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ABSTRACT. Nongeneric bifurcation analysis near rough heterodimensional cy-
cles associated to two saddles in R? is presented under inclination flip. By
setting up local moving frame systems in some tubular neighborhood of unper-
turbed heterodimensional cycles, we construct a Poincaré return map under
the nongeneric conditions and further obtain the bifurcation equations. Coex-
istence of a heterodimensional cycle and a unique periodic orbit is proved after
perturbations. New features produced by the inclination flip that heterodi-
mensional cycles and homoclinic orbits coexist on the same bifurcation surface
are shown. It is also conjectured that homoclinic orbits associated to different
equilibria coexist.

1. Introduction. Newhouse and Palis [11] were the first to consider heterodimen-
sional cycles in dynamical systems. A heteroclinic cycle is said to be equidimensional
if all saddle-type periodic points in the cycle have the same dimension of the stable
manifold or unstable manifold. Otherwise, such a cycle is called heterodimensional
(Diaz [5]). Since different saddles in R™ are not necessarily identical with the di-
mension of their stable manifolds, heterodimensional cycles turn out to be a more
general type of heteroclinic cycles than equidimensional heteroclinic cycles in prac-
tical problems. In 2005, Lamb et al [9] demonstrated that the reversible vector
fields with heterodimensional cycles are dense near Hopf-zero bifurcation, which
confirmed indirectly the generality of heterodimensional cases. It is worthy to note
that the dimension of the concerned vector field is required to be not less than 3
because 2-dimensional heteroclinic cycles are certainly equidimensional.

For concrete heterodimensional cycles of finite dimension there are few results,
especially on the bifurcation, and it is more challenging to study than the non-
heterodimensional cases. The heterodimensional cycles involving two saddle-foci
were found in Bykov [1] and Deng and Zhu [4]. Rademacher [13] took into account
the bifurcations of heterodimensional cycles connecting one hyperbolic equilibrium
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and one hyperbolic periodic orbit. Different from the above results, in an earlier pa-
per (Liu et al. [10]) the authors studied the bifurcation of heterodimensional cycles
containing two saddles in three dimensional vector fields. Under some generic hy-
potheses, it was proved that there are a family of homoclinic cycles bifurcated from
the heterodimensional cycle through small perturbations of parameters. Nonethe-
less, that phenomenon has not been observed in the equidimensional cases (see
Shui and Zhu [14], Zhang and Zhu [18], Zhu and Xia [20]), which demonstrates that
there are very rich dynamical behaviors near heterodimensional cycles although the
bifurcation occurs in dimension-3 vector fields. Following this method, generic bi-
furcation in a very simple 4-dimensional system has also been analyzed in Geng

Bifurcations on inclination flips have been developed in equidimensional cycles
(see Shui and Zhu [14], Worfolk [17]). However, there is no research on heterodi-
mensional problems concerning inclination flips in the literature. Motivated by this
fact, in this paper we intend to explore possible bifurcations by an inclination flip
of heterodimensional cycles in 4-dimensional vector fields and make a comparison
with that of equidimensional cycles and 3-dimensional heterodimensional cycles,
respectively.

The organization of the rest of this paper is as follows. In the next section,
some hypotheses are given for our discussion. Based on these hypotheses, we make
qualitative analysis of system (1) using the invariant manifold theory in section
3. Near the heterodimensional cycle of the unperturbed system (2), the Poincaré
return map and the successor function are obtained by the establishment of a local
moving frame system which was firstly introduced in Zhu [19]. Then bifurcation
equations are derived by using the implicit function theorem. Section 4 presents the
bifurcation results on different parameter regions and the sufficient conditions for
the persistence of heterodimensional cycles, the coexistence of a heterodimensional
cycle and a periodic orbit or a homoclinic orbit, and the existence of bifurcation
surfaces of homoclinic orbits. A brief discussion ends the paper in section 5.

2. Hypotheses. This paper is concerned with, under an inclination flip, the non-
generic bifurcation analysis of the 4-dimensional C” system

2= f(2) +g(zn), (1)

where r > 6, z € R*, f(p;) =0, g(pi,p) = g(2,0) =0fori =1,2, p € R (0 <
l|n]| < 1, I > 3) is a vector of perturbation parameters. Therefore, the unperturbed
system of system (1) is

i = f(2). (2)

Besides the above requirements, the following hypotheses (H;)-(Hs) are also
necessary for systems (1) and (2) throughout this paper.

(H1) z = p; is a hyperbolic fixed point of (1). W7 and W} are the C" stable
and unstable manifolds of z = p;, respectively, for ¢ = 1,2, which satisfy
dim(W7?) = 4 — dim(W{) = 1 and dim(W3) = dim(W3') = 2. In addition,
Df(p1) has four simple real eigenvalues —p, A (j = 1,2,3) satisfying —p <
0 < A < A2 <A} and Df(ps) has four simple real eigenvalues —p&, A& (k =
1,2) satisfying —p3 < —pi < 0 < A} < A3, where Df(z) denotes the Jacobian
matrix of f(z) (see Fig. 1).
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Figure 1. Manifolds of the heterodimensional cycle I' =T'; U T's.

(Hz) System (2) has a heteroclinic cycle I' = T'yUT'g, where I'; = {z = r;(t) : t € R},
r1(—00) = rz(+00) = p1, ri(+00) = r2(—00) = pa.

(H3) Define e = lim; 300 %, then e € T,, W, e; € T,,,,WS,, are the unit
eigenvectors corresponding to A} and —p}, respectively, where pi = p, W5 =
We,i=1,2.

(H4) dlm(TTl(t)Wlu n Trl(t)WQS) =1.

(Hs) T,,yWs" — span{ey,ef} as t — +oo, where ¢f is the unit eigenvector
corresponding to A} (see Fig. 2).

€5 u z(e]

b2

Figure 2. The local coordinate systems of I' =T'; UT's

under the inclination flip of W'

We now introduce a definition of strong inclination property of manifolds.
Definition 2.1. W/ is said to have the strong inclination property if and only if

. u ’ mi—1
tllgloo Ty, Wi = span{I’;(+00), U} "},

where I';(400) stands for the tangent direction of T; at ¢ = oo, Uritis a
subspace of R* spanned by (m; — 1) strongest expanding directions of T}, , W

Pi+1 "V i41>
m; = dim(WH), ps = p1, Wi = Wi, i =1,2.
Likewise, the strong inclination property of W can be defined as

tl}I—noo TFi+1Wis = span{I‘;+1(—oo)7 Uﬁ;l_l )
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where U ! is a subspace of R* spanned by (n; —1) strongest contracting directions
of T, W—‘:_l, F3 = Fl, n; = d.iIIl(VVis)7 1= 1,2

Pi+1 7

Remark 1. If the invariant manifold of an equilibrium fails to satisfy the strong
inclination property, we say it undergoes an inclination flip.

