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ABSTRACT. This paper is concerned with traveling wavefronts in a Lotka-
Volterra model with nonlocal delays for two cooperative species. By using
comparison principle, some existence and nonexistence results are obtained. If
the wave speed is larger than a threshold which can be formulated in terms of
basic parameters, we prove the asymptotic stability of traveling wavefronts by
the spectral analysis method together with squeezing technique.

1. Introduction. In this paper, we are interested in traveling wavefronts of the
following cooperative Lotka-Volterra system with nonlocal delays

%}f’ﬂ = d1Aus(z,t) + riug(x,t) [1 — ajug(x,t) + b1 (g1 * uz)(x,t)],

%f’t) = doAug(x,t) + rouz(x,t) [1 — agua(x,t) + ba(ga * ur)(x,t)],

hereafter z € R,t > 0,u = (u1,us) € R?, ui(z,t) and uz(z,t) denote the densities
of two cooperative species in location € R and at time ¢, and all parameters are
positive. The kernels (g1 * u2)(z,t) and (g2 * u1)(x,t) are defined by

(91 % u2)(z,t) = [72 ffoo Gi(z —y,t — s)k1(t — s)ua(y, s)dyds,
(g2 % un) (@, t) = [%2 1 Galw =yt — 8)ka(t — s)ua(y, s)dyds,

respectively, in which the kernel function k; denotes the impact factor of historical
behavior of species u3_; on species u;, and we assume that it takes the form of the
so-called weak kernel (see Ruan and Xiao [30]) as follows

1

ki(s) = ;ef%is, 1=1,2, s >0,
1

(1)

herein 7; > 0 is the average delay ([30]). For i = 1,2, G; is a weighting function
describing the distribution at past time of the individuals of the species u3_; who
are in position x at time ¢, and the species u; diffuses at diffusivity d;; thus

0Ci(wt) _  PCilx,1)

ot 3—1 o2 ) Gz($70):§(x)7 SCER, t>07 2:172,
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where §(z) is the general Dirac function, so that G; is a fundamental solution of
the heat equation with diffusivity ds_;, i.e.,

1 _ =22
Gi(a,t) = ————e Tt =12,

\/ 4d3,¢7ﬂf
For more details on the choice of kernel functions and the background of nonlocal
delay (spatial-temporal delay), we refer to Briton [3] for a single species population
model, Gourley and Ruan [8] for a competition model, Ruan and Xiao [30] for an
epidemic model, Gourley and Wu [9] and Ruan [28] for surveys on nonlocal delay
models.
Let 6 =t — s and z = x — gy, then

o0 > 1 s} 1 _ 22
ixug)(x,t) = —e i ———e Miy(x — z,t — 0)dzdb
et = [ [ S e )
for 4,j = 1,2. With these assumptions, (1) has a trivial equilibrium Ey = (0,0),
two semitrivial spatially homogeneous equilibria Eq = (1/a1,0) and E; = (0,1/a2),
and a positive spatially homogeneous equilibrium defined by

as +b1 aq +b2
E* = = (k1. k
(ala2_b1b2,ala2_blb2> Uk, kz)

provided that

ajas > blbz. (2)
From Li et al. [12], we know that the cooperative Lotka-Volterra system without
delay

(3)

W = di1Auy(z,t) + riug(x,t) [1 — ajug (x,t) + byua(z, )],
% = doAug(z,t) + rouz(x,t) [1 — agua(x,t) + bauy (z,t)],

has a traveling wavefront with the speed ¢ > ¢* := max{2v/dir1,2v/dar2} if (2)
holds. Here a traveling wavefront of (3) is a solution of the form u(z,t) = ®(z + ct)
for some ¢ € R accounting for the wave speed of propagation and ® € C?(R,RR?)
being interpreted as the wave profile, from a stable equilibrium E* to one of the
unstable equilibria { Ey, E1, F»}, which is called a monostable wavefront, see [5, 34].
In particular, Li et al. [12] showed that their results on minimal wave speed are
coincident with the so-called linear determinate conjecture [2, 38]. Notice that (3)
is also called a mutualist model, we refer to Huang [11], Mischaikow and Hutson
[25], and Volpert et al. [34] for the bistable wavefronts of mutualist models.

Recently, there are many results on the existence and persistence of traveling
wavefronts of reaction-diffusion systems with (nonlocal) delay, see, for example,
[6, 8,9, 15, 17, 19, 26, 30, 35, 36, 39]. We should note that the results of Faria
et al. [6] and Ou and Wu [26] do not apply to (1) directly because (1) has four
equilibria (they required that the system considered has two equilibria). Using
the monotone iteration technique, Wang et al. [35] established the existence of
traveling wavefronts of reaction-diffusion systems with nonlocal delays under the
so-called (exponential) quasimonotone condition, by which the traveling wavefronts
of (1) were considered if ¢ > ¢y := max{2\/d1r1a1k1,2\/d2r2a2k2}, see Li and
Wang [14]. Similar results were established by Huang and Zou [10] for the discrete
delay version of (3). However, the results in [10, 14] did not give precise asymptotic
behavior of such traveling wavefronts as traveling wave coordinate x 4+ ¢t — —o0,
which is necessary in studying the asymptotic stability of monostable wavefronts
(see [5, 21, 22, 23, 34]).
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Motivated by the linear determine conjecture [12, 38], it is also natural to ask
whether the constant ¢*(< ¢p) is the minimal wave speed of (1). In this paper we
will address this problem. In order to establish the existence of traveling wavefronts
of (1), we first consider an abstract reaction-diffusion system with nonlocal delays by
modifying the techniques in [35] (less restrictive on upper-lower solutions than that
of [35]) and using Schauder’s fixed point theorem. We then obtain some existence
results of traveling wavefronts connecting E* with Ey if ¢ > ¢*. As a byproduct,
the precise asymptotic behavior of such traveling wavefronts is obtained. If ¢ < ¢*,
then we confirm that (1) has no traveling wavefronts by the theory of asymptotic
spreading. For (3), we also establish the existence of monostable wavefronts con-
necting Ey with E*, which is different from [12, Theorem 4.2] (see Remark 2.12). In
particular, our parameters concerning with the existence, nonexistence and precise
asymptotic behavior of traveling wavefronts of (1) are dependent only on the real
roots of the following characteristic equations

AN —cA+r; =0 and doA?2 — e+ 15 = 0.

We should point out that our existence results are invalid for arbitrary 71,72 (The-
orem 2.8) or dy,ds, 1,72 (Remark 2.9 and Theorem 2.10). However, if the wave
speed is larger than a threshold formulated in terms of dy,ds,r; and ro, we may
obtain the existence of traveling wavefronts for any positive parameters satisfying
(2).

After the existence of monostable wavefronts of (1) is established, it is natural
to consider the stability of such monostable wavefronts, which is very important in
interpreting some phenomena in physics, biology and other applied subjects [34]. In
this respect, there are several methods, e.g., the spectral analysis [34], and energy
estimates [22, 23]. Another method is the so-called squeezing technique based on
the comparison principle and upper-lower solutions, see [4] for reaction-diffusion
equations, [21] for lattice dynamical systems, [31] for delayed reaction-diffusion
equations, and [9, 19, 36, 37] for nonlocal reaction-diffusion equations.

