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Abstract. We consider a family of partial functional differential equations which has a homoclinic
orbit asymptotic to an isolated equilibrium point at a critical value of the parameter. Under some
technical assumptions, we show that a unique stable periodic orbit bifurcates from the homoclinic
orbit. Our approach follows the ideas of Sil'nikov for ordinary differential equations and of Chow

and Deng for semilinear parabolic equations and retarded functional differential equations.

1. Introduction. For an ordinary differential equation

= g(x,€), (1.1)

where © € R", e € R is a parameter and g is a smooth function, it is known that if
2 = 0 is a hyperbolic equilibrium for ¢ = 0 and the Jacobian matrix D, f(0,0) = A
has a unique eigenvalue A > 0 which is simple and the real parts of all other
eigenvalues are strictly less than —A\, then under certain additional transversality
conditions, a unique stable periodic orbit bifurcates from the homoclinic orbit as
the parameter e changes. See, for example, Andronov et al. [AL73], Chow and
Hale [CH86] and Kuznetsov [Ku95]. One of the approaches to the above bifurcation
problem, originated in the work of Neimark and Sil’nikov [NS65] and Sil'nikov [Si68]
for ordinary differential equations in R™ with n > 3, is to reduce the bifurcation
problem to a problem of the continuation of fixed points for a one-parameter map
in a small neighborhood of the hyperbolic equilibrium. This map resembles the
well-known Poincaré map but the points on the stable manifold do not return. In
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what follows we shall call this map the Sil’nikov map and we refer to Kuznetsov
[Ku95] for a detailed description of Sil’nikov’s results and techniques.

The above result has been generalized to other kinds of equations, while sev-
eral other methods have also been developed. These include the work of Blazquez
[BI86] for semilinear parabolic equations, and of Walther [Wa90] for retarded func-
tional differential equations. We should particularly mention the work of Chow and
Deng [CD89] for some infinite dimensional dynamical systems including semilin-
ear parabolic differential equations and retarded functional differential equations,
where they obtained some subtle estimates related to linear variational equations
along semiorbits of the nonlinear equations and established the smoothness and the
existence of a fixed point of the Sil'nikov map.

In this paper, we consider the following one-parameter family of partial functional
differential equations:

u(t) = Au(t) + L(ug) + g(ue, €), (1.2)

where A is the generator of an analytic semigroup, L is a linear operator and g is a
smooth nonlinear functional. g depends on not only the current but also the historic
status of u. More specific descriptions will be given in next section. This kind of
equations is motivated by reaction-diffusion equations where the reaction terms may
involve time delay and have been studied by many researchers, see, for example,
Faria [Fa99, Fa0l], Faria et al. [FHWO02], Hale [Ha86], Hale and Ladeira [HL93],
He [He90], Martin and Smith [MS90], Memory [Me91], Travis and Webb [TW74,
TWT78], etc. For an introduction of the fundamental theory of such equations and
some related references, we refer to the monograph by Wu [Wu96].

The purpose of this paper is to generalize Sil'nikov’s theorem and Chow and
Deng’s techniques to the above partial functional differential equations. In section
2, we introduce the notations and present the main results. The differentiability of
solutions of equation (1.2) with respect to the initial values and parameters and the
smoothness of the stable and unstable manifolds are proved in section 3. The local
analysis of equation (1.2) near the equilibrium is given in section 4. In section 5,
we construct the Sil’nilov map and discuss some of its properties. The proof of the
main theorem is presented in section 6.

2. The Main Results. Let X denote a Banach space over R = (—o00,00) and
B(X, X) the Banach space of bounded linear operators from X to X equipped with
the operator norm. Let r > 0 be a given constant and C = C([—r, 0]; X') the Banach
space of continuous X-valued functions on [—r, 0] with the supremum norm |-|. For
any real numbers a < b, t € [a,b] and any continuous mapping u : [a — r,b] — X,
u; denotes the element of C given by u.(6) = u(t + 0) for 6 € [—r,0].

Consider the following family of partial functional differential equations

a(t) = Au(t) + Llur) + glur, ), (2.1)

where € € (—¢€p, €p) is a parameter, € is a given positive constant, A, L and g satisfy
the following assumptions:

(H1) A is the infinitesimal generator of an analytic compact semigroup {S(t) }+>0
on X.

(H2) L:C — X is given by

0

L= [ dn0)s(0), ¢€C

—r
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for a function n : [—r,0] — B(X, X)) of bounded variation.
(H3) g € C3(C x (—€0,€0); X) and g(0,€) =0, Dyg(0,¢) = 0 for € € (—€g, €9).
The associated linear equation is given by

u(t) = Au(t) + L(uy). (2.2)
For each complex number A, define the linear operator A(X) : Dom(A4) — X by
ANu = Au — Mu+ L(e*u), u € Dom(A),
where e*u € C is defined by
(e*u)(8) = eu, 6 [—r 0]

A is called a characteristic value of equation (2.2) if there exists u € Dom(A) \ {0}
solving the characteristic equation

AN)u=0.

A characteristic value A is simple if dim(Ker(A(X))™) =1 for all positive integer n.
We further assume that

(H4) Equation (2.2) has a unique positive characteristic value A > 0 which is
simple and the real parts of all other characteristic values of (2.2) are smaller than
=

It is known that for each ¢ € C, the initial value problem

t
u(t) = S(1)$(0) +/ S(t - a)L(ug)da, 120,
0
up = ¢
has a unique solution defined for ¢ > —r. Denote this solution by

T(t)p = us(9),

then {T'(t)}+>0 is a strongly continuous semigroup of bounded linear operators on
C with the generator denoted by Ar. Also, for each ¢ € C and € € (—eg, &), there
exists 7(¢, €) > 0 and a unique continuous map u = u(¢p,¢€) : [-r,7(¢,€)) — X such
that

u(¢,€)(t) = S(t)¢(0) + /O S(t — a)[L(ua(9,€)) + g(ual¢, €), €)lda

for t € [0,7(¢,€)). Using the mapping Xy : [-r,0] — B(X, X) defined by

0, —r<6<0,
XO(e):{I =0

we have the following variation of constants formula (see He [He90], Memory [Me91]
and Wu [Wu96])

u(t) =T(t)p + /0 T(t — @) Xog(ta, €)da,

uy = ¢

(2.3)
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for u(¢,€) on [0, 7(¢, €)). By assumption (H4), C can be decomposed as C = C*@CY,
where C* is the one-dimensional eigenspace of A associated with {\} and C? is the
generalized eigenspace associated with the remaining spectrum. Let ¢y = ¢ (0)e™
be the eigenvector of Ay associated with A and ¢3 be the eigenvector corresponding
to {A} of the formal adjoint operator associated with the bilinear pairing (see Travis
and Webb [TwT74])

0 ]
<w¢>=wmww»—[_4 B(E — 0)[dn(0))p(E)dE.

where ¢ € C* = C([0,r]; X*), X* is the dual space of X and ¢ € C. Then

C" ={¢;0 €C, ¢ =ady for some a € R},
C*={g:0€C, (Px ¢) =0}

For every ¢° + ¢" € C* & C*, we have
" = (Pr, D)or, O = — "

Note that for ¢ € C,

L[ e(t+0), —r <t+0<0,
1000 = { o s (2.0
and for ¢* € C*,
T(t)¢" = ¢"e™, teR, 25)

¢u(9) - ¢u(0)6/\0’ NS [*7’3 O]

Let P® and P“ be the projections of C onto C*® and C", respectively, i.e. C® =
P*C,C* = P"C. It is shown that P° and P“ can be applied to the elements Xqw
with w € X. Define X§ and X{ by

Xjw = P*Xow, Xjw=P’Xow, weX. (2.6)

Note that if w € X, then T'(¢t)XJw € C* for all t € R and T(t) X§w € C® for t > r.
Moreover, there exist constants K; and g > A > 0 such that

IT(t)¢°| < Kie "¢®|, t >0, ¢°€C% |TH)XS| < Kie #, t>0.

2.7
IT(t)p"| < Kiettlg4], t <0, ¢* eC% |T(t)XY < Kt t<o. 27)

Decompose u (¢, €) as

Ut (¢7 6) = Uf (¢v E) + 'U/g (¢7 6)

with uf(¢,e) € C® and u}'(¢,e) € C*. Then we have the following variation of
constants formula (see He [He90], Memory [Me91] or Wu [Wu96]):

@w®=T@W+AJW—aM@WJ¢¢dm7
(2.8)

t
ug (¢, €) = Mgt +/ 6)‘(t7°‘)X6ig(ua(¢,e),e)da
0
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for t € [0, 7(o,€)).

