.2(H1) (H2);

(c) There exists p > 0 such that (N + T)Kg(p) <1 and (N + T)Lg(T, p) < p, where N =
T

1—eoT "

Then it follows from Theorem 3.3 that equation (4.4) has a T -periodic mild solution, which im-
plies that equation (4.2) has a T -periodic mild solution with initial (0, .) = ¢g € C. Meanwhile,
by Theorem 2.1 in [16], equation (4.1) has a unique solution xo(t) € C' ([0, 00), R”) with initial
x0(0) = @p(0) for 6 € [—r, 0]. Therefore, xo(¢) is a T-periodic solution for (4.1).

From Lemma 7.1 in [28], we know that A as defined in (4.3) is a Hille-Yoshida operator with
o =wy(B) < 0and M = 1, which proves (a).

For ¢1, ¢ € C such that ||¢1|| < C and ||¢z|| < C, we have

Orn O~ —_—
, Orn x C=D(A
<¢1><¢2)ERX (4)
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H(OE)H =led=¢, H(Of; )H = llgall < C.

ORn _ O]R
o (5 ) - (%)

A

=

Or" ), , (Or Orn ), OR»
L(( 1 >) L(< ¢ )HFO ( @1 )) FU’( ¢2 ))H
ORn _ O]Rn ORH _ ORII
L(( 1 )) L(( @2 >)H * HFO’< 1 >) FO’( 2] >)H

(f_O, dn(©)(@1(6) — ¢2(6)) ) H N H ( ft.o) — ft.92) > H
Oc Oc

0
/ @)1 0) — 200  +17(t o) — £, 02 e
A .

K¢(O)llgr — @2l + V(n, [=7,0D o1 — ¢2l
(K (C)+ V(. [—r.0D) llg1 — 2]

— (K(C) + V(0. [, 0]) H(OR> (OE)H

So there exists K (C) = K¢(C) + V (5, [—r, 0]) such that

Jo

Furthermore, for ¢

(G p-oe (5 x| ()= (%))
(%)
o (" L=l () e ()

e ) e (%))
=|(F ) [+

0

= /dﬂ(é’)fp(@)

—r

<T and < p, we have

IA

+ £ @)Rn
R~
=V, [=r,0Dp+ L (T, p).

11043
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Og_ )
G(t, +
( < o )
which completes the proof of (b).
With K (C) and Lg (T, p) given as above, (c) follows directly from the assumptions. O

So there exists Lg (T, p) =V, [—r,0Dp + L (T, p) such that < Lg(T, p),

(ii) A delayed periodic red-blood cell model. Now as an example, we consider a delayed red-
blood cell model with periodic coefficients which is a modification of the model of Wazewska-
Czyzewska and Lasota [41] (see also Arino and Kimmel [2], Gopalsamy [15], Kuang [21], called
Lasota-Wazewska model in the literature):

N'(t) = —uN(t) + p(t)e v ONC=), (4.5)

where N (¢) denotes the number of red-blood cells at time ¢, u € (0, co) is the probability of
death of a red-blood cell, p(¢) and y (¢) are positive and T -periodic continuous functions related
to the production of red-blood cells per unit time and r is the time required to produce a red-blood
cell.

Proposition 4.3. Assume that

(i) pe€C([0,00),RY), p(t +T) = p(r) fort =0 and p(t) < py fort >0;
(ii) y € C([0,00),R™), y(t +T) =y (t) fort =0 and y (t) < y4 fort > 0;
(iii) There exists p > 0 such that (1_L +T)piyre? P <1 and (—L— + T)pye?’+P < p.

e iT T—enT

Then equation (4.5) has a T -periodic solution.

Proof. Equation (4.5) can be written as equation (4.1), where B = —pu, L =0and ft,o)=
p()e” VD¢ Then it suffices to check assumptions of Theorem 4.2. First note that wo(B) =
—p < 0. Since L =0, V(n,[—r,0]) = 0. For 1, 9> € C([—r,0],R) and [lg1]l < p, @21l < p,
we have

1f(t,01) — £(t, 02)| = |p(t)(e7Y DO — g7y Dea(=r)y

<pOy®)e’ Vo) — g

< p+y+e” o1 — @all.

