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Abstract. We establish the existence of traveling front solutions and small amplitude trav-
eling wave train solutions for a reaction-diffusion system based on a predator-prey model
with Holling type-II functional response. The traveling front solutions are equivalent to het-
eroclinic orbits in R* and the small amplitude traveling wave train solutions are equivalent to
small amplitude periodic orbits in R*. The methods used to prove the results are the shooting
argument and the Hopf bifurcation theorem.

1. Introduction

The purpose of this paper is to establish the existence of traveling wave solutions
and small amplitude traveling wave train solutions for a reaction-diffusion system
based on a predator-prey interaction model:

up = diuxx + Au(l — g) — Brig, 0
w; = dywyy — Cw + D%,

where all parameters in (1) are positive. The functions u(x, ¢) and w(x, t) are the
densities of the prey and predator, respectively, d; and d; are the diffusion coeffi-
cients, A is a growth factor for the prey species, C is the death rate for the predator
in the absence of prey, K is the carrying capacity, B and D are the interaction rates
for the two species, the parameter E measures the “satiation” effect: the consump-
tion of prey by a unit number of predators cannot continue to grow linearly with
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the number of prey available but must “saturate” at the value 1/E, see Freedman
[6] and May [11]. The reaction term is a Holling type-II functional response.

The existence of traveling wave solutions in special cases of the predator-prey
system (1) and its variants has been studied by many researchers. Gardner [7] proved
the existence of traveling wave solutions connecting stable spatially homogeneous
solutions by using a modification of the Conley index called the connection index.
See also Mischaikow and Reineck [12]. Dunbar [1,2] investigated the existence of
traveling wave solutions for a diffusive Lotka-Volterra model. The traveling wave
solutions observed in Dunbar [1,2] are not necessarily monotone but for certain
parameter values have damped oscillations at one end of the traveling wave front.
Dunbar [3] considered system (1) with d; = 0 and proved the existence of periodic
orbits and traveling wave solutions, that is, heteroclinic orbits connecting a point
and a periodic orbit or connecting two points. We refer to Murray [13] and Volpert
et al. [16] for more detailed results and references.

Numerical simulation in Owen and Lewis [14] show that system (1) withd; # 0
and dy # 0 possesses traveling wave solutions. They also mentioned that it is an
interesting open problem to prove the existence and convergence of the initial data
to traveling wave solutions for system (1). In this paper, we consider system (1)
whend; # 0and d> # 0 and establish the existence of traveling wave solutions and
small amplitude traveling wave train solutions of system (1). The technique used to
establish the existence of the traveling wave is a shooting argument in R* together
with a Liapunov function and LaSalle’s Invariance Principle. The existence of a
traveling wave solution is guaranteed by the nonequivalence of a simply connected
region and a punctured disk, rather than the nonequivalence of an interval and a
disconnected union of two intervals, see Dunbar [1-3].

We should mention that although the techniques we use to show the existence
of traveling wave solutions in this paper are similar to that in [2], there are several
differences. First, it is a different model. The system considered in [2] is a Lotka-
Volterra model while system (1) has a Holling type-II functional response, so it is
more difficult to establish the existence of traveling wave solutions. Secondly, we
construct a different Wazewski set W which is more complex. Finally, we construct
a different Liapunov function to prove our result. Also, the arguments we use to
establish the existence of small amplitude traveling wave train solutions are similar
to that in [3]. However, in [3], since d; = 0 the traveling wave equations is a system
in R> while we study a system in R?, the geometry in R* is more complicated than
in R3.

For further simplification, taking

B C d A
u* = Eu, w*:—w, t'=Ct, ¥ = |—x, d:—l, o= —,
C d> d> ECK
d>
b=FEK, = —,
p EC

and dropping the stars on u, w and the primes on x, ¢ for convenience, we obtain

Uy = duyy +ulab —u) — 21,
{ t xx pu T+u )

w,:wxx—w(l—l_m.
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There are several reasonable parameter restrictions. First, we require that b > 1
or equivalently that E > %, so that the satiation effect is great enough. We also re-
quire that 8 > @ > 1, which ensures that equations (2) has a positive equilibrium
point correspondlng to constant coexistence of the two species. Finally, « > 0 and
0 < d < 1, the latter indicates that the prey population does not disperse faster than
the predators. System (2) has three equilibrium points: (0, 0), (b, 0) and (ug, wy),
which are equilibria of the corresponding ODE system without diffusion, where

ﬁ, wo = a(’B i 1 + 1D - ﬁ).

The equilibrium point (0, 0) corresponding to absence of both species is a saddle
point, (b, 0) corresponding to the prey at the environment carrying capacity in the
absence of predators is also a saddle point, and (z, wg) corresponds to co-exis-
tence of the two species. The traveling wave solution which will be established by
the shooting argument is a heteroclinic orbit connecting (b, 0) and (ug, wop).

The paper is organized as follows. In section 2 we first recall a lemma which
is a variant of the Wazewski’s Theorem and is the main tool in proving one of the
main theorems. Then we state the main results on the existence of traveling front
solutions and small amplitude traveling wave train solutions. Section 3 is devot-
ed to the proofs of the main theorems. Finally, a brief discussion is presented in
section 4.

uyg =

2. Main results

In order to establish the existence of traveling wave solutions of system (2), we
assume that the solutions have the special form u(x,t) = u(x + ct), w(x,t) =
w(x + ct), where s = x + ct, the wave speed parameter c is positive. Then system

(2) becomes
ci' =du’" +oaulb—u) — ,
{ Buw & 3)
1+u "

cw =w' —w+

Here ’ denotes the differentiation with respect to the traveling wave variable s.
Recalling the ecological motivation, we require that the traveling wave solutions u
and w are nonnegative and satisfy the boundary conditions:

u(—o0) = b, u(+o0) =ug, w(—o0) =0, w(+oo) = wo. (@)

Rewrite system (3) as a system of the first order equations in R*

/

u' =v,
v = gv+ Ju(u— b)+d(1+u), 5)
I

w :Z9

z/:cz—i—w—’?i’;}.