Since g is C3—smooth, by the differentiability of the solution with respect to
initial values and parameters (see Theorem 3.1 in section 3), us(¢, €) is C3—smooth
in (¢,€) for all t > 0 in the maximal interval of existence. Set

v; (¢,€) = Dyui(9,€), vy (p,€) = Dyuy (¢, €). (2.9)
We have

Vi (6,€) = T(#)P* + /O T(t — 0) X2 Dyg(tta(d, €), €)va (@, )dar,
(2.10)

o (6 €) = T(H)P" + / T(t — 0) XY Dgg(tta (b €), €)va (6, )da

with T(t)Pt¢ = eM¢*, ¢ €C, t € R. By assumptions (H3) and (H4) there exist
91 > 0 and €1 € (0,¢€p) such that the local stable and unstable manifolds W} _(e)
and W _(e) exist and are subsets of B(d1) for € € [—e1,€1], where B(61) = {¢ €
C;|¢°| < 01,]0"| < 61} and WS _(e) and W% () are given by

Wige(€) = {o = ¢° + ¢"; 8" = hs(8°, ), [¢°] < 1},
qucl;c<€) = {¢ = ¢s + ¢u7¢q = hu(¢u?€)7 |¢u| < (51},

where hg and h, are C®—smooth (see Theorem 3.2 in section 3) and h,, is defined
by

(2.11)

0
hy (0, €) :/ T(—a)Xig(ul(¢% €),e)da, |p"] < b1, €€ [—e1,e1] (2.12)
(see Memory [Me91]), and u} (4", €) is the unique bounded solution of (2.1) on
(=00, 0] with

uy (6", €)] < Kaet'|g"], ¢ <0 (2.13)

for some positive constant Ks independent of (¢, €).

In order to state the main theorem, we need one additional assumption:

(H5) When € = 0, equation (2.1) has a homoclinic orbit I'y asymptotic to the
equilibrium 0.

For a fixed € € (—€p, €9), let W (€) be the orbit of equation (2.1) through a given
o € W () with (@3, o — hs(9p§,€)) > 0. Without loss of generality, we assume
that the homoclinic orbit I'y = W (0). Here, a homoclinic orbit I'y asymptotic to
0 is a continuous mapping u : R — X satisfying

u(t) = S(t — s)u(s) + / S(t — a)[L(uq) + g(ua, 0)]do

for t,s € R with t > s, and lim;_, 4+, u(t) = 0. Now we can state our main theorem
on homoclinic bifurcation of (2.1), which is a generalization of the results of Sil'nikov
[Si68] and Chow and Deng [CD89] to abstract semilinear functional differential
equations.

Theorem 2.1. Suppose (H1) — (H5) hold. Then there exist a neighborhood N'(T'g)
of To U{0} in C and & € (0,€y) such that Wi(e) "Wy () =0 if and only if there
exists a periodic orbit in N'(Tg) for given € € [—&o, &). Furthermore, for the given
€ € [—&o, €] this periodic orbit is unique and exponentially asymptotically stable.
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Corollary 2.2. Under the same assumptions of Theorem 2.1, there exists a neigh-
borhood N'(Ty) of To U {0} in C and 0 < & < €y such that if there is a homoclinic
orbit in N (o) for equation (2.1) at € with |¢| < &), then there exist no periodic
orbits of equation (2.1) lying entirely in N'(Tg) at €.

3. Preliminaries. In this section, we prove the differentiability of solutions of
equation (2.1) with respect to initial values and parameters and the smoothness of
the stable and unstable manifolds.

3.1. Differentiability with Respect to Initial Values and Parameters. Let
V be a neighborhood of 0 in C, (a,b) be an open interval in R and F' € C*(V x
(a,b); X). Consider

u(t) =T(t)p(0) + /0 T(t — s)F(us,a)ds,
Ug = (;3

Theorem 3.1. The solution u(¢,a) is C¥—smooth with respect to (¢,a) for t in
any compact set of of the domain of definition of u(¢,a). Moreover, for each i €
C, Dyu(¢,a)y(t) satisfies the linear variational equation

(3.1)

oft) = T()(0) + / T(t - $)DyF(us(6, ), a)vuds,
Vo = w

(3.2)

In the proof, we shall use Lemma 4.2 and the argument for Theorem 4.1 in Hale
and Verduyn Lunel [HV93].

Proof. Fix £ € V and o € (a,b). There exist constants M > 0, 6 > 0 and N > 0
such that

|T(t) <M for 0 <t <1,

Bs(€) C V with Bs(§) = {¢ € C;[[¥ — £|| < 3},
[ag — 6,0 + 0] C (a,b),

|F(waa)‘ < N> |D¢F(¢7a)| <N for (waa) € Bﬁ(g) X [aO _6aa0+6]‘

Now choose 1 € (0,1) and v € (0, 1) so that

<8 v
V 27 /r] MN’
1)
sup  [£(6") —£(0)] < 3
6,0’ €[—r,0]
6" —6]<n
)
sup [|T'(¢)€(0) — &(0)[] < 1
te[0,n]

Let
K(n,v) ={w e C([-r,n]; X);wo = 0, ||w|| < v for t € [0,m)}.

Clearly K(n,v) is a closed subset of the Banach space

Co([=rn)) ={¢ € C([=r,nl; X); ¢(0) =0 for 6 € [—r,0]}
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equipped with the super-norm. R 3
For each ¢ € C, define ¢ : [—r,00) — X by ¢g = ¢ and ¢(t) = T'(t)¢(0) for ¢ > 0.
Now for fixed p € B__s _(§) and a € (g — 9, g + ), define A(¢, ) on K (n,v) by

A(1+ M)

t—s)F(ws + g5, )ds, we K(nv), te0,m),
te[-r0].

M@@Mﬂ={f”

It follows that A(¢, v)w € C([—r,n]; X). Moreover, since for s € [0,7], |ws|| < v
and
”J)s - g“ §||(Z~55 - gsH + ”gs - gH
<ll¢ —&ll + sup IT(s)[l[6(0) = £0)[ +  sup [l&(s +6) = £(O)]
s€[0,7

oe[—r,0]
s€[0,n]
s+0¢€[—r,0]
+ sup [[T(s+0)§(0) —£(0)]| + sup [|€(6) — £(0)]]
0e[—r,0] 0e[—r,0]
s€[0,m] s€[0,m]
s+60>0 s+0<0
6 6 & 9
Y

we have ||ws + ¢ — €| < v+ ¢ < ¢ and hence
|F(ws + ¢s,a)| < N for s € [0,n], € [ag — 8, a0 + 0]

This shows that

|A(p, 0)w(t)] < MNn <v fort € [0,n).
Thus, A(¢, a)w € K(n,v) and A(¢, a) K (n,v) C K(n,v). Moreover, using | Dy F (¢, )| <
N for (¢, a) € Bs(§) x [ag — 6, g + 8], we have for w,w € K(n,v) that

|A(¢, @)w(t) — A(¢, a)ir(t)] < /O T(t = 8)[F(ws + §s, @) = F(iy + s, @)]ds

<MNn sup ||ws — ]|
s€0,t]
<MNn sup |w(s)—w(s)l
s€[—r,n]
<v sup |lw(s)—w(s)|.
s€[—rn]

Since v < 1, we conclude that

A(): B (&) X [ag — 0,9 + 0] — K(n,v)

A
is a uniform contraction. By Lemma 4.2 of Hale and Verduyn Lunel [HV93], for
each fixed (¢, a) € B4(1iM> (¢) x [ag — 0,0 + 8], A(+) has a unique fixed point
w(¢, &) € K(n,v) which is continuous in (¢, v).

Note that B__s (&) X [ag — 9, ap + ] is the closure of the open set B__ s (&) x

A(T+M) I(1+M)
(g — 6,0 + 6) and A(¢,a)w has continuous k—th derivative with respect to
(p,,w) € B__s (&) x (g — 6,9 + 6) x K°(n,v), where

A1+ M)

K°(n,v) = {w e K(n,v); ||w] < v fortel0,a]}
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with K%(n,v) being open in Co([-r,n]) and K(n,v) = KO9(n,v). Therefore, by
Lemma 4.2, w(¢,a) is C¥—smooth with respect to (¢,a) € B__s (£) x (g —

- I(T+ )
§,a9 + 6). Hence, u(¢,a) = ¢ + w(p,a) is CF—smooth with respect to (¢,a) €
s (&) x (ap — b, 9 + 0) for t € [0,7n]. Standard continuation argument then

11+ M)
leads to the C*—smoothness of u(¢,a) with respect to (¢, ) for ¢ in any compact
subset of the domain of the definition of u(¢,«). O

3.2. Smoothness of the Stable and Unstable Manifolds. In this subsection,
we study the C* —smoothness of the stable and unstable manifolds of equation (2.1)
(Chow and Lu [CL88a, CL88b]). First, we modify assumption (H3) as follows:
(H3*) g € C*(C x (—€0,€0); X) and g(0,€) = 0, Dyg(0,€) = 0 for € € (—eg, €9)-
For a given € € (—eg,€0), a (mild) solution of equation (2.1) subject to the
initial condition ug = ¢ € C on [—r,7(d,€)), 7(4,€) > 0, is a continuous mapping
u=u(p,€): [—r,7(¢,€)) — X such that

u(, €)(t) = S(t)$(0) + / S(t — )L (ta(b,€)) + g(tia(d, ). €)]dar

for t € [0,7(¢,€)). Note that u(0,€)(t) = 0 for all ¢ > 0 is always a solution of
(2.1) with ug = 0. Therefore, for a fixed 7y > r, by the basic theory of (2.1) (see
Wu [Wu96]) it follows that there exists an open neighborhood Ny of 0 in C and
€1 € (—eo, €9) such that for each € € (—e1,€1) and for every ¢ € N, equation (2.1)
has a solution u(¢,¢) defined at least on [—r,71]. Let f : Ny x (—e1,€1) — C be
given by

f(d,€) = ur (9, €).

