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Abstract

First-order hyperbolic partial differential equations with two internal variables have
been used to model biological and epidemiological problems with two physiologi-
cal structures, such as chronological age and infection age in epidemic models, age
and another physiological character (maturation, size, stage) in population models,
and cell-age and molecular content (cyclin content, maturity level, plasmid copies,
telomere length) in cell population models. In this paper, we study nonlinear double
physiologically structured population models with two internal variables by applying
integrated semigroup theory and non-densely defined operators. We consider first a
semilinear model and then a nonlinear model, use the method of characteristic lines to
find the resolvent of the infinitesimal generator and the variation of constant formula,
apply Krasnoselskii’s fixed point theorem to obtain the existence of a steady state, and
study the stability of the steady state by estimating the essential growth bound of the
semigroup. Finally, we generalize the techniques to investigate a nonlinear age-size
structured model with size-dependent growth rate.
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1 Introduction

In modeling specific problems in biology and epidemiology, sometimes it is necessary
to take into account more than one physiological structures of the population, such as
chronological age and infection age of individuals (Gripenberg 1893; Hoppensteadt
1974; Inaba 2016; Laroche and Perasso 2016; Burie et al. 2017) in modeling infec-
tious diseases; age and size structures (Sinko and Streifer 1967; Gyllenberg and Webb
1987; Webb 2008), age and maturation structures (Dyson et al. 2000a, b), and age and
stage structures (McNair and Goulden 1991; Matucci 1995) in modeling population
dynamics; age and pair age structures (Inaba 2017) in population pair formation mod-
els; age and an aggregated variable (Doumic 2007), age and cyclin content (Bekkal
Brikci et al. 2008), age and maturity level (Bernard et al. 2003), age and plasmid copies
(Stadler 2019), and age and telomere length (Kapitanov 2012) in modeling cell pop-
ulation kinetics. However, there are very few theoretical studies on the fundamental
properties of such models with two physiological structures (Inaba 2016; Webb 1985).

Recently, we Kang et al. (2020) considered a linear first-order hyperbolic partial
differential equation that models the single-species population dynamics with two
physiological structures where both boundary conditions were non-trivial. By using
semigroup theory, we studied the basic properties and dynamics of the model, including
the solution flow and its semigroup with an infinitesimal generator. Moreover, we
established the compactness of the solution trajectories, analyzed the spectrum of
the infinitesimal generator, and investigated stability of the zero steady state with
asynchronous exponential growth.

For the double physiologically structured population models, analyzing the
infinitesimal generator seems complicated, in particular in solving the characteristic
and resolvent equations. In this paper, we consider nonlinear physiologically struc-
tured population models with two internal variables and use different techniques,
namely integrated semigroups and non-densely defined operators, which enable us to
solve the characteristic equation directly and study the existence and stability of the
steady states,
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For the two physiological structures, define the state space by
E:=L"(0,a") x (0,s)),

where a™ and s represent the maximums of two physiological structures respectively.
Here we assume that they are finite. Consider the following nonlinear first-order hyper-
bolic partial differential equation with two internal variables @ and s (representing two
physiological structures):

u(t,a,s) +uy(t,a,s)+us(t,a,s) =Gwul,-, -))a,s),
u(t,a,0) = F(u,-,-))(a),

u(t,0,s) = H(ul(t, -, ))(s),

u,a,s) =¢a,s),

(1.1)

where u(t, a, s) denotes the density of a population at time # with age a and another
physiological characteristic s, ¢ € E is an initial data. Assume that G : E — E,
F:E— L'0,a%)and H : E — L'(0, sT) are uniformly bounded and Lipschitz
continuous functions. Notice that the second physiological characteristic s could be
the chronological age or infection age if (1.1) is an epidemic model; the maturation,
size, or stage variable if (1.1) is a population model; and cyclin content, maturity level,
plasmid copies, or telomere length if (1.1) models cell population dynamics.

In most of the previously developed models, it is assumed that one boundary condi-
tion is trivial based on valid biological assumptions. For example, in the chronological
age—infection age epidemic models, the infection age is always less than the chrono-
logical age, thus the boundary condition for those with zero chronological age but
positive infection age would always be zero; in the age-size population models, no
individuals would possess a positive age and a zero size; thus, the boundary condition
for those with positive chronological age but zero size should be always zero. There-
fore, it is natural for one to ask for the motivation of real-world applications with both
boundaries being non-trivial. Here, we discuss two potential applications in model-
ing infectious diseases and cell population kinetics. (a) Hethcote (1988, 1997, 1999)
used chronological age structured models to study the optimal age for vaccinations
and boosters in preventing pertussis and measles; such models can be extended to a
double physiologically structured system with one structure being the chronological
age of human population and another being the immunity age (the age since last immu-
nity build up). Under such consideration, the corresponding system would yield to two
non-trivial boundary conditions: Newborns with maternal immunity would have a zero
chronological age but a nonzero immunity age; people who take a booster vaccine can
reset their immunity age to zero and thus would have a nonzero chronological age but
a zero immunity age. (b) Kapitanov (2012) studied cancer stem cell lineage popula-
tion dynamics by structuring the cell population with continuous cell age and discrete
telomere length, such a model, once derived with both structures being continuous,
would yield two non-trivial boundary conditions: since newly generated cells could
have telomere with any length and some aged cells would have 0-length telomere due
to telomere loss during cell differentiation.
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To analyze such systems, the idea is to rewrite the initial-boundary value problem
(1.1) as an abstract semilinear Cauchy problem with non-dense domain (Thieme 1990;
Magal and Ruan 2018) and use integrated semigroup theory to discuss the problem.
Then, we use the method of characteristic lines to find the resolvent of the infinitesimal
generator and the variation of constant formula and apply the Krasnoselskii’s fixed
point theorem to obtain the existence of a steady state. Finally, we study the stability
of the steady state by estimating the essential growth bound of the semigroup.

To present our idea and techniques, in next section we will set up the abstract
semilinear Cauchy problem with non-dense domain by using integrated semigroups.
In Sect. 3 we will study a semilinear model, and a nonlinear equation will be treated
in Sect. 4. In Sect. 5 we will extend the methods to study an age-size structured model
with size-dependent growth rate in two internal variables.

2 Integrated Semigroup Setting

We first recall some results on integrated semigroups and non-densely defined opera-
tors from Thieme (1990) and Magal and Ruan (2018). Let A be a differential operator
acting on E defined by

AW (a.s) = —a = Y5, D(A) = (Y € E:y € WH((0.a™) x (0.57)).
Then, A is densely defined in £. Now we introduce an extended state space as
X:=L'"0,at) x L'©0,sT) x E

and its closed subspace X := {0} x {0} x E. Define an operator 4 acting on X such
that

0 —(a, 0) 0
AlO0]:= =v©,5) | for | 0| € D(A) := {0} x {0} x D(A).
1// _‘ﬁa - ws %ﬁ

Remark 2.1 Note that ¥ (a, 0) and (0, s) are well defined by the trace lemma for any
¥ € Wh((0,a) x (0,5T)).

Let X+ := {0} x {0} x E be the positive cone of X(. Define a bounded operator
B:Xop+ - X by

0 F(y) 0
Blo|l=rHw)| for[0]exp-.
4 Gy) 4
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Under the above definitions, we can formally rewrite system (1.1) as an abstract
semilinear Cauchy problem with a non-densely defined operator on X:

W) — Au(r) + Bu(r),
0

u© = |0/ e X
é

2.1)

Since u is the density of a population, we are interested in solutions of (2.1) such
that u(t) € Xo+,t > 0. Following Busenberg et al. (1991), we consider the following
system which is equivalent to (2.1):

W) — (A= LD u@) + LU + eBu@),

2.2)

where € is chosen so small that the operator I + €3 maps X+ into the positive cone
of X, denoted by X . It is easily shown that this choice of € is possible for our system
(2.1), since parameter functions G, F, H are assumed to be uniformly bounded. In
the following, we mainly consider system (2.2) and for the sake of simplicity we use
the following new notations:

1 1
Ai=A—-1, B.=-(+¢€bB).
€ €

Since the operator A, is not densely defined, we cannot apply the classical Hille—
Yosida theory to solve (2.2) in the Banach space X. However, the operator A, can be
proved to be a Hille-Yosida operator.

Lemma 2.2 A, is a closed linear operator with non-dense domain and the following
holds: D(Ay) = Xo, A, satisfies the Hille—Yosida estimate such that for all ). > —é,

[ —a07| = 2.3)

T a4l
and (\ — A)~N(X 1) € Xo+ for x> 0.

