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GLOBAL STABILITY IN CHEMOSTAT-TYPE COMPETITION
MODELS WITH NUTRIENT RECYCLING*

SHIGUI RUANT AND XUE-ZHONG HE?

Abstract. Freedman and Xu [J. Math. Biol., 31 (1993), pp. 513-527] proposed two chemostat-
type competition models with nutrient recycling. In the first model the recycling is instantaneous,
whereas in the second, the recycling is delayed. They carried out the equilibrium analysis and
obtained persistence criteria for the models. In this paper, by applying the method of Liapunov
functionals we study the global asymptotic stability of the positive equilibria of the models. We
also generalize the results to the multispecies competition models with instantaneous and delayed
nutrient recycling, respectively. Differing from the dynamics of the usual chemostat models, we find
that the competing populations could coexist if there is nutrient recycling and they compete directly.
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1. Introduction. An important factor among the many processes which in-
fluence ecosystem dynamics is nutrient (material) recycling. The effect of nutrient
recycling on ecosystem stability and persistence has been studied by Antonios and
Hallam [1], DeAngelis, Bartell, and Brenker [10], Nisbet and Gurney [18], Nisbet,
McKinstry, and Gurney [19], Powell and Richerson [20], Ruan [21, 22], and Ulanow-
icz [26], etc. Usually, nutrient recycling is regarded as an instantaneous term, thus
neglecting the time required to regenerate nutrient from dead biomass by bacterial
decomposition (Svirezhev and Logofet [25]. However, in natural systems such as a
lake, there is generally a residence time of nutrient and sediments measured in years
(Powell and Richerson [20]). Thus a time delay is always present in a natural system
and it increases when temperature decreases (Whittaker [27]).

In order to model the growth of planktonic communities in lakes, where the plank-
ton feeds on a limiting nutrient supplied at a constant rate, such as unicellular algae
feeding on phosphorus, Beretta, Bischi, and Solimano [3] proposed a chemostat-type
model with delayed nutrient recycling. They supposed that the limiting nutrient is
partially recycled due to bacterial decomposition of dead planktonic biomass and used
a distributed delay to model the nutrient recycling in order to study its effect on the
stability of the positive equilibrium. In [7], Bischi studied the effect of the time delay
on resilience, the rate at which a system returns to a stable steady state following a
perturbation. Bischi showed that if the system is characterized by oscillating behavior,
an increase of the time delay involved in nutrient recycling can have a stabilizing effect.
This is counterintuitive to the usual observation that time delay has a destabilizing
effect in the sense that increasing the time delay could cause a stable steady state to
become unstable and/or cause the population to fluctuate (Cushing [9], Gopalsamy
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[12], Kuang [16], and MacDonald [17]). Recently, Beretta and Takeuchi [4-6] and He
and Ruan [13] studied the global asymptotic stability of the positive equilibrium by
applying the Liapunov functional method. For other related work, we refer to Beretta
and Takeuchi [4-6] and Ruan [23].

Freedman and Xu [11] extended the single-species model proposed by Beretta,
Bischi, and Solimano [3] to two-species competition models with instantaneous and
delayed nutrient recycling. Their models differ from the usual chemostat models (see
Butler and Wolkowicz [8], Hsu [14], Hsu, Hubbell, and Waltman [15], Smith and
Waltman [24], etc.). First, a chemostat model is thought of as referring to a stirred
tank with a substantial washout rate. Hence all “death” in chemostat models is due
to washout. Second, there is no direct competition between the two microorganisms.
Third, there is no nutrient recycling. Freedman and Xu developed persistence and
extinction criteria for the competing populations. But they did not study the global
stability of the positive equilibrium.

Our goal in this paper is to discuss the global asymptotic stability of the mod-
els proposed by Freedman and Xu [11] and of the n-species competition models with
instantaneous and delayed nutrient recycling. Namely, we consider the following com-
petition model with delayed nutrient recycling:

S=D(S"—8) =Y wNip(S) + /0 h F(u) (Z biD; Ny (t — u)) du,
i=1 1=1

(1.1) n
NlN7|:(D+D7)+m7p(S)Z§UNJ:|7 i:1,2,...,n,
j=1

and its special cases, where S(t) denotes the nutrient concentration and N;(¢) (i =

1,2,...,n) is the competitor concentration at time ¢.

In system (1.1), SO is the input concentration of the limiting nutrient; D is the
washout rate; p; (i = 1,2,...,n) is the maximal nutrient uptake rate of the ith
competitor; D; (i =1,2,...,n) is the linear component of the ith competitor’s death
rate, whereas 6;; (i = 1,2,... ,n) is its quadratic component; §;; are the competition
coefficients; m; (i = 1,2,... ,n) is the maximal conversion rate of the nutrient into
planktonic biomass; b; (i = 1,2,...,n) is the recycling rate of the ith competitor.
Notice that system (1.1) can be thought to represent a real lake system, so the washout
rate D is small and other plankton death rates D; (i =1,2,...,n) are significant.

We assume that the competing microorganisms are sufficiently similar that their
nutrient uptake functions have similar properties, that is, have similar geometrical
shapes with different maximal values. These maximal values represent a saturation
effect in the nutrient uptake. In system (1.1), p(S) is the nutrient uptake function
and satisfies the following properties:

(1.2) p(0) =0, p'(5)>0, lim p(S)=1.
In particular, the Michaelis-Menton function p(S) = S/(k + S) satisfies the assump-
tions, where k > 0 is the half-saturation constant.