Then f is completely continuous, C*¥—smooth and Dy f(0,0) = T(;) (defined in
section 2). Let

Y5 = {A € C; X is a characteristic value of (2.2) with ReA < 0},
Y. = {) € C; X is a characteristic value of (2.2) with ReA = 0},
Y. = {\ € C; X is a characteristic value of (2.2) with Re\ > 0}

and assume that

Zu#wa Ec:®~

For each A € X ,UX,,, let M) be the realized generalized eigenspace of Ar associated

with A and denote
=P M, c'= P M
Aex, AeS,

Then we know that dimC* < oo, C" and C? are closed subspaces of C such that
C=C*®C*and T(r1)C° CC? T(m)C* CC™

Theorem 3.2. We have the following results on the smoothness of the stable and
unstable manifolds.

(i) There exist a constant €5 € (0, €), convex open bounded neighborhoods Ny of
0 in C* and Ny, of 0 in C*, and a C*—smooth mapping hs : N x (—¢s, €5) —
C" with hs(0,0) = 0, Dyhs(0,0) = 0, hs(Ns x (—€s,€5)) € N, such
that for ¢ € C and € € (—e¢s, €5), if equation (2.1) has a solution u(p,€) on
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[—r,00) satisfying ui(p,€) € Ny x N, for t > 0, then ¢ € WS _(€), where
W () is the stable manifold defined by

Wise(€) ={8° + hs(°,€); 6" € No}.

(ii) There exist a constant €, € (0,¢q) and a C*—smooth mapping hy : N, x
(—€u, €4) — C* with hy(0,0) =0, Dyhy(0,0) =0, hy(Ny X (—€y,€,)) C
N such that for ¢ € C and € € (—€y, €,), if there exists u(¢,€) : (—o0,0] —
X satisfying uo(o, €) = ¢,

u(¢,€)(t) = S(t -0 ¢(9)+/9 S(t — a)[L(ua(@,€)) + g(ual@, €), €)lda

fort,0 <0 with t > 0, and u(¢p,€) € Ny x N, fort <0, then ¢ € W (e),
where W (€) is the unstable manifold defined by

Wige(€) = {8" + hu(¢",€); 9" € Nu}.

Proof. (i) Let f: Ny X [—e1,e1] — C X R be given by f(¢,€) = (f(¢,¢€),¢€). Clearly,
f is C*—smooth, £(0,0) = 0 and

L= Df(0,0) = (D4 (0,0),1d) = (T(m1),1d).
Hence, E = C x R has the following decomposition
E=E,®E.®E,
with
=C°’x {0}, E. ={0} x R, E, =C" x {0}.

Clearly, Es # {0} is a closed subspace, E. # {0} and E, # {0} with dimFE, =1
and dimF,, =dimC* < co. We have

LE;CFE,, LE.CE., LE,CE,,
o(L|g,) € {z € C;|z|] < a} for some a € (0,1),

U(L|Ec) = {1}7
o(L|g,) C{z€C;lz| > 1}.

By Theorem II.1 of Krisztin, Walther and Wu [KWW99], there exist open neighbor-
hoods Ny, of 0 in E;® E,, N, of 0in E, and a C*—smooth mapping h : Ny, — E,,
(Theorem II.1 ensures C'! —smoothness if f is C! —smooth, the same argument there
yields C*—smoothness of h if f is C*—smooth) with

}NL(Oa 0) =0, D((b,e)il(oa O) =0, E(NS(‘) c Nu

and

ﬂf (Ve UN,) C
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where

W = {(¢",€) + h(¢*,€); (¢°,€) € Nic}.

Let 7, : E, — C* be the natural projection. Find open neighborhoods N of 0
in C5, N, of of 0 in C* and €, € (0, ¢p) so that

Ns X (_GSaes) C il(/\?sc)a Nu X {O} :Nu

Also let
hs : Ns X (—€s,€5) — C*

be given by R
hs(9°,€) = mh(d7, €).
Then h, is C¥—smooth and satisfies

hs(0,0) =m,h(0,0) = 0,
Dghs(0,0) =m, Dgh(0,0) = 0,
he(Ny X (=€, €5)) =muh(Ny X (—€s, €5))
Cruh(Nye) C mulNoy = N,

Assume that u(¢, €) is a solution of equation (2.1) on [—r,00) with € € (—es, €5) and
us (¢, €) € Ny x Ny, for t > 0. Fix t > 0. Then for each integer n > 0,

Ut+nTy (d)v 6) = fn(ut(¢7 6),6) € -/\[s X Nu

Therefore,

fn(ut(¢7 6),6) = (fn(ut(¢a 6),6),6) € (Ns X (_68768)) U (Nu X {0}) - Nsc UNy.

Consequently, u (¢, €) € W. In other words,

ut(¢a 6) = (¢37€) + h(¢s7 6) for some <¢S7 6) € Nsc-

As ¢* = ui(¢p,€) € Ny and € € (—eg, €,), we must have

u?((bv 6) = 7-‘-’ILI’L((Z;S:? 6) = hs(qgi 6) = hs(uf(qsv 6)’ 6)'

That is, u:(¢, €) € W. This proves (i).
(ii) Using Theorem III.1 of Krisztin, Walther and Wu [KWW99], the smoothness
of the unstable manifold can be proved similarly. [

4. Local Analysis. Under hypothesis (H3), we may assume, without loss of
generality, that the constant Ks defined in (2.13) is positive and that §; > 0 is
chosen so that for |¢®| < 01, |¢*| < &1 and € € [—ey, €], we have

|hs(9°, €)| < Ka|6°f?, (4.1)

|Dgshs(0°,€) - %] < Ka|o®|[9°|,  ° €C7,
|D§>*hs(¢)sv6)(wi¢§)| SK2|wf||'(/f29|a ¢f 6C5a12172 (43)
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and
[hu(¢", €)] < Kalo"|?, (4.4)
[ Dyl (9", €) - | < Ka|g“|[9"], 4" € C*, (4.5)
| D3uha(6",€) - (91, ¥5)| < KalyY| - [y3], v eCi=1,2.
Denote uyf = u;(¢“, €) and h,, = hy, (9", €) for |¢¥| < d; and |e| < €. By (2.4),
the definition of X and the fact that X§ + X§ = Xo, we have

T(—a)X3(6) = { X5(0 — ) = —X§(0 — a), 0—a<0,

0—a (4.7)
+ fy “L(T(B)X§)dB, 6—a>0.

Thus, (2.12) can be rewritten as follows

0 0—«
ha(6) = / X5(0) + / L(T(8)X3)dB)g (s, €)dor

0
- [ 30— aygtu.eyda
0

By the smoothness of the local unstable manifold W}%_(e), differentiation of h,,(6)
with respect to § € [—r, 0] leads to

0

31 ® = Xa(05.0 + L ([ T-0)Xalug: o)
0
7/0 %X&L(ﬂ —a)g(ul, e)da. (4.3)

Similar to the proof of Proposition 3.2 in Chow and Deng [CD89], we have the
following lemma.