Recall the following result (see [3], pp.1069) which is a variant of the Wazew-
ski’s Theorem and is a formation and extension of the shooting method. The proof
can be found in [3].
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Consider the differential equation:

y=f, '=d/ds, yeR", (%)

where f : R" — R" is a continuous function and satisfies the Lipschitz condition.

Let y(s, yo) be the unique solution of (*) satisfying y(0, yg) = yo. For convenience,

set y(s, yo) = yo - s, let Y - S be the set of points yg - s, where yg € Y, s € S.
Given W C R", define

W™ ={yo€ W|Vs >0, y-[0,5) € W}.
W is called the immediate exit set of W. Given & C W, let
0 ={y € ¥ |3s0 = s0(yo) such that yo-so ¢ W}
For yg € 0 define
T (y0) = sup{s|yo - [0, 5] € W}.

T (yo) is called an exit time. Note that yo - T (yg) € W™ and T (yg) = 0 if and only
if yop e W™

Lemma 2.1. Suppose that

(i) if yo € X and yo - [0, s]1 S cl(W), then yy - [0, 5] S W;
(ii)ifyoe Z,y0-5s € W,yg-s ¢ W™, then there is an open set Vg about yq - s
disjoint from W~
(iii) ¥ = X0, = is a compact set and intersects a trajectory of y' = f(y) only
once.

Then the mapping F (yo) = yo- T (yo) is a homeomorphism from X to its image
on W—.

A set W C R" satisfying the conditions (i) and (ii) is called a Wazewski set.
Now we state the main results as follows.

Theorem 2.2. (i) If0 < ¢ <,/ W, then there are no nonnegative solutions

of system (5) satisfying the boundary conditions (4).
(ii) If e > JHE=D el o g o Lbeand (1 — o) (B — 1) > {55 /22,

then there are nonnegative solutions of (5) satisfying the boundary conditions
(4), which correspond to traveling wave solutions of system (2).

b+l 1
Theorem 2.3. If %= < B < e then as the parameter B crosses the

bifurcation curve ¢* = ﬁ — ddtdip o Bo in the (B, c)-parameter plane, where

-
r = % - % <0, p= @bB=D= 0, then system (5) undergoes a Hopf

bifurcation at the equilibrium point (ug, 0, wo, 0) and there is a small amplitude
periodic solution, which corresponds to a small amplitude traveling wave train
solution of system (2).
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3. Proofs of the main results
3.1. Proof of Theorem 2.2

The eigenvalues of the linearization of (5) at (b, 0, 0, 0) are

: 2 4ab _ 2 _ 4bB—=1-b)
i~ EtT c c b
2

B}

)\.1 = s, )\,2 = s
2
. c 2 | dab
A3 = e Ay = > .

IfO0<c<,/ %—};1’), A2 and A3 are a pair of complex conjugate eigenvalues with
positive real part. By Theorems 6.1 and 6.2 in [9], there is a 2-dimensional unstable
manifold base at (b, 0, 0, 0), the point is a spiral point on this unstable manifold,
and the trajectory approaching (b, 0,0, 0) as s — —oo must have w(s) < 0 for
some s. This violates the requirement that the traveling wave solution must be
nonnegative. So the first part of Theorem 2.2 is proved.

We only need to discuss the case ¢ > ,/ W in the following. It is easy
to know that A1 < 0 < A2 < A3 < A4, the eigenvectors e3, €3, e4 associated with
A2, A3, A4, TESpectively, are

ex = (1,2, p(A2), Aap(R2)), e3 = (1, A3, p(X3), A3p(X3)), esa = (1,14,0,0),

where p(1) = HL[(d — 1)a? — 25212 — ab] < 0. By Theorems 6.1 and 6.2 in [9],
we know that there is a strongest unstable manifold €2 tangent to e4 at (b, 0, 0, 0),
and a parametric representation for the 1-dimension strongest unstable manifold

21 in a small neighborhood of (b, 0, 0, 0) is
fi(m) = (b,0,0,0) +meq + O(|m|).

There is also a 2-dimension strongly unstable manifold €2 tangent to the span
of e4 and e3 at (b, 0,0, 0), and a parametric representation for the 2-dimension
strongly unstable manifold €2; in a small neighborhood of (b, 0, 0, 0) is

Ja(m,n) = (0,0,0,0) + meq + neq + O(|Im| + |nl).

Finally, there is a 3-dimension unstable manifold €23 tangent to the span of
es,e3 and ey at (b, 0,0, 0), and a parametric representation for the 3-dimension
unstable manifold 23 in a small neighborhood of (b, 0, 0, 0) is

frm,n, 1) = (b,0,0,0)" + meq + neq +les + O(Im| + |n| + |1]).

The idea of constructing the Wazewski set W is similar to that in Dunbar [2]:
it will be the complement of four blocks in R*, two of which are chosen so that 7/
has the same sign as z so solutions entering these blocks would not have z — 0 as
s — 00, the other pair of blocks are chosen so that v" has the same sign as v and
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so solutions entering these blocks will not have v — 0 as s — o0. Define W as
follows

W=R"(PUQUTUYS),

where

0 ={(u,v,w, z2)|u > up, w < wo, z <0},

S = {(u, v, w, )| > ug, @@ — b) + —0— > 0,v > 0},
14+u

T = {(u, v, w, 2)|u < up, @@ —b) + —— < 0,v < 0}.
1+u

Note that PNT # @, QNS # @, while all other pairwise intersections are empty.
We have