Since the time delays in (1) are infinite, it will be very difficult to discuss the
stability of traveling wavefronts via spectral analysis. Moreover, when the energy
method and squeezing technique are involved, we often need to improve the distance
between the traveling wavefronts and the solution of the corresponding Cauchy
type problem on the delayed interval as time increases (see, e.g., Ma and Zou [20,
Lemma 4.4], Smith and Zhao [31, Lemma 3.1]), this is impossible for (1) due to the
unboundedness of time delays. Motivated by the ideas of Gopalsamy [7] and Lin
and Li [16], we shall consider the stability of traveling wavefronts of (1) by studying
the following auxiliary undelayed system

S P B o o

ousle.t) :dQAZQ(Zt) 7;21;2( 7t) f;ﬂ@ QZ) e )
au4‘9<27t>:d3A3 ’ 72 ’ 73

o = daAug(z,t) + Su(z,t) — Sua(w, ),

where d3 = ds,dys = di,us,us € R, and the other parameters are the same as
in (1). Since the monostable and bistable wavefronts have significantly different
properties [5, 34], different techniques from those of [16] are required to study the
monostable wavefronts of (1). Utilizing the squeezing technique and spectral anal-
ysis, we establish two different results on the asymptotic stability of monostable
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traveling wavefronts of (1) if the wave speed is larger than the threshold that can
be formulated in terms of the basic parameters dq,ds, 1 and rs.

The rest of this paper is organized as follows. In Section 2, the existence and
asymptotic behavior of traveling wavefronts of (1) are proved by constructing upper-
lower solutions. The corresponding initial value problem of (1) is considered in
Section 3. In Section 4, we establish the asymptotic stability of traveling wavefronts
of (1). In Section 5, the nonexistence of traveling wavefronts of (1) is investigated
by the theory of asymptotic spreading.

2. Existence of traveling wavefronts. In this section, we consider the existence
and asymptotic behavior of traveling wavefronts of systems (1) and (4). This part
is motivated by Li et al. [13], Ma [18] and Wang et al. [35], Wu and Zou [40]. For
more results on this topic, we refer to Faria et al. [6], Gourley and Wu [9] and Ou
and Wu [26].

2.1. Preliminaries. In this paper, we shall use the standard partial ordering in
R™. Moreover, let ®(&) = (¢1(€),- -, Pn(&)) be a vector-valued function, then ®(¢)
is monotone if ¢;(£) is monotone for each ¢ = 1,2,--- ;n. We also denote ®'(§) =

((b'l(lﬁ)w- ;@ (€)) and (&) = (¢7(£),- -+, ¢ (£)) if ¢;(§) and ¢ () exist for all
i=1,---,n.
Consider the traveling wavefronts of the following reaction-diffusion system
ou(z,t)
ot
where v € R™, D = diag(ds, - -+ ,d,) is a diagonal matrix with d; > 0,7 =1,2,--- ,n,
f:R™ — R™ is a continuous vector-valued function.

= DAu(z,t) + f (u(z,1)), (5)

Definition 2.1. A traveling wave solution of (5) is a solution with special form
u(z,t) = ®(x + ct) for some ¢ > 0 accounting for the wave speed and the twice
differentiable vector-valued function ® € C? (R, R") being interpreted as the wave
profile. Moreover, if ®(£) is monotone in ¢ € R, then it is called a traveling wave-
front.

Remark 2.2. For the bistable model, ¢ < 0 is admissible ([34]). Since our main
attention in this paper is on monostable traveling wavefronts, we only consider the
case ¢ > 0 in Definition 2.1.

Let £ = x + ct, then a traveling wavefront of (5) satisfies

DO"(€) — c®@'(§) + f (2(§)) =0, £ €R.
Motivated by the meaning of traveling wavefronts in biology, physics and chemical
reaction [32, 34], we also require that ® satisfy the following asymptotic boundary
conditions

lim (€)=, lim B(¢) =04 (6)

{——o0
with f(®_) = f(®,)=0.
A typical nonlocal delay system takes the form

au(al't, t) — DAu(.’E, t) + f (u(a:, t)7 (g * u) (.’17, t)) , (7)

in which f = (f1, -+, fa) : (R™",R") = R", g x u € R™ is defined by

(g u) (2, t) = / h / " gy shule — gt — s)dyds
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and we also assume that g x I = I with I = diag(1,1,---,1).
Similar to that of (5), if we denote the traveling wave solution of (7) as

u(z,t) = ®(x +ct) = (p1(x +ct), -+, Ppn(x + ct)),
then ®(£) must satisfy the following functional differential system
DO"(&) — c®'(§) + f (P(£), (9= ®) (§)) =0 (8)
and the asymptotic behavior (6) with
f(@_, @)= f(P4,24) =0,
herein (g * ®)(€) is defined by

GO = [ [ o2~y cs)dyds,
0 —0o0
Without loss of generality, we shall consider the following asymptotic behavior
lim_ (€)= 0, lim B(E) = S (9)

where 0 < S € R™ with f(0,0) = f(S,S) = 0.
In order to consider the existence of monotone solutions of (8) and (9), we need
the following quasimonotone condition (QM).

(QM) There exists a matrix § =diag(51, 82, ,0n),B > 0,i = 1,2,--- n, such
that

F(@(8), (g% @) (£) — f (¥(S), (g% ¥) (£)) + B(P(E) — ¥()) =0
for any 0 < U(€) < P(&) < S, £ e R

Definition 2.3. Assume that f satisfies (QM). Then a continuous vector-valued
function ®(§) is called an upper (lower) solution of (8) if 0 < ®(§) < S and
D"(€), (&) are bounded for £ € R\ T and satisfy the following inequality

DO"(&) — @' (&) + [ (2(£), (9% @) (£)) < (=)0 forall { € R\ T, (10)
where T = {T1,Ts, -+ , T} and 11 < Tp < -+ < Tpp.

Before proving the existence of solutions to (8) and (9), we introduce a Banach
space equipped with the exponential decay norm used by Ma [18] and an integral
operator used by Wang et al. [35]. Set

= CVC AR et VEARd
Zl_— - a1 :,7..

- 2d; ’ 2d;
For ®(¢) € C(R,R™) with 0 < ®(&) < S, we define P = (Py,---,P,) by

1 R VPSR S s VNP
PZ.(D - - i1(§—S$ i2(§—s
@) = 77— /_of +L c

in which H; (®) (&) are given by

H; (®) (§) = Bigi(§) + fi (2(§), (g + @) (§)),i =1, ,n.

It is clear that P is well defined and a fixed point of the operator P satisfies (8). We
also assume that the kernel function g satisfies the following integrable condition.

i2 = ©, N

H; (D) (s)ds,
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(G) There exists a constant v € (0, min;—1 2,... , {—A;1}) such that

0 0
Go) = [ [ nllatw. 0 ayas < . (1)
where || - || is the maximal norm of R x R".
Let | - | denote the supremum norm in R™. Then

B, (R,R") = {u cu(€) € C(R,R™) and sup |u(€)] eVI¢! < oo}
EER

is a Banach space with norm ||-||, defined by

[ull,, = sup [u(&)| eI for u(¢) € B, (R,R").
£eR

Moreover, we assume that there exists a constant L > 0 such that
|f (u1,v1) = f (u2,v2)| < L(Jur — ua| + |v1 — v2) (12)
for any 0 < uy,ug,v1,v2 < S.

Theorem 2.4. Assume that (QM), (G) and (12) hold. If (8) has an upper solution
(&) = (¢y,-++ ,¢,,) and a lower solution (&) = (@78, ) satisfying
(a) sups<¢ @(s) <infy>e D(s) for £ € R;
(b) f(u,u) #0,u € (0,infeer D(§)] U [supecr 2(€), 9);
(c) B (c+) < B(6—), D' (¢4) > ®'(6—) for £ € T, where ®'(£+) = limy_ey ®/(1)
and ®'(§—) = limy_,. ®'(1).