So we can pick K r(p) = p4ye?*”. Moreover, for ¢ € C([—r,0],R), o <pand0<¢<T,

|f(t, @) = |p()e Y DD < per+P,

Sowe get L ¢(T, p) = pye’+”. Then Assumption (iii) implies (N +T)(K s (p) +V (5, [-r,0])) <
Land (N+T)(L (T, p)+V(n, [—r,0]) < p in the assumption of Theorem 4.2. The conclusion
follows from Theorem 4.2. O

Now we choose parameters for equation (4.5) such that assumptions in Proposition 4.3 are
satisfied and perform numerical simulations to show the existence of a T-periodic solution. Let
T=1,r=1, u=10, p(t) =0.3 4+ 0.2sin(27t) and y(t) = 0.15 + 0.05cos(2x¢). It can be
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Fig. 1. A T-periodic solution of the delayed periodic red-blood cell model (4.5) with » =1 starting at ¢(0) =0.2,0 €
[—1,0], where p(1) =0.3+0.2sin(27¢t), T =1 and y(t) =0.15 4+ 0.05cos(27t).

easily checked we have all the assumptions in Proposition 4.3, then there exists a 1-periodic
solution, which can be seen from Fig. 1.

Now we change the parameters so that assumptions in Proposition 4.3 are not satisfied. Let
T=1r=1,u=10, p(t) =3+2sin(2n¢t) and y (¢) = 10+ S5cos(2rt). Fig. 2 shows a solution
in this scenario.

Remark 4.4. Similar techniques can be used to discuss the existence of periodic solutions in
other delayed biological models such as the delayed periodic logistic equation (Chen [5]) and
delayed periodic Nicholson’s blowflies equation (Chen [6]).

Remark 4.5. Following the settings in Wu [43] and Ducrot et al. [12], we can also use the results
in section 3 to study the existence of periodic solutions in abstract evolution equations with
delay (Liu [23], Ezzinbi and Liu [13], Benkhalti and Ezzinbi [3], Kpoumié¢ et al. [20]) and partial
functional differential equations with periodicity (Li et al. [22]).

4.2. Age-structured population models with periodic harvesting

Consider the following age-structured population model with periodic harvesting and global
population dependent boundary condition (Anita et al. [1]):
Ou(t,a) + dqu(t,a) + pla)u(t,a) = f(t,a) — v, a)u(t,a), (a,t) €[0,a™] x Ry,

u(t,0)= [ y(t, ayut, a)da, (4.6)
ut,a)=ut+T,a),
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Fig. 2. An irregular solution of the delayed periodic red-blood cell model (4.5) with r =1 starting at ¢(f) =0.2,6 €
[—1,0], where p(t) =3+ 2sin(2w¢t), T =1 and y(¢) = 10 + Scos(2rt).

where ¢ is the time variable, a is the age variable, and u(#, a) is the density of the population
at time ¢ with age a. This is a linear model for an age-structured population (see for instance
Tannelli [18] and Webb [42]), where u(a) is the age-specific death rate. Moreover, the population
is subject to a T-periodic external flow f(z,a) and a T-periodic age-specific harvesting effort
v(t, a) (see for instance Anita et al. [1]).

We have the following results.

Proposition 4.6. Assume that

(i) f e C([0, oJro),Ll[O,aJr)), ft,a) = f(t + T,a) for t =0, a € [0,a") and

sup,cio.r Jo 1t a)lda < f(T);

(ii) w(a) € L'[0,a*) and there exists i > 0 such that p(a) > u_ fora € [0,a™);

(iii) y(t,a) € C([0,00), L'[0,a™)), y(t,a) = y(t + T, a) and there exists y+ > 0 such that
0<y(t,a)<yy fort >0,a€[0,a"),

(iv) v(t,a) € C'([0, 00), L'[0,a1)) and v(t,a) = v(t + T, a) fort >0, a € [0,a™);

(v) (W + T)y+ < 1 and the inequality (w%v_ﬂ + T)(y+p + f+(T)) < p has
solution.

Then problem (4.6) has a mild T -periodic solution u(t, a) € C([0, 00), L0, a™)).