W = (dP\T)U (0Q\S) U (dT\P) U (3S\Q),

W™ = dW\({(uo, 0, wo, 0)} U J1 U Jp),

N = {(u,v, w, 2)|lw =z =0},

H = {(u,v,w,z)lu=v=0}
Also

Ji={u, v, w,2)u > uy,w <0,z =0}
U{(u, v, w,2)lu =b,w < wp,v <0,z =0}

U{(u,v,w,z)|u>u0,a(u—b)+i>0,v§0,z:0}

14+u

U{(u,v,w,z)|u>u0,a(u—b)+L=0,w§w0,v=0,z=0}
14+u

U{(u, v, w, 2)|u > ug, a(u — b) + =0,w > wy,v <0,z=0}
14+u

U{(u, v, w, 2)|u > up, a(u — b) + =0,w > wg, z <0},
14+u

H={w,v,w,2)u=0,w=<ab,z<0,v=0}
U{(u, v, w,2)lu =0, w < wp,z>0,v =0}

Ui, v, w, Dlu < 0, a(u — b) + —— = 0,v = 0}
1+u
U{(u,v,w,z)lu<0,a(u—b)+%<0,w2wo,z<0,v=0}
u

U{(u, v, w, 2)|u <uo,a(u—b)+L <0, w < wy, v =0}
14+u

w
U{(u, v, w, 2)lu < ug,a(u —b) + —— =0,z < 0,v < 0}.
14u
J1 is the set of points on 8 W which do not exit from W into Q, T or S, this can
occur in three ways. Some points in the invariant manifold N may not enter 7 or
S immediately, of course, they will remain in N for all time and so do not enter Q.
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Points on dW with z = 0, w < 0 will enter W from Q and so will not be immediate
exit points. Points on d W with «(u — b) + % =0,u > uy, w > wp, z < 0will
not be immediate exit points.

J> is the set of points on W which do not exit immediately from W into P, or
T, this can also occur in three ways. Some points in the invariant manifold H may
not enter P immediately, they will remain in H for all time and so do not enter 7.
Points on oW withu < 0, x(u — b) + % < 0, v = 0 will not be immediately
exit points. Points on dW with a(u — b) + % =0,u < ug,z < 0 will not be
immediate exit points.

The details of proving that W~ is the set described above are tedious, we just
give the proof of one part of W, 9T\ P, and the other proofs are similar.

The boundary of 9T are u = ug, x(u — b) + % = 0 or v = 0. We consider
the following cases to discuss a7\ P.

(1) u=uy, w=wp, v<O0.
(i) z < 0,then w < wp. v < 0 implies that u < ug. Direct calculation shows

that
w / w Z
a(u—b)+ = [v(a— )+ ] < 0.
[ ( ) 1+ u] (ug,v,wq,2) 1+ M)2 1 4+ udlwo,v,wo,2)
Hence, the trajectory enters 7.
(ii) z =0, since v < 0, then u < uq, and
o —b)+ =] [ - —] 0
o(u — =|vla—— < 0.
1+ u” Tuo,v,wo,z) 14+ u)2 (ug,v,wo,2)
So the trajectory also enters 7.
(iii) z > 0, then w > wyp, z > 0, u < uo, the trajectory enters P.
2) u=uy, w<wp, v<Oo.
Since v < 0 implies that # < ug, and at the point u = ug, we have
w wo
ou—>b)+ —— =a(ug—b) + < a(ug —b) + =0.
( )1+u (uo )1+uo (uo )1+u0
That is, the trajectory enters 7.
3) u =ug, w=wgy, v=0.
(1) z =0, this is a singular point and is not in the immediate exit set.
(i) z > 0, then w > wgy. We have
, 1 [ +au by + wu ]
vV =—|cv+au(u — =0,
d 1+ u o, wo)
1 wu z wv
v = —[cv’—i—v(a u—>b +—)+u av + — ]
d ( ) 1+4+u [ 1+u (1+u)2] (10, wo)

11 uz
dL1 4+ udo,wo)

This implies that u is increasing, and v has a minimum, hence v > 0.

Since [a(u — b) + %]’ = %/u > 0and a(ug — b) + l'j—go =0, we get

a(u—b) + % > 0. Therefore, the trajectory enters S.
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(iii) z < 0, then w < wgy. We have

1 wu
!/ — _ _b :I :Ov
v d [CU +ou(u )+ 1+ u dl(uo, wo)
1 wu z wv
" /
v d[cv +v(a(u )+1+u Fulav + 14+u (1+u)2] (10, wo)

Ir uz
- _[ ] = O’
d L1+ ulwo,wo)

which implies that o (u — b) + % < 0. Hence, u is decreasing, v has a
maximum, and v < 0, so the trajectory enter 7.
4) u=ugpg, w<wp, v=_0.
Since

[cv +ula(u — b) + r]] w0

U/|u=u0 =

—_ | =

~ ] =0,
1+ ug

! b
< E[uo[a(uo —b)+

and

a(u—b)+ |u uo—a(uo—b)+1+u0

< a(ug—b) +

14 ug
Hence, the trajectory enters 7.
5) 0 <u <ug, a(u—>b)+ 1"’ =0, v<O.
(i) z>0,sincew =a(b—u)(14+u), wo =ab—ug)(14+ug),and g < 1+b,
thenug > b — 1, and w — wg = a(u — ug)(u + ugp + 1 — b) > 0. Hence
w > wo, the trajectory enters P.

(ii)z:O,sinceﬂ<1+b,thenl /3+—>1 ,8—{——>0and
z/=cz+w—’?f;_w[l ﬂ+1 1 > 0, that is, z > 0. Similar to that

proof of (5i), we have w > wy, so the trajectory enters P.

(iii) z < O, the trajectory does not enter either P or T, and this is included in the
portions of J5.

6) 0 <u < ug, oz(u—b)—i—%:O, v=0.