Within the above hypotheses, (Hy) — (Hy) are all generic conditions, while (H3)
implies that the inclination flip occurs on W3 by Definition 2.1 and Remark 1.
(H;) indicates that T' is a heterodimensional cycle. Since (H,) means that I'y is
a transversal heteroclinic orbit, we can deduce that the heterodimensional cycle I'
has codimension 3, two comes from the fact that codim(7,., W7 @ T, Wy') = 2,
and the remaining one is caused by the inclination flip of W3'.

3. Preliminary analysis and bifurcation equations. By the stable and unsta-

ble manifolds theorem and up to two local linear transformations, we see that there

are two open neighborhoods U; > p; = (0,0,0,0)” (i = 1,2) such that p; (i = 1,2)

have C"~! local manifolds Wz‘"l oc and ngl oc>» Which are rendered as below:

Wioe =12 = (x,y,u,w)T e Uily = y(z,u,w),y(0,0,0) = 0,
dy

W(O,O,O) =0},

Wls,loc = {Z = (x,y,u,w)T € U1|(x’uaw) = (Jc,u,w)(y), (x,u,w)(O) =10,
o(w,u,w) =
o) ) ),

W3ioe = {2 = (z,9,u,0)" € U2|(y,v) = (y,v)(z, ), (y,)(0,0) = 0,

Ay, v) _
8(517711,) (07 0) - (D}a
W;,loc = {Z = (.%',y, uvv)T € U2|('T7u) = ($7u)(yvv)7 (.%', u)(O’O) = (2)7
O(x,u) _
a0 0 =

where the sign 7" means the transposition of a matrix and () is a zero matrix.

Take open neighborhoods V; such that p; € V; € V; C U; for i = 1,2, we can
use successively straightening transformations (including the straightening of the
orbit segments T'y V7, T'1NVa, T'aNVa) such that system (1) has the following C*
normal forms

& = [\ (1) + o(1))z + O(y)[O(u) + O(w)]
¥ =[=p(p) +o(1)]y )
i =X (1) + o(D)]u + O(ay) + O(w)[O(x) + O(y) + O(w)]
W = A1) + o(1)]w + O(zy) + O(u)[O(z) + O(y) + O(u)]
as z = (z,y,u,w)’ € V;, and
@ = [\3(1) + o(1)]z + O(u)[O(y) + O(v)]
9 = [=pa(p) + o()]y + O(w)[O(x) + O(u)] @)
i = [3(n) +o(1)]u+ O(x)[0(y) + O(v))]
0 = [=p3(n) + o(1)]v + O(y)[O(x) + O(u)]
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as z = (z,y,u,v)T € Va, where k = min{r — 3, [A\2/\] — 1, [p3/p3] — 1,[N3/A\]] — 1},
which is owing to that the curves I'y N Vi, I'1 NV, and 'y N V5 are approximately
C”\f/)‘i7 Cr3/P2 and C’\g/)‘é, respectively.
In order to ensure the above resulting systems are at least C3, we make another
assumption.
(Ho) 2 >\, 03 > 4ph, N3 = L
Choose ¢ > 0 small enough and Ty, T5 > 0 sufficiently large such that r;(—T;) =
(6,0,0,0)T € V;, ri(T;) = (0,6,0,0)T € Vi1 1, where V3 = Vi. Now let us take into
account the linear variational system and its corresponding adjoint system of (1)
formed respectively by:
2=Df(ri(t))z (5)
and
¢ =—(Df(ri(1)"¢, (6)
where i = 1,2. By the above assumptions (H;) — (Hg), system (5) has exponential
dichotomies in R and R~ (see Palmer [12] and Wiggins [16]) and the following
property can be obtained.
Lemma 3.1. System (5) has the fundamental solution matrices
ZZ(t) = (Zzl(t)v Zz'z(t)’ Z?(t)v Z;l(t))v 1=1,2,

which satisfy, respectively,

Zi(t) s = 1) /171 (=T1)| € Ty iy Wi N Ty (W3,
Zi(t% #(t) € ToWi'n(T,nWs)*,
21 (t) S (Trl(t)Wlu)c N Trl(t)ny
1 00 wi 0 wiz wi® 0
00 0 w24 ,w21 w22 ,w23 0
Z1(-T) = 01 0 w:}zx , Zi(Th) = 6 w:im w%g E
0 0 1 w 0 wi whk 1

where wil < 0, di = wi?w? — wBw? £ 0, wi £ 0, | (W)Wl |K 1,0 #£ 2,
di'wi* <1, j=2,4,k=2,3, and

Zé(t) = 7o(t)/[P2(=T2)| € TryyWs' N Ty iy W,
Z%(t) , € TroyWs N (TrywyW?)s,
25(t), 2z5(t) € (Tr,pWs)S,
1 0 w%?’ w%‘l 0 w%2 0 0
0 0 w3 w wil w22 0 0
LEB)= | g1 w w0 2= G g 1o |
00 wi® wi 0 0 01

where w2 < 0,wl2 £ 0,dy = wPBwi* —wHwd £0,] (W) w2 |« 1,] dy  wlf |«
1,j=1,3,k=3,4.

Proof. First w?l, w3’ < 0 are evident since z}(t) is taken along the heterodimen-

sional cycle I' (i = 1,2). In terms of the transversality hypothesis (Hy), we derive
RY = T, () W™ + Toy 2y W5 = span{z7(T1), 21 (T1)} + span{z1 (T1), 21 (T1)},

where W{*" is the strong unstable manifold of p;, which turns out that d; =
wiwd — wiBwi? £ 0. Then applying the Liouville formula (Hartman [7, Ch.IV,
Th.1.2]) to the fundamental solution Z;(t) leads to w$* # 0.
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Suppose the initial value of 23(t) is 23(—T%) = (0,0,1,0)” and denote 22(T3) =
(wd?, w3% w3? wi?)T. Then, based on the fact that, compared with the 2 com-
ponent, the u and w components are subject to the stronger expanding rate as
t — 400, we see that the inclination flip of W3' must imply that wi? # 0, w3? =

2 = 0, that is, Ty W3 = span{(1,0,0,0)7,(0,1,0,0)T}. Now the Liouville
formula implies that dy = w33w3* — w*w33 # 0.

All the inequalities follow directly from that the associated component is either
exponentially expanding or exponentially contracting. O

Let (2}(t), 22(t), 23(t), z}(t)) be a local coordinate system along I';. Denote

K3 (2

0i(t) = (6i (1), ¥7(t), ¢7(1), 6i (1)) = (Z7 ' (1)". (7)
Then it is obvious to find that ®;(¢) is a fundamental solution matrix of the adjoint
system (6) for i =1,2.
Now take the tranbformatlon of coordinates z(t) = h;(t) = r;(t)+Z;
neighborhood of T';, where ¢t € [T}, T;], Ni(t) = (0,n2(t),n(t), ni(
Define four cross sections:

SY = {2z =hi(=T1) : |2, [yl [u], |w| < 25},
St ={z=hi(T1) : |2, |yl [ul], Jv] < 25},
SS:{Z:hQ( 2) . |m|,|y\,|u|,|v| <25}7

Sy ={z = ha(T2) : |, [yl [ul, |w| < 26},

which intersect with the heteroclinic orbit I'; at t = —T; or t = Tj, respectively.