Then (8) and (9) has a monotone solution connecting 0 with S in the sense of
lim ®(¢) =0, lim ®&) =S.
£——o0 §—o0

Proof. It suffices to prove that the operator P has a fixed point satisfying (9). Now
we employ Schauder fixed point theorem to obtain this conclusion.
Define a set T" by

- ny| () 2(6) < @(€) < B(&);
= {q) = (@100, 0n) € C(R,R7) (ii) ®(€) is nondecreasing for £ € R } ’

By (a), T is nonempty. Moreover, it is evident that I is bounded, convex and closed
with respect to || - ||,

We know that P(®)(¢) is a monotone operator for 0 < ®(¢) < S, i.e., P(®1)(&) <
P(®2)(&) for 0 < &1(&) < Po(€) < S. Furthermore, PT" C . In fact, if ® € T’ such
that ®(¢) < ®(€ + s) for any s > 0 and £ € R, then the monotonicity of P implies
that

P(®)(§) < P(®)(§ +5), s =20, (R
Thus the condition (ii) of T' is true. In order to prove the condition (i) of T, it
suffices to verify that

Q) <P (D) (E) <P (D) (&) <B(E), £€R (13)

since the monotonicity of P indicates that

P (D) (§) < P(®)(&) < P (D) (€). 2(6) < 2(§) < B(&).
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If £ € R\ T, then Definition 2.3 leads to

Fi(@)(€)
1 3 Iy o0 N
= m / it (6-9) +/ eri2(€=9) H;(®)(s)ds
i(Aiz — Ail o ¢
I ( (e—s)
s — ; Air(§—s) LAiz(§—s H;(®)(s)d
min<e ,€ (@) (s)ds
di(Niz — Ai1) ; /T_,-_l { } (
1 mtl /Tj \
Z min { e*i1(678) gAiz(6=s)
di(Niz — Ai1) ]; T 1 { }
< (Bi9,(5) + 8 () = dig!(5)) ds
1 m
= ?Z(g) + S Zmin {eAiZ(E_Ti), eAil(f_Ti)} (Q;(Tj+) _ Q;(Tj—))
i2 — Ag

1 i=1
Z?Z(g)a i = 172a"' ) 1,

where Ty = —00, T+1 = 00. Then the continuity of ®(£) and P(®)(£) implies that
P(®)(&) > ®(¢) for any ¢ € R. Similarly, we can prove that (13) holds for all £ € R.
Assume that ®, ¥ € T'. Then (G) and (12) indicate that

[H; (@) (&) = Hi (0) (&) e < [L+ 8, + LIGW)[] |@ - ¥, .
We further have the following estimate

[di (Aiz = Aa1)] | P (®) (§) — P; (W) ()] e ¢!

gewﬁleemwﬂ%+é“@m&ﬂbﬂm¢ﬂ@—Hmmﬂ@ws

13 00
/ cOat)E=s) / cQi=0)E=9) | gs
— 0 I3

<L+ B+ LIGW) |2 — v,

1 1
=|L i + L|G — -
L4 8+ LGOI |5 — 5y 10—
for ¢ = 1,--- ,n, which implies that P : I' — T" is continuous in the decay norm.

Furthermore, note that P(®)(§) — 0 is uniformly convergent as £ — £oo in the
decay norm and P(®)(£) is equicontinuous and totally bounded, so P : I' — T" is
compact, hence, is completely continuous in the decay norm.

Thus, P has a fixed point ®* in I by Schauder fixed point theorem, which makes
(8) true. Furthermore, the condition (b) and the monotonicity of ®* imply that the
fixed point ®* also satisfies (9). The proof is complete. O

Remark 2.5. In Theorem 2.4, we do not require the monotonicity of upper and
lower solutions, which is weaker than the conditions in Wang et al. [35] and makes
the construction of upper and lower solutions easier.

2.2. Traveling wavefronts of (1). From the previous section we know that a
traveling wavefront of (1) must satisfy

d19 (&) — ey (§) +r1¢1(§) [1 — a191(§) + b1 (91 * ¢2) (£)] =0,
0

{@%@%w%@ﬂwmx@u—@@@mwﬂm*mﬂm= (4

)
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and we are interested in the following asymptotic boundary conditions
lim_ (¢1(£), #2(£)) = (0,0), lim (¢1(£), $2(€)) = (k1. k2)
§——o0 §—o0

where (g1 * ¢2) (§) and (92 * ¢1) (€) are defined by

S2
(91 % ¢2) ( S e & T P72 (€ — o — s) dsdo),
(g2 % d1) ( T L = me*ﬁﬁ@ (€ — cf — ) dsd.

For any given d;, dQ, ¢, T1, T2, we always can choose v > 0 such that

T3_;VC+ dl'l/27'3_1' <1l,i=1,2,

(15)

which implies that g; and go satisfy (G). Moreover, it is easy to see that f satisfies
(QM). Thus, in order to prove the existence of traveling wavefronts, it suffices to

construct proper upper and lower solutions of (14).

For ¢ > c¢*, let \; be the smaller positive root of d;A\%2 — ¢\ + r; = 0. Now, we

define the following continuous functions

¢, (€) = min {kl [e)‘l£ + qe"Al'f} ,kl} , 91(5) = max {k1 [e’\lf — qe”’\lg] 7()} ,
$5(€) = min {kg [e>‘2§ + qe"hﬂ ,kg} , Q2(§) = max {k2 [e>‘25 - qe”>‘2§] ,O} ,

where 1 < 7 < 2 such that nA\; < A1 + A2, nA2 < A1 + A2 and
Ai(nhise) = d; (MAi)* —enXi+ 713 <0, i = 1,2,
and ¢ > max{q, g2, 1} with

ma —47“2 —47‘1 ( —47‘2 ) A ( —47‘1
= X ) ) ) A 7/ NN
o As(mha,0)’ Di(nha, o)’ \ Ba(nha, 0) Ar(nh, )

ma { roazksy riaiky }
= X — , —
= Ao(ha.c) Ai(Ar, o)
Without loss of generality, we assume that
— q[et® + gem™18) ¢ < &, — ko[e?2€ + gem 28], & < &,
5.(€) = 1] q €< & Ga(6) = o[ q ], € <&
k17 fzgla k27 52527
k 6>\1£ - qen/\l‘5 75 < f 9 k 6>‘2£ - qenA2§ 7£ < f )
6,6 = 4™ be<b g g = he<&
0a§2§37 075254

Lemma 2.6. For any given ¢ > ¢*, assume that 71 (12) is large enough if A1(c) >

A1) (M(c) < Ai(c)). Then (¢y,¢5) is an upper solution of (14).