/
(1) z < 0, then w is decreasing, and [oc(u —b) + %] = % < 0, that is,

14+u
a( —b) + 14 < 0. Since v/ = é[cv + au(u — b) + fﬂ_”u] = 0 and
1
v = J[CU +vla( —b) + 1351 + ulav — ﬁ]] = 4142 < 0
then v is decreasing and has a maximum. Hence v < 0, the trajectory enters

T.

(i) z =0,thenz’ = cz+w[l— 1Jru] =w[l-8+ 1Jru] > w[l—,B—l— 1+M0 =0,
which implies that z > 0. Similar to (5i), we have w > wy, the trajectory
enters P.
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(iii) z > 0, the trajectory enters P.
(7 =1 <u<0, oe(u—b)—i— 1$u =0, v=0.

(1) z <0, thenv' =0, v’ =7 l’fu > 0, so v has a minimum and v > 0, but
ot — b) + 121 = {2 < 0, which implies that & (u — b) + 12 < 0, the

trajectory does not enter either 7, S or P, Q immediately.
(i) z = 0,then 7/ = cz + w[l — B + H_iu] > 0, which implies that z > 0,

"=0, V' = % < 0, so v is decreasing and has a maximum. Hence
v < 0. Direct calculation shows that [a(u — b) + 1+Lu]/ = Hz-_u > 0, that is,

a(u—>b)+ % > 0, the trajectory does not enter 7. Similarly, the trajectory
does not enter P, Q, S;
(iii) z > 0, the trajectory does not enter either 7', S or P, Q immediately.
Hence, regardless of the sign of z, this is a part of J5.
(8) 0 < u < ug, a(u—b)+1+iu<0, v=0, w> wp.
() z < 0, then o' = }[cv + ulaw = b) + 21 < 0, this implies that v is
decreasing and v < 0, so the trajectory enters 7.
(i) z=0,thenz =cz+w[l — B+ 1+u] >w[l -8+ 1+u ——] =0, thatis, z
is increasing, and z > 0. The trajectory enters P.
(iii) z < 0, these points are in P and not considered.
9) 0 <u < up, a(u—b)+%<0, w < wy, v=0.
We have v/ = %[cv + ula(u — b) + %]] < 0, which implies that v is
decreasing and v < 0. Hence, the trajectory enters 7.
(10) u <O, a(u—b)—i—l% <0, w>wy v=0.
(i) z > 0, these points are in P and will not be considered.
(i) z =0, since 7’ = cz + w([l — 1+u] =w[l-+ 1£ ] > 0, which implies
that z is increasing, we have z > 0, so the trajectory enters P.
(iii) z < 0, then v/ = é[cv + ula(u — b) + %]] > 0, that is, v is increasing
and v > 0, the trajectory does not enter either 7, Q or P, S immediately,

this is included in J2
a1 u <0, a(u —b) + = T <0, w<wy, v=0.

We have v/ = a[cv + ula(u — b) + %]] > 0, and v > 0, the trajectory

does not enter either 7', Q or P, S immediately, this is included in J5.
12) u=0, v=0, a(u — b)-i—m <O0.
The points are on the invariant manifold H. The trajectory are the solution of

the equations

w' =z,

7 =cz+w.
Then w < ab. Since B < 72 o < lgﬂ ,we have ab—wy = auo[ﬁ~|—l—b] >
0,so ab > wy.

(i) z > 0, if w > wy, then these points are in P and will not be considered;
if w < wp, then v/ = %[cv 4+ ula(u — b) + %]] =0 =0,:-
v™ = 0. The trajectory does not enter either T, Q or P, T immediately,
this is included in J5.
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(ii) z=0,thenz = cz+w[l— %] = w > 0, zisincreasing and z > 0. Sim-
ilar to (12i), if w > wy, these points are in P and will not be considered; if
w < wo, then the trajectory does not enter either 7, Q or P, S immediately,
this is included in J5.
(iii) z < 0, the trajectory does not enter either 7', Q or P, S immediately, this is
included in J;.
(13) u=0, v=0, a(u—b)+1+iu =0, thatis w = ab > wy.
(1) z > 0, these points are in P and will not be considered.
(ii) z =0, then 7/ = w > 0, the trajectory enters P.
(iii) z < 0, the trajectory does not enter either 7, Q or P, S immediately, this
is included in J5.

In order touse Lemma 2.1, we construct the set X by a series of lemmas (Lemma
3.1 to Lemma 3.6). Then we prove that there must be a trajectory through X which
does not leave W by Lemmas 3.7 and 3.8. Finally, we choose a Liapunov func-
tion and use LaSalle’s Invariance Principle to show that the trajectory approaches
(ug, 0, wo, 0).

Lemma 3.1. Consider a solution y(s, yo) with yy € Q, and ug < b, then there
is a finite so such that u(sg, yo) < ug, v(so, yo) < 0, that is, if choose m, m;
such that my < g < M < my, my[u(0) — b] < v(0) < m[u(0) — b], then
malu(s) — b] < v(s) < milu(s) — b].

Proof. Consider the system

u =,
{v’=§v+§[a(u—b)]. ©)
The solution of (5) in N is given by (u(s), v(s), 0, 0), where (u(s), v(s)) is the
solution of (6), so the strongest unstable manifold €2; is contained in the invari-
ant manifold N. Similarly, the strongest unstable manifold €2; is contained in the
invariant manifold W.

We first consider the solution of (6), it is easy to know the solution in €21 must
approach (b, 0) tangent to the eigenvector (—1, —A4) in the region u < b, v < 0.
If the initial condition yq satisfies mo[u(0) — b] < v(0) < m[u(0) — b], take
m) < c¢/d < kg4 < my, then in the region 0 < u < b, v < 0, the trajectory of a
solution starting from €2 satisfies

malu(s) — b] < v(s) < milu(s) — b].
In fact, if there exists some s > 0 such that my[u(s) — b] > v(s), let 51 =
inf{s|mo[u(s)—>b] > v(s)}. Fors € [0, s1), we have v(s) > my[u(s) —b], v(s;) =

ma[u(sy) — bl and u(s) > 0, so v'(s;) < mou’(s1). Substituting (6) into v'(s1) <
mou’(s1), we obtain

(2 — my)v(sy) + gu(sl)[um) —b] <0.
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Using v(s1) = ma[u(s1) — b], we have
c o
(3 —mp)malu(sy) — b] + E”(Sl)[u(sl) —b] <0.

