
Asymptotic Stability for 
Volterra Intergrodifferential Systems 

Shigui Ruan* 

Department of Mathematics 
University of Alberta 
Edmonton, Alberta 
Canada T6G 2G1 

Transmitted by Melvin R. Scott 

ABSTRACT 

In this paper, the successive overrelaxation iteration and the variation of parame- 

ters formula are used to discuss the stability of linear and nonlinear Volterra 

integrodifferential equations. Some sufficient conditions are obtained, such that the 

trivial solution of the Volterra integrodifferential equations is asymptotically stable; 

these stability conditions are given directly from the coefficients of the equations. 

1. INTRODUCTION 

It is well known that the variation of parameters formula for linear and 
nonlinear differential equations is an important tool in the study of qualitative 
properties of perturbed equations, cf. Alekseev [l], Lakshmikantham and 
Leela [ll], Dannan and Elaydi [5, 61, etc. A corresponding variation of the 
parameters formula for linear integrodifferential equations was developed 
and utilized to investigate the perturbed integrodifferential equations by 
Grossman and Miller [9]. 

Recently, Beesack [2] and Bemfeld and Lord [3] established a kind of 
nonlinear variation of parameters formula to unperturbed systems of differen- 
tial systems, which contains no integral terms. Hu, Lakshmikantham and Rao 
[lo] and Lakshmikantham and Rao [I21 developed a nonlinear variation of 
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parameters formula for perturbed integrodifferential equations. By means of 
the formula established in [IO] and [12], Elaydi and Rao [7] and Elaydi and 
Sivasundaram [8] investigated Liapunov stabilities and Lipschitz stabilities for 
the integrodifferential systems. For the Liapunov stabilities of integrodiffer- 
ential equations, many interesting results can be found in Burton [4], Laksh- 
mikantham and Leela [II]. 

In numerical analysis, iteration is one of the most important methods to 
solve algebraic equations; see, for example, Ortega and Rheinbadt [13], Vorga 
[16] and Young [17]. R ecently in [14], from the view of large scale systems, we 
used the successive overrelaxation iteration and the variation of parameters 
formula of ordinary differential equations to investigate the stability of 
nonlinear perturbed differential equations. 

In the present paper, we use the successive overrelaxation iteration of [14] 
and the variation of parameters formula of integrodifferential equations 
developed in [lo] to discuss the stability of linear and nonlinear Volterra 
integrodifferential equations. Some sufficient conditions are obtained, such 
that the trivial solution of the Volterra integrodifferential equations is asymp- 
totically stable, Differing from the Liapunov functions method, we give 
stability conditions directly from the coefficients of the systems. 

2. LINEAR SYSTEMS 

We consider the linear Volterra integrodifferential system 

x’(t) = A(t)+) + @t,+(s) a!.~, x(q)) = x0, to 2 0, (2.1) 

and the perturbed system of (2.1) 

y’(t) = A(t)Y(t) + p(~~Ms) 05 + F(k y(t), Sy(t)), 

Y(to> =x07 (2.2) 

in which A(t) and B(t, s) are n X n matrices continuous on R, and 
R+X R,, respectively, F E C[R+X R" X R",R"] and 

Sy(t) = /IK(k s, y(s)) A> KE C[R+x R+xR",R"]. 
to 

Firstly, we recall the following well-known result, which was established 
originally by Grossman and Miller [9]. 
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y(t,to, xrJ) = R(t,t,)ql + / tR(t, s>qs, y(s), Sy(s)) A, tatt,, 
to 

(2.3) 

where R(t, s) is the solution of the initial value problem 

g(t,s) + R(t,s)A(s) + ltR(t, c+)B(t, 0) da = 0, R(t, t> = Z”, 
S 

(2.4) 

for t, < s < t < ~4, in which I,, is an n X n identity matrix. 