We also assume that the competing populations are sufficiently similar in their
uptake of nutrient so that the resultant delays are the same. The kernel F': R — RT
is continuous and satisfies

(1.3) /OOCF(u)duzl, Tf:/OOOuF(u)du<oo.
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The solutions of system (1.1) exist for all ¢ > 0 under the initial conditions
(14) S(O):So > 0, Nz(u):d)z(u), 1=1,2,...,n, ué€E (*O0,0],

where ¢; (i =1,2,...,n) are positive linear continuous functions on (—oo, 0].

The paper is organized as follows. In section 2, we first consider the two-species
competition model with instantaneous nutrient recycling. The two-species competi-
tion model with delayed nutrient recycling is discussed in section 3. In section 4, we
generalize the results in sections 2 and 3 to the n-species competition models with
instantaneous and delayed nutrient recycling, respectively. Finally, a discussion and
numerical simulations are presented in section 5.

2. Competition models with instantaneous nutrient recycling. Let S(¢)
denote the nutrient concentration and N;(t) (i = 1, 2) be the competitor concentration
at time t. To model a real lake system, it is reasonable to expect that direct com-
petition occurs between two microorganisms. We consider the following two-species
competition model with instantaneous nutrient recycling:

S = D(SO — S) — (,LL1N1 + /JQNQ)p(S) + lelNl + bQDQNQ,
(21) N1 = Nl[f(D + Dl) + mlp(S) - (511N1 + 512N2)},
Ny = Ny[—(D + D) + map(S) — (821N1 + 622N3)]

under nonnegative initial values
S(0)=50>0, N;(0)=N;p>0, i=12.

THEOREM 2.1. All solutions of (2.1) are bounded.
Proof. As in the proof of Theorem 2.5 in [11], let

(2.2) V(S, Ny, No) = S(¢) + %Nl (t) + %NQ@.

Then, along the solutions of (2.1),

. D+ D b1D D+ D ba D
V—D(SOS)Hl( 17 1 1)N1/L2( 27 2 2)N2
my 1 ma H2

(2.3)
SRS 511 N7 — (Ml 012 + K2 521>N1N2 _ k2 6223 .
my m1 m2 m2

Let v; = (D + D;)/m; — b;D;/p; (i = 1,2). If v; > 0 for i = 1,2, then the conclusion
follows from Theorem 2.5 in [11]. Now let us first suppose that v; < 0 for ¢ = 1,2.
We rewrite (2.3) in the following form:
V = D(SO — S) — ,ul’lel — ‘LLQ")/QNQ
- ﬂ5111\712 - <u1512 + H2521>N1NQ - &522]\722
mq my m2 ma

(2.4)

2 2
M1 Yima M2 Y212
=D(5°—-8)— =611 N1 — — 2= 899 | Ny —
( ) 11( 1 %1 ) m 22( 2 T )

2m 2m
- ﬂ512 + £521 NNy + AT | F2daTe
my mo 4611 4629
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Thus, outside the region of the positive cone bounded by the three positive coordinate
planes and by the surface

2 2
m m
DS+ s (N - BT 4 B2 (N, - 22
my 2611 my 2622

2m 2m
+ &612 + &621 NiNy = DSY + H1yimy + H275 27
i ma2 4611 4622

V is negative and hence the boundedness follows. For the remaining cases when
Y1v2 < 0, a similar argument can be used. This completes the proof. 1]

Remark 2.2. In Theorem 2.5 in [11], the boundedness of the solutions is guaran-
teed under the condition (D + D;)/m; > b;D;/p; for i = 1,2. Obviously, Theorem 2.1
improves Theorem 2.5 in [11].

We note that Ey = (S°,0,0) is always an equilibrium for the system (2.1). The
following result about the stability of Fy was proved in [11].

THEOREM 2.3 (Theorem 2.3 in [11]). Suppose that

(25) mip(So) <D+ D;, i=1,2,
and
(26) m;b; < Wiy t=1,2.

Then limy o, (S(¢), N1(t), N2(t)) = Ep.
In fact, the condition (2.5) in Theorem 2.3 is also necessary.
THEOREM 2.4. Ejy is local asymptotically stable if and only if (2.5) holds.
Proof. The linearized system of (2.1) at Fy is given by
#(t) = =D + [~pp(S°) + b Di]yr + [—up(S°) + b2 D2lys,
(2.7) 91(t) = [=(D + D1) +map(S°)]ys,
J2(t) = [—(D + D2) + map(S°)]ye.

From (2.7), one can easily obtain the conclusion. d
Notice that inequalities (2.5) and (2.6) can be rewritten as

D+ D D+ D
(2.5a) Sp < min {p1< + 1>, pl( + 2)}
mi mao

and

(2.6a) b < =L i=1,2.

Inequality (2.5a) means that the nutrient input concentration S° is very small. In-
equality (2.6a) means that the nutrient recycling rate b; of the ith competitor is less
than the ratio of its maximal uptake rate and maximal conversion rate. Thus, the
above results indicate that if there is not enough nutrient input and the nutrient
recycling rates are relatively low, then no population can survive indefinitely.

Giving more detailed analysis on the proof of Theorem 2.4 in [11], we can obtain
the following necessary and sufficient condition on the existence of a unique nonneg-
ative equilibrium E; in the S — N; plane, i = 1 or 2, which is an improvement of
Theorem 2.4 in [11].
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THEOREM 2.5. System (2.1) has a unique nonnegative equilibrium E; with S; < S°

in the S — N; plane if and only if
D+ D; )
(2.8) p(S%) > ] fori=1 or2.
m;

Proof. As in the proof of Theorem 2.4 in [11], let S; and N; be the coordinate
components of E; in the S — N; plane and denote o; = D + D; and §3; = b;D;. Then
S; and N; must be the roots of the following equations:

(29) = s - 2]
(2.10) S =50 ’gé" |:p(§i) - :J |:p(5'i) - m :

8(5) : = [O‘i Oy ((0‘ - @)2+ AD6u(S° — 5) ‘S))UT,

m; Hi meg [

2 1/2
i ; i i 4D6;(S° —
N (|
m; 123 m; i myg g

where T = m;p;(ci; /m; — Bi/1i)?/4D6;;. Then S; is a root of (2.10) if and only if

(2.11) p(S) =0(S;) or  p(Si) =v(S)).
Sufficiency. We first prove that, under the condition (2.8), system (2.1) has
a unique nonnegative equilibrium E; with §; < S°. Indeed, 9(S) is increasing on
[0, S +T7] and
1 B
0 T I ?
WS HT) = 2 [m; et M

We consider the following two cases.