Proof. Consider the space X :=R x L! (0, a™) endowed with the product norm

a —
o )| =1l + el
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Define the time-dependent linear operator A(¢) : D(A(¢)) C X — X by

4(5)= (v 5% 0m0)
@ —¢" — e —v(t)e

with D(A(1)) = D = {0} x W"1(0,a™) and D(A(1)) = D = {0} x L'(0,a™) # X. Define F :

Ry x D— X by
F <t, (0 )) — (foaJrV(t,ll)(]b(a)da).
¢ f(t,a)

Then the partial differential equation (4.6) can be written as the evolution equation (3.8). For

some f € R, let
0 0
()»I—A(t))<¢>—<(p),

B {6\ _(0
O — A1) (w)‘(«ﬁ)'

Since
B 0y _ ¢ (0)
“"“m(¢>‘<W+@+u+wm¢>
we have
$0) =0,
@' (@) + (A + p(a) + v(t, a))p(a) = p(a).
Then

a

¢(a)zeeffo“()n+u(x)+v(t,s))ds +eff(§’()~+u(A‘)+v(1‘,S))dS/efos()vﬂi(f)+v(t,r))df(p(s)ds

0

a

— ee—ka—félu(s)ds—jgz v(t,s)ds + f e—k(a_s)_fxa 'u(-:)dr_fsﬂ U(t’r)dr(p(s)ds.

0

So

(% 0
1 .
(A —A(1)) ((,0 ) = <ee—)»a—f; w(s)ds— [ v(t,s)ds + an e_}‘(“_s)_fsa p@dr—[; v(t,r)dr(p(s)ds )

and
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H (A — A(D)) <¢>

eeikaffé‘M(S)dsffo"v(t,s)ds+/efk(afs)*f.;’u(r)dr*ffv(t,t)dr(p(s)ds

0 L!

Ll

e—ka—jg' w(mdr—f3 v(t,T)dT

L!

a
" / e*A(”*S)*fsa w(mdr—f; v(t,r)dr(p(s)ds

0 L

W.L.O.G. assume ¢(a) =0 for a > a™ and extend ¢(a) to the whole R . Since p(a) > u_ and
v(t,a) > v_, we have

a
/ e~ Ma=s)—[{ p@dr—[{ DT ) (5)d s
0 Lt

at

_ / / e Ma=)= [Fn@dT— [ v 0dT 4 (o g6l g
0 10

a

IA
O"\.‘

/e—)t(a—s)—f;l u(mdr—[{v(t.)dr lp(s)|dsda
0

e—)\(a—s)—lif(G—S)_Uf(a_s) lp(s)|dsda

IA
O"\“g
O"\

e~ Ma=s)—p—_(a—s)—v_(a—s) lp(s)|dsda

IA
0\8
S Y—_.

o0
/e ra—s)—p—(a—s)—v—_(a—s) lp(s)|dads

N

X o0
=/(/ o~ Ot tv)a g o) Ot 4005 | (63| dis

s

1
- - s)|ds
A+M_+U—/|(p( )
0
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(l+
1
= s)|ds
)»—I—,u_—i-v_fkp( )]
0

REETEETE

Moreover,

He—)ua—f(;lu(r)dr—fg v(t,7)dt

Ll
a+
:/e—)ha—fgu(r)dr—fg v(t,t)drda
0
4

a

S/e_()”+ﬂ_+v_)ada

0
00
S/~e—()»+u7-}-vf)ada
0

1
CAduo v

So we obtain

0
A — A(r) ! <—F (0| +
”( (1) ((p> Ll_/\+u_+v_(| [+ llellz)
forall t € R4 and A > —(uu— 4 v_). It then follows that
VEYOI] pr———
|01 - a0 < =

forall t e R} and A > —(u— + v_) so that

1

k
Ay
jlj[l(“ ALY = A+ pu— +vo)k

for A > —(u— + v_) and every finite sequence {z‘j}]j‘.=1 with 0 <fi <pHh <..<rf and k =
1,2, .... Hence, Assumption 3.5 holds for {A(#)};>0.