In order to obtain the corresponding bifurcation equation, we need to restrict our
attention to set up the Poincaré return map of system (1). Consider the mappings
FP: gl eSSl —¢ e and F!: ¢f € S — ¢} € S}, where S} = S3, ¢} =
g3 (see Fig. 3), the construction of the Poincaré return map or successive function
consists of three steps.

Sk = i

Iy

Figure 3. The Poincaré map of system (1).

First, we intend to find the relationship between the two types of coordinates of
z(t) and N(t) in the section S? and furthermore present the expressions of F} for
i =1, 2. Denote:

¢ = (elylul,r])" =ri((—1)7T) + Z,((-1)7 )N,
N/ = (0,n)? ni? nI"T e 7,
where i = 1,2, j = 0,1 and 79 = w?, r} = v%, r) = 09, rl = wi. Then the

expressions of Z;(—T;) and Z;(T;) give us that 20 = 6 + 0(d), y} =6 + o(d),



BIFURCATIONS OF HETERODIMENSIONAL CYCLES WITH INCLINATION FLIP 1517

2
nY 0

02— ) — ()
= uf — wf (i) . ®
n17 = (w%4)_1y(1)a

n}? = d (et — wbud),

ny” = dy (witul — witay), (9)

1,4 -
np? = ol +d (ol = wPual + Pl - o)),

0,2 — p p
g = = dy (! — wuf)d + (P ed - udtul)ed)

0,3 -
”(2) . =d, 1(w§4y8 - w%“v%), (10)
ny" = dy (wikvg — w3yy),
and 1,2 _ ¢ 12y—1,.1
“%3 = (w3*) "'z,
Ny’ :u(l), (11)
14 1
ny” = wy.

Now we suppose that z = r;(t) + Z;(t)N;(t) is a solution of system (1). Putting

it into (1), together with the assumption of 7;(t) = f(ri(t)), Z:(t) = Df(ri(t))Z;(t)
and g(r;(t),0) = 0, one gets the following differential equations of N;(t):

Ni(t) = ] (1)g,(ri(t),0)u + hoott.,

which implies that
T; .
NA(T}) = Ny(—T)) + (/ 7 (£)g,,(ra(£), 0)dt) + ho.t. = Ny(—T) + My + huot.,
—Ti
where MZJ (t = 1,2, j = 2,3,4) are called Melnikov vectors. As a result, the
Poincaré return maps F}' (i = 1,2) are solved as

ny? =nd? + M/p+hot., i=1,2, j =234 (12)

Remark 2. In fact, MZJ is independent of the choice of T; for i = 1,2, j = 2,3, 4,
which can be verified similarly as in [18].

Our second task is to seek the Poincaré mappings F? induced by the flows of
systems (3) and (4) in small neighborhoods U; of p; (i = 1,2). Let 7; be the time
it takes from ¢} ; to ¢?, s1 = e M and s, = e2(W72 be the Silnikov times
(Deng [3]). Since T is an unperturbed heteroclinic cycle, 7; > 0 will be infinite or a
very large constant which corresponds to 0 < s; < 1 for the perturbed system (1).

We use the same notations £ (u) = p(p)/ M (p) and Ba(u) = p3(p)/Ai(p) as in
Liu et al. [10] for simplification. From the linearly approximated solutions of (3)
and (4) in the neighborhood U; (i = 1,2), respectively, the mapping FY : ¢} =
(zh, yd,ud, wd) € S v ¢f = (29,49, uf, w) € SY can be expressed in the forms:
zh = z(Tz) = 516 + h.o.t. W=y(To+m)= sflé + h.o.t.

3 1 2 1
d=u(ly) = sil(“)/Al(”)u? +hot. w)=w(lr) = sil(“)/kl(“)w? +h.o.t.
(13)
and FY : qf = (x1,y1,ui,vi) € S — ¢ = (29,99, u3,v3) € SY is given by
rl =a(Ty) = sé/BQS +h.o.t. Y9 = y(Ty + 72) = 526 + h.o.t.
ul = u(Ty) = AS(w)/p2(m) 0 4 0_ _ /3w 1
1=u(Th) = s5 uy +hot. vy =w(Ti + 1) = s, v +h.ot.
(14)
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In the final step, we compose the mappings F}! and F? by merging (8), (10) and
(12) as follows:

n%’Q = ul — wi*(w?*) "1y + MEu + h.o.t.
Fi=FloF: n%i =w) — wit(wi) "1y + Mpu + ho.t. (15)

nyt = (W) "y + Mip +hot.

and

Wy = 08 a3 (! — g + (ugtud

—wwi)vd] + MZp + h.o.t.
n%z = dyt (wityd — wi*d) + M3pu + ho.t.
ny* = dy H(wBvy — wiyd) + My +h.o.t.

Fy=F}oFY: (16)

Let G be the successor function associated with the heterodimensional cycle, then
it can be worked out by considering the difference of the transitional variables nll J
between (9) and (15), (11) and (16), that is, G = (G1,G2) = (F1(q}) — ¢}, Fa(qi) —
q3). Using the expressions of solutions (13) and (14), the successor function is
expressed as

2 1
G? =uf — 5w{’4(w%4)’1sfl + M — dfl(dw:f?’s;/ﬁz - w%?’s;?/p"‘ug) + h.o.t.
G3 = w) — Swi (w1 + M3y — dl_l(w?s;‘g/p;ug - 5w‘;’25§/ﬁ2) +h.o.t.
Gt = awi") s} Mt~ of = d; B(uPut® — wPu)el +
fw%zw‘f?’)s;?/pz u9] + h.o.t.
2 1
G3 = uj " dy )1 [F(w3*ws® — witwy®)sy + (wiPwi® - witwi®)sg ol] + Mip
—0(w3”)”"s1 + h.o.t.
2 1 3 1
G3 = d51(5w§4522 - w%‘ls?/p"‘v%) + M3 — si‘;/kiu? + h.o.t.
Gi = d;l(wg%gz/%v% — dwsdsy) + My — 51\1/)‘110? +h.o.t.
where all variables appearing in the exponents depend on the bifurcation parameter
1, which is dropped in denotations here and likewise in the sequel for simplification.
To determine if there are any periodic orbits, homoclinic or heteroclinic cycles
bifurcated from the heterodimensional cycle when system (1) is perturbed slightly
by u, it is sufficient to verify if the equation

G= (G%,G?,G%,G%,Gg,(}%) =0 (17)

has any solution (s1, sq,ul,w?, u3, v}) satisfying s; > 0 and sy > 0. Concretely, the

existence of solution pairs (a) s1 > 0, so >0, (b) s >0, s5 =0 (or s1 =0, s3 > 0)
and (c) s1 =0, s2 = 0 of (17) correspond to, respectively, the existence of a periodic
orbit, a homoclinic orbit and a heteroclinic cycle of system (1).