Case 1. «;/m; > [3;/u;. Following the argument of the proof of Theorem 2.4 in
[11], one can derive N; < 0, which is impossible.

Case 2. «a;/m; < [3;/u;. Suppose N; > 0 and there exists S; < S° such that
p(S;) = ¥(S;). Then it follows from (2.8) that p(S;) > a;/m;, which implies

2 1/2
) ) ) . A4D o _
@_%>K@_m>+&m;fw |
i i Hi i mi i

Squaring both sides in the above inequality, one can see that S; > SO which contra-
dicts S; < S°. Hence S; must satisfy p(3;) = ¢(S;).

Since ¢(S) is decreasing, ¢(0) > 0 = p(0), and ¢(5°) = a;/m; < p(S°) by (2.7),
there must be a unique S; € (0, 5°) such that p(S;) = ¢(3;) and, consequently, N; > 0.
Therefore the sufficiency is proved.

Necessary. We now prove that, if (2.8) does not hold, then (2.1) does not have
nonnegative equilibrium F; with S; < S° in the S — N; plane. In fact, if p(S%) <
o /mg, then p(S;) < p(S°) < a;/m; and hence, from (2.9), N; < 0. This leads to a
contradiction. The proof is completed. |
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_ Remark 2.6. Theorem 2.4 in [11] gives sufficient conditions for the existence of
FE; under an additional condition

D+D; _ bD;
> .

m; i

(i=12).

Obviously Theorem 2.5 improves Theorem 2.4 in [11].

The stability of E; was studied in [11]. The following theorem improves the con-
ditions in [11] and can be proved by using a similar argument as in proving Theorem
2.8.

THEOREM 2.7. Assume that system (2.1) has a positive equilibrium E; on the
S — N; plane. If /,Lip(;gi) > b;D;, then the positive equilibrium E; of (2.1) is globally
asymptotically stable in the S — N; plane.

Notice that condition (2.8) can be rewritten as S° > p~1((D+D;)/m;) fori = 1,2
and ,uip(S’i) represents the nutrient uptake rate of the ith competitor. Thus, Theorems
2.5 and 2.7 demonstrate that if there is enough nutrient input, then either population
can live on the nutrient in the absence of the other, provided it uptakes nutrient
sufficiently.

In [11], Freedman and Xu also studied the persistence of system (2.1). Then,
under persistence and boundedness, the w limit set of (2.1) may contain positive
equilibria or, possibly, periodic solutions. In the following, we intend to study the
global stability of the positive equilibrium of (2.1) if it exists.

Let E* = (S*, Ny, Ny) be a positive equilibrium of (2.1). Define

(2.12) x=5-5% y; = In(N;/N}) (i=1,2),
that is,
S=z+ 95", N; = N]e¥ (1=1,2).
Also, denote
(2.13) £(a(t)) = plalt) + S*) - p(S™).
Then
—S* <x <400, —oo <y <400, i =12, —p(S*) <E(x(t)) <1—p(ST)

and z&(x) > 0 for z # 0, z€(x) = 0 if and only if z = 0. It follows from (2.12) and
(2.1) that

& =D[S® —x — §*] — (u Nie”" + 2 N3e¥*)p(z + 5)
+ b1 D1 NTe¥t 4 by Dy Nye¥?
=— Dz — i N7[eV'p(x + §*) — p(5™)] — p2 N3 [e?p(x + §*) — p(S7)]
+ lele [eyl — 1] + bQDQNQ* [8y2 — 1]

= — Dz — u Ny (eyl [p(z + S5*) — p(S*)] + p(S*)[e¥r — 1])

— p2N3 <ey2 [p(z 4+ 5*) — p(S*)] + p(5*)[ev2 — 1])

+ lele [6y1 - 1] + bngNQ* [6y2 — 1],
:()1 = — (D + Dl) + mlp(as + S*) — [611N1*6y1 + 612N2*€y2]
=ma[p(z + §%) = p(5*)] = (611 Ny [e”* — 1] + 612 N5 [e*> — 1]),
Yo = — (D + Da) + map(x + S*) — [6a1 Nfe¥* + d2a Nye¥?]
= mg[p(x + S*) — p(S*)] - (621N1*[€y1 — 1] + 622N5 [6y2 - 1])
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By using the function £(x(¢)), we can rewrite the above equations as follows:

(2.14)
#(t) = — Da(t) — p Ny e D (a(t)) — paNyev?€(x(t))
— Ni[pp(S*) = biDy][ev* ™ — 1] — N3 [puap(S*) — by Dal[ev> ) — 1],
(1) = ma&(z(t)) — (b1 N[ ) — 1] + 615 N5 [ev=(D) — 1)),
2(t) = mag(z(t

Let z2(t) = (x(t) y1(t),y2(t)) be the solutions of (2.14) with initial values x(0) >