As in Ruan [14], we suppose that system (2.1) can be decomposed as 
follows: 

x;(t) = Aii(t)xi(t) + jlB,,(t&(s) o!s + 
to 

i Aij(t)xj(t) 
j=l,j#i 

+ i /tBij(t, s)xj(s) ds, q(t,) = xp, (2.5) 
j=l,j#i to 

where 

r 

xi E R?, i = 1,2,..., r, C ni = n, 
i=l 

and A,,(t), Bij(t, s> are ni X n. matrices continuous on R, and R+X R,, 

respectively. We also consider t A e subsystems 

xi(t) = Aii(t)xi(t) + i:Bii(t, S)x,(S) A, i=1,2 ,..., r. (2.6) 
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j= 1, j#i 

Ajj(t)xj(t) f /‘Bij(i,+rj(s) ds , (2.7) 
tlJ I 

tie can rewrite system (2.3) as the following: 

x;(t) = Aii(t)ri(t) + @,(t, s)q(s) ds + F,(t, x(t), Sx(t)), 

Xi(&) = x;. (2.8) 

Now system (2.8) can be considered as the perturbed system of system (2.7); 
hence, by Lemma 2.1, the solution of system (2.8) is given by 

q(t) = zq(t, t&f + / h,(t,s)F,(s, x(s), S(s)) h, (2.9) 
to 

where Ri(t, to> is the solution of the initial value problem 

z(t,s) +Ri(t,s)Aii(s) +~tRi(t,a)B,i(a,s)da=O, 
s 

lq(t, t) = Iii 

for t, < s Q t < @J, i = 1,2,. . . , T. As in [17], using the successive overrelax- 
ation iteration on (2.9), we obtain that 

p(t) = (1 - w)Xyyt) + wR,(t, t&f 

+d;Ri(t,s)Fi(s, x(lm)(s) ,..., xiY”‘l(s), 

xyys) )...) ~!“-“(s),Sx(lm)(s),.. 

sxp-y s), , sxp- y s)) ds, 

where m = 1,2, . . . ; i = 1,2, . . . , r; 0 < w < 2, and we choose 

r!‘)(t) = krA,( t, to) x0, i = 1,2,. . . , r. 

Then we have the following result. 

Sxfy( s), 

(2.10) 

(2.11) 
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THEOREM 2.1. Suppose that 

(i> there exist positive constants cx and Mi (i = 1,2, . , r), such that 

llR,( t, t,)l( < MiemaCteto), t > t,; (2.12) 

(ii) there existfunctions hij E C[R+, R+l, Pij E C[fi+x R+, fi+l, i,j = 
1,2, . . , r, such that 

IIF,(t, x(t), Sx(t))ll G i [Aij(t)llxjll + /tPij(t, s)I~xj(s)//h]J (2.13) 
j=l to 

(iii) there exist positive constants bij (i, j = 1,2, . , r), such that 

Mr/‘[ hij(s) + ite +‘pij( (T, s) drr] ds ,< bij; (2.14) 
to s 

(iv) the spectral radius p(D,) < 1, where 

D, = (Z,, - OB*)_l((1 - o)Z,, 

and 0 < o < 2, I,, is an r x r identity matrix, 

+ COB*), 

B = (bij),,,, B* = B 
- B,, B, is the left lower triangle matrix of B. 

Then the trivial solution of system (2.1) is asymptotically stable. 

PROOF. From (2.11) and hypothesis (i), we have 

Ilx~“‘(t)ll < WM,lJXOIIe-~(‘-to)~JI y{‘)(t))J, t>t,,i=1,2 ,..., r. 

(2.15) 

Writing (2.15) in the vector form, we get 

col(llxy(t)ll,~~~, llx’p’(t)ll) 

< Z,,coZ( M,lIr~ll, . , M,llx~ll)e-a(f-“o). (2.16) 
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II~~l’(t) - xlO’(t)ll 

Q (1 - o)llx~“‘(t)ll 

Q (1 - w)llxp’(t)ll + ~~~M,c@-“’ i oMJl$?ll 
j=l 

* AV(+P(f-Q + 
[ 

plj(s. u)e-a@+,) &] ds 

< (1 - w)llx~“‘ll 

Using Fubini’s Theorem, we obtain that 

II xp( t) - q’(t) II 

d (1 - w)llxlO’(t)ll 
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= (1 - ~)llx~~‘(t)ll + o i M, 
j=l 

a(u-s)j31j(u, s) du 03 - wMjllx~lle-a(f-‘o) 1 

Zll y’l”( t) - yyy t) II. (2.17.1) 