Obviously, we can see from the Jacobian matrix that the equation (G%,G3,G1,
G3)= 0 has a unique solution (u,w?, v, uJ) in a sufficiently small neighborhood of

(s1, 82, 1) = (0,0,0) due to the implicit function theorem, where

w9 = swdt(w) 1P 4 swdtd; Ysy/? — M2+ hoot.

w® = Sw(w) 1P — swdd; st/ P — M3+ hot.

vk = S(w2) 1P 4 S(wHBwi2 — w:wifll3)dfls%/62 + Mip +hoo.t.
uy = §(w?) sy + S(witwit — witwi?)dy sy — M3+ hoo.t.

(18)

Substituting (18) into the equations G3 = 0 and G3 = 0, the next lemma is
followed.
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Lemma 3.2. The bifurcation equations corresponding to the heterodimensional cy-
cle I' consist of the following two equations:
/\3 AS A3
+B 1
:1)’4(11)1 )~ das,t widdy d281 557 — 0~ 1d2511 M3Eu — 6~ tdy M.
/’2

+w§4s;2 [(w%él)—ls?l + (w2 — wzwi‘llS)d 1 Bz + 5 LM p] + heo.t.

A2 A2
N

1

B 1
+ widy 1d281 8ﬁz +0- 1d2511M1u—|—(5 Ydo My p

wilsy = w

wytsy = —w‘f‘l(w%) Udys;
/’2
s () s + (WPl — wPof)dr s + 5 M+ ho.t,
(19)
where 0 < s1, s2 < 1, |p] < 1.

Remark 3. The two equations of (19) have a symmetrical structure which distin-
guish from previous bifurcation equations of unsymmetrical cycles and can exhibit
richer bifurcation behaviors.

4. Bifurcation results. In this section we first study the nonnegative solutions
(s1,82) of system (19) to determine the bifurcation surfaces for the persistence of
the primary heterodimensional cycle or occurrence of new bifurcated singular orbits
after perturbation. Then we give bifurcation results on the coexistence of a het-
erodimensional cycle and a periodic or homoclinic orbit. The next theorem provides
conditions to ensure that the heterodimensional cycle persists even if undergoing
some slight perturbation of bifurcation parameters.

Theorem 4.1. Suppose that hypotheses (Hy) — (Hg) hold and M3 and My are two
linearly independent vectors. Then there exists an (I — 2)-dimensional surface

Lis ={u: M3u+hot = Mju+hot =0}

with a normal plane Y12 = span{M3, My} at =0 such that system (1) has only
one heteroclinic cycle T'(u) in the small tube neighborhood of T' when u € Ly and
0 < |p| < 1.

The proof is a direct application of the implicit function theorem after setting
$1 = s2 = 0 in equation (19), so it is omitted here.

In the following, we will develop our discussion under the condition 1/85 > 81 > 1
to look for other possible singular orbits near the heterodimensional cycle on the
bifurcation surface L12. The bifurcation analysis for other cases, such as 1/85 >
1> p1,1>1/B2 > 1 as well as 3182 > 1, can be investigated in a similar way.

From the expression of Z5(—T») in Lemma 3.1, we have dy # 0, which shows
that (w3®)? + (w3*)? # 0. In other words, there are three possible situations:
widwit £ 0, wi = 0,w3* # 0 or wi® # 0,ws* = 0. First of all, we discuss the

bifurcation analysis when neither wé?’ nor w§4 is vanished.

Theorem 4.2. Suppose that hypotheses (Hy) — (Hg) are valid, Rank (M3, M3 )=2,
1/B2 > 1 > 1 and widw3* # 0. Then for p € L1z and 0 < |u| < 1, the following
results hold.

(1) If wi* # 0 and p+ 22 < A3, then when p lies in the region {u : w3twi* My >
0, w(sl,u) > 0}, there exists one unique periodic orbit. When p € {u :
witwt M3 > 0, w(st,u) = 0}, there exists one unique homoclinic orbit
associated to pay, where w(st, ) is defined as in the following (23). When
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p€ {p s wBwitMip > 0, w(st, u) < 0} or {u: wHwi* M < 0}, there are
no periodic or homoclinic orbits near I.

(2) Ifwit # 0 and p—l—)\2 > A3, then when p lies in the region {p = daw3* MEp < 0,
|Miu| < |M1,u|a1 1, w%4wjl4w2 witMEp > 0} or {u : dawi*MEu < 0,
|M3u| > \Mlmal T wiwitMp > 0}, there exists one unique periodic

WB)\B > 1. When dow3*MZp > 0, system (1) has no

1 1
periodic or homoclinic orbits near T'.

(3) If wi* =0 and w14 # 0, then when u lies in the region {u : dow3>Mip > 0,
[Miu| < M2, wtwd MR > 0} or {p: dyw$MPp > 0, | M| <
\M2u|u2 T w24w34w§3w§4Ml3u > 0}, there exists one unique periodic orbit,

where g = 1+ ;;,fﬁ;z > 1. When daw33 M3 < 0, system (1) has no periodic
1 1

orbit, where a; =

or homoclinic orbits near I'.

(4) If wi* = wi* = 0, then when p satisfies dow3>Mp > 0, |Mip| < |MEul
and widwitMEuMiu < 0, there exists one unique periodic orbit. Otherwise,
system (1) has neither periodic orbits nor homoclinic orbits near T.

Proof. When 1/ > 1 and w33w3* # 0, bifurcation equations (19) are reduced to

A3 A3
ST+ =
witsy = wit (W) dys;t — 6 Vdys,t M2+ hoo.t. (20)
A2 22
e es
wisy = —w (W) ldys, + 07 Ydys, M+ h.o.t.

for 1 € L1z and 0 < || < 1. Eliminating ss in (20), it follows that:

A2 A3

44, 24, 43\—1 M TP 24/ 24, 44y_1 3 TP
- 1 — 1
wi (witws®) " sy +wit(witwy*) sy

(21)

2
A1 A

I T
= 571[( 43)71 . Mf’,u + (wi)~1s; T M2 ) 4 hoo.t.

o

(1) When wi* # 0 and + b1 < )\1 (i.e. A2+ p < A}) hold, (21) reads as

A2 A2
3+ i
wit(w?) 1)t =615V M+ hoodt. (22)

As wHwitM3p < 0, (22) has no nonnegative solutions which means that sys-
tem (1) has neither periodic orbits nor homoclinic orbits near I Whereas as

w%‘*wﬁMf’,u > 0, it is easy to see that (22) has only one positive solution sj =

[0~ w?t (wit) I MPu ]51 + h.o.t. < 1. Substituting s} into the first equation of
(20), we can find that
S

s3= 07 (1) (wy') o [wi (wit) T MPp — MPp] + hoot. = w(st, ), (23)
which implies the conclusion of (1).
(2) In case wi* # 0 and i—i + 61 > i% (i.e. A2 4+ p > A?), (21) can be simplified
to
s = 6 [(wf) s M+ (wd) s M2u] 4 hot.
Since we are interested in the coexistence of periodic orbits or homoclinic orbits with
the heterodimensional cycle, the case s; = 0 is not considered any more. Suppose

24
witwu) (24)
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2 1
s1 > 0 is small enough, by eliminating the term 51\1“1 from both sides of (24), we
obtain

A3 -a2
1
wit i) s = 67 [(wd) I M+ (wi) s, T ME + hot.
2 1
Set tq ()‘1 A/ and o) = /\)Q,if;z. Then the above equation yields
wit(witwy®) Ty = 67 (wy?) T MY + [0 (wyt) T MPplty + hot. (25)

Hypothesis (H;) and % + 61 > % guarantee that a is a positive constant greater
than 1 and 0 < ¢; < 1.