—5*, 4:(0) € R,
Yi T

(215)  Vi(=(t) = N;/ € Udu (i=12),  Va(z(t)) :/ £(u) du
0 0

Then V; > 0 (i = 1,2), z # 0. Along the solutions of (2.14), we have

Vi(2(t) = Ni[er ) — 1] (1)
(2.16) = NFE(() e — 1] = (Bu (N[ — 1)

+612N; N3 [6y1(t) _ 1][ey2(t) —1]),
Va(z(t)) = N3 [ — 1]y (t)

(2.17) = maN3E(() (e — 1] = (621 N7 N5 [ ) —1][e2 ) — 1]

. +622(N3)?[e?2 ) —1]7),
Va(z(t)) = &(x(t))2(t)

t
= —Dz(t)é(x(t)) — N7 e V€ (2(t)) — p2N3 e Ve (a(t))

)
)) = (821 N7 [e¥1 () — 1] + 8o N3 [e¥2() — 1]).
t
=1,

2. Define

(2.18)
— N{[uap(S*) — by DyJé(x(t))[err® —1]
— N3 [12p(S*) — by Do (2(t)) 2 — 1].
Assume
(2.19) pip(S*) > b:D; (i =1,2).

One can select a; > 0 (i = 1,2) such that
1
i = — M *)—b;D; ,=1,2).
0= o up(5) < bD] (i=1,2)
Now define a Liapunov function as follows:
(2.20) V(2(t) = arVi(2(t) + azVa(2(t)) + Va(z(t)).
Thus,

(2.21)

V(2(t)) = — Dz(t)&(z(t)) — p N1 (£)E3 (1)) — poNa(£)E2(2(t))
— a1 (811 (N7)2[en ) —1]% 4 615N} N3 [enr () — 1] [ew(t) —1))

(t)
— (821 NF N3 [evr®) — 1][e¥2®) — 1] 4 892(N5)
2

2[ev=() —1]2)
= — Dx(t)é(x(t)) — p N1 (1€ (x(t)) — paNa(1)€2 ((t))
— ap(611[N1(t) = N{J? + 812[ N (t) — NYJ[N2(t) — N3J)
— ag(821[N1(t) — NY][Na(t) — N3| + 822[No(t) — N31?)
= — Dx(t)é(x(t)) — N1 ()€ (2(t)) — paNa (1€ (x(t)) — N(t)ABNT (t),
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in which
N(t) = (N1(t) = Ny, Na(t) — N3), A = diag(a, az), B = (6ij)2x2-

Based on the above analysis, we conclude the following result on the global sta-
bility of the positive equilibrium of (2.1).
THEOREM 2.8. Assume that
(i) system (2.1) has a positive equilibrium E* = (S*, N{, N3);
(i) pip(S*) > b;D; fori=1,2;
(iii) the matriz B = (6;j)2x2 s semipositive definite.
Then E* of (2.1) is globally asymptotically stable.

3. Competition models with delayed nutrient recycling. In this section,
we assume that there is a distributed delay in the nutrient recycling process. We
also assume that the competing populations are sufficiently similar in their uptake
of nutrient so that the resultant delays are the same. Consider the following delay
equations:

D(s° — (1 N1 + p2Na)p(S)
(31) / lelNl(t— u) +b2D2N2( )] du,
Ni[=(D + D1) + mup(S) — (611 N1 + 612 Na)],
Nao[=(D + Dg) + map(S) — (621 N1 + 622 Na)],

in which the kernel function F' : R — R7T is continuous and satisfies (1.3). Solutions
of system (3.1) exist for all ¢ > 0 under the initial conditions

S(O)ZSO >0, Nl(u):(ﬁ,(u), ’i:l,Q, u e (—OO,O}7

where ¢; (i = 1,2) are positive linear continuous functions on (—o0, 0].

Following the argument in the proof of Theorem 2.1 in this paper and Theorem
4.1 in [11], one can derive the boundedness of the solutions of (3.1).

THEOREM 3.1. All solutions of system (3.1) are bounded.

Note that system (3.1) always has an equilibrium of the form Ey = (5°,0,0).
Following the arguments in Theorem 2.1 and Corollary 2.2 in [11], we can prove the
following convergence result of the equilibrium Fj.

THEOREM 3.2. (i) Let the inequality

(3.2) m; < D+ D;
hold, where i =1 or 2. Then lim;_,, N;(t) = 0.
(i) If (3.2) holds for i =1 and 2, then lim;_,o (S(t), N1(t), Na(t)) = Ep.

In the following, we generalize Theorem 2.3 in [11] to the delay model (3.1).
THEOREM 3.3. Assume DTy <1 and

(3.3) mib; < pi, mp(S) <D+ D;  (i=1,2),
where D = max{bymiD1/p1,bamaDa/ s} and S = SO/ — ﬁTf). Then

lim (S(2), Ni(t), Na(t)) = Eo.

t—o0
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Proof. Let
(34) Z1 (t) = mlmgS(t) + mQ,ulNl (t) + mlﬂQNQ(t).
Then, along the solutions of (3.1), we have

Zl(t) = mlmQS(t) =+ mgulNl(t) + ml,LLQNQ(t)

= mymy [D(SO — S(t)) — (1 N1 + p2N2)p(S(t))

+ /OO F(u)[byD1N1(t — u) + ba Do No(t — u)] ds
0

+ mgulNl (t)[—(D + Dl) + mﬂ?(S(t)) — ((511N1 (t) + 512N2(t))]