Similar to the above procedure and the proof of Theorem 1 in [15], we have 

Ilx$y t) - xP’( t>ll 

G (1 - W)Ilyp(t)ll + &Jy(ll)(q - yyqt>ll 

+ 0 2 bzjllyj(0)(t)ll 
j=Z 

Zllyp'(t) - y$yt)ll-* 

and 

Ilp(t) - X:“‘(t)ll 

G (1 - W)IIy:“)(t)ll 

+ ob,,lly(,l)(t) - yp’(t)ll + ..* +wb,,lly!O’(t)ll 

(2.17.2) 

ally:” - yp(t)ll. (2.17.r) 
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Rewriting (2.17.1), (2.17.21, . . . , and (2.17.r) in the vector form 

&,col( II y(1]‘( t ) - y’p’( t) IO . , , II y!‘)(t) - y!“‘( t)II) 

=s oB*coE( II yj”( t> - yP’( t>ll, , , II y!“( t) - y!“‘( t)ll) 

+((I - 0)1,, + wB*)c~l(lly$~)(t)ll,. . . , Ily:“‘(t)ll), (2.18) 

then we have 

coq II x;y t) - x$O’( t) II, . . ) II xp( t) - x;“‘( t)ll 

G coq II yi”( t ) - yT’(t) II, . . . , II y!‘)(t) - y!“‘(t) II) 

= (1 - WR*)-l((l - @)I,, + ~B*)coz(lly~)(t)Il,. . . , IIy:“‘(t)ll) 

~u,cal(ll yiO)(t)II,. , lly!“‘(t)ll). (2.19) 

Let 

col(llx$‘)(t) - xyQ(t)ll, .) (lx;‘)(t) - x’P’(t)ll) 

< coqllyp( t) - yI”‘( f)ll, . , II y!“( t) - y!“‘( t>rr> 

G D,“‘c~~(IIyp(qll,. , IIy!“‘(i)ll), 

where 0,” = (~Ii,r”))~~,., m = I, 2, . , we have the following inequalities: 

llx y’yt) - xp(t)l) 

(1 - co) + i wblj E d$‘%#( t)ll 
j=l k=l 

ally:“+” - y’l”‘)(t)l(. (2.20.1) 

llx 6”“‘l’(t) - x6”‘(t)ll 

< ObZ1((y(l’TL+l)(t) - yp(t)ll 

+if.L((l - o) + wbzi)llyf”‘(t) - y,(‘“-I’(t)11 

2-Ily:nl+II (t) - yh”‘)(t)ll**+ (2.20.2) 
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and 

l(x(r,,,+yt) - x!“l)(t)ll 

< obrlll yy'+l) (t) - yy”(t)ll + wb,Jyp+yt) - yZ’“‘(t)ll + ..* 

+ (( 1 - 0) + wb,,)ll y;“,+ “( t) - y!““( t)ll 

$,, y;“’ + l’(t) - yy( t) (1. (2.20.r) 

Writing (2.20.11, (2.20.21, , and (2.20.r) in the vector form 

COl( IIX y”+“(t) - xj”‘)(t)ll,. .) Ilx’,“‘+“(t) - xy(t)ll) 

< D,D:zcuz( II y’l”‘< t>ll, . , II y?‘( t>ll) 

< COD;+ ‘col( MJx:ll,. , M,llX(,)l+P(‘~‘~~), (2.21) 

which follows from (2.16), we have that 

Cuz(llX(l’t’+l)(t)ll,. .) ,,xt”‘+“(t)ll) 

< coq II xy+ I) (t) -x~“‘)(t)Il,...,IIxZ”‘+‘)(t) -xl”‘)(t)ll) + *.. 

< coq IlIy( t) - x’:‘( t)ll, . . ) llxp( t) - a$‘( t)Q 

+ ~oqllx~‘(t)ll,~~~, Ilx!“‘(t)ll) 

Go P:+l + 0:" + ..I '0, + I,,.) 