Lemma 4.1. For ¢* € C* with |¢%| < 61,0 € [-r,0] and € € [—€1, €1], we have

d d U U u
45 Dorta00)0) = (Do ) -6t ot €, (@8)
d 2 d u u u u
(D¢>u (o1, 93))(0) = D(z;u—hu(e) (o1, 03), @1, 05 €C",
do do
(4.9)
5 (Do gyt 61) ©) = (Do Ggzma(®)) ot ot e (410)
Moreover, there exists a constant K3 > 0 depending on 61,€1, K1 and Ko such that
d U U U U u
D3 - (00| < Folotllotl, oot ect, (@
d d U U U u
de D¢ d9 ¢1 SKSM) ‘ |¢1|7 ¢1 eC". (412)

By the smoothness of the stable and unstable manifolds (Theorem 3.2) and fol-
lowing the argument in the proof of Proposition 3.4 in Chow and Deng [CD89], we
have the following lemma.
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Lemma 4.2. Let ¢" € C* with |¢"| < 01,0 € [-r,0] and € € [—€1,€1]. Then there
exists a constant K4 > 0 depending on 61, €1, K1, Ko and K3 such that

(Z) dtT( )h |t 0+ = dgh XOg(h +¢ )
(it) |T(t) ST (7)ha| rmo+ | < Kae™#Hg" 2, ¢ > 0.

Define ¢ = H(¢,€), ¢ € B(01), |e| < €1, by
¢"=¢" —hu(¢",€), ¢" =" (4.13)
In terms of the new variable ¢, we have
Wise(e) = {¢: 6 € H(B(d1),¢), ¢ =0}.
The inverse H~! of H is given by
¢ ="+ hu(¢",€), "= 09"

The variation of constants formula (2.8) becomes

ui(36) = T + / T(t - 0) (1, )da
(4.14)

t
(€)= NG+ / N0 X5, €)dor

0

where
i = (6,6 = H(w (6,60, 9(6,6) = g(H(3,),).
and
F(8,0) = X336, )~ T8 emo+ ~ Dpuhul(8*, €)W+ X¢ F(, ). (415)

Lemma 4.3. There exist constants 0 < d3 < 99 and 0 < €3 < €5 and a map F :
B(dg) X [—e3, €3] — L(C*, L), L = L ([=1,0], X), such that [(6, ) = F($,)-5°
for ¢ € B(83) and |e| < e3, where ¢* = P*¢. Furthermore

(i) F is C*;

(ii) if 1 € C*, then (F(¢,€) - ¥*)(0) is C* in 0 € [—r,0];

(iii) there exists a constant Ks > 0 depending on d3,€3 and K;(i = 1,2,3,4) such
that for every ¢ € B(d3), € € [—es, €3],

|F($76) ! ’(ZJS|L°° < K5|é| ‘QZSL

sup | L(F(B.)-7°)6)| < K|,

—r<0<0 do

Proof. Claim: There exist 0 < d3 < d2 and 0 < €3 < €2 such that if |</3| < 63,0 €C¥
and |e| < e3, then f(¢,€)(0) = 0 for 6 € [~7,0].
Suppose |¢| < d and |e| < e3. Define

to = to(¢,€) = sup{t > 0: us(¢p,¢) € H*(B(d2),€)}.
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If §; > 0 is sufficiently small, then ¢y > 27 for all |¢| < Jy and |e| < ez. Since H is
near the identity map, there exists 0 < e3 < €2 and 0 < d3 < &2 such that

B((Sg) C H(B(SQ),G), |E| < e3.

To prove the claim, we suppose that there exist ¢f € C* with |¢%| < 63, |eg| < €3
and 6y € [—r,0], such that

F (@5, €0)(Blo) # 0. (4.16)

Let ¢g € H™Y(dY,€). Then ¢g € Wt (o) and |¢o| < 52.7Let s = H(ui(do,€0),€0),
—0p <t < tg — bp. Since Wi (e0) C {¢ : ¢° = P°¢ = 0} and uj,, = 0 for
—0p <t <tog— 0o, uo = H(do,€) = ¢p§. By (4.14)

t
0 =0y, = / T(t — o) f (TGt €0)dor.
—6o
Let t =6y 4+ 0 and 0 < o < tg with o < —6) if 6y # 0. By (2.5), we have

—0o+o
0= / [T(~00 + o — @) F(tia6,. )] (60} da

—0o
:;Oﬁa f(tara,,€0)(0 — a)da if —6p>0>0
_ ) (4.17)
Jy T(0 — @)[f (@i, €)(0)]dex if 6o = 0.
Dividing (4.17) by o and letting 0 — 0%, we have
1 —0g+0o _
0= lim = /90 [T(=00 + 0 — @) f(Tate,, €0)](0o)dox
= f(¢5,€)(0o), 0o € [-r,0],
which contradicts (4.16). This proves the claim.
Hence
E— N — — PE— 1 — — — —
F6.0) = 16 + %)~ (6", = [ Dg.Fad + 8 0)da) -5
0
Define )
F(6.0) = [ Dy f(ad® + 6", opda. (1.18)
0
By (4.15), we have
Dy f(ag® + ¢, €) = X§ (L1 + 1) — (Dguh) - (X{g1) + Xog, (4.19)

where L1 = Dg. L(a¢® + ¢*) and g1 = Dj.g(ag® + ¢“,€). Thus F(¢,€) : B(d3) x
[—e3, €3] — L(C%, L>) is C* and [F(¢,€) - ¥°](0) is C* in 6 € [—r,0] for all 1* € C*.

To prove (iii), we notice from (4.18) and (4.19) that F'(0,¢) = 0 for € € [—e3, €3].
Thus, there exists K5 > 0 depending on ds, €5 and K;(i = 1,2,3,4) such that for
|¢| < 63, |e| < €3 and * € C3,

|[F(6,) - 4°| < Ks|||0°.
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Also, by Lemma 4.1, there exists f(é > 0 depending on d3,€3 and K;(i = 1,2,3,4)
such that for |p| < 3, |e| < €3, and 9 € C*.

d%[F(d?,e) NO)| < Kl —r<o<o.

Choose K5 = max{f(&lzg}, we prove (iii). O

From (4.15), we have

T(0)F(6,0) = T() X35~ T(1) o

T(7T)hulr=o+ — T(t)Dgul - (A" + X('g), (4.20)
where g = g(¢, €) and hy, = hy(¢", €). Since C* is closed, we have T'(t) X§(L+g) € C*
for t > 7 and (Dguhy) - (A" + X§g) € C°. Thus, by (2.7), (4.20) and Lemma 4.2,
there exists a constant K¢ > 0 depending on d3, €3 and K;(i = 1,...,5) such that
for ¢ € B(d3) and |¢| < €3,

T(t)f(.€)] < Kee™"|gl|¢°], t > 0. (4.21)
By Lemma 4.3, we can rewrite (4.14) as follows

a3 6) = T(1)F + / T(t - ) F(a(,0). ) - 1B, )da
(4.22)

w6.0=c5"+ [ A=) (50 (3, ), €)da
0

Denote vy = Djii¢(¢, €). Denote v = Djiiy(¢, €). Differentiating (4.22) with respect
to ¢ in L, we can see that v; = Dguj(¢,€) and vy = Dgui'(¢,€) satisfy the
following variational equations:

o = T()P* + / T(t — 0)D3F (1a($.6),€) - (T (5, €))

+ F(tg(¢,€),€) - v8]da, 0 <t < tg, (4.23)

(03

t
o = eM P +/ = Dsg(ua (e, €),€) - vada, 0 <t <tq.
0

Lemma 4.4. There is a constant K7 > 0 depending on 0s,€e3 and K;(i = 1,...6)
such that if (¢, ¢) € B(d3) for all 0 < t < to where to > 0 is any given constant,
then

@5 (¢, )| < Kr|g®|le™, 0<t<to.

Proof. From (4.14), we have
— — t — —
@:(6.0)| < ITOF] + [ 17— ) f(@(5,9.0ldo.
0
By (2.7) and (4.21) and the assumption that %, € B(d3), we obtain

t
@} ($,€)] < Kre || +53Kﬁ/ e D@ (¢, €)|da.
0



HOMOCLINIC BIFURCATION IN PARTIAL FDES 1307

Let 2(t) = e|a3 (¢, €)|. Then

z(t) < K1|¢®| + 63K /Ot z(a)da.
The Gronwall’s Inequality implies that
z(t) < Kq|¢®|e® et for 0 <t < t.
Choosing K7 = K e%%6to we obtain the desired inequality. O

Denote fi = %, A= “—;)‘ Then i < ju, A > A, and —p + 27i + A = 0. Let
64 > 0 be a small constant such that

. 1 1
64 < min {(53, — = —, — = T } .
4K (Ko K7 (1/ i+ 1/A) + Ks /(1 — ) 2[K2(1/(A+ f) +1/(A = A))]2

Lemma 4.5. Let \, i, and 84 be as above and X € (0,\). If u(¢,€) € B(84) for
0 <t <ty where ty is any given constant, then

|D$a§(é7 6)‘ < 2 M € [07t0]7 €€ [_€3a 63]7
1Dzt (g,€)| < 26N € [0,to], €€ [~es,e3],