3.5
(35) iz Na(8)[— (D + Da) + map(S(#) — (621 Ni(£) + 622 Na(t))]
= mlngSO - DZ1 (t)
+ mims / F(u)[b1D1N1(t — u) + ba Dy Nao(t — u)] du
0
— mgulDlNl (t) — mg,ul[éuNl (f) —+ 512N2(t)]N1(t)
— mapeDaNo(t) — mypua]d21N1(t) + 22Na(t)] Na(2).
Define
(3.6) Zo(t) = myms / Flu) / by D1 Ny () + by Do No (0)]dvdu
0 t—u
and
(3.7) Z(t) = Z1(t) + Za(t).
Then, from (3.5)—(3.7) and by the nonnegativity of Z5, we have
(3.8)
Z(t) S 7DZ ( ) -+ mlngSO + ngl(mlbl — ,ul)Nl(t) + mlDQ(meQ - ILLQ)NQ(t)
< —DZ(t) + mim2DS® + ma Dy (m1by — pu1) N1 (t) + mq Da(mabs — pa)Na(t)

+ mlng/ / b1D1N1 (U) + bQ.DQNQ(/U)} dv du

< —DZ(t) + mimaDS® + maDi(miby — p1) N1 (t) + myDa(mabs — pia) Na(t)

+DD/ / Z(v) dv du,

where D = max{bymi D1/ u1,bamaDs/pus}. By assumption (3.3), it then follows from
(3.8) that

(3.9) Z(t) < —DZ(t)+nmn21:)50+D[)/OOo F(u) /tu Z(v) dv du.

Multiplying eP* on both sides of (3.9) and then integrating over [0,¢] (¢ > 0), we have
(3.10)
t o0 T
Z(t)ePt < Z(0) + mymyS°[ePt — 1]+DD/ eDT/ F(u)/ Z(v) dv du dr.
0 0 r—u
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Define

(3.11) 2@ = sup  Z(u).

—oo<u<t
Then (3.10) leads to
t [eS) T
Z(t)ePt < Z(0) + mimyS°[ePt — 1] + D[?||Z(t)\|/ eDT/ F(u)/ dv du dr
0 0 r—u
t 00
Z(0) + mymaS°[ePt — 1] + DD(/ ePr dr) HZ(t)H/ uF (u) du
. 0 0

= 2(0) +mamyS°e”* — 1] + DTy[eP* — 1] Z(1)],

and hence
1Z(#)]|e”" = sup  Z(u)eP"
—oo<u<t
< Z(0) + mimaS°ePt — 1] + DTy[ePt —1])|Z(1)].
That is,
(3.12) 1Z@)] < Z(0)e™ P + mimeS°[L — e P! + DT[1 — e~ 1| Z(2)].

Since DTf < 1, there exists a 77 such that
(3.13) Lt)= DTf[1 —e P <1 for t>T.

By (3.12) and (3.13), we obtain

1Z(#)|| <11 — L(t)| Z(0)e™ P! + mymyS°[1 — e~ P
(3.14)

mlszO ~
— ———— =mmaS as t — o0,
1—- DTy

which, together with (3.4) and (3.7), implies that

By assumption (3.3), there exists T > 0 such that

Then N;(t) <0 (i = 1,2) for t > T = max{T}, Ty}, which implies that lim, ., N;(t) =
0 (i = 1,2), which in turn implies that lim; .., S(t) = S°. d

Remark 3.4. When the kernel F(u) is a delta function, system (3.1) becomes the
ODE model (2.1) and Theorem 3.3 reduces to Theorem 2.3 in [11].

From the Remark in section 4 in [11], we can see the following estimates for the
upper bound of N,(t) (i = 1,2).

LEMMA 3.5. If D+ D; < m;(i = 1,2), then

_(D+D:
(3.15) limsup N;(t) < M; = mi — (D + Di) i=1,2.

) )
t—oo 6n
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Similar to the analysis in section 2, we know that system (3.1) has a unique
nonnegative equilibrium E; with S; < S° in the S — N; plane (i = 1 or 2) if (2.8)
holds true. In the following, we study the stability of E;.

THEOREM 3.6. Assume that

(i) (2.7) holds;

(i) b:D;i < pip(Si);

(iif) Tf < 00 and T} = (1/d;) IS F(s)[e®*—1] ds < oo with d; = (D+D;)+6;; M;;

(iv) b Di[(m; + 8 No)TF + miTy]/2 < pui;

Then E; is globally asymptotically stable in the S — N; plane.

Proof. Consider the subsystem

S=D(S"-9)— iNZ-—i—biDi/ F(u)N;(t — u)ds,
(3.16) ( ) — 1 ; (u)N;(t — )

N; = Ni[—(D + D;) +m;p(S) — 6;; V).
Let

N N
r=8-25;, Y = n—=".

%

Then system (3.16) can be written as
@(t) = —Da(t) — piNieV We(x) — i Nip(Si)[e¥ ) — 1]
(317) + szle /oo F(s)[eyi(tfs) _ ]_} dS,
0
where £(z(t)) = p(z(t) + S;) — p(S;). Define
(3.18) Vi (a(t)) = /O T du,  Wilw(t) = /0 "o Z 1) du.
Then
Wy = [en® —1]gi(1)
mi€(z(t))[e¥ D —1] — 6;;Ny[ev:® — 1]2,
Vi = —Da(t)(2(t) — i Nie" D ((t)) — i Nip(5:)€ (1) [ — 1]
+ b D; Ni€(2(t)) /0 F(s)[ev =) —1]ds
= —Da(t)é(x(t) — pilNee" e (@ (t)) — Nilpap(Si) — biDié (w(8)) [ — 1]
— b D; Ni&(x(t)) /0 F(s) /t eV Wy (u) du ds
= —Da()&(x(t)) — ulNier Ve (@(1)) — Nilpip(Si) — biDiJé (1)) [ — 1]
o i [ Ee [ e (o eeta)) — 6 Ko @ 11) duds
b Die(elt) [P [ e (mielot) - bulen ) ~1]) dud