Moreover, we have
F (r, (0 )) - (/0“+ y(t,a>¢><a)da> |
¢ @
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F (;( 0 )) _r (;, ( 0 )) _ (S v@si@da ) _ (fi7 vt aexada
1 2 f@.a) [, a)

a+
= (fo y(t,a)(P1(a) — ¢2(a))da ) .
0

From the discussion of the case v(t, a) = 0, we obtain

(o) = (e )=1(6) - (5,)

+
where y (¢,a) < y4+. So Kp(p) = y4+. Assume sup, (o 1y fél | f(t,a)| < f+(T), then from the
discussion in the case v(¢,a) =0, for [[¢ll;1 < p,

[#(-(3))

Thus, we have Lr(T, p) = y+p + f+(T). So we have checked Assumption 3.2 (H2)(H3) and
Assumption 3.5 (A1)(A2), and (iv) implies Assumption 3.5 (A3). Moreover, we have

’

<v+p+ f+(T).

M(N+T)KF(,0)=(1 +T)yy <1

e u—FvT

and there exists p > 0 such that

T
M(N +T)Lp(T, p) = (m +T)(yrpo+ fr (1)) < p.

So all assumptions in Theorem 3.8 are satisfied which ensures that there is a mild 7-periodic
solution. O

As an example, now we choose some specific functions and coefficients for problem (4.6) such
that they satisfy conditions in Proposition 4.6. Let T =1, v(t,a) = 0.5 4+ 0.4a(1 — a) sin(2x¢)
and p(a) = %, then w = —pu_ —v_ =-0299 <0 and N = 1_%[2“ = 1_;0299 ~ 3.87.
Letat =1, f(t,a) =1+2sin(2nt) and y (t,a) = 0.2a%(1 — a)(1 + sin(271)). Then Kr(p)~
0.059, (N + T)Kr(p) =~ 4.87 x 0.059 =~ 0.28733 < 1 for all p > 0. In addition, Lz (T, p) =
0.059p + 3, then (N +T)Lp(T, p) < p < 4.87 x (0.059p 4+ 3) < p & 0.28733p + 14.61 < p,
which means that p > 20.5. Then equation (4.6) has a mild 1-periodic solution by Proposi-
tion 4.6. A solution of equation (4.6) is shown in Fig. 3.

Again, we change the parameters a little bit such that the assumptions of Proposition 4.6 are
NOT satisfied. Let y (¢,a) = 4a%(1 — a)(1 + sin(27t)), then y+ =118 and (N +T)Kr(p) =
4.87 x 1.18 &~ 5.7466 > 1. Then assumptions of Proposition 4.6 are not satisfied. The graph
below shows a solution with the same initial value as the previous one, which is not periodic (see
Fig. 4).
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Fig. 3. A T-periodic solution of (4.6) starting at u(0,a) = 1 and with global boundary condition u(z,0) =

fol y(t,a)u(t,a)da, where u(a) = %, T =1, v(t,a) =05+ 04a(l — a)sin(2rt), y(t,a) = 0.2(12(1 —a)(l +
sin(2rt)) and f(t,a) =1+ 2sin(27wt).
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Fig. 4. A solution of (4.6) starting at u(0,a) = 1 and with boundary condition u(¢,0) = fol y(t,a)u(t,a)da, where

u(a) = fg—f“a T =1, v(t,a) =05+ 0.4a(1 — a)sin(27t), y(t,a) = 4a>(1 — a)(1 + sin27wt)) and f(t,a) =1 +
2sin(2mt).

4.3. The diffusive logistic model with periodic coefficients

This subsection is concerned with a diffusive logistic model in T -periodic environment. Con-
sider the following problem (Hess [17])
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dut, x) = 92u(t, x) + r(u(t, 0)[1 — L], 1 € Ry, x €0, 1],
u(t,0)=u(r, 1) =1, .7
u(t,x)=u(lt+T,x),

where 7 is the time variable, x is the space variable, and u(¢, x) is the density of a population at
time ¢ and location x. In the logistic term, we have a T -periodic intrinsic growth rate r(¢) and
a T -periodic carrying capacity K (¢). Moreover, we give constant boundary values. We assume
that the population reaches certain steady state on the boundary. Without loss of generality, it is
assumed that u(z,0) = u(t,1) = 1.

To study the existence of periodic solutions around the steady state u* = 1, let v(t,a) =
u(t,a) — 1, then

dpv(t, x) = 2v(t, x) +r(Dv(r, x) + 1[1 — L, 1 e Ry, x €0, 1],
v(t,0)=v(,1)=0, (4.8)

v(t,x)=v(t+T,x),

where r(¢) and K () are T-periodic. The existence of solutions for (4.7) and that for (4.8) are
equivalent. From now on, we consider (4.8).
Let X = C[0, 1]. Define

Au=u".