When |M3p| < |M2p/=7 and w?wiwiBwit M2y > 0 are valid, we can con-
clude that system (25) has a unique sufficiently small positive solution

tr = [0 w i (witwd) " M T 4+ hot.

This follows the fact that |M1 wlty, 3 = O(\Mfu\acfil) > [M3ul.
When |M;u| > |Mlu|a1 I and wiwitM3u > 0, equation (25) has a unique
sufficiently small positive solution
1
= [0t (wit) T M p] AT 4 hoo.t.

which is because |M12ﬂ|t1 = O(|M12u|\Mf’u\i) < | M3pl.

The existence of a positive solution ¢; < 1 indicates that system (24) has a
unique sufficiently small positive solution s;. Putting this solution s; into the
second equation of (20), we have

A7

9= —5‘1d2(w§4)_1sf% M2+ heo.t.

which implies the conclusion of (2).
(3) If wi* = 0, the second equation of (20) becomes

)\2

wylsg =0~ 1d2511Mf’,u+hot (26)

which has no positive solution sy if daw3> M7y < 0 and has at most one nonnegative
solution sy if dew33 M3 > 0.

When dow33 M3y > 0, we need to obtain a positive solution s; from (21). If
wit = 0 and w3t # 0, system (21) can be transformed into

2 3
AT AT

St
*1"!‘51 N _ 3T 27
wit(wdof) e = o f) e M+ ()L M) +hot. 2T
Let ag = 1+ /\/L\’{’i—ﬁiﬁ > 1, then (27) can be changed in a similar way as (24) by
2 1
eliminating the common factor si‘l/ M The new equation is
wit(wtws?) 712 = 6 H(wd) T IMPp + [0 (wit) "I MEu)ty + hoo.t. (28)

Using the same techniques as in equation (25) for (28), we obtain the conclusion of

3).

(4) If wi* = w$* = 0, system (21) is transformed into
it

Miu+ (wit)—! FMlz,u—&—h.o.t.:O.

‘ >
HHHM

(w4213)71 (29)
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2 1
After eliminating the common factor si‘l/ M in the left side of (29), we have

3_,2
AT ]
T

s 0 MEp = —wit(wi®)TIM3u + ho.t.

(30)

Obviously, (30) has a unique sufficiently small positive solution when |Mju| <
| M2 p| and witws3 M2 M3 < 0, but has no solutions under the condition |M; | >
|MZu| or |Miu| < |MEp| and witwi3 MZuM;ip > 0. This ends the proof of con-
clusion (4). O

Remark 4. Theorem 4.2 (1) shows that a heterodimensional cycle can coexist with
a homoclinic orbit in the heteroclinic bifurcation surface L1 (see Fig. 4), which
indicates that there is a great difference between inclination-flip bifurcation and the
bifurcation without inclination flip in heterodimensional cycles (Liu et al. [10]).

Now look back at the bifurcation equations (19), then we can observe evidently
that, between the two equations, there is some kind of symmetry with regard to
the variables s; and sy. Therefore, the bifurcation discussion for the case (w3?)? +
(w§*)? # 0 can be simplified without loss of generality in the situation w3® = 0 and
wj* # 0. The opposite case can be dealt with by analogous techniques.

Theorem 4.3. Suppose that hypotheses (Hy) — (Hg) are valid, Rank (M3, M3 )=2,
1/B2 > P > 1, wi* # 0 and w3® = w3* = 0. Then for p € Lis and 0 < |u| < 1,
the following results hold.

(1) If witdaM?u > 0, then system (1) has no periodic or homoclinic orbits near

r.
2 3 2
(2) If witdoM2p < 0, wi* # 0 and % + 6 < :\\%Z%, then when p satisfies
1 1r2
witwit M3 > 0, there exists one unique periodic orbit (see Fz'g 4). System
as nesther periodic orbits nor homoclinic orbits when witw <
1) h ith jodic orbit h ling b't h Mt M3 0.

(3) If witdoM?Epu < 0, wi* # 0 and )\1 + p1 > /\%p%, then when p lies in the

2

region {p : \Mlul < (M2 (M) 2T, wdbwdiudda Mg > 0} or {n

M| > (|M1,u|”2 |M1u|)°*3 T, wtw MEp > 0}, there exists one unique
periodic orbit, where a3 = % > 1 (see Fig. 4).

(4) If w3tdoeMEp < 0, wi* = 0 and wi’z # 0, then when u satisfies |Mu| <
|MZpu|™, there exists at most one periodic orbit and when |M3u| > |M?u|™
system (1) has neither periodic nor homoclinic orbits, where m=min{1/pa,
p3/p3}-

(5) If witdaM32u < 0, wi* = wi2 = 0, then when p satisfies |M;u| > |MZu|?
system (1) has no pemodzc orbzts or homoclinic orbits near I'. When p lies in

°3
T
2

the region { M2l > IM?MI > (M| M =55 and wPwd My <

0} or {p: |M3u| < |M? u|"2 |M1,u|a4 T and w14M1u < 0}, there exists one

A1pz

unique periodic orbit bifurcated from I', where oy = (/\1 t+ 81— )/()\1

2
3> 1L
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Proof. For any pu € L1 and 0 < |p| < 1, when 1/82 > 81 > 1, w3® = w}* = 0 but
w3t # 0, bifurcation equations (19) are changed into

)\3
sy = —0 " H(wi*)~ 1d2511M2u+h0t
A2 LS ﬁ A2
0=—wi*(wi’) ™! S11 wi?dy sy 52 +07 1511]\4111 (31
2
]
w%gd;ls;é [(w%‘i)*lsfl + 07 M}u] + hoo.t.
T
where the term s52 = = o(s5° sfl) in the right side of the second equation has been

merged in the higher order term by the first equation sy = 0(s1) and 1/82 > ;.
(1) The first equation of (31) obviously shows that there is no nonnegative solu-
tions if wj*dy M2 > 0. Thus there is no periodic orbits or homoclinic orbits near
the heterodimensional cycle I'.
In the following, we set v; = —§~ 1 (w3*)~tdaM}Ep < 1, which is positive when
witdo M2 < 0. Then sy = 1/1311/>‘1 + h.o.t. = o(s i?/A%) > 0, where sy = 0 if and
only if s; = 0. Putting this simple expression of s9 into the second equation of (31),
we have

A2 A2 A3 A2
s/, 2ay_1 2 TP 52 -1 3 Tal5 ﬂ 1M 3
- 1 2 1
—wit(wi*)” 31 +witdy sy +07 s My (32)
A3 p3

—l—wg3d2_1$f}pé Vfé [(w2*) =1 + 6~ M) 4+ hot. = 0.