Proof Let us study the resolvent of operator Ay, i.e.,

0 o
A=Ay lo]l=1|n]ex,.
® ¢
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By the definition of A,
0 ¢(a,0)
WM—-A910])] = ®(0,s) ,
3 ) 1
® TrE+r+D)e
we have
9 9
L+ 1 og =), 2.4)
da as
¢(a,0) =ala), ¢(0,s)=n(s). (2.5

By the method of characteristic lines, we obtain the solution of (2.4)-(2.5) as follows:

ala — s)e”AHl/es 4 fos e O t/)p(a—0,5s —0o)do, a—s>0,

vla.s) = n(s —aye”*F/aa 4 [He=oCtl/Og (g — 0,5 —0)do, a—s <O,
(2.6)
Thus,
o 0
W —-A)"[n]=| 0
¢ @(a,s)
and

= llpa. s)lg

o
I —A)"
¢/ lx
a+ a a+ a 5
/ / a(a —s)e” t1/s q5dq / / f e M (a — 5,5 — 0)dodsda
0 0 0 0 Jo

S+ 5 S+ 5 a
/ / n(s — a)e~ *t1/0aqaqs / / / e "M% (q — 5,5 — 0)dodads
0 0 0 0 JO

a+ a a+ a R
< / / la(a — s)|e~ A1/ q5dq +/ / / e MV 4 (a — 0,5 — 0)|dodsda
0 0 0 0 Jo

5+ S S+ s a
+/ [ In(s — a)le~ A+1/eqq4s +/ / / e Ot/ 00 — 6,5 — 0)|dodads
0 0 0 0 JO

1 1 1
< - R
S T lellp 1,0+ + e Il 1.5+ + Py ol g

g

which implies that

+

<

+ +

1

X
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_ 1
X~ A+1/e

o a0

for A > —1/¢. Hence, A, is a Hille-Yosida operator with M = l andw = —1/¢ < 0.
O

Thus, we can seek solutions in the weak sense: A function u(r) € C'(0, T; X) U
D(A,) is called a classical solution of the Cauchy problem (2.2) if it is satisfied for
allt € [0, T).u(t) € C(0, T; Xp) is called an integral solution of (2.2) if fot u(s)ds €
D(A,) forallt € [0, T) and

t t
u(t) :u(O)+A*/ u(s)ds+f Biu(s)ds, (2.8)
0 0

which was introduced by Da Prato and Sinestrari (1987) and Bénilan et al. (1988).
It can be shown that an integral solution becomes a classical solution if u(0) €
D(A,), Axu(0) + B,u(0) € D(A,) (Thieme 1990). Thus, in what follows, we are
mainly concerned with the integral solutions of (2.2).

Define the part Ay of A, in Xg by

0 0
v v

Then, the following result holds (Thieme 1990; Magal and Ruan 2018).

Lemma 2.3 For the part Ay, D(Ag) = Xo holds and Aq generates a strongly contin-
uous semigroup {Fo(t)};>0 on Xo and Fo(Xo+) C Xo+.

Using the semigroup {Fo()};>0, we can formulate an extended variation of con-
stants formula for (2.2), see Thieme (1990) and Magal and Ruan (2018).

Proposition 2.4 A positive function u(t) € C(0, T; Xo) is an integral solution for
(2.2) if and only if u(t) is the positive continuous solution of the variation of constants
formula on Xo:

t
u(t) = Fo(®)u(0) + )Llim / Folt — )M — Ax) "' Bau(s)ds. 2.9)
— 00 0

From Proposition 2.4, it is sufficient to solve the extended variation of constants
formula (2.9) to obtain an integral solution of (2.2). It can be seen from Inaba (2006)
that without any essential modification to the proof for the classical variation of con-
stants formula, if B, is a locally Lipschitz continuous and bounded perturbation, we
can apply the contraction mapping principle to show the existence of positive local
solutions for the extended variation of constants formula (2.9). Since the norm of the
local solution grows at most exponentially, a local solution can be extended to a global
solution. Hence, we conclude that problem (2.2) has a unique global positive integral
solution.
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Nextlet {F(¢)};>0 be asemigroup on X¢ induced by setting F (¢t)u(0) = u(t), where
u(t) is an integral solution of (2.2). Then, it follows that {F(¢)};>0 is a Cp-semigroup
generated by the part A, +B, in Xo = D(A,). Let B, [u*] denote the Fréchet derivative
atu™®, wp(A) and w1 (A) represent the growth bound and the essential growth bound of
the semigroup generated by A, respectively. Thus, the principle of linearized stability
for this evolution system (2.2) with non-densely defined generator can be stated as
follows (Thieme 1990):

Proposition 2.5 Let B, be continuously Fréchet differentiable in X, and let u* be a
steady state of problem (2.2). If wo(Ayx + B[u*]) < 0, then for any o > wo(Ax +
B, [u*]), there exist numbers M > 0 and § > 0 such that

||.7(t)u - u*“ < Me“! ||u — M*H

forallu € Xo with |lu —u™|| <6,t > 0.

Corollary 2.6 Suppose that w1 (A + B, [u*]) < 0. If all eigenvalues of Ay + Bl [u*]
have strictly negative real part, then there exist v < 0,8 > 0, and M > 0 such that

H]:(t)u - u*H < Me® ”u — M*H

Sforallu € Xo with lu —u*|| < 8,t > 0. If at least one eigenvalue of Ay + B [u*]
has strictly positive real part, then u™ is an unstable steady state.

In the following sections, we consider two nonlinear double physiologically struc-
tured populations models where the birth and death rates are dependent on the total
population, which reduce to the classic nonlinear single age-structured models if one
of the structures disappears, see Chapter 4 of Webb (1984), where the models with
nonlinear death rate were referred to as semilinear and those with nonlinear death and
birth rates were referred to as nonlinear. In fact, they are both semilinear in the PDE
sense, but we keep using the notations in Webb (1984) for consistence. Moreover,
such nonlinear models are common in population dynamics, in particular when the
birth rates 8, x and mortality rate u depend on the total population. In the following
text, we put letters S and N in the superscripts to denote the semilinear and nonlinear
cases, respectively.

3 Semilinear Double Physiologically Structured Models

In this section, we consider the following first-order semilinear hyperbolic equation
with two internal variables:

u(t,a,s) +uq(t,a,s)+us(t,a,s) =—ula,s, P(t)u(t,a,s),

u(t,a,0) = f0a+ fOSJr x(a,x,s)u(t, x, s)dsdx,

u(t,0,s) = fOS+ f0a+ Bla, x,s)u(t,a, x)dadx, 3.1
u0,a,s) =¢a,s),

at

Py = [ [ u(t, a,s)dads,
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where w(a, s, P) denotes the mortality rate of the population at age @ with charac-
teristic s and total population P(¢); B(a, x, s) and x (a, x, s) describe the boundary
conditions and are like birth rates in population dynamics or transmission rates in
epidemic dynamics.

Assumption 3.1 Assume that

@) B:[0,a™) x[0,s%)x[0,sT) — [0,00)and x : [0,a™) x [0,a™) x [0, sT) —
[0, oo) are nonnegative L' integrable and Lipschitz continuous;

(i) p : [0,aT) x [0,sT) — [0, 00) is nonnegative L' integrable and Lipschitz
continuous; u(a, s, Py¥) > u(a,s,0) for all (a,s) € (0,a™) x (0,s™) and
Y € D(A), denote p:=1inf(, sc0,a+)x(0,s+) #(a,s,0) > 0; u(a,s, P) is dif-
ferentiable with respect to P and denote

ou(, -, P)
Ty Ty P = —7
mi( ) 3P
Moreover, w1 is also L1 integrable and Lipschitz continuous;
(iii) The following limits

S+
}}irr}) |Ba,x,s+h) —B(a,x,s)|ds =0 (3.2)
—-VJo
and
a+
lim Ix(a+h,x,s)— x(a,x,s)|da =0 (3.3)
h—0 Jo

hold uniformly for (a,x) € (0,a™) x (0,s%) and (x,s) € (0,a™) x (0,s™),
respectively;

(iv) There exist two nonnegative functions €1(x), €2(x) such that B(a,x,s) >
€1(x) > 0and x(a,x,s) > e(x) > 0foralla,s € (0,a™) x (0,s™), respec-
tively;

(v) In addition,

sup Ba,x,s) < B(s), where E S Ll((O, s*)),

(a,x)e(0,at)x(0,s1)
sup x(a,x,s) <¥(a), where ¥ € L'((0,aM).
(x,5)€(0,at)x(0,s1)

These assumptions and Lemma 2.2 guarantee the global existence of the integral

solutions, see Thieme (1990). Thus, in what follows we mainly focus on the existence
0
and stability of the nontrivial steady states. Suppose that | O | is a steady state, i.e.,