If there exists some s, such that u(s2) —b = 0,u'(s2) > 0,0 < s < s,
0 < u'(sy) <0, then u(sp) < b. Thus,

c o
mo(my — E) — Eu(sl) < 0.

\/27
Since 0 < u(sy) < b, mg(m2—§ — @ < 0, we have my < c/d+/(c/d)” +abajd

A4, this is a contradiction to the choice of mo > A4.Sowehave my[u (s) b] < v(s).
Similarly, we can prove that

v(s) < mylu(s) — b].
Since u’ = v, integrating yields

25 < u(s) <b—cre™”?

b—cie”
for s such that u(s) satisfies 0 < u(s) < b. Then for so large enough, u(sg) <
ug, v(sg) < 0.

Using the vector field, the outward direction of the line m>[u(s) —b] —v(s) =0
is denoted as n, = {my, —1}, thenn; - F' = [b — u(s)][-m2 + Gma — ";—b] <0
in the region u(s) < b, v < 0. So the trajectory enters transversally into this re-
gion. Similarly, we can prove the trajectory transversally intersects the line v(s) =
mylu(s) — b].

Lemma 3.2.

(i) A solution y(s, yo) on 21 which approaches (b,0,0,0) as s — —o0 in the
region u > b, v > 0 will remain in that region for all s.

(ii) Any trajectory which has a point such that w(0) > 0, z(0) > %w(O) will have
w(s) > 0 and z(s) > 5w(s) for all s > 0 such that u < b.

Proof. Itiseasy to check that the outward direction of the line v = O(u > b)isn; =
{0, 1}, son; - F' = Ju(u — b] > 0. The outward direction of line u = b, (v > 0)
isn; ={1,0},son, - F' = 31} > (. Thus, the region u > b, v > 0 is an invariant
region.

Suppose to the contrary that there exists an s such that u(s) < b, but z(s) < 5
w(s),lets; = inf{s|z(s) < 5,u(s) < b}.Sincew(0) > 0,fors € [0, s1), w'(s) =

z(s) > %,wehave w(sy) > 0,7 (s;)—5w'(s) < 0. Usingthatz(sl) = (¢/2)w(sy),

weobtaln——H ﬂ—l—]ﬂ(s) < 0.Sinceu(s) < b, itfollows that & +1 ﬂ+]+b

2 _ 4(bB—b—1) 4(bB—b— 1)
0, that is, ¢ < 5 @ contradiction with ¢2 > R Ev

the proof of Lemma 3.2.

. This completes
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Lemma 3.3. Let y(s) be a solution approaching (b, 0, 0, 0) and tangent to e3 in
28 [bB—1-b

the region where u < bass — —oc. Suppose that (1 —a)(B—1) = 15 55

and u(s) is decreasing until y(s) enters the region

T:{(u,v,w,z)lu>uo,w>0,a(u—b)+L<0}.
1+u

Then the solution must satisfy v(s) < —mw(s).

Proof. The solution y(s) approaches (b, 0, 0, 0) and is tangent to e3. The eigen-
vector e3 at (b, 0, 0, 0) has components v = A3(u — b), w = p(A3)(u — b), where
p(3) < 0, then v = u’ < 0. Thus u is decreasing in the region u < b. Because
0 <d <1, wehave

LA A Gl Clnll PN S A G
a(u—b)+H_—u—a(u b) + 1+u = b —-u)l 1 +u o]
P(A3)

Z(b—u)[—1+u—a]
> b;u[(l — A2+ M] 0
= b T T

Then in the region u < b, the eigenvector e3 at (b, 0, 0, 0) lies in the region where
a(u —b) + % > 0.
Therefore, asymptotically as s — —o0, the solution y(s) satisfies

ug<u<b, v<0, w>0,a(u—b)+L>O.
14+u
Now we suppose y(s) € T, v(s1) > —mw(s), and s1 is the first value
such that u(s) < b for s < s;. Lemma 3.2 implies that z(s;) > Sw(sy), thus,
a(1 4+ b)v(sy) + z(s1) > 0. Let

52 = supfs < sy|a(u —b) + e > 0}.
14+u

Sinceass — —o0, a(u—b)—i—% > 0, the value s, is finite. Sinceoz(u—b)—k% <

Ofors > spander(u(sy) —b)+ T = 0,wehave [or(u(s)—b)+roks]i_ < 0.

Rewrite the last inequality as v(s2)[a(1 — b) + 2cu(s2)] + z(s2) < 0. But as
s = s1, we have

o(s)let — w(s) z(s1)
VT TG T T uGn
= e+ auton - —2
= TM(SI) v(sy)(a + au(sy) TM(SI) z(s1)
1 v(s)w(sy)
> m[v(sl)(a(l +b) — TxuGsy) + z(sp)]

2 T ugy @t v +z60] > 0.
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By the continuity, a(u — b) + % has a positive minimum for some s3 € (s2, 51),
and y(s3) € T. Then

[oz(u—b)—i——]s =5 =0, [a(u—b)+—]s =53 20,

which can be written as

Z(s3) | 200(s3)°  w(s3)u(s3)

WD o T T uey T U xuGn)? =

Since 53 < 53 < s1, 2 (u(s3) — b) + 11%) < 0, by the assumption that (I — )

B-1 z 1+_h PEEL=L it follows that U2e83) 4 2qy(s3) > 0. Since y(s3) €

T,B > T we can see that

w(s3) u(s3)? (@b — Pus)  20w(s3)u(s3)
[1— + - I<0.
14 u(s3) 1+ u(s3) I+ u(s3) (1 + u(s3)?
Therefore
v/ (s3) + 7'(s3) 200(s3)>  w(s3)v(s3) ’

I+ us3)  T+ulsz)  (14u(s3)?

a contradiction. Thus, the inequality v(s;) >
proves Lemma 3.3.