Then D(A) = {u € C2[0, 1]: u(0) = u(1) = 0}, D(A) = Co[0, 1] = {u € C[0, 1]: u(0) = u(1) =
0} # C[0, 1] = X. D(Ag) = {u € D(A) : Au € D(A)} = {u € C*[0,1]: u(0) = u(1) = u"(0) =

u” (1) = 0}, where A is the part of A in D(A). It follows that Ay generates a semigroup
{Ua(t)}>0 on D(A) given by

1

Ust)f ()=} (2 / F© sin(ur§)dg) sin(uzx)e "™,

n=1l
Define F : R4 x D(A) — X by

_ _<p+1
F(t,o)=rt)(@+ D KO ).

Then as before, we can rewrite (4.8) as abstract Cauchy problem (3.2).
Proposition 4.7. Assume that
(i) r(t) € C[0, 00), there exists r4 > 0 suchthat O <r(t) <ry fort >0, r(t)=r(t+7T);
(ii) K(t) € C[0, 00), there exists k— > 0 such that K(t) > k_ fort >0, K(t) =Kt +T);
. T 14
(iii) There exists p > 0 such that (m +Tyrpe(p+ D1+ k—_p) <p.
Then problem (4.7) has a mild T -periodic solution.

Proof. It suffices to prove the following
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(a) A is Hille-Yoshida operator with M =1 and w = 0;

(b) There exists Ly (T, p) > 0 such that || F(t,u)|| < Lp(T, p) fort <T and |u| < p;

(c) U4 (t) is compact on D(A) fort > 0;

(d) There exists p > 0 such that (=7 + Ty (0 + D(1 + F2) < p;

(e) The Cauchy problem (2.1) has a unique mild solution for each x € D(A) and f e
C([0,00), X), f(t +T) = f(t). Moreover there exits x € D(A) such that the solution u(¢)
with #(0) = x is bounded.

Note that if we rewrite (4.8) as abstract Cauchy problem (3.2), (a)-(e) cover all assumptions in
Theorem 3.10. Then the existence of a mild T -periodic solution to problem (4.8) is guaranteed
by Theorem 3.10. Thus, we get existence of a mild 7 -periodic solution to problem (4.7).

Now we prove (a)-(e).

(a) Let ¢y € X. Let A > 0. Then

M —Ap=y Srp—¢" =1

Set ¢ = ¢’. Then

Il
> S

A= ¢
I — A)p wﬁ{w, o

©{ﬁ¢’+¢'=ﬁ<ﬁw+¢>>—w
Vag' — ¢ = —VA(Vhp — @) + .

Define

w= (VAo + @),
W = (Ve — ).

Then we have

w' = Viw -y,

()\I—A)go:lﬁﬁ{uy:_\/xﬁ)_’_w. (4.9)
The first equation of (4.9) is equivalent to

X
VM) = e VP u(y) — / e VHMy(hydl, Vx > y. (4.10)

¥

In (4.10) let y = 0, then we obtain
X

w(x) = eV (0) — eﬁXfe—ﬁll//(l)dl, (4.11)

0

where w(0) = vA@(0) + $(0) = $(0). In (4.10) let x = 1, we have
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1
w(y) = eV Vryp(1) + VP / e VHy 1y,
y

where w(1) = Vg (1) +¢(1) = §(1).
The second equation of (4.9) is equivalent to

M (x) = eYM i (y) +/eﬁ’¢(1)dz, Vx> y.
y

In (4.13) let y =0, then we have

X

W(x) = e VAR (0) 4+ e~V / My,
0

where W (0) = vVA@(0) — $(0) = —¢(0). In (4.13) let x = 1, we have
1
D(y) = eV VR (1) — eV f MMy (1l
y

where (1) = VAp(1) — (1) = —@(1).
From (4.11) and (4.14), we have

AV () + wx) = / VP (VM _ o=V (1l
0

where x € [0, 1]. Combining (4.12) and (4.15), we obtain
1
VR0 () + i (x) =/e—ﬁ)C(e2ﬁ—ﬁ’ — eV Yy Dyl
X
Since W = vAg — ¢ and w = v/A@ + @, (4.16) and (4.17) can be written as