4

@ Springer



2856 Journal of Nonlinear Science (2020) 30:2847-2884

where
0 —¥(a,0) 0 F ()
A0 )= —v@©,s) ), B0 =|HW)]|,
4 —Va — Vs ¥ G®W)
in which
F)(a) = f” /S x(a, x, s)v(x, s)dsdx, (3.4)
0 0
H)(s) = /S /a B(a, x, s)¥(a, x)dadx, 3.5
0 0

S+ a+
GW)(a,s)=—ula,s, PY)y(a,s), Py :=/O /(; Y(a, s)dads. (3.6)

3.1 Existence of Nontrivial Steady States

In this subsection, we study the existence of the nontrivial steady state I/Af # 0. From
the definition, ¥ satisfies the following equations:

Va+ Vs +pla,s, PY)y =0
V(a,0) = F(y)(a)

3.7
¥ (0,5) = H()(s)
+ gt
P1//=f6Z fos Y(a, s)dsda.
Solving the problem, we obtain
. I (a — I, —5 >
Ja.s) = I/Af(a 5,0 p(a,s,5), a—s=0, (3.8)
¥(0,s —a)lp(a,s,a), a—s <0,
where T;(a,s,0) = e~ o ma—rs—tP)T anq po— P4yr. Denote a(s) =

1/}(0, s),n(a) = 1}((1, 0). Plugging the solution into the boundary conditions, we
get

a+ X
n(a) = / / x(a, x,$)N(x —s)(x, s, s)dsdx
0 0
st ops
+/ / x(a, x,s)a(s —x)Is(x, s, x)dxds,
o Jo
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S+ X
a(s) = / f Ba,x,s)a(x —a)llz(a, x,a)dadx
’ af a
+/ / ﬂ(a,x,s)ﬁ(a—x)l'[lg(a,x,x)dxda.
0 0

Define @ : R x L'(0,a%) x L'(0,s7) — R x L1(0,a™) x L' (0, s%) by

P P P P
Glal=(2ld] 20| 2%7]] (3.9
a a a a
where
ﬁ at pra
QISO f :/ fﬁ(a—s)l'[ﬁ(a,s,s)dsda
& 0 0
S+ s
—i—/ /&(s—a)l'lﬁ(a,s,a)dads,
0 0
P at px
ng il :/ /X(a,x,s)ﬁ(x—S)Hﬁ(x,s,s)dsdx
& 0 0
S+ N
+/ /x(a,x,s)&(s—x)l'[p(x,s,x)dxds,
0 0
ﬁ S+ X
Q| 7 =/ fﬂ(a,x,s)&(x—a)l'[lg(a,x,a)dadx
& 0 0
at pa
+/ /,B(a,x,s)ﬁ(a—x)l'[lg(a,x,x)dxda.
0 0
0 0
It is obvious that Q(S) is bounded by Assumption 3.1-(v) and Qg 0] =10].Denote
0 0

the positive cone of R x L'(0, at) x L1(0, sT) by Y4, i.e., Yy := Ry x LL(O, at) x
Ll+ (0, s™). Now the existence of a nontrivial steady state is equivalent to the existence
of a nontrivial fixed point of the map Qg . Note that Qg is a nonlinear operator, we
cannot apply the theory in the linear case (Kang et al. 2020) to this one directly.
Fortunately, we have a fixed point theorem of Inaba (1990), which can be regarded
as a special case of the Krasnoselskii’s theorem, see (Krasnoselskii 1964, Theorem
4.11). The theorem is described as follows:

Theorem 3.2 (Inaba 1990) Let E be a real Banach space and E . be its positive cone.
Let WV be a positive operator from E  to itselfand T := V'[0] be its Fréchet derivative
at 0. If
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(i) W(0) =0;

(ii) ¥ is compact and bounded;
(iii) T has a positive eigenvector vy € E\{0} associated with an eigenvalue Ao > 1;
(iv) T has no eigenvector in E associated with the eigenvalue 1,

then U has at least one nontrivial fixed point in E.
In case where T is a majorant of W (thatis, T is a linear operator such that ¥ (¢) <

T ¢ for any ¢ € E), the following theorem also holds (see Inaba 2014, Proposition
7.8).

Theorem 3.3 (Inaba 2014) Let E be a real Banach space and E. be its positive
cone. Let W be a positive operator from E to itself and T be its compact and semi-
nonsupporting majorant. Then, V has no trivial fixed point in E provided r (T) < 1.

By some computations, we obtain the Fréchet derivative of Q(S) at (0,0, 0)7, where
r represents the transpose,

S
35210(o 0,0)” Z20.(0,0,0)"

P / P P
5[] =250.007n]= 350(0,0,0)T 09'0(000)T n|.
205
. “7 0220007 Bo,0,07) \*
(3.10)
where
> n|=(1(n]. B |n].5(n]]
o o o

in which

+

P a a
TIS n =/ f n(a — s)o(a, s, s)dsda
0 0
S+ N
—i—/ / a(s —a)lly(a, s, a)dads,
0 0
P a+ X
TZS n :/ / x(a, x,s)n(x —s)Ip(x, s, s)dsdx
0 0
st s
+/ / x(a,x,s)a(s —x)y(x, s, x)dxds,
0 Jo

P at pra
5 | n =/0 /Oﬁ(a,x,S)n(a—X)Ho(a,x,X)dxda
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+/‘ / B(a, x, s)a(x —a)y(a, x, a)dadx.
0 0

P P
By Assumption 3.1-(ii), it is easy to check that Qg n | <75 n |, whichimplies
o o

that 75 is a majorant of Qg .

Proposition 3.4 Let Qg and TS be defined by (3.9) and (3.10), respectively.

0

(ii) If r(TS) < 1, then Q(S) has only the trivial fixed point | 0 | in Y4,
0

(i) If r(TS) > 1, then Qg has at least one nontrivial fixed point in Y \{0}.

LD > N

Proof Note that Q(S) is bounded. First let us prove that Qg is compact. Consider a
bounded set K € R x L1(0,at) x L1(0, s1), note that

s
Q7

D > Ny
IA

AT .
Il + 181 on)-

which is uniformly bounded in K. It follows that QfO : K — R is compact. We have

P P
Qo d @+ -2 4] @
& & L1(0,a%t)

a* a+ X
= |/ / / x(a+h x,5)ix —s)p(x, s, s)dsdxda
0 0 0
at psT ps
+/ / / x(@+h,x,s)a(s —x)(x, s, x)dxdsda
0 0 0
Ll+ a+ X
_/ f / x(a,x,$)f(x — ) z(x, s, s)dsdxda
0 0 0
a+ s+ Ky
+/ / / x(a, x,$)&(s — )M (x, 5, x)dxdsdal
0 0 0
a* a+ X
5/ / / Ix(a+h,x,s5)— x(a,x,9)Hx -, s, s)dsdxda
0 0 0

a+ S+ N
—i—/ / / [x(a+h,x,s)— x(a,x,s)|a(s —x)Mz(x, s, x)dxdsda
0 0 0

—-0 ash—0 (3.1
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by Assumption 3.1-(iii). Similarly, we can show the convergence for ng, which
implies that Qg is a compact operator by Kolmogorov compactness criterion. More-
over, we can show that 7' is also compact by using similar steps.

Next given r(T%) > 1, we show that T3 is semi-nonsupporting via proving
that every proper eigenvector corresponding to the proper eigenvalue r(7'5) lying
in Y, is a quasi-interior point of Y, and every proper eigenvector corresponding
to r(T5) lying in Y} is strictly positive (see Proposition A.2 and the definitions
of semi-nonsupporting, proper eigenvalue (eigenvector) and quasi-interior point in

P P P 0
“Appendix”). If | n | = [ 0 | with P > 0,then 75 | | = | 0 |. It follows that
o 0 o 0

P
0 | is not a proper eigenvector corresponding to the proper eigenvalue 7 (7'5), oth-
0

0 P P 0
erwise |0 =750 | =r(T5 | 0] > | 0] is a contradiction. Thus, we only
0 0 0 0
P 0
consider the points in Y4 which have the form of | n | with (Z) #* (0)
o

It is easy to see that 7 : Y, — R is positive for all (Z) e LL(0,a™) x

P
Ll+(07 s\ { (8) } and thus nonsupporting. Noting that Tis n | fori = 2,3 donot
o

contain the terms of P. Thus, we can reduce it into a two-dimensional operator Ts s
ie.,

Define a positive functional T = (D, T) by

<%, (77>> = /d /X e1(x)o(x, s, s)n(x — s)dsdx
o o Jo

S+ s
—l—/ / e1 () Ip(x, s, x)a(s — x)dxds,
0 0

S+ X
<%, (Ti)> = / / er(x)g(a, x, a)a(x — a)dadx
o o Jo

at ra
—}—/ / e (x)Ip(a, x, x)n(a — x)dxda. (3.12)
0 0
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From Assumption 3.1-(iv), T isa strictly positive functional and we have

(o) = ()7 @)= (05 e 2 (D))

(3.13)

e . S .
where (;) = 1 is a quasi-interior point in L'(0,at) x L'(0, s7). Moreover, we
3

have

where

It follows that

=S\2 (1 p = (N e e
7 ()= (@) ([ () (7 (E)))
> (7
By induction for any integer n we have

o (3) . ) o

Then, we obtain

1

@) @)
<9, (T5)" (2)> ~0,n>1
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for every pair

(2) e L (0,a™) x LL(0,s")\ {(8)} LT e (LL0,a™)* x (L1, sT)*\ {(8)} :

that is, we know that 7' is a nonsupporting operator, thus semi-nonsupporting, which
implies that condition (A) holds in Proposition A.2 in “Appendix” for 75. It follows
that

P P
(n) = [r(TS )J_1 ) (n) is a quasi-interior point and.7 is strictly positive for (Z) # (g)
o o

implies that condition (A) also holds for 7. In summary, T3 is a semi-nonsupporting
operator.