< —Da(t)é(x(t)) — pilNie? V€ (x(t)) — Nilpip(Si) — biDilé (a(t))[e ) — 1]
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N b’éN[m</ooo F(s) /t;ewu) duds)§2(x(t))

+m; /0(X> F(s) /t; eV (W e2(x(u)) duds

[e%s} t
+ 512N¢</ F(s)/ evi() duds>§2(x(t))
0 t—s
0 t
+ 6N, / F(s) / evi(®) [eyi(u) — 1% du ds} )
0 t—s

Next, we define

\J 0o t t
Va(t) = biDQiNi {mi/o F(s) /t_ / eV W e (x(u)) dudv ds

(3.19) . L
+6“Ni/0 F(s) /t_/ evi(W[eyi(w) —1}2dudvds]

and

(3.20) Va(t) = Vi(t) + Va(t).

Thus

(3.21)

Vs < —Da(he(e(t)) — milNie? O (a(t)) — Niluip($:) — biDiJe((e) [ — 1]
+“%M{%m+%m(4wm@lSwwmmﬁ+mﬂwmﬂ€@@>
+ 6@,’N¢Tf€yi(t) [eyi(t) — 1]2}

Choose « > 0 such that

aN;i[ip(Si) — b;D;) = m;
and define
(3.22) V(t) = aVs(t) + Wi(t).
We have

(3.23)
V S —(5“‘]{71' [eyi — 1]2

+a{Dm@>;mwwém>

b;D;
+

[(mi + 5“]%)( /0 h F(s) /t : Ni(u) du ds> + minNi(t)]g(x(t))

+%nmwww—uﬂ~
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On the other hand, Lemma 3.5 and (3.16) imply that
Integrating (3.24) from s to ¢ (¢ > s) and using the fact that N;(s) < ed (=) N; (),
one can obtain from assumption (iii) that

o] t
/ F(s) / Ni(u) duds < TENi(1).
0 t—s
Hence, by (3.23) and assumptions (iv) and (v), we have
V S —5“1\7%[@-”’ - 1]2
+of - Dreto) - w0 @

b; D;

T

[<mi T 8uRT} + min} Ni(HEX(a (1))

+ (SanMZ [eyi(t) — 1}2}
< 0.

This completes the proof. 0
Remark 3.7. The stability of E; of system (3.16) has been studied by Beretta and
Takeuchi [6]. Our conditions in Theorem 2.5 are different from those in Theorems 4.1
and 4.3 in their paper, in which 6;; > 0 is required to be sufficiently large and is used
to control other terms.
Now we discuss the global stability of the positive equilibrium E* = (S*, Ny, N3)
by applying the Liapunov functional method.
THEOREM 3.8. Assume that
(i) system (3.1) has a positive equilibrium N* = (S*, N7, N3);
(ll) D+ D; <my, b;D; < [Lip(Sf), 1=1,2;
(il) Ty < oo, Ty = (1/d}) [,° F(s)[e%* — 1]ds < oo with d} := (D + D;) +
Z?:l 5iij, 1= 1,2;
(iv) biDi[(ms + 320, 8 NPTy +miTy) /2 < i, i =1,2;
(v) B = (bjj)ax2 ts semipositive finite with b;; > 0 defined by

T my 2 - . .
bij _ Oii — 2[Nip(s*§*biDi]Ni* Zj:l bij(SjiMj Zfl =2
5 ifi]

Then E} is globally asymptotically stable.
Proof. By using the same transform as in section 2, system (3.1) can be rewritten

(3.25)

as
2
z(t) = —Dx(t) — Z {HiNi*eyi(t)g(I)MiNi*p(S*)[eyi(t) —1q]
=1
(3.26) 0D [T P - 1as .
0

Gi(t) = mi€(z(t) = > 8 Ni[e¥ ™ —1] (i =1,2).
j=1
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Define
Yi
0
Then, we have

Wi = N7 1]3i(t)

(3.28) = m N E(x(t))[ev® — 1] — Z(S”N N7 [evi®) — 1][e% (") — 1]

and

(3.29)
W:rJMUMWQD—EjﬁmwﬁﬂfaﬂﬂfHWWmﬁﬁ—m&K@@Wﬁw—H

0Delo) [ R [ e as)

uDzee) [T Fe) [ | (mietotu - S 8,V e — 1) duds}

< —Da(t)é(x(t) + ) { — N7 e WE (@ (t) — N7 [uap(Si) — b Dilé (1)) [ — 1]

i=1

g /Ooo F(s) /t B 2 (w)) du ds

t—s

+ 22: {%N;‘ (/OO F(s) /ttS ¥ () dy ds)ﬁz(fc(t»

+ 6N / / eviW[evi(w) _ 12 duds”}.

Next, we define
iDiN;
:Zb 5 ! { 1/ / / eYi (“)52 )) dudv ds

=1

2
j=1 0 t—s Ju

and

(3.31) Va(t) = Va(t) + Va(t).
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Notice that N(t) > —d*N;(t). Then, by Lemma 3.5 we have from (3.29)-(3.31) that

(3.32)
2
¥a < ~Dae(ol) + Y- { ~ i O a(t) - N usp(S") ~ D Jele(0)le - 1

i=1

« 2 oo t
L TS ) ([ [ ) s et

Jj=1

2
Y s N T Ol - 2|}

j=1

2
< —Da(t)é(x(t)) + { — miNi()€ (2 (1) — NF [uip(S™) — biDilé (1) [ ) — 1]
i=1

b¢2Dz' { [(mi 4 22: 51,ij’,"> T + min} Ni(t)€ (x(t))

j=1

2
+ ) 6Ny Ty M[evs ) — 1}2}}.