Proof. Tt suffices to verify the definition of the upper solution. We first give esti-

mates of (g1 * ¢,) (€) and (g2 * ¢;) (€). It is clear that
(g2 % 61) (&) < (g2% (M +qe™")) (€)

+o0o oo
_kl/ / 141 Werr 187 M (Ee0=5) g g
47Td19

oo 1 2
+qk1/ / —e 6 e ~ 3470 MM (E—c0-5) 1410

47Td19
=11 + I,
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in which the definitions of Iy, I are clear. Then it follows that

+oo 1 $2
L = kl/ / —e‘% T’ ~ a0 M (E079) g5 dh

7Td19
k‘ A1§/+00/00 1 _i—/\ch 1 _%_klsd d@
+
= k‘leklf/ 00/ ief%i/\w%dlﬁe#@*%dsde
2 VArd, 0
— kleM{/ 76767T16d9
0 T2
k-le)\lﬁ
1+7rm
and
+o00 1 2
I, = qkl/ / —e Tz e ~Za70 oMM (§—c0=5) 1.1p
47Td19
+oo o 1 o 1 B
= k en)\lﬁ/ / 76_§_Cn>\1976_m_7p‘15d$d@
" 2 Virdi
+oo . ) ,
= qkle’”li/ / ie—%—cnxlamlnﬁf@;e Mdsd&
0 J-ooT2 VArd, 0
\ +°01 — 0 phO+din3 220
= qklerl 15/ e T2 NA1 1 A7 do
0 T2
qklen/\lg

1472 (enA1 — din?A3)’

We now use the above estimate to confirm the inequality on ¢y (¢).
If £ > &, then ¢,(£) = k2 and (g2 x ¢y) (€) < ki, it is easy to see that

d2By (€) — cha(€) + r265(€) (1 — azdy(€) + b (92 % &) (€))
=711k (1 —ark; + b1 (g *61) (f)) <0.
Ife<é < —ln—q < 0, then ¢,(€) = ko [e*2¢ + ge™=¢] , and we shall show that

BLE) )+ 1oBolE) (1= 0xBo) 2 (02451 €)
< As(nha, €)qhae™?¢ + ko (e22€ + ge™2%)

kiet® gkie™ 1
x | —asks (€25 + ge™2%) +b (
2k ( q )+ L+rim 147 (enh — din?A])
<o (17)
If Ao < Ay, then agks > boky implies that
klex\lf qk’len/\lf
—asks (€2 + ge™28) + b ( <0

22 ( q ) 2 L+rm 147 (enh — din?A])

and (17) is clear by the definition of ¢;. If A2 > Ay holds and 7 is large enough
(e.g., T172 > qbiks) such that

kle)‘lf qk:le”*lf
L+rim 147 (enh —din2)?)

—a2py(£) + ba ( > <2eME =6
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Then

Ao(nha, €)qkoe™2 + ks (e2¢ + e

kyperé qhkien™s
L+rmm  1+7(enh — dﬂ?”@)]
< Ao (nhg, €)qkae™25 + 2rokqoes (6)‘25 + qe"?) .

X | —agks (e’\25 + qe"’\Qf) + by (

The definition of ¢; implies that
_qAQ(T])\Q) C) Z 47"2, _AQ(T])\Q, C) Z 47"26>\1€27

which further indicates that (17) holds and completes the verification on ¢(§).
In a similar way, we can confirm that (¢;(£), ¢5(€)) is an upper solution of (8).
The proof is complete. O

Lemma 2.7. (¢,,9,) is a lower solution of (14).

Proof. We first verify the inequality on QQ (&). If £ > &4, then the result is clear.
Otherwise, £ < &4 implies <g2 * ?1) (&) >0 and

A}y (€) = e, (&) + 720, (€) [1 = a20,(&) + bz (920, ) (€)]
> doko (e/\25 — qe”’\2§)ll — cko (e’\25 - qew‘zg),/
+roks (e>‘25 — qe">‘25) [1 — agkso (6)‘25 — qe")‘zé)]
> —qkaAg(nha, €)™ — ryankle® 2t
>0, £ <& <0,
in which the last inequality can be seen from the definition of gs.

In a similar way, we can prove that (¢, (£), ¢,(£)) is a lower solution of (14). The
proof is complete. O

By what we have done, we may obtain the following result.

Theorem 2.8. Assume that ¢ > ¢* holds and Lemma 2.6 is true. Then (14) has a
monotone solution (¢1(§), d2(€)) satisfying (15) and

ggrjloo (6_/\1§¢1(§)7 6_)‘25(;52(6)) = (kh k2) ’ (18)
Jim (e7 1501 (£),e255(8)) = (k1ha, kada) - (19)

In Theorem 2.8, we have some requirements on 7;. If the wave speed is large,

the requirements are not necessary. For the purpose, we further define constants

)\3 _ cH+Ve2—4dir, )\4 _ c+Vc2—4dars
- ) - 2dso

5 and

A= (A, min{)\g, A1+ )\2}) ﬂ (A2, min{)\4, A1+ )\2}) .

Remark 2.9. For any given d;,r;,i = 1,2, there exists ¢ > ¢* such that A is
nonempty for all ¢ > ¢. In addition, ¢ = ¢* holds for some cases, such as d; = ds.

Theorem 2.10. Assume that ¢ > ¢* holds such that A is nonempty. Then the
results of Theorem 2.8 hold.
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Proof. Let A\ € A. Define continuous functions as follows
X1(§) = min {kl [eAlE +p6>‘§] ,kl} , X1(§) = max {k1 [6’)\15 fpe”)‘lg] 7O} ,
X2(€) = min {kg [eX2¢ + peM] Ko}, x,(€) = max {ks [e*2¢ — pe™™2¢] 0} .
We shall prove that (X1(£),X2(€)), (x,(£), X, (§)) are a pair of upper and lower so-

lutions of (8) if p > 1 is large enough. We now verify the inequality on X, (¢). If
X1(€) = ki, then the result is clear. If X, (£) = k1 [} + pe*¢], then (g1 *X5)(£) <

2& peré .
ko [l-i-rzn + 1+Tl(c/\_d2/\2)} such that

dixy (€) = exh (&) + 71X () [1 — arx1 (&) + b1(g1 * Xo) (§)]
< pk1Aq (nA1,¢) ek [e)‘lg +pe)‘5] {—a1k1 [eAlg —i—pe)‘g]

era2f pe
bik
ke [H—rzﬁ - 1+71(C/\—d2>‘2)}}
by koe?2$
< ph1d (A1) € + ky [N + pe] {‘”klem " 11+2f2n}

kqbykoe28 [e)‘lg + pe)‘f]
1+rom '
Note that A < min {A; + A2, A\; + A}, then
b1k26>\2§ [e>\1§ +p€)\§]
14+7rom

< pk1Aq (nA1,¢) e 4

pA1 (N, ) N+ <0

is true if

X y R .
P “A; (1, 0) (Lt o)’ \=A1 (pAs, 0) (1 + 7971)

The other part can be confirmed by a similar way, we also refer to Lin et al. [17]
for some estimates. Using Theorem 2.4, we complete the proof. O

Note that Theorem 2.10 is independent of the size of 7,1, letting 7 = 75 = 0
in Theorem 2.10, we immediately get the following result.

Theorem 2.11. Assume that ¢ > c¢* holds such that A is nonempty. Then (3) has
a traveling wavefront connecting Ey with E*.

Remark 2.12. Theorem 2.11 is different from that in Li et al. [12, Theorem 4.1]
since we knew the equilibria involved. Unfortunately, such a result cannot be proved
for arbitrary di,ds, 1,72, and we shall further consider the problem in our future
papers.

2.3. Traveling wavefronts of the auxiliary system. As we have mentioned
in Section 1, (1) can be rewritten as (4) formally. Let ¢5(£) = (g1 * ¢2) (§) and
®4(&) = (92 * ¢1) (£). Then

cg1(§) = did (§) +r161(€) [1 — a11(§) + b1gs3(§)],

c@5(§) = da3 (§) + 1202(€) [1 — aaga(§) + b2ga(§)], (20)
c3(§) = ds3d5(§) + Tl¢2( ) — = ¢3(8),

ety (€) = dad{ (&) + £ 01(8) — £ ¢a(8),
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with the asymptotical boundary conditions

hmf—>—o¢ (¢1 (5)7 ¢2(€)a ¢3(£)a ¢4(£)) = (07 O’ O’ O) )
limg o0 (1(8), $2(8), #3(§), 9a(§)) = (K1, k2, k3, ka),

where k3 = ]{32, k’4 = kl.