(2) If witdoa M2 < 0, wi* # 0 and 2 St +61 < )\}p%, then system (32) is simplified
into
wi(w?h) "L = §71M3u + heo.t. (33)

(33) has a unique positive solution when w?*wi*M3u > 0 which corresponds to a
unique pair of positive solutions (sq, 52) of (31). Thus the conclusion is obvious.

(3) If wido M2y < 0, wi* # 0 and )\1 + 51>
to

)\1 1, then system (32) is reduced

2 3.2 2
A AiPy P2

+B1

wit(wit) ™ 1331 —6‘18FMf’u+6_1w%3d513f%p% yl’ngu—i—h.o.t. (34)

3.2 2
A{pP3 _)\%

A

1.1
2281 5 1 and taking similar techniques to

and a3 = 25—+
3 Xi3-Mns

Setting ty = sf%p%
(25), we obtain the conclusion (3).
(4) If witdaMEp < 0, wi* = 0 but w3? # 0, then system (32) becomes

A1+ >\3 A2 2302 o3
1,1 -
R e R L (. O R Sy Ve
+h.o.t. =0.
(35)
A3 A3p2 S 1 03
For system (35), i —|— )\% 5 < 3ob which implies that z- < of and therefore
2ie3 3 A3 A1
Rz A
112t =o(s)t 1/1 72), then we can rewrite it as

3
*1

widy s ﬁzyl =—6"'M}u+hot. =0.
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From (36) we can see directly that this equation has only one positive solution $; <<
1 if and only if |[Mu| < |M12LL|B2 and w$2d; M < 0. When |M3u| > \Mlu|ﬁ2
or w12d1 M3 > 0 there is no sufficiently small p051tlve solutions.

2
If 123 i% /\i\é Alpz + B1 and g 1, then (35) turns out to be
2 2 P2

22 3 2 3 2
71 AT A ’\1P2
>\

7 L = 3
32 B2 B —1.*M 73 -1,,23 j—1 >‘1/J2
wdi s vt + 07 s M+ 0T wsd, sy

2
P2
L
P2

12 Mip+hot. =0,

which can be simplified to

A3 2
12>‘

3
2
wid 11 %4+51APM+6 WwPdy s P Mip 4 ot = 0,

AY 03

(37)

r3

When [ M| > |M2p|% > | M2u| 7}
1

of small enough posmve solutions, |Mf,u| < |M12,u|5 must be valid at any rate.

If 1”2 <M N 1p2 t + Br and 5 25 then (35) is equivalent to
Mol ST A S 1 o3 4

, (37) has no solutions. To assure the existence

3 3.2 2 2
AT APy AT PH

Mol 5l

1 1
wi?d; s R v? 40 M+ wPtdy s 2% [(w%4)—18161 + 67 My
—|—h.o.t. =0.

2

(38)

S

When |M;pu| > |M1 ,u| > |M12u|%, (38) has no solutions. Whereas in case that

\Mfu\ < | M3 pu oA there is at moet one sufﬁaently small positive solution for (38).
If 1p2 F + B1 < —1 + /\Z\b and 5~ < p , then the simplified equation here is the
1 1

2.1 L
same as (38). The only difference lies in ulp 2/P2 < Vlﬂ 2 as v approaches zero, so in
2

N ra
the case that |M7{u| > |MZu|?2 > |MZu|2, (37) has no solutions. In the other
case, there is at most one positive solution for system (35).

If 2128 4 B < M4 M oand Lo p2 , we can rewrite system (35) into
Moy TPUS AT T N8 Bz = o y

23
5~ 151 i M3+ w3ddy fl”% z/fé [(w2*)~Lsf + 6= MEpu] + hoot. =0,
which is followed by

3.2 2 2
>‘1P2 LS

21 P2
5_1M3,u + w23d2 311P2 A (39)

1,,; (W)~ + 5 M}u] 4 hoot. = 0.

Obviously system (39) has no sufficiently small positive solutions in case that
p

|MPu| > |M2u|"2 > |Mlu|ﬁ2 and has at most one such solution in case that

M| < |M2u|”2

Let m=min{1/32, p3/pi}. Summarizing the above discussion, we finish the proof
of the conclusion (4).

(5) If witdo M2 p < 0 and wi* = w3? = 0, we obtain the following equation from
system (32)

3.2 42
ATpPy AT

—1p/3 23 7—1  Aeh
07 M7+ wsPdy sy

2
r2
v [(w?*) s + 67 M) + hoo.t. = 0. (40)
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2
P2

. o1
As a consequence, in case of |M{u| > |MZEu|*:

3.2 42
>‘1P2 A

, 1o solutions exist for system (40).

Aps AT

If |M3u| < |M1,u|f’2 we set ty = sllp"’ M and oy = (
then system (40) becomes

3
w (W) "y Y = =6y, 7 M — 6 tw3tdy Mo M + heot. (41)

Applying analogous techniques used for (25) to the above equation, one can com-
plete the proof. O

Theorem 4.4. Suppose that hypotheses (Hy) — (Hg) are valid, Rank (M3, M3 )=2,
1/B2 > 1 > 1, wid = 0, wi*w$* # 0. Then for p € L1z and 0 < |u| < 1, the
following results hold.

(1) Ifw‘ll‘l;é()and)‘— Hwtt M3 >
0, w(él,,u) > 0}, there exists one unique periodic orbit. When u € {u :
witwit M3 > 0, w(31,u) = 0}, there exists one unique homoclinic orbit as-
sociated to pa, where w($1, 1) is defined same as in (23). When u € {u :
wPrwt M3 > 0, w(r,p) < 0} or {u : wwi* Miu < 0}, system (1) has
neither periodic nor homoclinic orbits near T' (see Fig. 4).

(2) If wi* #0 and 2 )\1 —|—ﬁl > /\%p’f , then there exists at most one periodic orbit or
homoclinic orbit assoczated to Ppa.

(3) If wi* =0, then there exists at most one periodic orbit.

Proof. (1) In case wit # 0, for u € L12 and 0 < |u| < 1, bifurcation equations (19)
can be changed into

A
NS
witsy = 5,1 [wt (W) dystt — 6 da M2 ] 4 heo.t.
A2 >\2 >\2
440 24y—1 71+B 1 Bz 1 3
0=—wj (w1 ) tdas? 2d;7 dgs1 852 + 07 dgsllMl,u

P2
Fusg? (i) sl + (0l - wfel)d; s + - M) + hodt.
(42)
The first equation of (42) shows sg = o(si‘ /)‘1) Under the condition that 2 Xt +51 <

3 2
i%ﬁ 2, the second equation of (42) is simplified into
1F2

22 A2

1 1
g, 24y—1 3 T —1.M /3
wit(wi*) " ts, =0"1s;! M{p+hot.

which meets the same situation as (22) and has a sufficiently small positive solution
51 = [5*1w%4(w‘114)’1Mf’/¢}ﬁ + h.o.t. only as w?*w{* M3 u > 0, which has the same
leading term as sj. Since (42) and (20) have the same first equation, the conclusion
is followed by Theorem 3.2 (1).