_ 1 3
|Dgutiy (9, €)| < §€>\t’ t €10,to], €€ [—es,es].
Proof. Let V be a subset of C with a metric
d(wig, war) = max |wiy — wayl.
0<t<to

Define a subset V in V as follows:

V= {w; :wp = w; +wl € V,wy =w +wd = the identity map in C,

lwi| < 2e ) |wk| < 2N, 0<t < to}
Clearly V is a closed subset of V. Let ® : V — V, w; = O (wy), be defined by
t p— p— pa—
wi =T ()P + / T(t = a)[DgF (Ua(9, €), €) - (Wa, W, (¢, €)) + F(Ua(d,€), €) - Wy ]da,
0
t p—
Wt = eMpY +/ M X D3g(a(,€), €) - Wador,
0
By using (2.7), (4.18), (4.19), (4.2), Lemmas 4.3 and 4.4, we have
t t i
\m‘:\ S e—ut + 2K1K2K7(54€_Mt/ e "da + 2K1K5646_Ht/ e(”_“)o‘da
0 0

o
+ 2K1K2K75467Mt / eAadOL.
0
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Since —pu < —fi, —pt + A = —2fi < —[i, we have
2K Ko K76, n 2K1 K504 n 2K1K2K754>
i = p A '

[wy] < e <1 +

Since 8y < 1/[4K 1 (KoK7(1/f+1/X) + K5/ (1 — f1))], it follows that
[w§| < 2e~F,

Similarly, since A > ), we have

t [N
[wy| < M+ 2K2(5£6M/ e~ Miagy 4 2K25§€M/ AN gy
0 0

- 2 2
A+ A=A

S 2e>\t

provided 8, < 1/2[K5(1/(A+/)+1/(i—\))]2. It follows that ® maps V into itself.
For wy, wy; € V, define another metric d as follows

E(wluwzt) = 02@% (eﬁt|wft — wy| + eiAt|w%t — wy).
>txto

Then (V,d) is a complete space. Let w; = ®(wyy),Wa; = ®(ws;). Then
W, — W3,

t
< / (K1K2K7(54€_'ut + K1K5(54€_“(t_a))|wia — w§a|da
0
t
+ K1K2K75467”t/ WY, — Wa,|de
0
t ~ ~
= / (K1 Ky K764e™ M + K1 K585 )e ™ (e w5, — w35, |)da
0
t -
+ K1K2K75467“t/ e)‘a(ef)‘a|ﬁ7fa — Wy, |)da
0
t - t ~ _
< (K1K2K7546_Mt/ e "da + K1K554€_Mt/ e(“_“)ada) -d(mlt,mgt)
0 0
o —
+ K1K2K75467'ut/ e)‘ada . d(@ltﬁgt)
0

1 1 K PO
< K6y [K2K7 (t + r) + 5~] e M d(Wyy, Way).
poN)  u-p

Hence

i 1 1
€”t|wit — Wy, | < K104 [K2K7 (ﬁ + i

K. _
> + 5~] - d(W1e, War).
p—fi

Similarly,

3 1 1 -
e—)\t mqft — wéﬂ < KQ(SE (m + ﬁ) . d(m1t7WQt).
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Thus,
d(W1y, W)
_ m3 —s 75\t—u U
OI<11tEZ>§ (e"|w], — w5, | + e~ "Wy, — Wyy|)
1 1 K 1 1 =
<Koy | KoK f+f>+ ~}+K52<—~+~—>}-d@ W
{ 14{ ’ 7(# i) s rl TR TRy ) g e )

1 1\ =
S (Z + Z) d(wlhm%)
1-_ _
= §d(w1t;w2t)a

which implies that ® : V' — V' is a contractive mapping under the new topology
(V,d). Hence, ® has a unique fixed point, say w; € V, such that w; = ®(w;). By
the uniqueness of the solution of (4.23), we have

Wy = Dgug(¢,¢), Wy = Dguy(9,e).
Thus, we have established the first two estimates. To show the third estimate, we
differentiate the second equation in (4.22) and obtain

t
Dyt (B6) = M + / M=) X8 D (0 (3, ), €) - Dguiia(@, €)do),
Dauﬂg(a, 6) =1.

Let t1 = sup{t : 0 < t < to, Dgu “(¢,€) > 0}. Then t; > 0. We will show that

t1 = tg. Suppose t1 < tg. Then D- uutl(qb, €) = 0. We have
dDguﬂ? (6, 6) —— e
T  ADGTB.6) + X§ D5, €),6) - DT e)

AD (3, €) - |X3D$"§(ﬂt($76)»€)'Dauﬂt(5a6)|~

Y

It follows that 1
Dy (¢,€) > 5e“, 0<t<t.

yn

Hence Dguuy, (¢, ¢€) >
proof. O

% t1 £ (), a contradiction. So t; = tg and this completes the

Note that in terms of the variable ¢, the local stable and unstable manifolds are
given by

,€), [0°] < 84},
|< (54}

€3, €3] and Dqgshs(0,0) = 0. For every € €

={¢: 9" = hy(¢"
{GB ¢* =0, |¢"
where h, is C3, hg(0,¢) = € [-
[—e€s, €3], we define
Q =04, p,¢) = {9 :|6°] <04/ Kx, [{§}, 0" — hs(6",€))| < p} C B(da),
O = (04,p,¢) = {0 : ¢ € Adu, pr), 0 < (93, 0" — hs(97,€)) < p},
O = O (31, p,6) = 6 6 € Ubarp, ), —p < (65,6 — hald", ) < 0},

where (-; -) is defined in section 2. Note that since Wy _(¢) has codimension one
and QT NQ™ =0, Q=0T UW}_ () UQ™, we must have
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Lemma 4.6. Consider u;(¢,€) satisfying (4.22) in B(64) and 0 < p < 04/4, 64 <

1/(2Ks). If ¢ € QT UQ ™, then there exists T = 7(p,€) > 0 such that

—u (L _ SuU( S 7 s _ 64/2 Zf d}e Q+7 |€| S
@)@ @0 ={ 3o HEEan 10

Ur

Furthermore, if $ € QT UQ™ and |e| < €3, then
04

1 L
6%, 8 — ha(3, 0))]

1 1 4 o< 1
= 1n = = = STS =
)\ 4‘<¢§\’¢u - h3(¢sa6)>| A

_ 8 -~  _
D— < - — )‘T(¢76)
| W%@eﬂ‘pw4—83536

Proof. If ¢ € QT UQ~ C Q\ W _(€), then the solution cannot stay in B(d) for all

t>0. If [¢°| < 2%7, then Lemma 4.4 implies that

1 ~e*’”§5—4 for 0 <t <ty,

|ﬂf(¢_’,€)| <Kr7- 2—K7

where to > 0 is such that the solution @ (¢,€) € B(d,) for all 0 < ¢ < to. Hence,
(o, €) has to leave B(d4) through either @} (¢, e) = d4 or 4} (p,€) = —d4. Thus,

F=1inf{t > 0:|a}(p,e)| = 4}

is well defined.

Let ~ B o
At(¢76) = < ;,ﬂg((ﬁ, 6) - ﬂ?(gbs + h5(¢816)76)>7

Note that A, is C2. Since ¢ € Q,
|A0(§£a 6)| = |<¢§’qu - }_ls(q—ssae)ﬂ <p< 54/4

Note that by (4.1), if |¢°| < &4, then |hy(¢®, €)] < K202 < 64/2. Since 1 (¢° +

hs(9°,¢€),€) € W (€), we have
1Az(¢,€) = (63, 17 (6, €))| — (@3, U3 (8" + hs(0°,€), €))] > 04 — 04 /2 > ba/4.

Thus, by the Intermediate Value Theorem,
7(¢,€) = inf {t (0 <t <t,|Ao,€)| = 54/4}

is well defined for ¢ € QF U Q™. We shall prove that
)  d4/2 ifgpeQt
AT(d),e) (¢a 6) - { 754/2 if (5 cO. (424)

We only prove AT(d;’E)(q_ﬁ, €) = d4/2 for ¢ € QF, the other case can be treated

similarly. B
By the way of contradiction, suppose A,z (¢, €) = —d4/2. We have
(85, 8 o) (B, )) = —04/2+ (63,85 o (3" + hal@",€),6)) < —da/d. (4.25)
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Define

di(¢,€) = (3, Tt (0, €) — hs (U7 (9, €), €)).-
Since ¢ € OF, we have
do(¢,€) = (03, 0" — hs(9°,€)) = Do(¢,€) > 0.
On the other hand, by (4.25), we have
dy(5,)(D,€) < =04/ — (B3, hs(T} (9, €),€)) <O.