Now we prove (i). Since Q(S) is a positive operator from the positive cone Y into
itself and T3 is the positive linear majorant of Qg , we can apply Theorem 3.3 to
conclude that Qg has no nontrivial fixed point in Y, provided r(75) < 1.

Next, we prove (ii). Conditions (i) and (ii) of Theorem 3.2 follow from the above
arguments. We apply the theory of semi-nonsupporting operators (see Inaba 2014
or Marek 1970) to prove that 7(75) > 1 is an eigenvalue of operator 75 with a
corresponding positive nonzero eigenvector and 75 does not has any eigenvector
associated with eigenvalue 1. Hence, conditions (iii) and (iv) of Theorem 3.2 follow
and, consequently, Qg has at least one nontrivial fixed point in Y . This completes the
proof. O

The existence of a nontrivial fixed point of Q(S) implies the existence of a nontrivial

steady state solution 1@ € D(A)\{0} of system (3.1). In conclusion, from Proposi-
tion 3.4, the following theorem can be obtained as one the main results of this paper.

Proposition 3.5 Let TS be defined in (3.10).

(i) If r(TS) < 1, then system (3.1) has only the trivial steady state 0 in D(A); .
(ii) Ifr(TS) > 1, then system (3.1) has at least one nontrivial steady state ¥ in
D(A)\{0}.

3.2 Stability
It is easy to see that

(G' WY (a, s) = —pi(a, s, PY)PYr(a, s) — pula, s, PY)v(a, s).

Now define
0 0 0 Fr)
Xl 0] := 0 . and L |0 | =|HW)]|,
14 —ula,s, PY)y 14 C)
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where C(Y) := —u1 (-, -, ﬁ)P@M@, P = Plﬁ. Observe that C is a compact operator
in E, thus &> is also compact in X. By the method of characteristic lines, we see that
A + X generates a nilpotent semigroup and its perturbed semigroup by the compact
operator A is eventually compact. Hence,

o1 (A+ B[] = o1(A+ X + X2) = 01 (A + X)) = —oo.

It follows that the stability of ¥ is determined by the eigenvalues of A + B’ [V].
Accordingly, let & € C and let

/o 0 0
BS[0o| =20 for | 0] e D(A)and y #0,
4 4 ¥

where BS := A+ B'[¥].
In the following, we study the stability of the steady state. From the definition of
BS, we obtain

Va + Vs + MY + pla, s, )Y + pi(a, s, PYPYy =0
Y(a,0) = F)(a)
Y (0,5) = H()(s)
at pst
Py =[5 [o W(a,s)dsda,

(3.14)

where P = P@. Solving the problem, we get

Ya—s,00e M 5(a,s,5)

—f(f e_)‘“l'lf,(a,s, o)Pyui(a—o,s —o, }A’)l/A/(a —o,s—o)do, a—s5>0,
Y (0,5 —a)e T s(a, s, a)

—f(;l e_)‘”l'lf,(a, s,0)Pyui(a—o,5s —o, ﬁ)l&(a —o,s—o)do, a—s <0,

(3.15)

V(a,s) =

where IT5(a, s, 0) = e~ I ma=ts=t.P)T Denote a(s) = ¥ (0, 5), 5(a) = ¥(a, 0).
First we express Py in terms of « and 7. By the definition of P, we obtain

a+ a
Py :/ / n(a — s)e_)‘sl'llg(a, s, s)dsda

0 Jo
ll+ a s N N

- / [ / e_)‘al'lﬁ(a, s,0)Pyui(a—o,s —o, P)Y(a —o,s —o)dodsda
o Jo Jo
S+ s

+f / (s —a)e_)‘“ﬂﬁ(a,s,a)dads
0 Jo

S+ s a
— f / / e_)‘“I'I[;(a, s,0)Pyui(a—o,s —o, P)Y(a—o,s —o)dodads,
0 0 JO
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which implies that

(1+ a N
Py |:1+/ / / ef)‘al_li,(a,s,(r)ul(a—d,s—rr, P)Y(a —o0,s — o)dodsda
0 0 JO
S+ S a ~A A
+/ / / ef)”al'lﬁ(a,s,(r)ul(a—a,s—(r, P)Y(a —o,s —o)dodads
0 0 JO

a+ a S+ 5
= / / n(a — s)e_}‘xl'lf,(a, s, s)dsda + / / als — a)e_)‘al'l};(a, s, a)dads
0 0 0 0
=B (n, @) (3.16)

where B, : L1(0,a™) x L1(0, sT) — Ris a functional in L' (0, a™) x L1(0, sT) for
all A € R. Denote

(l+ a s
A\ = f / / e*)‘”l'lﬁ(a,s,o)pdl(a—o,s—a, f’)@(a—n,s—o)d(rdsda
o Jo Jo

S+ s a
+f /fef)“’l'llg(a,s,a)m(a—a,s—a,f’)lﬁ(a—a,s—a}dadads.
0 0 Jo
(3.17)

It follows that Py = (1 + A))™! B;.(n, «). Now plugging (3.15) into the boundary
conditions, we obtain

ll+ X
n(a) :[ / x(a, x,s)n(x —s)e‘“l’[lg(x,s,s)dsdx
0 0
(l+ X S
—Plﬂ/ / / x(a,x,5)e " z(x,s,0)
0 0o JO
ui(x —o,s —o, IS)I&()C —o0,s —o)dodsdx
.Y+ S
+/ / x(a, x, a(s —x)e_”l'[};(x,s,x)dxds
0 0
S+ S X
—Plﬂ/ / f x(a,x,s)e T s(x,s,0)
0 0 JO

ui(x —o,s —o, 13)'(/}()6 —o0,s —o)dodxds,

a(s) = /X /x B(a, x, s)a(x — a)e_}”“l'[};(a,x,a)dadx
0 0

—Py /S /X /aﬂ(a,x,s)e_)‘“l'[ﬁ(a,x,o)
0 0 JO

uila —o,x —o, IS)I/A/(a —o0,x —o)dodadx

a+ a
+/0 /0 B(a, x,s)n(a —x)e_)‘xl'lﬁ(a,x,x)dxda
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L1+ a X
—PI/// f / Bla,x,s)e "M z(a, x,0)
0 0 JO

uila —o,x —o, ﬁ)l/}(a —o0,x —o)dodxda. (3.18)

Now define

ll+ X
ssz(n,axa):/o fo X (@, x, s)n(x —s)e M p(x, s, 5)dsdx
S+ s
+/ f x(a, x,s)a(s —x)e_)‘xl'lﬁ(x,s,x)dxds,
0 0
S+ X
ng(n, a)(s) = / / Ba,x,s)a(x — a)e_)”“l'[;,(a, x, a)dadx
0 0

at pa
—i—/ / ﬁ(a,x,s)n(a—x)eikxl'lﬁ(a,x,x)dxda,
0 0

at px ps
K (@) =/ / / X(a,x,5)e T (x,s,0)
0 0 JO

uix —o,s —o, ﬁ)vﬁ(x — 0,5 —o)dodsdx,

st ps px
K3, (@) =/ / / x(a,x,s)e T s(x,s,0)
0 0 JO

ui(x —o,s —o, ﬁ)x@(x —o0,s —o)dodxds,

S+ X a
K3S)L(s):/0 /O/Oﬂ(a,x,s)e_)‘"l'lﬁ(a,x,o)

uila—o,x —o, ﬁ)l}(a — o0, x —o)dodadx,

K;f;\(s):/o /(;/(;ﬂ(a,x,s)e_)‘”l'lf,(a,x,a)

uila—o,x —o, ﬁ)lﬁ(a —o0,x —o)dodxda.