~ 3 +b)w(s) cannot hold. This

Consider a small circle on €2, parametrically given by

b+ ecos(6 + ¢) + esin(@ + ¢) + O(¢)
Lag cos(@ + @) + A3esin(@ + @) + O(e)
p(A3)esin(@ + ¢) + O(¢) '
Azp(Az)esin(® + ¢) + O(e)

g) =

The phase g is fixed so that g(0) is on €2 in the region # < b, and the parameter 6 €
[0, 27 ]. Choose g so that as 8 increases from 0, b+¢ cos(0+¢)+¢ sin(@+¢)+ O (¢)
decreases and p(X13)e sin(f + ¢) + O (¢) increases from 0. Let A be the component
of the set {8 € [0, 27], there exists sg such that u(sg, g(6)) = ug, v(s, g(0)) <
0,s < so}. Then A contains O from Lemmas 3.1 and 3.2, A is nonempty and
bounded. Let ; = supA and y; = g(61).

Lemma 3.4. There exists an sy such that

u(so, y1) = ug, w(so, y1) > wo, v(so,y1) =0.

Proof. We prove the lemma in the following several steps.

(a) Since g(0) € Qq with u < b, if (u(sg), g(0)) = ug, then v(sg, g(0)) =
(d/ds)(u(so), g(0)) <0, so (u(so(@)), g(0)) = up for 6 in a small neighborhood
of & = 0. Therefore, 0; # 0. By Lemma 2, if g(6*) is in the branch of 1 with
u > b, then 6; < 6*.
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®) y(s,y1) & {(u,v,w,2)|lug < u < b,0 <w < wy, Vs > 0}. Otherwise,
w' =z >0,Vs > 0, sow could not be bounded.

(c) There is no s1 such that v(sy, y1) = 0, ug < u(s1, y1) < b, w(sy, y1) > 0.
Otherwise, if there exists such an sy, it is easy to know from Lemma 3.3 that
ot(u—b)—i—% > 0,ug < u(s) < b,w(s) > 0. Ifa(u—b)—i—% =0,
then from z(s) > O, it follows that w is increasing. Since v(s, y;) = 0, we have

[a(u—b)—l—l_%u]’ = li(usgs)l) > Oandot(u(s)—b)—i—l_“;,(j&) > 0, u(s) > Ofors > s7.

There exists § > 0 such that a(u(s) — b) + Trds < 0 fors € (s1 — 8, 51), then
the trajectory y(s) enters T, as in Lemma 7 of [2], it follows that v(s) > —Zw(s).
This is a contradiction to Lemma 3.3. If there exists s; such that u(s;) > O,
a(u—b)—i—l%u > 0,thenv/(s1) = cv+u[a(u—b)+l+iu] > 0, so v increases, based
on the assumption that v(sy, y1) = 0, u(s1, y1) > uo. The Implicit Function Theo-
rem and the continuity of solutions on the initial conditions imply that there exists an
s1 = s1(0) such that v(s;(0), y1(8)) = 0, u(s1(0), y1(0)) > ug for all 0 in a small
neighborhood of 6;. Since it does not occurin 7', o (u(s1(0)) — b) + % > 0,
then v/(s1(9), g(0)) > 0for® < 6. This contradicts the definition of §; and proves
the case (c).

(d) Itisimpossible thatu (s, y;) > ugholds forall s. Since u (s) is decreasing and
w(s) is increasing, w(s) cannot be bounded. If it is true, then o (u(s) — B) + % >
a(u(s) —b)+ %. Thus, a(u(s) — B) + % cannot be bounded. Argued as in the
proof of Lemma 3.1, we have v(s) > m(u(s) — b), where m; > A4q. This means
that v(s) is bounded from low by 1 (ug — b). Then v’ = Gv + 4la(u — b) + 1151
is increasing, this means that v does not remain negative, so u is not decreasing,
and this contradicts with part (c).

(e) It follows from part (c) that v(s, g(8)) < 0 as long as u(s, g(0)) > ugp, and

if there exists an sg such that u(sg, y1) = ug, w(sg, y1) < wo, then

ad < a(ug — b) + adl =0

—b
o(uo )+1+u0 14+ ug

This means that the trajectory will enter 7', then we have v(sg, g(8)) < 0. This
contradicts with the definition of 0;. Thus there is no sg such that u(sg, y;) =
ug, w(so, y1) < wo.

(f) There is no sg such that u(sg, y1) = uo, w(so, y1) = wp. Otherwise, from
part (e), if v(so, y1) < 0, it contradicts with the definition of 6. If v(sg, y;) = 0,
the trajectory will enter 7', by using the similar argument in part (c), a contradiction.

Summarizing (a) to (f), we complete the proof of Lemma 3.4.

Lemma 3.5. There exists a value 6, such that the v coordinate of g(6>) is zero and
6, > 0.

Proof. The proof is similar to that of Lemma 8 in [2] and is omitted.

We know from Lemmas 3.4 and 3.5 that solutions starting from the arc g(6), 0 <
6 < 01, on Q2 enter either the region T or P. Arg g(6) provides one side of the
quadrilateral X, the second side of the quadrilateral is composed of two portions,
one portion is an arg g(0),0; < 6 < 0, where 6, satisfies Ase cos(6 + ¢) +
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Fig. 1. The second side of the quadrilateral X.