XcoZ( M,llr~ll, . , M,llx,Oll)epa(t-f~l) 

G 41 - Rx’ l~i~r max M,col(llx~ll, . , Il~jll()e-~(‘-~~~). (2.22) 

Since the spectral radius p(D,) < 1 and CTn=, 0: = (1 - D,>-’ is conver- 
gent, by the mathematical induction, (2.21) and (2.22) hold for any natural 
number m. 
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On any finite interval (t,, T], the uniform convergence of the series 

i D,“coz(llx,oll,. . . , lIx,OIl)e-a’(t-t~) 
m=O 

implies the uniform convergence of the series 

5 coZ(llxyyt) - xy”(t)ll,. . , llxyyt) - xy’(t)ll) 
m=O 

+ coz(llx~ll,~~~, Ip(~)ll) 

and hence, also implies the uniform convergence of the series 

5 coz(X(lyy) -x!“-‘)(t),...,x!“‘(t) -x:-(t)) 
m=O 

+ coZ(xyyt), . . , x:‘(t)). 

It follows that coZ(~\~)(t> xCm)( t)) converges uniformly to coZ( r,(t), ,...1 r 
. . . , x,(t)> as m --) 00. Hence, we have 

< o(1 - Da)-’ linxxrMicoZ(llx~ll,. . , ll~,Oll)e-~(~-~~). (2.23) 
. . 

The right hand side of (2.23) g oes to zero as t approaches infinity, so the zero 
solution of system (2.1) is asymptotically stable. This completes the proof. w 

3. NONLINEAR SYSTEMS 

In this section we consider the nonlinear Volterra intergrodifferential 
system 

x’(t) = h(r, x(t)) -b (g:‘t> s, x(s)) ok, x(t,) = x0,. (3.1) 

where h E C[R+X R",R"], g E C[R+X R+X R",R"], and the perturbed 
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YOO) = X0? (3.2) 

where F E C[R+X R” X R”, R”], Sy(t) is the same as in Section 2. 

We need the following lemma, which is Theorem 1.4 of Hu, Lashmikan- 
tham and Rao [lo]. 

LEMMA 3.1. Suppose ah/ax, c?g/Jr exist and are continuous on R,X 

R”, R+x R+X R”, respectively. Let x(t) = x(t, to, x0) be the unique solu- 

tion of system (3.1); then any solution y(t) = y(t, to, r,> of system (3.2) 

satisftes the integral equation 

Y(t) = x(t) + p t, s, Y(w% YW SYW ds 

+l’jl”[@(t, CT, y(a)) - R(t> u; s> y(s))lg(v, Y(S)) dads 
0 

(3.3) 

fort > to, where @(t, to, x0) = (dx/dx,Xt, to, x0) and R(t, s; to, x0> is the 
solution of the initial value problem 

+ ~tR(t,u;t,,x,)~(u,s,x(s,t,, / x0)) du = 0, 

R(t,t; to, xo) = I,,, R(t,t,;to>xo) = *(t,to> xo>> t>,s>t,. 

(3.4) 
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Suppose equation (3.1) can be decomposed as 
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+Hi(t, r(t)) + _/tGi(t, S, X(S)) h> q(t,) = x;, (3.5) 
to 

where 

Hi~C[R+XR;,R;'], Gi~CIR+XRn,,R:l], &=. 
i=l 

Suppose that 

hi(t,O) = g,(t,O) = 0, H&O) = G,(t,O) = 0, i = 1,2 ,...) ?-. 

We also consider the subsystems 

xi(t) = J+(t, x,(t)) + jj:gj(t, s> +>> h, xi(tO) = x9, i = 1,2,. . . , ?“. 

(3.6) 

Let 

Fi(t, x(t)> SX(~)) = Hi(t> x(t)) + jl:Gi(t, S, X(S)) A> i = 1,2,...,r; 

then (3.5) can be considered as the perturbed system of (3.6) and can be 
written as 