(21)

Theorem 2.13. Assume that the conditions in Theorem 2.8 hold. Then (4) has a
traveling wavefront ® = (¢1, ¢a, @3, ¢4) satisfying (20) and (21). Furthermore,

Jim (e M0 (€), €7 0a(8), e gs(€), €M (€))

. kg kl
o <k1’k2’ 1+rem’ 1+7“1T2) '
lim (786, (€), e 2605 (6), e 245 (€), e M0 (€))

{——o0
- kade K
- <k‘1)\1a k2A27 1 +7"27—17 1 +T172> .

Proof. We further define the continuous functions as follows

_ . k e)\QE qe'r])\2£ k-
#5(8) = mm{ 3 {1 + o7y "1 + 71 (enA2 — danA3) } 7 3} ,
_ indk eMié ge"e k
¢4(§) = min § k4 L + 717 + 1+ 7 (enAy — din?A?) } 7 4} ,
6)\25 qen)‘25 0
= max |:1+7‘2T1 1+7'1(C77)\2_d2772>‘2 :|7 }a

6,(6) {ks
eMé gene
= k — ,00p.
94(8) max{ 4 L +rime 147 (eni — dm”@)} }
Then (¢, ¢y, @5, ¢,) and (¢, 9, bq,0,) are upper and lower solutions of (20), re-
spectively. By Lemma 2.6, we only consider the inequalities of ¢, ¢y, 93, ¢ n

If ¢5(&) = k3, then the result is clear. Otherwise, we see that

—n — 1-— 1—
da3 (&) — co3(&) — ?1¢3(§) + ?1452(5)

1+ 71re— 1- Ay (nha, c) gkoe 28
< - + = dy() +
= ¢3(€) 7_1 ¢2(£) 1+ 7_1 (Cn)\Z _ dznz)\%)
A A
<k Ag (N2, c) ge" 28 4 1 qe”’\25 14 7re qen 3¢ i
147 (enAe — dan?A3) 71 147 (enAa — dan?)3)

which confirm the inequality for ¢5. In a similar way, we can finish the verification.
Clearly, Theorem 2.4 implies what we wanted. The proof is complete. O

Similar to Theorem 2.11, we have the following result.

Theorem 2.14. Assume that ¢ > ¢* holds such that A is nonempty. Then the
results of Theorem 2.13 hold.
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3. Imitial value problem. In order to study the stability of traveling wavefronts
of (1), we need to consider the corresponding initial value problem of (1)

w =di1Auy(z,t) + riug(a,t) [1 — ajug(x,t) + by (g1 * uz)(x,t)]

x,t
au%i(tx’t) = doAus(x,t) + rous(x,t) [1 — agua(x,t) + ba(ga * uy)(x,t)]
Ul(-T,S) = ¢1($73)a UQ(J',S) = 1/)2(3775)7

in which x € R,s < 0,t > 0 and (¢1(z, s),¥2(z,5)) € C(R x (—o0,0],R?) and

Eo < (1(x,5),92(x,s)) < E* for all x € R, ¢ <0.
We first introduce some notations. For n = 1,2 or 4, denote X = C(R,R") as

L@

X ={u: u(x) is a bounded and uniformly continuous function from R to R"}.
Then X is a Banach space under the general supremum norm ||-||. Define
Xt ={ue X :ulx)>0,zecR}
and
Clo.r] = {u(z) : u(z) € C(R,R*) and 0 < u(z) < K for all z € R}
with K = (ki1, ko, k3, k4). Fix constants
1 1
B1 = 2ria1ky, B2 = 2raasks, B3 = —, fa= —,
2 1
and T(t) = (T1(t), -, Tn(t)) : X — X as
e—ﬂit o
C VaArdit |-

where ¥(z) = (1(z), - ,¥n(z)) € X and t > 0. It is clear that T'(¢) is a real
analytic semigroup on X (see Pazy [27], Smith and Zhao [31] and Smoller [32]).

Using semigroup theory, upper and lower solutions technique and the theory of
abstract functional differential equations (see Martin and Smith [24], Ruan and Wu
[29]), we have the following result.

T ()i () e (2 — y)dy,

Theorem 3.1. For any x € R and t > 0, (22) has a mild solution which is contin-
wous in x € R, t >0 and is given by

wi (w,t) = T ()31 (x,0) + [ Ti(t — s)Fi (ug, uz)(x, 8)ds,
ug(z,t) = To(t)ha(x,0) + fg Ty (t — s)Fa(uy, uz)(z, s)ds,
in which Fy and Fy are defined by
Fy(ug,uz)(x,t) = Brug(z,t) + riug(x,t) [1 — ajug (a,t) + b1 (g1 * u2)(x,t)],
Fo(u1,uz)(x,t) = Pauz (@, t) + raug(w,t) [1 — agua(@, t) + ba(g2 * u1)(, t)] -

Moreover, assume that (vi(x,t),ve(x,t)) and (u1(z,t),us(x,t)) are mild solutions
of (22) with initial values (11 (z,s),¥2(x, s)) and (v1(x,s), pa(x,s)), respectively.
Then

Ey < (vl(x’t)va(xvt)) < (ul(x,t),uz(x,t)) < E*v reR, t>0
provided that
Ey < (wl(xas)an(xas)) < (@1(.73,8),@2(3]‘,8)) < E*a T e R, s<0.

In particular, the mild solution also satisfies the following property.



14 GUO LIN, WAN-TONG LI AND SHIGUI RUAN

Theorem 3.2. Assume that uy(x,t),us(z,t) are defined by (22). Let
uz(x,t) = (g1 * uz)(x,t), ua(x,t) = (g2 * u1)(z,t) for allx € Rt > 0.

Then ( 1(z, ) ug(x,t),us(x,t), us(x,t)) satisfies
( =d1Aus(z,t) + rur(x, t) [1 — ajug (z,t) + brus(z, t)],
( = doAus(z,t) + rqu(ac, t) [1 — agua(x,t) + bouy(z,t)],
( = d3Aug(z,t) + + ~us(z,t) — T—llug(x,t), (23)
6u4( = dqAuy(x,t) + ul(x,t) — %u;;(m,t),
(U1(9370) uz(z,0), us(z, ) 4(2,0)) = (Yr(2), 2 (2), P3(2), Pa (@),

(
in which 3(x) = (g1 % ¥2)(2,0), Ya(x) = (g2 * ¥1)(2,0).

The proof of Theorem 3.2 is similar to that of Lin and Li [16], so we omit it here.
Moreover, since the solution of (23) is unique if (¢1(x), ¥2(x), ¥3(x), Ya(z)) € X,
then Theorems 3.1 and 3.2 imply the following important fact.

Remark 3.3. The mild solution of (22) is also a classical solution that can be

formulated by (23) if ¥3(z) = (g1 * ¥2)(,0),¢¥4(x) = (g2 * 11)(x,0). Thus, we can
investigate some properties of (1) by those of (4), which is our main idea in the rest
of this paper.

Lemma 3.4. Assume that
u(z,t) = (ug(z,t), ua(z, t), us(x, t), us(z, t)),
v(x,t) = (vi(x,t),va(x,t),v3(x, t), v4(x, 1))
are solutions of (23) with the initial values
Ui () = (Y1(2), Ya2(2), 3(x), ha(z)) and Va(z) = (p1(2), 2(), 3(), pa(x)),
respectively. Then Wi(x), Wo(x) € X+ with ¥q(z) < Vy(x),z € R implies that
0 < u(z,t) <v(z,t) for allz € R, > 0.