j=1
Choose a; > 0 such that
[kip(S7) = biDi] = aym;  (i=1,2)
and define
(3.33) V() = V3(t) + aa Wi (t) + aaWa(t).
It follows from (3.32) and (3.33) that

V < —n(t)ABnT () + { — Daé()
(3.34) 2

b;D;
- Zl {Hi ~ 9

(|m+ o | 74 may) Mg,

=1
where
n(t):(Nl(t)iNikaQ(t)iN;)v A:diag(a17a2)7 B:(bij)QXQ

with b;; defined in assumption (v). Thus, by the assumptions, (3.34) implies that
V < 0. Applying the standard theorem on the method of Liapunov functionals (cf.,
e.g., Theorem 2.5.1 in Kuang [16]), we obtain the global asymptotic stability of E*.
This completes the proof. 1]

4. m-species competition models. In this section, we generalize the results in
the previous sections on two-species competition models to multispecies competition
models.
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4.1. The instantaneous model. First we consider the following n-species com-
petition model with instantaneous nutrient recycling:

(4.1) =t o=t
i=1

First we have the following result about the boundedness of solutions to system
(4.1).
THEOREM 4.1. If

D+D; bD;
[ — > —_—,

mg 253

(4.2) i=1,2,....,n,

then all solutions of (4.1) are bounded.
Proof. Following the argument in [11], choose

(4.3) V(t) = S(t) + znj %Ni(t).

Then V > 0 and V' — oo when ||(S(), N1(t), ..., Nn(t))|| — oco. Along solutions of
(4.2), we have

~ —~ (D+D; bD; o 1
vzp(so_s>_zm( - —)NZ——ZZ'M i NN,
— m; M = m

1= i=1 j=
By the assumptions, the coefficients of N; are negative. Thus, V < 0 outside the
region of the positive cone bounded by the positive coordinate planes and by the
hypersurface

n n n

D+ D; bD; 0

DS+ Mi( + Z—”)NH—E Y H% NN, = DS,
‘ m; i ‘ © my;
=1 =1 j=1

Boundedness follows by Yoshizawa’s theorem (see Yoshizawa [30]). O
Note that Ey = (S°,0,...,0) is always an equilibrium for system (4.1).
THEOREM 4.2. If

(44) mlp(SO) <D+ D;, mib; < Wi, t=1,2,...,n,

then Ey s asymptotically stable.
Proof. Define a Liapunov function as follows:

(4.5) V(t) = <f[1mj>5(t) + <f[1mj> (Zf;w)

J#i
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Then we have

V——DV (]i[ )DS0
(1) Eo e (fn) £

j=1 i=1 j=1
J#Z J#i

< -DV(t)+ (f[ mj)DSO,

which implies that

Thus

)

which in turn implies that

(4.6) lim S(t) < S°.

t—o0
Hence, by (4.4), there exists T' > 0 such that for ¢ > T, m;p(S(t)) < D + D;. By the
second equation in system (4.1), we have N;(¢) <0 for i =1,2,... ,n. Since there are

no invariant sets such that N; > 0 is constant, it follows that lim; ., N;(t) = 0 for
i=1,2,...,n, and then (4.6) implies lim; .., S(t) = S°. |

Now suppose that there is a positive equilibrium E* = (S*, Ny,... ,N;) for
system (4.1). Define
(4.7 r=8-5% y,=W(N;/N/), i=12...,n

Thus, system (4.1) can be written as follows:

n

#(t) = —Dat Zu N7 g (a(t) — S NG [uip(S”) — biDi e ® — 1,
(4.8) =
yl(t) ng( Z(SUN* ey](t) 71} 7’:172a y 1,
Jj=1

where £(z(t)) is defined in (2.11).
THEOREM 4.3. Suppose that
(i) system (4.1) has a positive equilibrium E*;
(ii) pip(S*) > b;D; fori=1,2,...,n
(iii) the matriz B = (6;j)nxn 1S semipositive definite.
Then the positive equilibrium E* is globally asymptotically stable.
Proof. Let z(t) = (x(t),y1(t),... ,yn(t)) be the solutions of (4.8) with positive
initial values. Set

(4.9)  Vo(z(t)) = /091 E(u)du, Vi(z(t)) =N} /Oyi e —1]du, i=1,2,...,n.
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By assumption (ii), we can choose a; > 0 (i = 1,2,... ,n) such that
1 * .
[wip(S*) —b;Dy], 1=1,2,... ,n.

o = —
mg

Now define a Liapunov functional as follows:
(4.10) V(2(1) = Vo(2(t) + Y ciVi(2(t)).
i=1
Denote
N(t) = (Ni(t) = N{,... ,N,(t) = N;;), A=diag(ai,...,a), B=(6ij)nxn-
Then, along the solutions of system (4.8), we obtain
V(2(t) = =Da(t)&(2(t) = > mNa(t)€* ((1))
i=1

=303 b NN~ 1) 1]

i=1j=1
= Da(E(() S mNADE (D) — NHABNT (1)
i=1
<0,
followed by assumption (iii). This completes the proof. d

4.2. The delay model. Suppose that there is a delay involved in nutrient recy-
cling; that is, consider the following n-species competition model with delayed nutrient
recycling:

S=D(S"—-8) =Y miNip(S) + / F(u) (Z biD; Ny (t — u)>du,
o 0 i
(4.11) =t . =t
N,—NZ|:(D+DZ)+mZp(S)Z(SUN]:|, 7;:1,27...,’&,
j=1

in which the kernel F' is continuous and satisfies (1.3).

THEOREM 4.4. If (4.2) in Theorem 4.1 is satisfied, then all solutions of (4.11)
are bounded.