VIE 1 D+ (1 — e2VP)g = /eﬁx (eVH — oYMy (1)dl
0

and

1
(@RI L )R + (V179 — 1§ = f @V = eyl

4.12)

4.13)

(4.14)

(4.15)

(4.16)

4.17)

(4.18)

(4.19)
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Combining (4.18) and (4.19), we have the following

¢ (x)
B e A ¥ O S L o e A YN i A V2O

2V/A(eVr — 1)
B ‘/‘0)5(62«/;—«6()(—1) _ eZﬁ—«/X(x+l) _ eﬁ(x+l) + e«/X(x—l))W(l)dl

2/(e2VE — 1)
JH@VIVRH) _ VA1) _ 2VA=VRU=0) 4 VR DY (1)l

2@V — 1)
B f(;‘(eZ«/X—ﬁ\x—ll — VAV _ VR eﬁlx—ll)l/f(l)dl

2@V — 1)
fxl (eZﬁ—«/Xll—X\ — VARG _ ViG] e“/x‘l_xl)lﬂ(l)dl

27/ = 1)
f L (@2Vo=Vlx=ll _ 2VA=VAGAHD) _ pVait]) 4 oV hlx— ll)l//(l)dl

2V/A(eVE — 1)

Since ¢ € D(A), it follows that

ol = sup [p(x)]
x€l0,1]

i@V VRll _ 2RV _ Vi) g pVilx= Dy wai |
2V/M(e2VE 1)

= sup
xel0,1]

Since e2VA—VAx=ll _ 2Va=Va0H) _ Vi) 4 oVl > () for x € [0, 1] and [ € [0, 1], we
have

fol ‘62«/X—\/X|x—l| — VARG _ VR VAl gy

lell < sup [¢(x)| sup
xel0,1] xel0,1] 2VA(e2VE — 1)

fol (€2ﬁ—ﬁ\x—l| _ VAVRGHD _ VD) + eﬁlx—ll)dl

= sup [Y(x)[ sup

x€[0,1] x€[0,1] zﬁ(eZﬁ -1
22 _ L Va1 L~V L —VAG+D) _ L i
= swp [0 sup e PR A
x€[0,1] x€[0,1] zﬁ(ezﬁ -1

—VA(x=1) «/_X_L VA(x+1) \/—X
+ —=e +f e +f

n At
2VA(EeVE —1)
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(62‘/}—1)(%—\/— f(x D_ f fx_,_\/_ \/X(erl)_ﬁe*«/Xx)

< sup |¥(x)| sup

xe[0,1] xe[0,1] 2VA(e2VE — 1)
(V-1
< sup [y(x)| sup —————F———
x€[0,1] xe[0,1] 24/ (e2Vr — 1)
1
=— sup [y (x)]
A xef0,1]
_! (KA
= _

Now we have ||(A7 — A)~'y || < 1 ||y, which implies that | (A7 — A)~!| < 1. So A is Hille-
Yoshida with M =1 and w = 0, which completes the proof of (a).
(b) For [lgll < p and 7 € [0, 1],

1+
sr+<p+1>(1+k—p).

1+
rt)(¢+ D — ﬁ)

Sowehave Lr(1,p) =rT(p+ 1)(1 + 1:—”), which implies (b).

(c) It is well known and its proof can be found in previous studies like [13].

(d) It follows directly from assumption (iii).

(e) Claim (a) together with Theorem 2.4 implies that the Cauchy problem (2.1) has a unique
mild solution for each x € D(A) and f € C([0, 00), X) with f(t) = f(¢ + T), which is the first
part of (e).

Now we check that there is a bounded solution. From the variation of constant formula

u(0) =Ua@uo+ 1113 / Ua(t — AT — A7 f(s)ds,

we first consider the first part

1

Ua(t)ug(x) =Z(2 f uo(§) sin(n&)de) sin(nx)e~ "0

n=1 0
Then we have
o 1
UaOuo()] = sup Z @ / up(&) sin(nr§)dg) | [sin(nx)| e~
x€[0, n 1
0

< 22 sup I (6)| —e*"’” ’

n= 1se

. 4 2
= sup lug(®)|(Q_—e ")
£€(0,1] il
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It follows that

lim  sup |Ua(H)ug(x)| =0.