Lemma 3.4 implies a weaker version of the comparison principle formulated by
Theorem 3.1, we give it as follows (we also refer to Ruan and Wu [29]).

Corollary 3.5. Assume that (vi(z,t),ve(x,t)) and (u1(z,t), uz(z,t)) are mild so-
lutions of (22) with initial value (Y1 (x, ), Y2 (x, s)) and (¢1(x, s), pa(x, s)), respec-
tively. Then
0 < (v1(z,t),va(x, 1) < (ur(z,t),us(x,t)) < Bz € Ryt >0
provided that for all x € R
0< (wl(xv 0)7 ’lﬂg(ﬂ?, O)) < (4/)1(957 O)a 902('ra O)) < E*y
0 < ((g2 % ¥1) (#,0), (g1 ¢2) (2,0)) < ((g2 * 1) (2,0), (91 * ¥2) (x,0)) < E”.

Lemma 3.6. Assume that u and v are defined by Lemma 3.4. Then

e_Bi(t_tO) (]+1)2

z+1
w;(x,t) —v;(x,t) > ——e 4dilt=to) u; (Y, to) — vi(y,to)] dy >0
(#:0) = i) 2 e T [ty o) — ety o))y

fori=1,2,3,4, and any J >0, x,z € R with |z — z| < J, and t >ty > 0.
The proof is similar to that of Smith and Zhao [31, Theorem 2.2], so we omit it

here. Note that the norm of T'(¢) is less than 1, so the following lemma is clear by
the Gronwall’s inequality (we also refer to Wang et al. [37, Lemma 3.6]).
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Lemma 3.7. Assume that u,v are defined by Lemma 3.4 if Uo(x) < K. Then there
exists a constant p > 0 such that

4
wi,t) = vi(z,t) <min Qe 1y () =05 (Il s
j=1
for any x € R, ¢t > 0, where || - || denotes the supremum norm in C(R,R).

Definition 3.8. Assume that a continuous vector-valued function
u(z,t) = (U (z,t), U (z,t), Us(z,t), Us(z,t)) € X for t € (0,T)
satisfies the inequalities
Tn(mt) > 4y Aty (

- x,t) + i (z,t) [1 — a1Ty (2, 1) + bius(z, t)],

TRt) > iy Ny, t) + ralia (2, 1) [L — aglia(z,1) + batia(x, )]

% > d3Atig(x,1) + 2a(x,t) — Ls(x, 1), (24)
Fulet) > dyAtay(w,t) + L0 (2,8) — Laa(a, 1),

(w1 (,0), 72 (x,0) ,u3 (z, 0) Uy (2,0)) > (Y1(x), ¥2(z), ¥3(z), Pa())

for x € R,t € (0,T). Then @(x,t) is called an upper solution of (23) on = € R,
€ (0,T). By reversing all the inequalities in (24), we can define a lower solution.

Lemma 3.9. Assume that u(z,t) and u(xz,t) are upper and lower solutions of
(23). Then u(x,0) < u(z,0) implies that u(z,t) < u(z,t) for allz € R and t €
(0,T). Furthermore, (23) has a unique classical solution u(xz,t) satisfying u(x,t) <
u(z,t) <u(x,t).

Lemma 3.10. Assume that v(z,t) and W(z,t) are two upper solutions of (23) and
w(x,t) is a lower solution of (23). Suppose that u(x,0) < min {v(z,0),w(x,0)} is
also true. Then Lemma 3.9 holds if we replace u(x,t) by min {v(z,t),w(z,t)} .

Remark 3.11. By Lemma 3.10, min {o(z, t),w(x,t)} is also called an upper solu-
tion of (23). Moreover, Lemmas 3.9 and 3.10 are clear and we refer to Martin and
Smith [24] and Smoller [32].

4. Asymptotical stability of traveling wavefronts. In this section, we always
assume that A is nonempty such that Theorems 2.10 and 2.14 hold, and we shall
prove the asymptotic stability of traveling wavefronts of (1) by proving the corre-
sponding results for (4). Two results on the stability of traveling wavefronts of (1)
will be given, one is global and another is local in suitable sense.

4.1. Globally asymptotic stability. In this part, we shall employ the squeezing
technique to prove the stability of traveling wavefronts of (23). Our main result in
this section is listed as follows.

Theorem 4.1. Assume that the initial value V(x) of (23) satisfies
(i) ¥(x) = (Y1(x), Ya(x), ¥3(2), a(x)) € Cpo,K);
(it) ¢,(x) < Yi(z) < ¢;(z) for v € R,i = 1,2,3,4, herein ¢,(z) and ¢,(z) are
defined by Theorem 2.10; B
(111) liminf, o ¥;(x) > 0 fori=1,2,3,4.
Let @ = (¢p1, da, d3, ¢4) be formulated by Theorem 2.1/. Then

ui(x,t)
lim sup |—————
t—00 zeR (bz(x + Ct)

—1’ =0 fori=1,2,3,4.
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Before proving Theorem 4.1, we establish some estimates formulated by the fol-
lowing lemmas, through which the conditions in Theorem 4.1 will be imposed.
Lemma 4.2. ¢;(&) is strictly monotone such that ¢;(§) > 0,£ € R,i=1,2,3,4.

Lemma 4.2 is clear by Lemma 3.6, and the proof is omit.

)
Then, for any €T € R and ¢ € (0,2] with given € € (0,1),
;(x,t) = min { (1 + 657;67‘”) b; (x +oet+ € — 60’677t) , ki}
is an upper solution of (23) provided that o > 0 is large enough and v > 0 is small
enough.

Lemma 4.3. Let 61 = 09 = 1,03 = 04 € (1 1 [1 +min{‘g§,’:f7 Zi:; }D be given.

Proof. Tt suffices to verify the definition of an upper solution. If w;(x,t) = k; for
some i = 1,2, 3,4, then the result is clear. Otherwise

% =—ebiye i (¢) +c (1 + 552-6_7'5) #: (s) +eoye "t (1+ 551-6_7’5) AR

AT (z,t) = (1 +edie ) ¢ (<),
where ¢ = x +ct + T —eoge™ . If i = 1, then
1 (z,t) [1 — a1y (z, t) + bius(z, t)]
= (1+¢e61e77") ¢1 (<) [1 — a161 () + b1 (<)]
+ (L+e61e77) e "6y () [~ar161¢1 (s) + biedszds (<)) .
Using the definition of traveling wavefronts, we need to verify that
—e617¢1 (<) + eoy (L4 01e77) 67 (<)
> (1+¢e01e™ ") ¢1 () [~are0161 (5) + bi1eds03 (<)) - (25)

Let M > 0 be a sufficiently large constant. We now confirm (25) by three steps.

(i) If ¢ < —M, then the asymptotic behavior of traveling wavefronts implies (25)
if o > 0 is large enough.

(11) If ¢ > M, then —a16,¢1 (g) + b1d3¢3 (C) — —a101ky 4+ b163k3 as ¢ — o0, so
(25) holds provided that ajdi1k; — b1d3ks > 0 and v > 0 is small enough.

(iii) If |¢] < M, then the fact that ¢ is strictly monotone and large o > 0 is
large implies (25).

Similarly, we can prove that us is an upper solution since agdoks — b1d4ks > 0.

For i = 3, we need to prove that

—e037¢3 (<) + coy (1 + edze™ ") ¢ (<) > Til [—0303 () + 202 ()],

which is clear if 3 > d2 holds, o > 0 is large and y > 0 is small.
In a similar way, 7y is the upper solution if d4 > ;. The proof is complete. O

Lemma 4.4. Assume that the constants €,6;,0,7v are given by Lemma 4.3 such
that €03 = €04 < 1. Then for any £~ € R,

u;(2,t) = (1 —edie ") ¢ (x+ct+ & +eoe ), i=1,2,3,4,
is a lower solution of (23).