Azesin(® + @) + O(s) = 0, let yo = g(6,), the second is an arc of the circle
of intersection of a small sphere surrounding (b, 0, 0, 0) in €2 and the hyperplane
v = 0 (see Figure 1).

Now, we construct the other sides of the quadrilateral X.

Lemma 3.6. The sphere intersects the hyperplane defined by v = 0 and z = 0 in
a smooth closed curve, and there exists a point, say y3, on the sphere such that the
v and z coordinates of y3 are both zero.

Proof. Denote

b+ ecosOsing + esinfsing + ecosp + O(¢)
Agecos B sing + Azesin@ sing + Ayecosg + O (¢g)
p(A3)esinfsing + p(Az)ecosg + O (¢e)
A3p(A3)esinf sing + Aap(ha)ecose + O(e)

8100, 9) =

We will show that there exists a C! function ¢ (6) for 6 € [0, 2] and ¢(0) € [0, 7]
such that the v, w coordinates of g1 (6, ¢) = 0 satisfy

lag cos B sing + Azesinf sing + Arecosg + O(g) =0, (7)
A3p(A3)esinf sing + Ay p(Ap)ecose + O(e) = 0. ®)

Divide (7), (8) by € on both sides respectively and denote
G0, ¢) = Agcosfsing + Azsinfsing + Arcosg + O(1), )

H(@®, ) = A3p(X3)sinfsing + Lo p(r) cose + O(1). (10)

At (02, 7/2),0G /09 = —Ay # 0,9H /3¢ # 0, so the Implicit Function Theorem
implies that, for ¢ sufficiently small, there exists a curve defined by

cotp = (hgcos6 + A3sin0)/(—A3)

such that 6 and ¢ lie in a neighborhood of the curve.
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The points which satisfy dG/d¢ # 0 are in a neighborhood of the curve defined
by
cotp = Ay/(kgacosO + A3 sin0).

Thus, 0 on the sphere given by ¢(8) may be extended to a smooth closed curve
h(@, ¢) on the sphere. We can get the similar result about (10). The proof of the
rest is similar to the first part of this lemma.

Now, we choose a small enough neighborhood of (b, 0, 0, 0) such that the con-
ditions required in Lemma 3.1 to Lemma 3.6 are satisfied.

Let ¢ be small enough to ensure the conditions required in Lemmas 3.5 and
3.6. We know from Lemma 3.1 to Lemma 3.6 that there is a topological triangle
defined on the sphere, the three corners are yy which is determined by Lemma 3.1,
y2 = g(62), and y3 which is determined by Lemma 3.6. But this triangle does not
satisfy the requirement (ii) of Lemma 2.1 because there has a small neighborhood
in R* around the point (b, 0, 0, 0) which contains points of W~. So we need to
modify the corner yg. As in [2], from Lemma 3.6, let U be a small neighborhood
in R* around the point yg. Let U be small enough so that it does not contain y; or
v3. Also let U be small enough so that if y* € U, then there is an so(y*) such that
u(so(y*), y*) = ug. Recall that y(s, yo) crosses u = ug transversally at s = sp.
Let E be a small ball in R* centered at y, contained in U. Consider the curve of the
intersection of the sphere d E with the sphere in 23 defined by %(6, ¢). This curve
is the fourth side of X. Let y4 be the intersection of d W with the arc of intersection
of the sphere defined by % (9, ¢) and the hyperplane z = 0, let y5 be intersection
of the sphere defined by g(8). Thus, we have determined the third and fourth sides
(see Figure 2).

Lemma 3.7. There exists a y* € X such that the solution y(s, y*) = (u(s), (vi(s),
wi(s), z1(s)) remains in the region W, and 0 < u1(s) < b,0 < wi(s) < L, where
L is a some positive real for all s.

Proof. Ttis easy to see that the set W is closed. In order to use Lemma 2.1 to prove
this lemma, we need to check the conditions (ii) and (iii) of Lemma 2.1. Suppose

S

Fig. 2. The four sides of the quadrilateral X.
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yo € 2,8 < T(y),Y(s,y0) € Wand Y(s,yy) € W~. Since W~ C intW or
W= COaW\W™,if Y (s, yo) € intW, then there is an open set U around Y (s, yo)
disjoint from dW.

IfY (s, yo) € OW\W~,because N and H are invariant manifolds, Y (s, yg) &€ N
or H. There are several cases need to be eliminated.

If Y (s, yo) is in the portion of IW\W™ with u > ug,w < 0,z = 0, then
7 =cz+wd - B+ %) > w(l -8+ 1%{0) = 0 and the trajectory was
previously in the set Q, this contradicts with the assumption that s < 7 (yp).

If Y (s, yo) is in the portion of dW\W ™ withu < 0, «(u —b)+% <0,v=0,
then v' = Jv + Zla(u — b) + 1751 > 0 and the trajectory was previously in 7,
this contradicts with the assumption that s < T (yp).

By construction it follows that ¥ is compact, intersects each trajectory only
once and is simply connected. If & = £, since W™ is not simply connected, by
Lemma 2.1, this is impossible. So & # X9, that is, there exists some point y* such
that Y (s, y*) € W for all s.

Suppose s is the first time such that wy(s;) > L with u(s;) < uop, since
Y(s, y*)isin W, Y (s, y*) € P, so z1(s1) < 0. This implies that w(s) is decreas-
ing and must have exceeded L at some other time s, # s1. This contradicts with
the first time s1. Therefore, wq (s) is bounded. Similarly we can prove that u1(s) is
bounded.