Thus the Intermediate Value Theorem implies that there exists 79,0 < 79 < 7(¢, €),
such that

dry (9,€) =0
which implies that i, (¢, €) € W _(¢). Therefore,
ﬂt((l_s, 6) € I/I/vli)(:(e)

which contradicts ¢ € Q\ W (€). This proves (4.24).
Since Ay(¢,€) is C% and

o _ _ _ _ _
5 2t(0,€) = A8(9,€) + 5(ue(9, €), €) — 5(ue(¢° + hs(¢°, €), €), €),
we have 9 g
_ 4 _
&At(¢7 6)‘t:7'((2376) Z 7 - 4K262 > 07 d) S Q+. (426)

Applying the Implicit Function Theorem to
A(p,€) =64/2, pE€EQ, €€ [—ea,e],
it follows that 7(¢, €) is C2. Moreover, by Lemma 4.5, we have
51/2 = (63,1 56, ) = T 5, (6" + Ful",9),9)
< 26X (5, 6 — (87, ).

Therefore,
04

L1165, 0" — ha(6, e

1 04

gln T = = .

A |<¢A7¢ _hs(¢ 7€)>‘

Let ¢ € QT UQ~. Differentiating (4.24) and using the Chain Rule, we have

0

aAt(év Nizr(a,e) - DgT(9,€) + DgAi(¢,€)l1—r(5,0) = 0

Therefore, by (4.26) and Lemma 4.4, we obtain

_ 8 .
D- < AT(s€)
| ¢T(¢76)| — )\(54_8]{264%6

This completes the proof. [
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Lemma 4.7. Let ¢ € ), |e| < e3 and ty > 2r be as in the proof Lemma 4.3. Then
there exists a constant Kg > 0 depending on Js,€es and K;(i = 1,...7) such that if
a solution s (b, €) of (4.22) is in B(84) for 0 <t < to, then u(¢,¢) is differentiable
int € (r,ty) and satisfies

d B
SaG.0] < Kl r<i<i

where % is taken in L°°.

Proof. Let t > r. By (4.22) we have

B t+6
ui(0) =T(t+0)p*(0) + /0 T(t+ 6 — a)[F(tq,¢) - u,](0)dqy

+/t+9[F(ua,e)-uZ](t—i—H—a)da, 6 € [—r,0].

By (4.18) and (4.19), we have

t

t
/ (i, €) - 82](t + 0 — a)da = / Flat+0—a) - 2da,
t+6 t+0

where

F(a,0) - 0° = [F(iia, €) - 9°](8) — Xo(6) / 61 (o €, B)dB - 5.

0

Lemma 4.3 implies that F(a,#) is C' in 6 € [-r,0] and

F(a,0) 9% < Ks[¢°],  |[F(a,0) - 9°| < K597 (4.27)

a0

for 0<a<ty,0¢c[-r0]and ¢ € C*. Thus

d _ t+0
731 (0) =L(T(t(0)¢°) + [F(ar+o, €) - uy1](0) + / LTt +0 — a)F(tq,€) - uglda
0
t
+ F(t,0) a5 — F(t+0,0) - @4 — 2F(a, t+0—a)-ado
t+0 90

This, together with (2.4), (4.27), Lemmas 4.1 and 4.4, implies the desired estimate
and completes the proof. [J

Define a function ¢ : B(d4) X [—€3,€3] — R by

£61.G2.) = mae{ (63, 67 — ha(@7. ).
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Lemma 4.8. Let ¢ € QF(64,p,€),p < %“ and € € [—es,e3]. There exist constants
Ko > 0 and a > 0 depending on 04, €3 and K;(i = 1,...,8) such that if ¢1,¢o €

Q1 (04, p,€) and € € [—e3, €3], then
u 1,€) (¢_11 6) - ﬂr(d;Q’e)(éQa €)| < KQ[E((Z_SD (527 6)}a|(l_51 - (52|

|uT(d;

(4.28)

Proof. For ¢; = ¢3 + ¢ € QF (04, p,€), i = 1,2, define

¢°(0,€) = (1 - 0)43 + 095,
¢"(0,€) = ¢} — hs(85,€) + hs(9°(6,€),¢), 0<O<1
and
5(0.¢) = &,
U0, €) = (1 —0)p (1, €) + 004, 0<6<1.
Then

5°(0,6) + 6"(0,€) € AT (b1, pr€),  0°(0,€) +¢"(0,¢) € A (64, pre), 0<O< 1.

By the Chain Rule, Lemmas 4.5, 4.6, and 4.7, it follows that

+ | Dot (6, €)i—r 5

_s n d —s 7 oy
|Dstiz 5.6 (0 €)] = ‘E“w,e)(‘b’ €) - Dy7(¢:€)
8 5r(6.6)

Kalgle 60 | ole- (@)
‘ sléle T o L R |

IN

SKS(%)(*M+5\)/S‘
- A — 8Kod,

04 R * Tu 7 (7S /A
c2(%) 7 e @ e

%, % — Ry (B, €))|A—H/R

Also, by (4.1) and (4.2), we have

d  ~ ~ - - - - d ~
0.0+ 80.0)| =16 - 55 + | D@0, 00 0.0

and
d = = _ ~
E0.0+30.0)| =16 - 51,9
<135 — 1+ 3. €) — Bul03 )
< (1+ K2683) |1 — ¢l
Denote

5 8Fg (%) (—rtR)/A 5\ A/
Ko(04) = [ /\j8K264 2<$>
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Thus

17 (51,0 (91, ) = W 5,, (2, €)]
= 18] Gy, 001 + 010 — 8540100 (B3 + 6 (16). )

+ ﬂsw s+¢u(1,e) E)(QSQ + qu(la 6)7 6) - af—(@gJﬂET;)e) ((Z_SS + éga €)|
1

B 0 d9 ¢S (0,6)+¢%(0,€),¢) ((bs( €) +¢"(0;¢), €)df
d =S :9 :'lL
+ @u,r(;b (9,5)+d:>u(9,€),e) ((b (97 6) + ¢ (9? 6)7 €)d9

IN

1 ~ _ d ~ N
/ D¢ﬂj(¢~>s(9 e)+</~3u(0 €),€) ((bG(e’ 6) + ¢u(9a 6)7 ) d_((b (97 6) + ¢u(97 6))d9’

Dyii
/ o8 5 (0.0, e>(

Ro(64) / (3306, €). 6 (0,¢) — a(3° (6, ). €))|*d0 - |31 — o]

S

0.0+ 80,0, 45(56.0 + 56, )t

+ Ko(64) / (B3(6.€), 6" (6, ) — hu(3°(6,),€))|*d - |1 — Bl
= Ro(60)(1(0%, 6% — Ba(@1, NI" + (63,64 — B(5 NI -1 — ol
< 2Kg(04)[€(¢1, P2, €))% |1 — Pal.

Next, by (4.1) and (4.24),

|ﬂ2(¢;1,6) (¢1,€) — ﬂg@z,e) (g2, ¢€)
= |64/2 + W5, o (B1 + ha(Bi, ) €) = 8a/2+ 2 5,
= (25, 065 + hs (61,0, €) = bl 5, o) (65 +
< K021 5, (85 + ha(B5,€),€) — 5, (D
< 2K265 Ko (64)[U(¢1, das €)% |d1 — Pal-
Let Ko = 2(1 4+ K202)Ko(d4). Then we obtain

|a7($1,e) ((513 6) - aT(%%e)(‘E?a €)| < Kg[e(qglv 9527 6)}a|q_51 - (752|
This completes the proof. [

5. The Sil’nikov Map. In this section, we shall define a map in a small neighbor-
hood of the hyperbolic equilibrium which is closely related to the Poincaré map but
is somehow different. The idea of construction of the map is due to Sil’nikov [Si68],
so we call it a Sil’nikov map. We shall show that the Sil’nikov map is Lipschitzian
with a small Lipschitz constant.

5.1. Construction of the map 7!'. Let &, and ¢ < 6,/4 be fixed. Denote

po < min{[2'(1 4 K203) Ko(64)] 71/, p/2}, (5.1)
B(po) ={¢: [6°] < po,|9"| < po}, .
S(0a,€) = {¢: (P, 0" — hs(9°,€)) = da/4,|9°] < 04/2}. (5.3)
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Since Wy (€) and ©(d4, p, €) continuously depend on € € [—e3, €3], there exist a small
0 < e4 < €3 such that B(pg) N W} (€) # 0 and B(po) C (4, p, €) for € € [—ea, €4].
Define a map 7! : B(pg) X [—€4,€4] — C by

~1/7 _ 17/7—((575) (év 6) if (% € Q+(§47 P 6) n B(p())a 4
Fge) {54/2 if ¢ € {Q—Q7} N B(po). (54)
Notice that for each € € [—¢4, €4], 7+ maps B(pg) into S(dy4, €).