Thus, the two equations in (3.18) become

in(a) = Q01 @)@ = (L + AW)™ Buln. ) (K}, @) + K@), 519,
als) = Q5,(n, a)(s) — (1 + AQ)) ' Bi(n, @) (K3, (5) + K3, (5)).
Next, define
Q) = (97, 93)
and

M) = (1+AMW) (K (@) + K5 (@), VS(s) =1+ A0) (K () + K35 ().
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Then, it follows that

(2) = (o= (35) 2) )

Denote

MS
@f = Qf — <V£§((;l))> B;.

Since M}:9 (a)B; and VAS (s) By, are compact by the L! compactness criterion and Qf
is compact under Assumption 3.1-(iii), ®§ is also compact in LY(0,at) x LY(0, sH)
for all A € C.

In addition, under Assumption 3.1-(iv), it is easy to show that Q;SZ and M 5? (a)B;.,
VAS (s) By, are nonsupporting, then @f is also nonsupporting in L' (0, a™) x L' (0, sT)
for all A € R. Thus, we have the following results (see Kang et al. 2020).

Proposition 3.6 We have the following statements:

(i) TS:=(reC:1€0(@)))={reC:1eop(®)) whereo(A)and op(A)
denote the spectrum and point spectrum of the operator A, respectively;
(ii) There exists a unique real number )Lg € 'S such that r(@fo) = 1and )Lg > 0if

r(©3) > 1; 5 =0ifr(®)) = 1; and Ay < 0ifr(®f) < 1;

(iii) Ag > sup{ReA : A € FS\{Ag}};

(iv) Ag is the dominant eigenvalue ofés, ie., kg is greater than all real parts of the
eigenvalues oflg’s. Moreover, it is a simple eigenvalue of BS;

v) {preC:xre p(és)} ={reC:le p(@f)}, where p(A) denotes the resolvent
set ofA;A .
(vi) Ay = s(BS) := sup{Rek : A € o (B5)}.

Next, we can state the result on the stability of the steady state.

Theorem 3.7 The steady state lﬁ # 0 is locally exponentially asymptotically stable if
r(@é) < 1 and unstable ifr(@)g) > 1.

Remark 3.8 When 1/Af = 0, itreduces to the linear case considered in Kang et al. (2020)
and Qf = F,.

4 Nonlinear Double Physiologically Structured Models

In this section, we consider the following nonlinear equation with two internal
variables
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u(t,a,s) +uq(t,a,s)+us(t,a,s) =—ula,s, P(t))u(t,a,s)

u(t,a,0) = f0a+ fOS+ x(a,x,s, P(t))u(t, x, s)dsdx

u(t,0,5) = [ [ B(a, x, 5, P(O)u(t, a, x)dadx .1
u,a,s) =¢a,s)

P(t) = f()S+ f(;l+ u(t,a, s)dads

Assume that u, x, and B are differentiable with respect to P, and denote their deriva-
0

tives by w1, -, P), x1(-, -, -, P) and B (-, -, -, P), respectively. Suppose that | O | is

~

v

a steady state, i.e.,

0 0
A (2 + B 9 =0,
¥ 4
where
0 —v¥(a,0) 0 F(r)
A0 ]l :=1 —v@O,s) | andB| O | .= | HW) |,
4 —Va — Vs 4 GY)
in which

a* S+
FW)(a) = / / x(a,x,s, Py)y(x, s)dsdx,
0 0

st pat

H(r)(s) =/ / Bla,x,s, PY)y(a, x)dadx,
0 0

GW)(a,s) = —ula,s, PY)y(a,s),

where Py = [ i f0a+ ¥ (a, s)dads. Further, we make the following assumption.

Assumption 4.1 Assumption 3.1 holds with x (a, x, s) and B(a, x, s) being replaced
by x(a,x,s, P) and B(a, x, s, P), respectively. Moreover, x; and B; also satisfy
Assumption 3.1. Furthermore, (a, x, s, PY) < B(a, x,s,0) and x(a, x, s, PY) <
x(a,x,s,0) foralla,x,s >0and ¢y € D(A).

We can obtain the global existence of integral solutions of (4.1) under Assumption
4.1. Here, we are mainly concerned with the existence and stability of nontrivial steady
states of (4.1).
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4.1 Existence of Nontrivial Steady States

In this subsection, we study the existence of a nontrivial steady state ¥ # 0. From the
definition, v satisfies the following equations:

Yo +¥s +ula, s, PY)y =0
V(a,0) = F(y)(a)

4.2)
Y (0,5) = H(Y)(s)
+ gt
Py = [ [y va, s)dsda.
Solving the problem, we obtain
A J(a —s,0); s —5 >
I//'(a’s) — I/,{(a ?70) P(aasvs‘)a a s _07 (4.3)
¥(0,s —a)lp(a,s,a), a—s <0,
where I;(a,s,0) = e o ma—rs—tP)T a4q P — Pvyr. Denote a(s) =

1/}(0, s),n(a) = @(a, 0). Plugging the solution into the boundary conditions, we
have

at px
n(a) = / / x(a,x,s, P)n(x —s)z(x,s, s)dsdx
o Jo
S+ ) A
+f / x(a,x,s, P)a(s —x)I 5(x, s, x)dxds,
0 0
S+ X A
as) = / / Ba,x,s, P)a(x —a)lz(a, x,a)dadx
0 0
a+ a ~
+/ / B(a,x,s, P)i(a —x)p(a, x, x)dxda.
0 0

Define @) : R x L'(0,a™) x L'(0,5) — R x L1(0,a™) x L'(0, s7) by

2 p p b
N[ A N | » N | ~ N[ ~
Qo [n)=%0|n| 207 2|7 ) 4.4)
a & & &
where
ﬁ ll+ a
Qb | 7 Zf f fN(a—s)Mp(a,s, s)dsda
& o Jo

st ops
+/ / a(s —a)lp(a, s, a)dads,
o Jo
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P at  px .
Q% il =f / x(a,x,s, P)n(x — ) p(x, s, s)dsdx
& 0 0
X+ N R
+f / x(a,x,s, P)a(s — x)Ip(x, s, x)dxds,
0 0
ﬁ S+ X N
| 7 :/ / Bla,x,s, PYa(x —a)15(a, x, a)dadx
~ 0 0
a

at pa
+/ / B(a,x,s, P)f(a — )M p(a, x, x)dxda.
0 0

Now the existence of a nontrivial steady state is equivalent to the existence of a
nontrivial fixed point of map Q{)V . Using a similar method as in dealing with the
semilinear case, we apply Theorems 3.2 and 3.3. Noting that the Fréchet derivative of
Q' at (0,0,0)7 is given as follows:

P P
/
™o | = 0oo|n|={T"|{n].T"n].7|n]], @5
o o 0% o (0%

in which
P a+ a
TlN n =/ / n(a — s)o(a, s, s)dsda
0 0

S+ N
—i—/ / a(s —a)llp(a, s, a)dads,
0 0

a+ X
V| n =/ / x(a, x,s,0)n(x —s)Mo(x, s, s)dsdx
o o Jo
st ops
+/ / x(a,x,s,0)a(s —x)y(x, s, x)dxds,
0 Jo
P at pa
TgN n =/ / Ba,x,s,0)n(a —x)y(a, x, x)dxda
T\« o Jo
S+ X
+/ / Ba, x,s,0)a(x —a)llg(a, x, a)dadx.
0 0
P P
By Assumption 4.1, it is easy to check that Q{)V n | < TV | n | which implies that
o o

TV is a majorant of 7.
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Proposition 4.2 Let Q(])V and TV defined by (4.4) and (4.5), respectively.

0
(i) If r(TN) < 1, then Q(/)V has only the trivial fixed point | 0 | in Y4 ;
0

(ii) Ifr(TN) > 1, then Qf)v has at least one nontrivial fixed point in Y4 \{0}.

3> N>

Proof The proof is similar to that of Proposition 3.4 once noting Assumption 4.1, so
we omit it. O

Similarly, we have the following results on the existence of steady states.

Proposition 4.3 Let TV be defined in (4.5).

(i) If r(TN) < 1, then system (4.1) has only the trivial steady state 0 in D(A). .
(i) If r(TN) > 1, then system (4.1) has at least one nontrivial steady state V in
D(A)\{0};

4.2 Stability
We can verify that
at pst .
(F'(Yy)¥)(a) = PW/O /o xi(a,x,s, P)y(x,s)dsdx
at pst
—i—/ / x(a,x,s, ﬁ)w(x,s)dsdx,
o Jo
(H'(J)y)(s) = owo /0 Bi(a.x.s, P)(a, x)dadx

+fs /‘“ B(a, x,s, P)¥(a, x)dadx,
o Jo

(G' W)@, s) = —pi(a, s, PY) Py (a, s)
—ula, s, PY)y(a, s).