‘*‘Ct) = hi(t, ‘iG>) + l)i( t,S, Xi(s))ds + Fi(t, x(t)> ‘x(t)), 

Xi(q)) = x;. (3.7) 
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Suppose that dhi/dri and dgi/dxi exist and are continuous on R+x 
R”i, R, X R, X R”e, respectively. Let @Jt, t,, x0> = (dx,/ax~Xt, t,, xp) 
and let Ri(t, s; t,, xp) be the solution of the equation 

t, s;t,, x;) + Ri(t, s; t,, x$&s, t,, x;) 
1 

+ltRi(t, u;t,, .p)~(t> s; t,> x;) du = 0 
s I 

with the initial value Ri(t, t; t,, ~0) = Iii on t, < s G t, and Ri(t, to; to, xY) 
= cpi(t, t,, To). Let x,(t) = x,(t, t,, r,> be the solution of system (3.7) and 

ri(t, t,, xP) be the solution of the subsystem (3.6). Then by Lemma 3.1, we 

have 

x,(t) = q(t, t,, xp> + p+( ta s, xi(s))Fj(s> ‘(‘)T “(‘)) dS 
to 

+ JI”lt[ Qj(t, U, ~i( u)) - Ri(t, CT; S, Xi(S)>I 
0 

gi(u,s, Xi(S))duA (3.8) 

for t >, t,. Using the successive overrelaxation iteration on (3.8), we obtain 
that 

xpyt) = (1 - W)Xylyt) + wx,(t, t,, xp> 

+ mltl”[ Qi(t, U, ~i( u)) - Ri(t, u Q S, ‘,(‘))I 
0 

+ qD’(l,s, x,(s))F,(s, xyys),. .*, xp”‘l(s), 

xy-‘)( s), . . . ) xyy s), Sxj”)( s), . ) 

Srirn),( S)) sxy-( s), . . . ) Sx!?y s)) ds, (3.9) 

where m = 1,2,. . . ; i = 1,2,. . . , r; 0 < o < 2. Then we have 
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THEOREM 3.1. Suppose that 

(i) there exist positive constants CY, Mj and pi (i = 1,2, . . . , r), .std that 
if IIxPll d Pi, 

IIR*(t, s; to, xp)II Q Mie-n(t-s), ll@,(t, to, xp)ll G Miea(“-fo), 

t 3 s 2 to; 

(ii> there exist functions Aij E C[R+, R,] and pij E C[R+X R,, R,] 

(i,j = 1,2,... , T) and positive constants Ki, such that if llxill < pi, 

Il&(t, S, Xi)ll < Kill~ille-2a’t, 

IlFi(t, X(t), SX(t))ll Q i Aij(t)llxjll + _/tPij(tv s)llxj(s>ll dS ; 

j=l [ to I 

(iii) there exist positive constants bij (1, j = 1,2, . . . , r>, such that 

2 Ki sij 
Aij(s) + -e -act,--s) + 

I 

t 

ff 
e”(u-s)pij(u, s) du ds < bij, 

S 1 
where 

qj = l, 
if i=j 

0, if i Zj; 

(iv) hypothesis (iii> of Theorem 2.1 holds. 

Then the trivial solution of system (3.1) is asymptotically stable. 

PROOF. By theorem 1.5 of [lo] and hypothesis (i), we have 

IlxiO’(t)ll < A4iJlx~lle-n(tm’~)~/j yP)(t)lJ, t > to, (3.10) 
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and 

IIxp(t) - xF(t>ll 

d (1 - w)llx~“‘(t)ll 

+W 2M K e-a(t-U)e-2aU()x~o)(s)~~ duds 1 1 

+ o i h~j(s)llx,!O’(s)ll dS 
j=l 

+ w 

/ 
tMle-+) 

to 

f (1 - W)llX~“)(t)ll 

t t 
+W Il 2M K e-rr(t-“)e-201”)lx~)( s)ll duds 1 1 

to s 

+ ,.,, 

I 

‘Mle-a(t-d 

to 
2 hlj( s) wMjlIxjO1le-u(t-tO) ds 

j=l 

+ w i /lplj( s, u) wMjllr~lle-“(‘-to) duds. 
j=l to 

By Fubini’s Theorem and hypothesis (iii), we have 

Ilx(l’Qj - p(t)JI 

G (1 - ~>11~~0’(~>11 

+ wM, 

+w 
/ 

tea(u-s) 5 plj(u, s) du 03. wMjllx~lle-a(t-*n) 
s j=l I 

G (1 - w)lly~“‘(t)ll + 0 c b,jIly,(O’(t)lI 
j=l 

211 y’l”( t) - yp’( t)ll. 
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The rest of the proof is similar to the proof of Theorem 2.1; here we omit it. 

n 
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