Lemma 5.1. 7'(¢,¢) is continuous in (¢,€) € B(po) X [—€4, €s] and is Lipschitzian
continuous in ¢ € B(po).

Proof. The continuity of 7! follows from Lemmas 4.5 and 4.6. To show 7! is Lip-
schitzian, denote

A1 == <¢;7(571J - Bg((ZBiE» > Oa AQ = <¢§7Q§g - BS(QES,E» S 0
and let

$2(0) = Olhs(95,€) + &Y — hy(d5, )] + (1 - 0)ds, 0<6<1.
We have

|7 (1,€) = 7 (P2, €)| < |TH(DF + B, ) — 7 (85 + d2(1), €]

+ 17 (05 + d2(1), €) — 71 (D5 + 5, €)|- (5.5)

Since (95, 92(1) — hs(95,€)) = (83,0} — ho(di,€)) = A1 > 0, 93 + ds(1) €
Q1 (84, p,€). Lemma 4.8 implies that

|77f1(¢_5i + (511147 6) - 7~T1 (Q_S; + Qgs(l), E)'
< Ko(0a)[U(¢1, P2, €)]* (185 — B3] + |8} — da2(1)])

< (1+ K203) Ko(64)[(d1, b2, €)]%[07 — 3. (5.6)
Note that (@3 92(1) = hs(3,€)) = A1 > 0, but (¢3, $2(0) — hs(e5, € €)) = (&3, 0% —
h*(¢5,€)) = Az < 0, there must exist 0 < 0 < 1 such that (g3, $2(0) —hy(¢3,€)) =0
and (%, ¢2(0) — ho(@5,€)) > 0 for § < @ < 1, which implies that ¢3 + b4(0) €
QO+ (64, p,€) for § < § < 1. By the definition of 7!, (5 + ¢a(6), ) = 7(B5 +

@Y, €) = 64/2. Thus, Lemma 4.8 implies that

|7~T1($§ + (;2(1)7 6) - 7}1((5; + qgg, 6)|
= |7~T1(¢§§ + (;52(1)7 6) - ﬁl(é; + ég(é), 6)|
< Ko(62) U1, 82, €)]*[2(1) — d2(0)
= Ko(04)[l(¢1, 62, €)]*|(1 = O)[hs(85. €) — hs(83, €)] + (9 — 6%)]
< (1+ K205) Ko (04)[l(¢1, 02, ) (107 — 63| + 161 — 931). (5.7)
Therefore, by (5.6) and (5.7), we have
|7 (81 + OY, €) = 7 (95 + 5, €)|
< 2(1+ K203) Ko (30) [l(¢1, b2, €)]* (|67 — d3] + |67 — d5]),
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which means that #' is Lipschitzian. O

For € € [—ey, €4], define

Wi(e) ={¢: there exists t > 0 and ¢ € Wy¢ (€) with
(5, 0" — hs(¥® €)) > 0 and ¢ = us(¢),€)}, (5.8)
¢1(€) = Wi(e) N X(64/2,€), (5.9

where

E(54/23 6) = {¢ : <¢§\v éu - }_LS(QZSa €>> - 54/2, QZ = H(¢7€)} (510)

Fix 0 < po < d4/2. Since H is near the identity map, there exists 0 < p; < po and
0 < €5 < €4 such that

B(p1) € H (04, po,€),€), €€ [—es5,e5). (5.11)

Let ¢o € Wi.(0) with |¢o| < p1 be fixed. By the continuity property of Wi _(¢) in
€, for every 0 < p < dist (0B(p1), ¢o), there exists 0 < €5(p) < €5 such that

B(¢o, p) N1 Wige(e) # 0, € € [—¢s, €6), (5.12)

where B(¢o,p) = {p € C: |¢° — ¢§| < p, |¢" — ¢p¥| < p}. Define H x I : B(¢q,p) ¥
[—€6,€6] = C x R by

(H x I)(¢,€) = (H(¢,€),€)
and 7t x I : B(¢o, p) X [—€6,¢6] — C x R by

(7! x I)(d,€) = (7' (¢, ), €).
Thus 7 : B(o, p) X [—€g, €] — C given by
m(9,€) = HH (7' x I) o (H x I)(¢,¢€),¢) (5.13)
is well-defined. Notice that by (4.2) and (4.13),

|DgH (¢, €)] <2+ K63,
|DzH (¢, €)] <2+ K203

for (¢,€) € B(¢o,p) x [—€g, €6). Thus, by Lemma 4.8, ' is also continuous and
Lipschitzian in ¢ and ¢ () is the unique intersection point of Wi (e) and X(d4/2,€).
The above discussion can be summarized as a lemma.

Lemma 5.2. The map w* : B(¢o, p) X [—¢€6,€6] — C defined in (5.6) satisfies:

(a) If el < €6(0), |6 — do| < p and (85, 6 — hy(6%,€)) > 0, then 7 (,e) is the
intersection point of ¥.(d4/2,€) and the solution orbit of (2.1) with the initial value
¢ and parameter €. If (¢%, 0% — hs(¢%,€)) <0, then w' (¢, €) = ¢1(e).

(b) w(,€) is continuous in (¢, €) and is Lipschitzian in ¢ for each fized e.

5.2. Construction of the map 2. Let to > 0 be the time such that uy, (¢1(0),0) =
$o and Tg = {¢ : ¢ = uy(41(0),0),0 < t < to} C To. Define 72 : B(¢1(0), p1) x
[—€6,€6] — B(p1) by

(6, €) = gy (6, €). (5.14)
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By the differentiability of solutions to (2.1) with respect to initial values (see The-
orem 3.1), there exist 0 < p2 < p; and 0 < €7 < €6 such that

|D,0)7 (1, €)] < |D(g,07(1(0),0)] + 1
for (¢17€) € B(¢1(0)7p2) X [_67767]' Let
Kio= |D(¢,e)7r2(¢1(0)7 0)] + 1. (5.15)

Then for every 0 < p < ps and 0 < € < €7, 72 is continuous and Lipschitzian with
Lipschitz constant K.
5.3. Construction of the map 7. Since ¢;(€) is continuous in € € [—eg(p), €6(p)]

for every 0 < p < dist (¢g,dB(p1)), there exists 0 < eg(p) < €5(p) such that

|61(€) — ¢1(0)] < Ko(da)p™*, € € [~es(p). es(p)]- (5.16)

Let

1

"= mm{ ko) o] o (33(””’%)} |

(5.17)
€9 = min{er, es(p2)}. (5.18)

Then 2K10Kg(d4)p% < 1/2 and the composite map
7(-€) = 72 (7 (-, €),€) (5.19)

mapping B(¢o, p3) X [—€s,eg] into B(¢o, p3/2). By Lemma 5.2 and the defini-
tion of 72, 7 is continuous and is Lipschitzian in ¢. The Lipschitz constant is
Ki10Ko(64)p3 < 3 by (5.17) and independent of € € [—es, €g]. Thus, 7 is continuous
for every € € [—es,€es]. We now summarize the properties of 7 in the following
result:

Theorem 5.3. (i) 7 is continuous and (-, €) : B(¢o, p3) — B(do, p3) is a contrac-
tion with a contraction constant less than % uniformly in € € [—eg, €g].

(it) If ¢ € B(o, p3) and (¢, " — hs(¢®,€)) > 0, then w(¢,€) is on the orbit of
(2.1) containing ¢. If (9%, d° — hs(9®,€)) <0, then m(¢,€) is a constant map with
(¢, €) = 7 (¢1(e), ).

(iii) For every € € [—es, €g],

B(¢o, ps) N{e: (P, 0" — hs(0°,€)) > 0} # 0,
B(¢o, p3) N{d: (93, 0" — hs(¢%,€)) < 0} # 0.

6. The Proof of the Main Results. To prove Theorem 2.1, we need the
following lemmas.

Lemma 6.1. There exist ¢g > 0 and neighborhoods Ny of {0} and Ny of T,
respectively, such that
(i) N(T'o) = N1 U N3 is a neighborhood of the homoclinic orbit T'o;
(i) if v is an orbit of (2.1) at € € [—eg, €] satisfying YN Ny #£ 0, v C N(Ty),
then
(85, 6" — hal@*,€)) > 0 for every § € 411 Ny
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(iii) if ¢ € No and € € [—eg, €9], then u(¢,€) € B(go, p3) for somet > 0.