Now define
0 0 0 F'())y
xlol:= 0 | (o)=Y,
¥ —pla,s, PY)y 4 CW)

where C(¢) = —u1(, -, IS)ngZ, P = P@@. Observe that C is a compact oper-
ator in E and F’, H' are also compact in L! 0,a™), L! (0, sT), respectively under
Assumption 4.1, thus &> is also compact in X. By the method of characteristic lines,
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we see that A + &) generates a nilpotent semigroup and its perturbed semigroup by
the compact operator &> is eventually compact. Hence,

o1 A+BY)) =wi(A+ X+ X) =0(Ad+ X)) = —.

It follows that the stability of v/ is determined by the eigenvalues of A + B'[/]. Let

0 0 0
reCandBY 0]l =a[0]| for [0 ] € D(A) andy #0,
4 ¥ 4

where BN = A + B/[I/}]. Using the definition of BN, we obtain

Va + Y5 + AV + pia s, PYY + pi(a, s, PYPYir =0
Y@, 0) = (F'())y) @)
¥ (0,5) = (H' (H¥)(s)
l1+ S+
Py = [y [y ¥(a, s)dsda,

(4.6)

where P = Pl/;‘. Solving the initial-boundary value problem, we obtain that

Ya—s,0e M za,s,s)
— [ e_)”"l'lﬁ(a,s, o)Pyui(a—o,s —o, f’)vﬁ(a —o,s —o)do, a—s >0,
¥ (0,5 —a)e T z(a,s. a)
—foa e*)‘”l'llg(a, s,0)Pyui(a—o,s —o, ﬁ)l/A/(a —o,s —o)do, a—s <0,
4.7

Y(a,s) =

where I5(a, s, 0) = e Jo ma=ts=7. P Depote a(s) = ¥ (0,s), n(a) = ¥(a,0).
To evaluate P/, using the definition of P yields that

a+ a
Py :/ / n(a — s)ef)‘sl'llg(a, s, s)dsda
0 JO
a+ a s A A
- / / / eik(’l'llg(a, s,0)Pyui(a—o,s —o, P)Y(a—o,s —o)dodsda
0 0 JO
X+ N
+ / / als — a)ef)“’l'llg(a, s, a)dads
0 JO

st s pa
_/0 /0 /0 e”‘”l’[,g(a,s,a)Pl//m(a—a,s—d, P)lZ(a—o,s—a)dadads,
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which implies that

a+ a N
Py |:1—|—/ / / ef)‘”l'lﬁ(a,s,a)ul(a—a,s—a, P)l&(a—a,s—a)dadsda
0 0 Jo
S+ s a A A
+/ / / e_)\”l'llg(a, s,o)ui(a—o,s —o, P)Y(a —o,s —o)dodads
o Jo Jo

a+ a X+ N
= / / n(a — s)ef)‘sl'[f,(a, s, s)dsda + / / als — a)ef)‘“l'llg(a, s, a)dads
0 0 0 0
= By(n, @), (4.8)

where B, : L1(0,at) x L' (0, sT) — Risa functional in L' (0, at) x L'(0, sT) and
for all A € R. Define
at pa ps
AQ) = / / f e Mp(a,s,0)ui(a—o,s — o, PY(a—o,s —o)dodsda
o Jo Jo

S+ s a
+/ / / e_)“’l'[ﬁ(a, s,o)ui(a —o,s —o, ﬁ)l/}(a — 0,5 —o)dodads.
0 0 Jo
(4.9)

It follows that Py = (1 + A(A))_le(n, «). Substituting (4.7) in the boundary
conditions, we have

a* X
’7(‘1)=[ / x(a, x.s, P)n(x — s)e T p(x, s, s)dsdx
o Jo
a+ X N R o
_ Pw/ / / x(a,x,s, P)e—kanﬁ(x, s,o)u1(x —o,s — 0o, P)Y(x —o,s —o)dodsdx
o Jo Jo
X+ s
+/ / X(a, x,s, Pya(s —x)e M 5 (x, s, x)dxds
o Jo
st ps px R o
_ Pz/// / / x(a,x,s, P)efkar[p(x,s, o (x —o,s —o, P)¥(x — o, s —o)dodxds
o Jo Jo
Ll+ S+
+ P'/// / xi(a, x,s, ﬁ)l/}(x, s)dsdx,
0o Jo
st opx R
als) Z/ / Bla,x,s, Pya(x —a)e ™Il 5(a, x, a)dadx
o Jo

.Y+ X a
_ow / [ Bla, x,s, P)e—f\anﬁ(a,x,a)m(a—a,x—g, PYyr(a — o, x — o)dodadx
o Jo Jo

+ a

+/ Bla,x,s. Pyn(a —x)e™ s (a, x, x)dxda

0 0
ll+ a X

_Pi/// / / ,B(H,)C,S,f’)e*)\tfl'[ﬁ(él,x,O‘)/J,l(a—(7,)(—0'7 ﬁ)‘zf(a_o',X—U)do‘dxda
0 0 Jo

+P1///s /u Bi(a, x,s, P)y(a, x)dadx.
0 0
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Denote

at px
Qﬁ(n, a)(a) = /0 [0 x(a,x,s, P)n(x — s)ef)‘sl'lﬁ(x, s, s)dsdx
S+ s R
+/ / x(a,x,s, P)a(s —x)e_)‘xl_[};(x,s,x)dxds,
0 0
S+ X A
Q%(n, a)(s) = / / B(a,x,s, Pa(x — a)e_kal'[ﬁ(a, x,a)dadx
0 0
a+ a R
+/ / Bla,x,s, Pyn(a —x)e T ;(a, x, x)dxda,
0 0

a* X N R
Kﬁ(a)=/0 /0/Ox(a,x,s,P)e**"Hﬁu,s,a)

ui(x —o,s —o, 13)1/}()6 — 0,5 —o)dodsdx,

S+ N X
Kﬁ(a)=f /fx(a,x,s,P)e—“n,s(x,s,o)
0 0 JO

ui(x —o,s —o, 13)1@()6 — 0,5 —o)dodxds,

sT px pa
Kﬁ(s)zfo /0/Oﬁ(a,x,s,P)e**“nﬁ(a,x,a)

nila —o,x —o, ﬁ)l/A/(a —o0,x —o)dodadx,

a+ a X A
Kﬁ(s)=/ //ﬁ(a,x,s,P)e_“’H,s(a,x,G)
0 0 0

uila —o,x — o, ﬁ)l@(a —o0,x —o)dodxda,

at pst
Ks(a) = P¢/ / xi(a, x,s, P)ydsdx,
0 0

S+ Ll+ A A
Ke(s) = Pxp/ / Bi(a, x,s, P)ydadx.
0 Jo
Thus, n(s) and a(s) can be rewritten as follows:

n(a) = QY (n, @)@ — (1 + AQ) ' By(n, ) (KN (@) + K (a) — K5(a)),
als) = QY (i, a)(s) — (1 + A "' Bi(n, ) (KL (s) + KL (s) — Ko(s)).
(4.10)

Similarly, define

QY = @Y, e))
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and

MY (@) = 1+ A0)) UKD (@) + KN (a) — K5(a)),
VN () = (1 + A0)) KN (5) + K5 (5) — Ko(s)).

Then, system (4.10) becomes

Further, define

Since in, M{V(a)Bx, and V)fv(s)BA are compact, @iv is also compact in L! 0,a™) x
L! (0, sT) forall A € C under Assumption 4.1. Also we can show that QN Miv (a)B,.,
and VAN (s) B;, are nonsupporting under Assumption 4.1, then ® iv is also nonsupporting
in L'(0,a*) x L'(0, s) for all » € R. Thus, similar to Proposition 3.6 we have the
following results.

Proposition 4.4 We have the following statements

(i) TV :={LeC:1e0@M)}={reC:1eop(@)), where o (A) and op(A)
denote the spectrum and point spectrum of the operator A, respectively;
(ii) There exists a unique real number Af)v e I'N such that ”(®/A0) = 1 and )»(I)V >0
ifr@OY) > ;A =0ifr@®)) = 1; and A} < 0ifr(®}) < 1;
(iii) A > sup{Rei : 1 € TM\(A)' 1}
(iv) Aév is the dominant eigenvalue oféN, ie., )L(/)V is greater than all real parts of the

eigenvalues of BN . Moreover, it is a simple eigenvalue of BN;

(v) (L eC:repBV))={reC:1ep@N), where p(A) denote the resolvent
set of A;

(vi) Aév = s(éN) :=sup{ReA : A € U(EN)}.