1526 DAN LIU, SHIGUI RUAN AND DEMING ZHU

(2) In case wi* # 0 and i—? + B > Ajrs (19) becomes
1

Alpy?
AP
Sg = (w%‘l)_lsf} (w3 (w2) Ldys?' — 67 1dy M2 ] + hoo.t.
i 1 ﬁ = ﬁ 43)
0 = —w‘f‘l(w%‘l)_lsgl + wPd s 82 4 6 s My (

o3
+5‘1w§3d5155% Mip+h.o.t.

for w € L1o and 0 < |u| < 1. From the above first equation, we see immediately
that if s; = 0, then sy must be zero. If s = 0, then the second equation of
(43) shows that s; = 0 or 0 < s; = [5*1w%4(w‘114)*1M13u}% +h.o.t. < 1 only as
witwitda M3 > 0. If s9 in the first equation of (43) is positive, then substituting
its expression into the second equation of (43), we find that there is at most one
sufficiently small positive solution and no zero solution with regard to s;. Thus,
the conclusion of (2) follows.

(3) In case wi* = 0, for u € L1z and 0 < |u| < 1, bifurcation equations (19) are
transformed into

3
A1

Sg = (w§4)_18f1 (w3 (w2) Ldys? — 67 1dy M2 ) + hoo.t.
ES T LS o3
0= w%zdflsf} 55% + (5‘1sf% Miu+ w%%l;ls;% [(w2) =1 4 6~ Mu] + hoo.t.
(44)
which imply that s; = 0 holds if and only if so = 0. Therefore, (44) has at most a
positive solution pair (s, s2) small enough. The proof is complete. O

Remark 5. From Theorems 4.2, 4.3 and 4.4, Figure 4 presents the possible orbits
bifurcated from the heterodimensional cycle on the bifurcation surface L. When
widwit £ 0 or wi® = 0 and witw$* # 0, the coexisting orbits on L1a correspond to
(a) and (b). When w3 = w$* = 0 and w3* # 0, the coexisting case corresponds to

(b).

Fl Fl

D1 P2 P D2

PQ FQ
(a) (b)

Figure 4. Coexisting diagram of bifurcated orbits as u € Lo,
Hs—homoclinic orbit connecting to po, P—periodic orbit.

Now our consideration turns to the existence of homoclinic orbits bifurcated
from the heterodimensional cycle as p is not confined on the heterodimensional
bifurcation surface Lis.

Theorem 4.5. Assume that hypotheses (Hy) — (Hg) hold, Rank(M3, My) > 1 and
1/82 > 1 > 1. Then for 0 < |u| < 1, we have the following conclusions.
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(1) When widw3* # 0, system (1) has a unique (I —1)-dim homoclinic bifurcation
surface

Li={u: (M3 +wi*MI)p+ h.o.t. =0, widaMyp > 0}

such that there is a unique homoclinic orbit Tl to p1 as p € L}, which is
tangent to Lio at pu = 0.
(2) When w3 =0 and w3* # 0, system (1) has a unique (I — 1)-dim homoclinic
bifurcation surface
3
I3 = (s Myt udg [ (uh) s M) 2
oL
—|—5w23( 33 42 w"fzw‘lw)(dldg)*l[—6*1(w§4)*1d2M23ﬂ] 9%4‘82
+h.o.t. =0, w§4d2M§’u <0}

Mip

such that there is a unique homoclinic orbit T3 to p1 as p € L3, which is
tangent to Lio at pu = 0.

(3) When w3 # 0 and wi* = 0, system (1) has a unique (I — 1)-dim homoclinic
bifurcation surface

3
L3 ={p: Mjp—witdy ' [0~ (wi®) " tdaMip) > Mip

—ows*(wiwi? — wPwi®)(dids) " [0 (w3®) " do My ] 2
+h.o.t. =0, witda My > 0}

+[32

such that there is a unique homoclinic orbit T3 to p1 as p € L3, which is
tangent to Lio at pu = 0.

Proof. The existence of a homoclinic orbit which is associated to the left saddle p,
corresponds to the existence of a solution pair s; = 0, 0 < so < 1 of the bifurcation
equations (19). Fix s; = 0 in system (19), we have

2

Pz

1
witsy = =6 tda MZp + wits, [(w33w‘1‘2 wwi)dy tsy? 4+ 67 Miu] + hoo.t.

P2
wydsy = 6 tdo My p + w33s, o2 [(wBwi? — wwi)d;? ﬁQ + 0 Miu] + heo.t.
(45)
(1) If w33w3* # 0, then (45) is simplified into

w‘21452 —6"Yda M3+ heo.t.
wydsy = 0" tdo My u + h.o.t.

Thus we have so = § 1 (w3®)~tdaM3u + h.o.t. from the second equation of (46).
This solution is positive if and only if wi3dy My > 0, which guarantees the existence
of the homoclinic bifurcation surface L. At u = 0, the normal vector of the surface
L1 is w3 M3 + w3 M3, which is contained in X9, thus it is inescapably tangent to
L12.

(2) If wy® = 0, wit # 0, (45) has the simplified form

So = —(5_1(11]2 ) 1d2M§M + h.o.t.

(46)

(47)
0=0"tdoM3u + w%P’SQP2 [(wBwi? — wwi®)d; 1352 + 0~ Mtu] + ho.t.
Obviously, s, is meaningful only in case wi*do M3 < 0. Putting sy > 0 into the

second equation of (47), we obtain the bifurcation surface L?, which has a normal
vector M3 at u = 0 so this surface is tangent to L1z at u = 0 as well.
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(3) If w33 # 0 and w3* = 0, we can rewrite (45) as

N

r2

— 1
0=—6"tdoM3p + w%‘ls;% [(w3Bwi? — wPw)d 's)? + 6~ My + hoo.t.
S = 5‘1(w§3)_1d2M§,u + h.o.t.
(18)
which is completely symmetrical with system (47), so the homoclinic bifurcation
surface L} can be deduced in an analogous way. O

M;

43773 44 14
wy® My + ws* M,

M;

Figure 5. Bifurcation surfaces of orbits homoclinic to p;
as wiys >0, wi* >0, dy > 0.

Remark 6. Lji (j = 1,2,3) correspond to different homoclinic bifurcation surfaces
associated to p; of system (1) under different conditions. Figure 5 shows the position
sketch of bifurcation surfaces Lqs and L{ (j = 1,2,3) in the same coordinate system
of the ;1 space as w3® > 0, w3t > 0, dy > 0.

Theorem 4.6. Suppose that hypotheses (H1) — (Hg) hold, Rank(M3, My) > 1 and
1/B2 > 1 > 1. Then for 0 < |u| < 1, we have the following conclusions.