The proof of Lemma 4.4 is similar to that of Lemma 4.3, so we omit it here.
From the proof of Lemmas 4.3-4.4, we also obtain the following important fact.

Remark 4.5. We can fix ¢ and v which only depend on z.
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Lemma 4.6. For any € > 0, there exists & = & (&) such that

Supu; (€ — ot — 22,t) < 6,(€) < inf u;(€ — et +22,1)
t>0 t>0

holds for any £ < & andi=1,2,3,4.

The proof of the lemma depends on the upper and lower solutions given in
Theorem 2.10 since (ii) holds, and we omit it here.

Lemma 4.7. There exist positive constants e € (0,1),0;,v,0 and zo such that
(1 —ebie™ ) ¢5(€ — 20 + eoe™ ) <wy(z,t) < (148, 7) ¢i(€ + 20 — eoe™ )

holds for all x € R and t > 1. Then for all t > 1, we obtain

u(- —ct, t) < sup u;(- —ct,t)

¢i(- + 20) R ¢i(- — 20)

Proof. From Lemmas 3.6, 4.3-4.6, we know that there exist constants ¢ € (0,1),~v >
0,0 > 0 and zy > 0 such that

(1 — 56ie_7) 0i(€ —z0+eoe™) <w(E—¢, 1) < (1 + 561»6_7) di(E+ 29 —eoe™)

for all £ € R. Moreover, these constants can satisfy the conditions in Lemmas 4.3-
4.4 if zg > 0 is large enough. Then Lemma 3.9 implies the conclusion. The proof is
complete. O

S 1+ Ediei’yt.

1—ed;e "t <inf
R

Lemma 4.8. For any ¢ € (0,1), there exists My > 0 such that
(1 —¢ed;) ¢i (§+3e0) < ¢ (§) < (1+¢ed;) ¢ (€ — 3e0), & > Mo.
Proof. Let us consider the function (1 + sd;) ¢; (§ — 3s0), it is clear that

d
s {(1+50:) ¢i (€ = 3s0)} = di¢; (§ — 350) — 30 (1 + 80;) ¢; (§ — 3s0) .
By asymptotic behavior of traveling wavefronts, there exists My > 0 such that
8ipi (€ — 3s0) — 30 (1 + s6;) ¢l (¢ —3s0) >0

for all £ > My and i = 1,2,3,4. Since (14 56;) ¢; (§ — 350)|,_y = @i (£), then the
result is clear. The proof is complete. O

Lemma 4.9. Let z and M be any given positive constants and
u* (o t) = (uf (@,8),uf (0, 8), uf (2, 1), uf (2, 1))
u(z,t) = (uy (2,0),u5 (2,1),u3 (z,1),uy (z,1))
be the solutions of (4) with initial values
uf (2,0) = gi(x + 2)x(x + M) + ¢i(z +22) [1 — x(z + M)],
Uy (2,0) = gs(w — 2)x(@ + M) + ¢i(w — 22) [1 — x(z + M)],

respectively, where x € R, x(y) = min{max{0,—y},1} for all y € R. Then there
exists a constant € € (0,min{1/2,z/(30)}) such that for any x € [-M, o),

uf (. —e,1) < (1 + €6;)¢i(x + 22 — 3e0),

%

u; (x —¢,1) > (1 —€6;)di(z — 22 + 3eo).
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Proof. From the definition of x(y), we know that u; (x,0) < ¢;(z + 2z) on R and
u (2,0) < ¢;(z + 22) on a nonempty subset of R, so u; (x — ¢, 1) < ¢;(x + 22)
on R by the positivity of T'(¢t) and comparison principle. Since uj‘ and ¢; are
continuous functions, they are also uniformly continuous on any bounded interval.

Furthermore, there exists a constant € € (0, min{1/2,z/ (30)}) such that
uf (. —c,1) < (1 + €8;)¢i(x + 22 — 3eo)

for x € [-M, My — 2z], where My > 0 is defined as in Lemma 4.8. We further have
uf (x—c,1) < ¢i(x +22) < (14 €6;)¢i(x + 22 — 3e0)

on [My — 2z,+00) by Lemma 4.8.
Similarly, we can prove that our result holds for u; . The proof is complete. [

We are now in the position to prove Theorem 4.1.

Proof of Theorem j.1. Define

ZPi=inf{z|lz€e AT}, AT ={2>0
{ | } T |i=1.234 t—oo ger i (4 22)

i (& —ct,t
sup limsupsupM < 1} ,

. R Uq
i:},%f,&él htﬂégf érelﬂfii ¢i (€ —22)

z~ ::inf{z|zeA_}, A_:{z>0

 (§—ct, ) >1}.

By what we have done in Lemma 4.7, %20 € A*, which implies that A* are well
defined. Thus [%zo, +o0) C A%, 2F €0, %zo]. If z* = 0, then we finish our proof.
Now we assume that z* > 0. Fix z = 2z, M = =& (27/2) + 21 and € defined in

Lemma 4.9. Since 2zt € AT, there exists T > 0 such that
Uj (5 B CT? T) €
sup —————~ <1+ —,
cer @i (§+227) ks

where 4€ = min;—1 2 3 4{¢;(—M — 3eo)} x ee* and p > 0 is defined by Lemma 3.7.
From Lemma 4.9, we obtain

u;i (& — e, T) < ¢i(€+221) + €= u] (£,0) + € for £ € [-M, +00).
Furthermore, Lemma 4.6 follows that
ui(§ — T, T) < ¢i(€+2T) <uf(€,0)if € € (—o0, —M].
Therefore, by virtue of Lemma 3.7, we have
ui(§ — T, T+ 1) < uf (§,1) + 4ee” < uf(€,1) + edi(—M — 3eo)
where £ € R, and Lemma 4.7 indicates that
w(—c(T+1),T+1)
< u(E = e,1) + eti(—M — 3eo)
< (14 €6;)¢i (€ + 221 — 3eo) + €6;p;(—M — 3eo)
< (14 2€8;)¢i (€ + 22T — 3eo)
if £ € [-M,+00). On the other hand, since 3ec < 2%, then
w6 —c(T+1),T+1) < i€+ 27) < ¢ (€ + 221 — 3eo)
for all £ € (—oo, —M], which further implies that
w;(§ —e(T+1),T+1) <min{(1 + 2¢8;)¢;: (€ + 227 — 3ea), k;}, € €R.
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By comparison principle (also see Remark 4.5), it follows that

w—c(T+1+4+1¢t),T+1+1)
< min{(1 + 2ed;e ") (€ + 22T — €0 — 2e0e” ), k;}

if £ € R and ¢ > 0, which asserts that

i (& —ct,t
sup limsupsup Ui (€ — ety ?) <1.

i=1,2,34 t—oo ccR @i (§+ 22T —€0)
Furthermore, the above inequalities imply 2+t —eo /2 € AT, which is a contradiction
and also means that z+ = 0.
Similarly, we can prove that z=— = 0. The proof is complete. O

Theorem 4.10. Assume that the initial values (Y1 (x, s), ¥a(x, s)) satisfy
(i) Bo < (4 (2, ), (. 5)) < B
(it) ¢,(x) < ¥i(x,0) < @;(x) for i = 1,2,3,4 where ¢3(z,0) = (g1 *¥2) (2,0),
¢4($,0) = (92 * ¢1) (fE,O),
(iii) Timinfy. oo ;(z,0) > 0,7 = 1,2.
Let ® = (¢1, ¢2) be given by Theorem 2.10. Then
wi(x,t)

li —_—
sup lim sup (e + o)

i=1,217% zeR

—1’:0.