Also similar to Theorem 3.7, we have the following result on the stability of the
steady state.

Theorem 4.5 The steady state I/Af is locally exponentially asymptotically stable if
r(@{)\') < 1 and unstable ifr(@év) > 1.

5 Age-Size Structured Models with Size-Dependent Growth Rate

Size is another very important physiological structure in population dynamics, and
size-structured models have been investigated extensively in the literature, see Cushing
(1985, 1987, 1989), Calsina and Saldana (1995), Chu et al. (2009), Chu and Magal
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(2013), Farkas and Hagen (2007), Farkas et al. (2010), and Gwiazda et al. (2010). In
this section, we apply our analytical methods to a nonlinear age-size structured model
with a growth rate term g(s) in front of u; motivated by Heijmans (1986), where the
function g accounts for the growth of the second variable which does not increase
at the same rate as age. Koijman and Metz (1984) considered a nonlinear age-size
structured model for the development of Daphnia magna whose mortality depends
on age, whereas whose fertility depends on the size. Later, Thieme (1988) formulated
the model in Heijmans (1986) as integral equations and discussed the well-posedness
of the problem. Tucker and Zimmerman (1988) studied a more general nonlinear
age-size structured model and established the well-posedness, existence and stability
of steady states. See also Sinko and Streifer (1967) and Webb (2008) for age-size
structured single-species population models and Gyllenberg and Webb (1987) for
age-size structure in populations with quiescence.

Once again, in the above-mentioned models, one zero boundary condition was
assumed. Here, we analyze a nonlinear age-size structured model with size-dependent
growth rate and with generalized boundary conditions. Biologically speaking, the clas-
sical age-size structured population would always yield a trivial boundary condition,
but if the “size” structure represents telomere length or another physiological character
as illustrated in the introduction, then it is natural to assume that the changing rate of
telomere or physiological character has its own pace depending on the specific status.
Therefore, we consider the following model

ur(t,a,s) +uqt,a,s)+ gsus(t,a,s) = Gult,-, ) (a,s),
u(t,a,0) = Fu(t, -, ))(a),

u(,0,s) = H(u(, -, -))(s),

u,a,s) =d¢(a,s).

5.1

Following the idea of Heijmans (1986), the characteristic curve through (¢, a, s) is
determined by

x — (T(x,t), A(x,a), S(x,s)),

where x is an independent variable and 7', A, S are solutions of the ODEs

dT dA ds
—=1.LT0,0)=1t; —=1,A0,a) =a;, — =g(5), S0O,s) =s.
dx dx dx

Thus,
Tx,t)=x4+1t, A(x,a)=x+a, S,s)= G_l(x + G(s)),

where G(s) = f(; z%’ s > 0, which can be interpreted as the time need to grow from

0to s and G~! denotes its inverse. Observe that G~ (a) = S(a, 0).
A classical technique to treat size-structured models is to formulate them as inte-
gral equations and apply corresponding theories to study the problems (Thieme 1988).

@ Springer



2876 Journal of Nonlinear Science (2020) 30:2847-2884

Recently, semigroup theories, including integrated semigroup theory, have been devel-
oped to study size-structured models (Farkas et al. 2010; Chu et al. 2009; Chu and
Magal 2013). In this section, we employ the integrated semigroup method to treat the
age-size structured model (5.1). To do so, first we make an assumption on g(s). The
function g(s) represents the growth rate of size or volume for a population such as a
cell population. It is assumed to be continuous and there exist two constants M, m > 0
such that 0 < m < g(s) < M for all s € [0, s™]. Obviously, G(s) is an increasing
positive function, and we assume that G(s™) < a™. Now let ¢, a, x be fixed and let
u(x) =u(T(x,t), A(x,a), S(x,s)). Then

dm
I = cuE)X).
X
Define an operator A acting on X by
0 —Y(a,0) 0
Al 0] = - (0, s) for | 0 | € D(A) := {0} x {0} x D(B),
v —Va — 8($)Ys 14

where B is a differential operator acting on E defined by

B(Y)(a,s) :=Ya + g(s)¥y, D(B) := (Y € E : ¢y € WH((0,a™) x (0,5")}.

Then, B is densely defined in E. First, we claim that A, := A — %I is still a Hille—
Yosida operator.

Lemma 5.1 A, is a closed linear operator with non-dense domain and the following
holds: D(A,) = Xo, Ay satisfies the Hille—Yosida estimate such that for all . > —%,

H(u —A*)‘IHX =T

and (. — A)"N(X4) C Xo+ for x> 0.

Proof Consider the resolvent of the operator A, as follows:

0 o
A =A)|0]=|n]|eX+
@ ¢
By the definition of A,
0 ¢(a,0)
al=Aylo]=1[ (0, 5) ,
¢ ¥ e+ (+ e
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we have
dp dy
8—+g(S)—+()»+ 1/e)p = ¢(a,s), (5.2)
a as
¢(a,0) =a(a), ¢@O,s)=n(s). (5.3)

By the method of characteristic lines mentioned above, we have

d
£ = -+ 1/6)px) + ¢ (Alx, a), S(x,s)),

which has a solution

P(x) = p(0)e*F1/Ox 4 /x e TG (A0, a), S(o,5))do.  (5.4)
0

Leta’ = A(x,a),s’ = S(x, s). We consider two cases.

(i) Choose a = 0,thena’ = x, S(—d’,s)) =G ' (=a’ +G(s") =G ' (—x +x +
G(s)) = 5. We deduce from (5.4) that

o(d,s') = 0, S(—d', s'))e 01/

!

a
+/ e @m0y (5, S(0, S(—d, s)))do, @' < G(s').
0

(ii) Choose s = 0, then s’ = S(x,0) = G~ 1(x + G(0)) = G~ (x),ie.,x = G(s)
anda’ = x +a = G(s") +a which implies that a = @’ — G(s"). Now we deduce
from (5.4) that

¢, s) = g(d = G(s), 0)e” *F1/IGE

G(s") ,
+/ e (C=0H Vg (5 +d' — G(s)), G (o)) do, a' > G(s)).
0

Thus, the solution of (5.2), (5.3) is

ala = G(s)e *H/OGW 4 [0~ GO0/ g (0 4 a — G(s), G (0))do, a—G(s) =0,

vl = {n(S(—a, s))e”GH/Oa [ e=@=)0H/Og (g, S(o, S(~a,s))do, a—G(s) <0.

(5.5)

Thus, we have
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and

o
W —A)" " n = llg(a, )llg
¢/ llx

st pat
/ / a(a — G(s))e AH/ICO qqds
0 G(s)

=<

st at G(s)
+ / / / e~ (CO=0H/) (5 4+ a — G(s), G (0))dodads
0 G(s) JO

st G(s)
+ / / n(S(—a, s))e”*+1/94q4ds
0 0

st pG(s) pa
+ / / / e~ @O+ g (5, S(a, S(—a, 5)))dodads
0 0 0

S+ a+
< / / la(a — G(s))|e” AHV/O/Mqq4s
0 0
st at G(s)
+f / / e~ CO=NOH 10 (5 4 a — G(s), G~ (0))|dodads
0 G(s) JO
st pat
+/ / In(S(—a, s))|e”*T1/99qqds
0 0

st rG(s) pa
+/ / / e~ (@014 (5, S(o, S(—a, 5)))|dodads
0 0 0

< # lell 0,0ty + ﬁ Inllz10,5+) + rll/e ¢l g
1L,my |
T )] - (5.6)
X
which implies that
max{1l, M
Jor = a0, = 555

for A > —1/e. Hence, A, is a Hille—Yosida operator with w = —1/¢ < 0. O

Thus, by a similar argument as in Sect. 2, we can also establish the generalized
variation of constant formula and obtain the global existence of the integral solution..

Now, we analyze the principal eigenvalue for the linear problem of (5.1). Suppose
that

at st
F(y)(a) =/ / x(a, x, )Y (x, s)dsdx,
0 0
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S+ a*

Hr)(s) =/ / Bla, x, s)¥(a, x)dadx,
0 0

GW)(a,s) = —ula, s)¥(a,s).

For x(a, x, s) and B(a, x, s) satisfying Assumption 3.1-(v), denote

Xsup = /
0

Consider the operator A defined by

at

X (a)da, ,Bsup = /0 B(S)ds.

V(a,0)
Ay = v (0, 5)
—VYa — ()5 — pla, )y
0 0
To find the eigenvalue of A, via the characteristic equation A | 0 | = x| 0 |, we
v 12

have

Va +8()¥s + pla, )y + 1y =0,
V(a,0) = F(y)(a), (5.7
v (0,5) = H(Y)(s).