Proof. Let d4, p and Q(d4, p, €) be as in Lemma 4.5, and €4 and S(d4,€) (see (5.3))
be as in Lemma 5.1. Define

V(e) = {6 :[¢°| < 8, —04/4 < (¢}, 8" — hs,€)) < 84},

_ (6.1)
ON"(€) = {¢: [¢°] < 04, —0a/4 = (9}, 9" — hs(9°,€))}
for € € [—€4,€4]. Then
Q(34,p,€) C N(€), S(0s,€) C N(€), €€ [—eq,eq]. (6.2)

By Lemma 5.1, for every ¢ € N(€) N Q= (04, p,€), there exists t > 0 such that
ut(p,€) € AN~ (€) for € € [—ey, €4]. Denote

Ny = HY(N(0),0), ON; = H Y(dN~(0),0). (6.3)
Since H is continuous in €, there exists 0 < €19 < €9 such that

Ny D H HQb4, p,€),€) D H Y (B(po),€) D B(¢o, p3), (6.4)
Ny DH71(5(54,6),€)=E(54,€) .

for € € [—€10,€10], where B(po), Bl(¢o,p3), S(d4,€) and X(d4,€) are defined in
section 5. This implies the following properties:

(A) if ¢ € Ny N H Y Q™ (04, p,€),€) \ W (€) and € € [—€10, €10], then ut(e,€)
will leave Ny through ON7 ;

(B) ONy is closed with To NN, = 0.

Thus, for to and Ty defined in section 5 and for every ¢ = u;(¢1(0),0) € I there
exists p = p(t) > 0 and € = €(t) > 0 such that

B($.p) NON; =10
and if ¢ € B(J), p), € € [—€, €], then
ut,—t (¢, €) € B(¢o, p3)-

Note that UOStSto B(qg, p) is an open cover of To. By the compactness of o, there

exists a finite open cover Ny = |JI_, B (qgi, pi), where
G = ur, (61(0),0), pi=pi(t), 0<ty <ty <-- <ty <t (6.5)

Define €10 = mlnlglgn{g(tz)} and N(Fo) = N1 U N2. Then N(FQ) is an open
neighborhood of T'y U {0}, which implies (i). Since No N ON; = 0 and ON; C
ON1 C ON(T'y), by property (A), we obtain (ii). (iii) follows from the definition of
B(6,p). O
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Lemma 6.2. There exist 0 < €y < €19 and p > 0 such that
(i) if (¢,€) € B(61(0),p) X [—€o, €0], then ui(@,€) € No for all 0 <t < t;
(i) if € € [—€o, €], then |p1(e) — $1(0)| < p/4;
(7i1) if ¢x(€) is the unique fixed point of ™ and € € [—€y, €], then

1
(63,6 = hu(62. ) < min { { Kuop.pa |

where K19 and ps are given in (5.15) and (5.17), respectively.

Proof. By Lemma 6.1, if ¢ € B(¢1(0), p(0)) and € € [—e9, €9], then u:(¢, €) is defined
for all 0 <t < tg. We claim that there exist 0 < €10 < €9 and 0 < p < p(0) such
that for every (¢,€) € B(¢1(0),p) X [—€10, €10],

ut(qﬁ,e)GNQ, 0<t<ty.

Suppose the contrary. Then there exists a sequence { (P, €, tr) }x with (¢, €x) —
(¢1(0),0) as k — oo and 0 < t < tg for every k = 1,2,..., such that

Uty (¢k7 Gk) S 8N2

Since [0, tg] is closed, without loss of generality, assume that t, — to € [0,%0] as

k — oo. Thus, limy_co ut, (P, €x) = ut, (¢1(0),0) € Ty, which contradicts Ty C Nb.
This proves (i). (ii) and (iii) follow from the continuity of ¢.(¢) and ¢1(e) ine. O

Lemma 6.3. Let N(Ty) be the neighborhood of the homoclinic orbit Ty as in Lemma
6.1 and € and ¢.(€) be as in Lemma 6.2. If v is a periodic or homoclinic orbit of
equation (2.1) at € € [—&, €] and v C N(Ty), then ¢.(€) € .

Proof. If ~ is a homoclinic orbit, then ¢1(e) € v and ¢a(e) = 72(¢1(€),€) €
B(¢o, p3), where ps is defined in (5.17) and € € [—&y,&)]. Since v C N(T'g), by
Lemma 6.1(ii), y N Ny N H~Y(Q7 (04, p, €),€) = 0. Theorem 5.3(b) then implies that

(m)F(pa(e)se) €7, k=0,1,2...,
where (7)k(¢o(e),¢) = 7((m)*~1(¢2(€),€),€) is the kth iterate of m. Since vy N

Wi (e) # 0, there exists K > 0 such that (m)%(¢2(e),e) € W3 (e). Once again
by Theorem 5.3,

w((m) " (92(e), €),€) = 7*(d1(€), €) = pa(e),

which means ¢s(¢) is a fixed point of 751 thus ¢o(e) = ¢.(€). The case that v is
a periodic orbit can be proved similarly. [

Proof of Theorem 2.1. Necessity. Suppose Wi (e) C N(I'g) for some € € [—€, €],
then Lemma 4.1 (iii) implies that W (e) N H~1 (2™ (64, p, €),€) = 0. We claim that

(,25*(6) ¢ H71(971(64,p, 6)76)'

If not, by Theorem 5.3(b), ¢.(€) = m(¢s(€),€) = w2 (¢1(€),€) € W(e), a contradic-
tion. Thus, m(¢.(€),€) = ¢.(€) € v, a solution orbit of equation (2.1). It follows
that v is a periodic orbit.
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Let 7 = 7(¢,€) be as in Lemma 4.6 and

T (6) = T(H(¢*(E)a 6)) 6)'
By Lemma 4.6, us(¢«(€),€) € Ny for 0 <t < 7.(e). By (5.17), the continuity of 7*

and Lemma 6.2, we have
7! (¢u(e),€) = 01(0)] < |7 (Bu(€),€) — Pr(e)] + [dr(e) — 91 (0)] < /2,
where p is given in Lemma 6.2. Thus, Lemma 6.1 implies that
Uppr, () (Px(€),€) € Noy 0 <t <t.

Therefore, v C N(T'y).

Sufficiency. Let v be a periodic orbit. Then Lemma 4.4 implies that ¢.(e) € ~.
Let ¢o(€) = m%(¢1(€),€) € W(e) N B(¢o, p3) be as in the proof of Lemma 6.3 and

7 =7(¢, €) be as in Lemma 4.6. Define

for € € [—€y, €] and k =1,2,...
Claim A. ¢5(e) € H-1(QF (64, p3,€),¢€), € € [~&, &), k=1,2,....
Suppose not, then there exists K such that

5 () € H 127 (04, p3.€),€) U Wi (e)
and
¢12€(€) ¢ H71(971(64ap33 6)7 6) U Wlﬁ)c(e)a k= 13 2; K =1
By Theorem 5.3(b), we have

(05 (€),€) = 7((m)* (pa(e), €), €) = dale),

which implies that ¢q(e) is the fixed point of 7%+1  thus, the fixed point of 7.

Therefore ¢o(€) = ¢4 (€) € 4. This contradiction proves the claim.
Claim B. Uj<; <, {ut(¢1(€),€)} € N(Io).
By Theorem 5.3(b), ¢5(e) € Wi(e) for every k = 1,2,.... Thus, Lemma 6.3
implies the claim.
Claim C. U0§t§72(6)+t0{ut(¢§(e)’ €)} C N(Iy) for € € [—€, &), k=1,2....
Theorem 5.3(a) and Lemma 6.2 imply that

k
650 - 6.0 < (3 ) 16— oule)

k _
< 1 K10P7
—\2 4
where ¢, (€) = ¢5(€) + hs(65(€),€) € W (€). Thus, by the continuity of 7', (5.17)
and Claim A, we have

|7 (95 (), €) — 7t (@ le), €)| < /8.
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Hence
7t (¢5(€), €) — 1(0)| < p/2+ p/8 < p,

this, together with Lemma 6.2(i), implies that

U {wldh(e).0} C No.

H(e)<t<rh (e)+to

By the definition of N7 and Lemma 4.6, we have

U {w(eb(e).e)} € M.

0<t<75 (¢)

Therefore, Claim C is proved.
Given a ¢ € Wi(e), by Claims A, B, and C, ¢ is in either

U {w(@5(e),e)} € N(To)

0<t<tg

or

U {wld5(e),e)} € N(To)

0<t<7§ (e)+to

for some k =1,2.... Therefore, Wi (e) C N(T).
Finally, the exponentially asymptotic stability of v follows from Theorem 5.3(a). O

Acknowledgments. We would like to thank the referee for bringing the paper of
Lin [Lin90] into our attention and for suggesting that the homoclinic bifurcation
problem of the partial functional differential equation (1.2) can be studied using
Melnikov function and Liapunov-Schmidt method, following the techniques of Lin
[Lin86, Lin90]. To extend Lin’s techniques and methods, however, one needs to
establish the exponential dichotomies and the Fredholm alternative for partial func-
tional differential equations. We shall study these issues in another paper [RZ02].
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