As in the proof of Theorem 2.10 or as in 2.14, we can choose p > 1 large enough
and obtain following conclusion.

Theorem 4.11. Assume that the initial value ¥(x) of (23) satisfies
(Z) \I/(x) = (7/11(»’”),1/12(55),%(T/)v%(w)) € C[O,K];

(“) limg s oo wl(x)ei)\lx = k1, limgy 7/}2(I)67>\2I = ko, limgy 1/)3(93)67)\295
= 14:3“#’ limg oo 1/,4(;3)64\11 = 1+]:“11‘r2’
(ZZZ) liminf,_, ’(/JZ(.’E) > 0.

Let ® = (¢1, pa, b3, d4) be formulated by Theorem 2.14. Then

7 ,t .
M—l =0 fori=1,2,3,4.
oi(x + ct)

lim sup
t—o00 z€R

The proof of Theorem 4.11 is similar to that of Theorem 4.1, so we omit it here.
Moreover, Theorem 4.11 implies a natural stability result of traveling wavefronts of
(1). Since this is clear from Theorem 3.2, we omit it here.

Remark 4.12. Note that Theorem 2.14 is independent of the size of 71 and 79,
thus Theorem 4.11 also indicates the stability of traveling wavefronts of (3).

4.2. Locally exponential stability. In this subsection, we shall give a stability
result on traveling wavefronts of (1), which is different from that of Section 4.1.
Let 0 > 0 and define a subset of uniformly continuous functions as follows

C, = {u(x) cu(z) € C (R,R"), im lu(z) (14+e77%)| = 0} ;

which is a Banach space with norm ||-||  given by

[ull, = sup |u(z) (1+e7%)]| for u(z) € C,.
z€eR
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Theorem 4.13. Assume that ¢ > ¢* such that 3 = (A1, A3) N (A2, A1) is nonempty.
Also suppose that ¥(x) € Cjo.k), U(z) = ®(z) — ¥(x) € C), for some v € ¥ and
n = 4. Then there exists a constant k > 0 such that for any U(x) with ||U(z)||, < &,
the unique solution u(x,t) of (23) with initial value ¥ (x) satisfies

Ju(z, ) — Bz + ct)], < Me,

where M > 0,b > 0 are constants independent of U(x) and t > 0, and ® =
(p1, b2, d3, ¢d4) is formulated by Theorem 2.1/.

Proof. Let f be the reaction term of (23). Then f/(®) is given by

r1 (1 —2a1¢1 + b1¢p3) 0 r1b191 0
0 o (1 — 2a2¢2 + badpy) 0 T2b2 o
0 1 _1 0
1 T1 T1 1
— 0 0 =

It is easy to see that f/(®) is irreducible in the functional sense due to the strict
monotonicity of traveling wavefronts (see Lemma 4.2). For the matrix

—rlalkl 0 rlblkl 0
0 — k 0 bak
f’(K): 0 7“2?2 2 ) 7“202 2 ’
) ) )
1
7 0 o -

all of its eigenvalues have negative real parts. Moreover, consider the matrix

rt 0 0 0

0 7 0 0
f1(0) = i 1 ,

e F 48

T2 T2

although the eigenvalues of f/(0) have positive real part, all eigenvalues of Dv? —
cv + f'(0) have negative real part if v € 3. By Volpert et al. [34, Theorem 5.4.1],
we see that the conclusion is true. The proof is complete. O

Remark 4.14. A is nonempty if and only if 3 is nonempty.

Theorem 4.15. Assume that ¢ > ¢* such that Theorem 2.10 holds, ¥ is defined by
Theorem 4.13 and the initial values (11(x, s),¥2(x, s)) of (22) satisfy
(1/11(1?,0) - ¢1(’I)71/)2($70) - ¢2(x)) € CV’
((g1 * ¥2)(x,0) — (g1 * ¢2) (2), (92 * ¥1)(,0) — (92 x ¢1) (2)) € Cy,

where v € X and n = 2. Then there exists € > 0 small enough such that

1(g1 * ¥2)(x,0) — ¢3(x), (92 * ¥1) (2, 0) — Pa(w)]],
+[[¥1(z,0) = ¢1(2), ¥2(z,0) — g2(2)], <e
implies that the unique bounded solution u(x,t) of (1) satisfies
|u(z,t) — ®(z +ct)|, < Me™"
where M > 0,b > 0 are constants independent of (1 (x,s), ¥e(x, s)) .
Remark 4.16. The results in subsections 4.1 and 4.2 indicate the asymptotic sta-
bility of traveling wavefronts in the weighted functional space due to the asymptotic

behavior of traveling wavefronts. And it is clear that the squeezing technique (see
Theorem 4.11) is a better method in the choice of weighted functional spaces while
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the spectral analysis (see Theorem 4.13) is a better one in the estimate of conver-
gence rates.

5. Nonexistence of traveling wavefronts. In this section, we prove that (1)
has no positive traveling wave solutions connecting Ey with E* if ¢ < ¢*. For the
purpose, we consider

{au)é?t) = diAw(z,t) + riw(z, t) [1 — ayw(z, t)],

w(zx,0) = w(x), (26)

where all constants are positive, w € R,z € R, ¢t > 0, and w(z) € C(R,R). Then
the following result on asymptotic spreading is true (see [1, 15, 33, 38]).

Lemma 5.1. Assume that w(z) admits a nonempty compact support and w(zx,t)
is defined by (26). Then

(i) limg_, oo SUP| | >t w(x,t) = 0 holds for any ¢ > 2/dir1;

(i) limy_s o0 inf|g) < w(x,t) = i holds for any c € (0,2y/dyr1) .

Theorem 5.2. Assume that dir1 > dare holds and the wave speed ¢ < 2+/dyry.
Then (1) has no traveling wavefronts connecting Ey with E*.

Proof. We prove this by contradiction. If the stated statement is false, then there ex-
ists some ¢; € (0,c¢*) such that (14)-(15) has a monotone solution (¢ (z+c;t), pa(z+
c1t)). Then it is easy to choose a constant 0 < § < min{i, é} such that

(¢1($)7 ¢2(‘T)) > (§a 6)
for all x € [—2,2]. Moreover, ¢1(z + ¢;1t) also satisfies
001 (z + 1)
ot
since (g1 * ¢2)(x,t) > 0 for all z € R,;t > 0. Let w(x,t) be defined by (26) if
w(x) > 0 such that
(a) w(x)=0if |x] > 2;
(b) 0 <w(x) <4dif |z| < 2.
Then Lemma 3.9 (which remains true if b = by = 0) implies that ¢1(z + ¢1t) >
w(z,t) for all z € R, ¢ > 0.
Let ¢ = % Then Lemma 5.1 and the asymptotic behavior (15) indicate a
contradiction as x 4+ ¢t — —oo. The proof is complete. O

> d1A¢1 (1‘ + Clt) + r1¢1 (ZZ? + Clt) [1 —a1¢1 (1‘ + Clt)]

Similarly, we can prove the following result.

Theorem 5.3. Assume that ¢ < ¢* holds. Then (1) has no positive traveling wave
solutions connecting FEy with E*.

Remark 5.4. For some parameters, e.g., (di,71) > (<)(d2,72), we have proved
that ¢* is the minimal wave speed such that (1) has (no) traveling wave solutions
connecting Ey with E* if ¢ > (<)c*.
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