Proof. Choose

(4.12) V(t) = S(t) + i %Ni(t) + /ODO F(u) [/tt zn: biDiNi(v)dv] du.

=1
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Then, along solutions of (4.11), we have

V = D(S° - S(t)) — Z wiN; (8)p(S(t)) + /0 " P (Z biD; N (t — u)) du

Z:: [ (D + D;) +m;p(S Zélej]

i=1

= D(5° — 5( Zul<D;D bD) zn:i ”JNN

L

The rest is the same as in the proof of Theorem 4.1. a

Notice that Ey = (S°,0,...,0) is an equilibrium of system (4.11). Using the
same function V(¢) defined in (4.5) and following the arguments in section 3, we can
prove the following theorem on the stability of Fj.

THEOREM 4.5. If DTy < 1 and

mibi</’6i7 mzp(§)<D+Dla i:1727"'7na

where Ty is defined as in section 3, D = maxi<;<2{b;m;D;/u;}, and S = SY/(1 —
ﬁTf), then Ey is asymptotically stable.
IfD+D;, <m;, i=1,2,...,n, following the arguments in section 4 in Freedman
and Xu [11], we can obtain the following upper bound for N;(¢):
(4.13) limsup N;(t) < M; := w, 1=1,2,...,n.
t—oo 11
Finally, by using similar functionals constructed in the proof of Theorem 3.8, we
can prove the following theorem.
THEOREM 4.6. Assume that
(i) system (4.11) has a positive equilibrium E* = (S*,N{,...  NY);
(ili) Ty < oo, Ty = (1/d) [ F(s)[e® —1]ds < 00, i=1,2,...,n, where
df = (D + D;) + 370 8 Mj;
(iv) biDi[(mi + 320 6ig NOTF +miT]/2 < pay,  i=1,2,...,m;
(v) the matric B = (b;j)nxn is semipositive definite with b;; > 0 defined as
follows:
bij = {6“ M—Tgmwz biD;05:M; if i =,
bij if i # §.

Then E* s globally asymptotically stable.

Note that Theorem 4.6 can be regarded as a generalization of Theorem 3.8 on
the two-species model (3.1) to the n-species competition model (4.11) as well as a
generalization of Theorem 4.3 on the ODE model (4.1) to the delayed model (4.11).

5. Discussion. In this paper, we first considered the chemostat-type two-species
competition models with instantaneous or delayed nutrient recycling proposed by
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3.5

nutrient

competitor two

O 1 1 1 1 1 1 1 1 1
0 10 20 30 40 50 60 70 80 90 100
time
FiG. 1. The model with instantaneous nutrient recycling. p(S) = H%’ k = 4.0, D =

0.15, SO = 5.75, Hn1 = 2.0, H2 = 3.0, b1 = 0.4, b2 = 0.6, D1 = 0.2, D2 = 0.3, 611 = 0.4, 612 =
0.2, 621 = 0.3, 622 = 0.5.

\ nutrient
I
15 b
o~
\\/\ A N
1 I \ ~ |
N T~ L - competitor two
N
0.5F R |
T~ _competitor one
0 Il Il Il Il Il Il Il Il Il
0 10 20 30 40 50 60 70 80 90 100

time

Fia. 2. The model with delayed nutrient recycling. F(u) = ae™**, o = 0.15, all other
parameters are the same as in Fig. 1.
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45F .

35 i \ \ i

~ competitor two

251 . |

15 \ |

N nutrient

0.5 RS 4
=~ - _ _ _  competitor one

I I il Rl S

1
0 10 20 30 40 50 60 70 80 90 100
time

F1G. 3. The model with delayed nutrient recycling but without direct competition. 6;5 =0 (3,j =
1,2).

Freedman and Xu [11]. Freedman and Xu carried out the equilibrium analysis and
derived persistence and extinction criteria for the competing populations. We studied
the global asymptotic stability of the positive equilibrium by using the method of Li-
apunov functionals. We also generalized the obtained results to n-species competition
models with instantaneous and delayed nutrient recycling, respectively.

The models we studied differ from the usual chemostat models in several aspects
due to the fact that a chemostat model is referred to as a stirred tank with a constant
washout rate, where all death is due to washout, there is no direct competition be-
tween/among the competing microorganisms, and there is no nutrient recycling. The
dynamics of our models is also different from that of the classic chemostat models. It is
known (see Hsu, Hubbell, and Waltman [15], Hsu [14], Butler and Wolkowicz [8], and
Wolkowicz and Lu [28]) that in chemostat models all species concentrations eventually
approach equilibrium concentrations and at most one population avoids dying out;
that is, the competitive exclusion principle (Armstrong and McGehee [2]) occurs. By
using the classical method of Liapunov function(al)s, we were able to show that under
certain assumptions, the positive equilibrium is globally asymptotically stable. Thus,
the competitors can coexist if they compete directly and there is nutrient recycling
that provides extra food for the populations. The same difference exists between the
competition models with delayed nutrient recycling and the chemostat models with
delay (see Wolkowicz and Xia [29]).

Finally, for selected functional response, kernel, initial values, and parameters (so
that the conditions in Theorems 2.8 and 3.8 are satisfied), numerical simulations show
that solutions are converging to the positive equilibrium in the models with instan-
taneous and delayed nutrient recycling, respectively (Figs. 1 and 2). However, if the
two populations only compete indirectly for the nutrient and do not compete directly,
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then only one population can survive (Fig. 3). This is similar to the phenomenon
observed in chemostat models (see Hsu, Hubbell, and Waltman [15]).

It would be interesting to study the global asymptotic stability of the diffusion-

competition models or predator-prey models with nutrient recycling (instantaneous
or delayed). We leave this for future consideration.
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