(1) If w3t # 0, then in the region |M3u| < |M12u|%, there exists one unique
bifurcation surface

by

~T+Bl

B (e artp = suti(udh 15

2
AT

— 5 M3+ heo.t., wPw M > 0},

3 2
where & = (% +Bl)/(%) > 1 and §; = [5’1wf4(w{’4)*1M12,u]ﬁ, such that
1 1
for p € L and 0 < |u| < 1, system (1) has a unique homoclinic orbit T'} to
p2 in a neighborhood of the heterodimensional cycle T'.
(2) If w}* # 0, then in the region |M3u| > |MEu|a=T, there exists one unique
bifurcation surface
A
2 4 aag, 2ay—1 30 TP ST 24, 347 r3
L5 ={p: Myp=0wi (wi*)" 8" =& *Miu+ hot, wiwy " Msu > 0},

2
A1
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A
where & is same as in (1) and 3; = [0~ w(wi) LM p) 1% | such that
for p € L3 and 0 < |u| < 1, system (1) has a unique homoclinic orbit T'3 to
p2 in a neighborhood of the heterodimensional cycle T.
(3) If w3* = 0, then in the region |Myu| < |[M?u|, there exists one unique bifur-
cation surface

‘y
o

A%
—T+b61 T
L3 ={p: Mip=oduw*(wi)"'s)t =& MPp+h.o.t, MIpMiu <0},

>

1

1

%?Z)ﬁ, such that for p € L3 and 0 < |u| < 1, system (1) has
a unique homoclinic orbit ' to py in a neighborhood of the heterodimensional
cycle T'.

(4) If w3t = 0, then in the region |M3u| > |M32u|, there exist no homoclinic
bifurcation surfaces such that system (1) has a homoclinic orbit to ps when p
lies on that surfaces.

where 51 = (—

Proof. In order to bifurcate a cycle homoclinic to the right saddle ps from the
heterodimensional cycle I', bifurcation equations (19) need to have the solution pair
0 < s1 € 1, s2 = 0. Substituting s = 0 into system (19), we get

34/, 24\—1 %?Jrﬁl -1 % 2 —13/3
0 = wit(wit) " ts;? 2—(5 511M1M2—5 M3+ h.o.t. (49)
2148 s
0= —w‘f‘l(w%‘*)_ldgsf% + 5_1d25f% M3+ 6~ doe M3y +h.o.t.

-~ 3 1
When w$* # 0, we will work out s; from the above equations. Let ¢ = 51\1/’\1

then the first equation of (49) is turned to be
wit(w)THY = 6 M3+ 6 HMZu + ho.t. (50)

)

where & is defined as in (1). Proceeding along the same techniques as (25) to
equation (50), we obtain that in case |[M3u| < |M12u|ﬁ and w?tw3t M2 > 0, (50)
has a unique sufficiently small positive solution £ = [0~ 1w?*(w3*) =t M2 ] 7 +h.o.t.
In case |[M3pu| > |M2u|77 and w?w3* My > 0, (50) has a unique sufficiently
small positive solution 7 = [6~Lw24(w3*) "' M3u]5 + h.o.t. Uniting  and the second
equation of (49), the conclusions of (1) and (2) are proved.

When w3t = 0, the first equation of (49) becomes

3
A1

sFMfu = —M3pu+h.o.t. (51)

It is clear to observe that equation (51) has no sufficiently small solution in case

|M3u| > |M#p|. Therefore, there are no homoclinic bifurcation surfaces. In case

|M3pu| < |MZp| and MEuM3p < 0, (51) has a unique positive solution s; =
Al

1

MS},L 33
(_ M% “w ) 1
expression of L3, which completes the proof of Theorem 3.6. O

< 1. Putting this solution into the second equation of (49), we get the

Remark 7. Figure 6 depicts the position sketch of homoclinic bifurcation surfaces
associated to py in the p-space when w#* > 0, w$* > 0, MZu > 0. Comparing
Figure 5 with Figure 6, we observe that there possibly exist some codimension-
2 subsurfaces in a small neighborhood of p = 0 which are the intersection of L]
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with L5 (j = 1,3,k = 1,2) and correspond to the coexistence of homoclinic orbits
associated to p; and po, respectively (see Fig. 7).

L12

Figure 6. Bifurcation surfaces of orbits homoclinic to ps
as wit >0, wit >0, MZu > 0.

H,y
p1 D2

Hy

Figure 7. Diagram of coexistence of homoclinic orbits
as p e LI NLE for j=1,3,k=1,2.

5. Discussion. The paper is concerned with codimension 3 bifurcations of het-
erodimensional cycles with inclination flip in the case of 1/82 > 8; > 1. By con-
structing the local moving frame system in a neighborhood of the heterodimenaional
cycle, we constructed the successor functions and the Poincaré return map by using
the fundamental solution matrix of the linearly variational system with respect to
the primary cycle. Bifurcation equations were also given.

In the forementioned bifurcation analysis, we attempted to prove the possible
bifurcations from the heterodimensional cycles associated to two hyperbolic critical
points in the four dimensional space. It is interesting to find the persistence of het-
erodimensional cycles, the coexistence of heterodimensional cycles and bifurcated
periodic orbits, and the remarkable coexistence of heterodimensional cycles and
bifurcated homoclinic orbits for system (1) when an unstable manifold undergoes
inclination flip as moving along the nontransversal heteroclinic orbit. Furthermore,
we conjectured the coexistence of orbits homoclinic to p; and p2 at the end of the
third section. However, because the bifurcation equations (19) deeply depend on
too many coefficients, it is very challenging to conduct the bifurcation analysis. A
few cases where the coexistence of heterodimensional cycles and periodic or homo-
clinic orbits could not be uniquely determined are shown in Theorem 4.3 (4) and
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Theorem 4.4 (2) and (3). The inclination flip of WJ" is essentially responsible for
the complicated bifurcations.

It is worthy to mention that our techniques in the present paper can be ex-
tended to investigate more general situations. Jin and Zhu [8] proved bifurcations
occurring in rough equidimensional cycles with three saddles. As a matter of fact,
we may analyze bifurcations of multi-saddle heterodimensional cycles in any finite
dimensional vector fields by the above method.

In Sun [15], the problem of persistence of generic heteroclinic orbits connecting
nonhyperbolic equilibria was investigated. Bifurcation of homoclinic orbits with a
nonhyperbolic equilibrium, such as for a saddle-node, has been dealt with (see Chow
and Lin [2]). Motivated by this note, we can study the bifurcation of heterodimen-
sional cycles associated to nonhyperbolic equilibria by constructing local moving
frame systems. However, the appearance of center manifolds of nonhyperbolic equi-
libria will increase tremendous difficulty for studying the global bifurcation problem,
since the perturbed system will exhibit local bifurcation at an equilibrium of the
unperturbed system besides the orbit bifurcation. Finally, it will be interesting to
apply the results obtained in this paper to study some biological and epidemiological
models. We leave these for future research.
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