Solving the equation by the method of characteristic curves as above, we obtain that

a(a —G(s)e "MOT(G(s),a — G(s),0), a—G(s) >0,

. (5.8)
n(S(—a,s))e **Il(a,0, S(—a,s)), a—G(s) <0,

va,s) :{

where T(x,a,s) = e Jo HAC.®.S@N0 anq g(a) = ¥(a,0), n(s) = (O, s).
Plugging them into the boundary conditions, we get

st G(s)
aa) = f / x(a, x, )n(S(—x, s))e *TI(x, 0, S(—x, s))dxds
0 0
S+ a+
+/ f x (@, x,s)a(x — G(s)e *°OI(G(s), x — G(s), 0)dxds,
0 G(s)

st G(x)
n(s) = / / Ba, x, s)n(S(—a, x))e_)‘aH(a, 0, S(—a, x))dadx
0 0

+/S B(a, x, s)a(a — G(x))e " YIT(G(x), a — G(x), 0)dadx.
0 G(x)

@ Springer



2880 Journal of Nonlinear Science (2020) 30:2847-2884

Next define T, : L'(0,at) x L'(0,s7) — L'(0,a™) x L'(0,s%) by ' (a, ) =
(T1a(a, 1), T2s (e, 1)), where

st pG(s)
i, n)(a) = / / x(a, x,s)n(S(—x, s))ef)‘xl'[(x, 0, S(—x, s))dxds
0 S+0 "
+/ / x (@@, x, )ax — G(s)e *COTI(G(s), x — G(s), 0)dxds
0 JG(s)

st rG(x)
o (e, n)(s) = / / Ba, x, s)n(S(—a, x))ef}‘“l'[(a, 0, S(—a, x))dadx,
0 0

S+ a
+/ Ba, x, )a(a — Gx))e **I(G(x),a — G(x), 0)dadx.
0 G(x)

By using similar arguments as in the previous sections, we can conclude that Ty, is
compact for all A € C and nonsupporting for all A € R in L'(0,a™) x L'(0,s)
under Assumption 3.1. It follows that .4 has a principal eigenvalue A, which satisfies
r(I'y,) = 1 and is simple, see Kang et al. (2020). Next, we want to study the relation
between the basic reproduction number Rg and g or G, where R := r(I'p), see also
Kang et al. (2020).

We have the following estimates

at st G(s)
I (. ) = / / / x(@, x, )n(S(—x, s))e " I(x, 0, S(—x, 5))dxdsda
0 0 0

[l+ A‘+ [l+
+/ / / x(a, x, )a(x — G(s)e *COTI(G(s), x — G(s), 0)dxdsda
0 0 G(s)
a+

+

K G(s)
< / Y(a)da / n(S(—x, 5))ds / e Hx gy
0 0 0

(l+ (l+ .Y+
+ / Y(a)da f a(x — G(s))dx / e~ G g
0 G(s) 0
Xsup M
= 3 i ||n”Ll+(0,x+) + Xsup ”OlllLLr(()yaJr) m
max{1, M},
< ﬁ" ller. I - (5.9)

Similarly, we have

max {1, M}Bsup (@,

M) (a, <
IT2: (e, M| i

-

Thus,

max{1l, M} max{ﬂsupa Xsup}

r <
I < "
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It follows from the well-known Gelfand’s formula that

max{1, M} max{,Bsups Xsup}
m

r(Cy) <

In summary, the basic reproduction number is bounded by the upper bound of g.

In this section, we only considered g dependent on the size s, which can be directly
treated by integrated semigroup setup, so that we can easily perform the change of
variables, solve the solution and give the estimate of basic reproduction number in
terms of g. In fact, there are many single size structured models which deal with more
complicated cases, see Cushing (1985, 1987, 1989), Calsina and Saldana (1995) and
Gwiazda et al. (2010), where g is a multivariate function about both size and the
total population. The methods adopted in this paper might not be directly applied
to study systems with more complicated size operators. Thus, other methods such
as formulating the size dynamics via integral operators could be used to treat such
problems.

6 Discussion

In this paper, we studied nonlinear double physiologically structured population mod-
els with two internal variables via the theory of non-densely defined operators and
integrated semigroups. Motivated by the theory of age-structured models with a sin-
gle internal variable in Webb (1984), we considered semilinear and nonlinear equations
and studied the existence and stability of nontrivial steady states for both kinds of non-
linear equations. Further, we generalized techniques to deal with a nonlinear age-size
structured model with a growth rate term g(s) in front of u; and provided an analysis
for the principal eigenvalue of the non-densely defined operator in terms of the bound
of g(s).

It would be interesting to employ or extend our techniques to investigate non-
linear systems with two physiological structures, such as the chronological-age and
infection-age structured epidemic models (Hoppensteadt 1974; Inaba 2016; Laroche
and Perasso 2016; Burie et al. 2017), age and another physiological (maturation, size,
stage) structured population models (Dyson et al. 2000a, b; McNair and Goulden 1991;
Matucci 1995), and cell-age and molecular content (cyclin content, maturity level,
plasmid copies, telomere length) structured cell population kinetics models (Bekkal
Brikci et al. 2008; Bernard et al. 2003; Kapitanov 2012; Stadler 2019). We leave these
for future consideration.

Acknowledgements We would like to thank the three anonymous reviewers for their helpful comments
and suggestions which helped us to improve the presentation of the paper.

A Appendix: Positive Operators
In this “Appendix”, we recall some definitions and results of positive operator theory

on ordered Banach spaces from Inaba (2006). For more complete exposition, we refer
to Heijmans (1986); Marek (1970), and Sawashima (1964).
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Let E be a real or complex Banach space and E* be its dual (the space of all linear
functionals on E). Write the value of f € E* aty € E as (f, ¥). A nonempty closed
subset E is called a cone if the following hold: (i) Ex + E4 C E4, (i) AEx C E4
for A > 0, (iii) E+ N (—E4+) = {0}. Define the order in E such that x < y if and
onlyif y —x € E4 and x < y if and only if y — x € E;\{0}. The cone E is
called total if the set {yy — ¢ : ¥, ¢ € E.}is dense in E. The dual cone E is the
subset of E* consisting of all positive linear functionals on E; that is, f € E7 if
and only if (f, ) > Oforall v € E . ¢ € E is called a quasi-interior point if
(f.¥) > Oforall f e EX\{0}. f € E7 is said to be strictly positive if (f, ¥) > 0
forall y € EL\{0}. The cone E is called generating if E = E — E and is called
normal if E* = EY — E7.

An ordered Banach space (E, <) is called a Banach lattice if (i) any two elements
x,y € E have a supremum x V y = sup{x, y} and an infimum x A y = inf{x, y} in
E; and (i1) |x| < |y| implies ||x|| < |ly| for x,y € E, where the modulus of x is
defined by |x| = x V (—x).

Let B(E) be the set of bounded linear operators from E to E. T € B(E) is said
to be positive if T(E4) C Ey.ForT,S € B(E),wesay T > Sif (T — S)(E;) C
E4. A positive operator T € B(FE) is called semi-nonsupporting if for every pair
V¥ € Ef\{0}, f € E}\{0}, there exists a positive integer p = p(y, f) such that
(f, TPy) > 0. A positive operator T' € B(E) is called nonsupporting if for every
pair € E4\{0}, f € E}\{0}, there exists a positive integer p = p(v, f) such that
(f, T"¢) > Oforall n > p. The spectral radius of T € B(E) is denoted by r(T).
o (T) denotes the spectrum of T and o p (T) denotes the point spectrum of T. If there
exists a nonzero x € E which satisfies Tx = Ax, X is called a proper value and x a
proper vector corresponding to A.

From results in Sawashima (1964) and Inaba (2006), we state the following propo-
sitions.

Proposition A.1 Let E be a Banach space, and let T € B(E) be compact and semi-
nonsupporting. Then, the following statements hold:

(i) r(T) € op(T)\{0} and r(T) is a simple pole of the resolvent Al — T'; that is,
r(T) is an algebraically simple eigenvalue of T ;

(ii) The eigenspace of T corresponding to r(T) is one-dimensional and the corre-
sponding eigenvector W € E is a quasi-interior point. The relation T¢ = u¢
with ¢ € E implies that ¢ = c for some constant c;

(iii) The eigenspace of T* corresponding to r(T) is also a one-dimensional subspace
of E* spanned by a strictly positive functional f € EY.

Proposition A.2 Let E be a Banach space with positive cone E which is total. Let
T € B(E) be positive and have the resolvent Al — T with the point r(T) as its pole.
Then, T is a semi-nonsupporting operator if and only if r(T) > 0 and T satisfies (A),
where

(A) Every proper eigenvector corresponding to the proper eigenvalue r(T) lying in
E_ is a quasi-interior point of E and every proper eigenvector corresponding
to r(T) lying in E7 is strictly positive.
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