Z_H'ooxe 0,1]

So there exists an M > 0 such that |U4 (t)ug(x)| < M fort € [0, o0) and x € [0, 1].
Now we consider the second part limy— 400 f(; Ua(t —s)A(AT — A)~! f(s)ds and have

Ut =9I = A7 £ 5)|

1

= Z(zfx(u — A7 F(s)(E) sin(nr £)dE) sin(nrx)e )

n=1 0

o 1
Z/ HA()‘I -a) H | £(5)(®)| |sin(nmé)| d (e~ 1=s)y
n=19

<ZZ sup If(S)(S)I%e“””)Z(H)-

1—16€[0,1],5€[0,1]

It follows that

t

/ Ua(t — )AL — A7) f(s)ds

0

! o
2
<2 s @@ [ Y e s
n=1 T
0

£€[0,1],7€[0,1]

t
o
2
=2 s FO@IY 2 [
n=1 T 0

£€[0,1],7€[0,1]

=2 —(nn)2t
el |f(z )(5)|Z )2( )
X2 1
2 il
< se[o,fffe[o,u'f(’)@)'n;n e

4
<— s [f(OE)x2
T £€[0,1],7€[0,1]

8
== s fOE)

£€[0,11,7€[0,1]
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Hence, there exists an Mg > 0 such that

t

khm /UA(t — A — A f(s)ds| < My, Vi > 0.
—+400
0

Combining the above two parts, we have for each 1o € D(A), the solution to the Cauchy problem
(2.1) is bounded for all > 0, which completes the proof of the second part of (¢). O

Now we choose specific functions and parameters. Let T = 1, () = 0.15 4+ 0.1 cos(2n¢)

and K (t) = 15 + sin(2xt), then F(¢, ) = (0.15+ 0.1cos(2nt)) (¢ + (1 — 15+i~+((p2:m)' N =

1
Uy Where

UaLf ()] = Z(z / £ @) sin(ur§)dé) sin(nx)e "

n=1

sup [Ua(DLf )]l = sup |> (2 / £ @) sin(nm§)dg) sin(nx)e "’
=1

x€[0,1] x€[0,1]

2
<Est1]|f($)IZZ x —e= (),

in which
—(m)? _ 1
¢ = )
B 1
o (nm)*
1+ (nm)? + ¥5- + ...
- 2
~ (nm)*
Thus,
o

So we derive

6
sup [Ua(DLf ()] <SSHP Lf ()] X3

x€l0,1]

ie.,

6
VA < —-
T
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Fig. 5. A T-periodic solution of the diffusive logistic equation (4.7) starting at #(0, a) = 1 and with boundary condition
u(t,0)=u(t,1) =1, where r(t) =0.154+0.1cos(2nt), T =1 and K (¢t) = 15 4+ sin(27¢).

Then
1 1
N = < 3 ~ 1.24.
I =UaDI  1-2%
T
For |l¢|l < p and t €0, 1]
1+¢ I+p
t DA —-—>)| <025 DA+ —).
r() (g + D( K(t)) = (p+DA+ 14 )

So ry =0.25.

Then from (r7—gcmp + T)rs (p + D(1+ 2) < p, we get 2.24 x 0.25(p + (1 + 5£) <
p, i.e. (p + 1)(p + 15) < 25p, which is also equivalent to p> — 9p + 15 < 0, where we get
%ﬁ <p< %ﬁ, such p exists.

Now all the assumptions in Proposition 4.7 are satisfied, we conclude that (4.8) has a mild
1-periodic solution, i.e., (4.7) has a mild 1-periodic solution. The graph in Fig. 5 shows the mild
1-periodic solution to the first equation and second boundary condition in (4.7) with initial value
u = 1, which confirms our result.

Remark 4.8. The results and techniques developed in this paper can be used to study the exis-
tence of periodic solutions in other structured population models in time-periodic environments,
such as age-structured periodic models in Anita et al. [1], phenotype-structured periodic mod-
els in Lorenzi et al. [25], as well as periodic reaction-diffusion competition models in Zhao and
Ruan [45,46] and Du et al. [11].
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