Lemma 3.8. The solution y(s, y*) remains in Q for all s, where

1 B
— 2 4B —-1——).
q>2(c+\/c # )
1 L+1 ba
Q={u,v,w, )0 <u <b,0<w<L,——w<z<qw, — u<v< —uj.
c c

Proof. Suppose there exists an s1 such that z1(s1) < —%w 1(s1). If there exists an

sy such that z(sp) = —%wl(sz), then z’l (s2) + %w’l(sz) > 0. Substitution from
w=zandz =cz+w— 'lgill‘: yields
11 B
——(=t+awi(s2) +wils)[1 =+ ———120,
cc I+ ui(sy)
11 B
——(=+awi(s2) +wi(s)[1 =B+ ———1=0.
cc 1+5b

These imply that —Ciz > 0, a contradiction, so it follows that z;(s) < —%wl(s 1)-
The inequality continues to hold for s > sy, so 2} (s) = cz1(s) + wi(s)[1 — B +

1++1<;>1 <cz1(s) + wi(s) < 0and z1(s) < z1(sy) for s > s1. Therefore w’l(s) is

strictly negative and bounded away from zero by z;1(s1), and wi(s;) < O for some
finite s. This is a contraction. The proof of the rest of the lemma is similar.

Lemma 3.9. The trajectory y(s, y*) — (ug, 0, wo, 0) as s — +o0.
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Proof. The characteristic equation of systems (5) linearized at (uq, 0, wop, 0) is
given by

2
e 2 ab(B—1)—a
—(c+ )A y £ +d)»+—d/3 =0. (11)

where r(B) = ‘%H’) ﬂz . Since bzl <B < %,wehaver <0, “b(ﬁd% >
0. By using the Routh- Hurw1tz criteria, we can see that the characteristic equa-
tion has two eigenvalues with positive real part and two eigenvalues with nega-
tive real part. By Theorem 6.2 of [9], there is a 2-dimensional stable manifold at
(up, 0, wop, 0). In order to show the trajectory will approach the point (ug, 0, wo, 0),

we construct a Liapunov function as follows
v w Z w

V =[c(u—ug)—dv]+upold ——clog —]4uplc(w—wp)—z]H+uowo[——clog —1.
u wo w wo

It is easy to see that V (u, v, w, z) is continuous and bounded below on €2, and

v aVv av aVv av
P R PR L M
2 2
= uz + o —ug)(b —u) — ] —:—Du — uozgz []uj—wu — uow]
Buouw Buowou
Tru M T
ugv? uw wowoz>  uoUW

- — up)(b —u) — - -
u? ol —uo) ) 14+u w? 14+u
Buouw n Buowou
wolty —
T+u 07T T xu
2

uov Buouw uw uouw uow012
= —uo)(b — [ _ _ ] _
u? ol —ug)b—u)+ 1+u l+u 1+u w?
Buowou
+wouo T +u
2 2
uov uowoz uowou
= o —up)b—u) — 2 + woug — PHowo
w 14+u
ugv? uowoz Bu
=—— - +ab —u)(u —up) — woup[l — ]
u w? 14+u
2 2 2
uov uowoz®  o(u — ugp)
= - — b—1—ug—ul.
e 2 + T a [ ug — u]
Since bb—l < B < bbl, ‘fj—‘: is always non-positive in €. ‘W = 0 if and on-

ly if u = ug,z = 0, the largest invariant subset of this segment is the single
point (ug, 0, wo, 0). By the LaSalle’s Invariance Principle, it follows that y(s) —
(ug, 0, wg, 0) as s — +o0.



150 J. Huang et al.

3.2. Proof of Theorem 2.3

In order to prove Theorem 2.3, we take «, d, and b as fixed, B8 and ¢ as parame-
ters. This parameter choice amounts to fixing the values of the growth rate and the
carrying capacity of the prey and allowing the predator effectiveness to vary. We
search for purely imaginary roots of the characteristic equation (11). Substituting
A = ki into (11) and simplifying, we have

2_
K — P2 1 p(B) =0,

2 _ _ri®
ko =-17

where r(8) = a(lth) /32“ pB) = %. Since 8 < %, we obtain that
r(B) <0, p(B) < 0. Thus, a pair of 1maginary eigenvalues exists if the parameters
B and c satisfy the condition ¢? = A (1+d) p.

Considering X as a function of 8, and dlfferentlatmg the characteristic equation

(11) with respect to 8, we obtain

drB) ZAA(B) — CA(B) — -
b 43P =3B+ 5+ EFMB + G
Substituting A = ki into (12), we obtain
dr(B) (r'k> + p'd) + cr'ki
dg — 3(K2c(l+d)+cr) + Qk(c? —r) —4dk3)i’
After some calculation, we have
dr(B) rr’'3—d) ;o r=2cAr
Re(——) = —cr| ———- — 2dp’ + ———
e( B ) Cr[ (1+d)? Pt ]
_—2car{( 2 1+b) 2 (l+b 2 )
C14d 'g—1 B '14+d p? B—17?
14+b 2¢?
—1—-d .
@ '~ G-
Letm = (% — %) i and rewrite Re(d (B)) as
dr(B) —2acr 1+b 2 1+b(A+4d)
Re( )= {( (3 —3) ~ 2 }
ap 1+d B2 (B-1 B
Since 2! < B < = m we have Re(d”ﬂ)) < 0. This implies that the

transversal condition is satisfied. Thus, we have proved Theorem 2.3.
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4. Discussion

Since the pioneering work of Fisher [5] and Kolmogorov et al. [10], many re-
searchers have been paying attention to the existence of traveling wave solutions in
biological systems, see the monographs Fife [4], Murray [13], Volpert et al. [16],
and the references cited therein. The basic idea is that a reaction-diffusion system
can give rise to a moving zone of transition from absence to an equilibrium state,
that is, a traveling wave front.

In this paper we have studied the existence of traveling wave solutions and the
small amplitude traveling wave train solutions for a reaction-diffusion system based
on a predator-prey model with Holling type-II functional response. By constructing
the Wazewski set, using a shooting argument and LaSalle’s Invariance Principle,
we showed the existence of a heteroclinic orbit connecting two equilibrium points
in R* which corresponds to a traveling wave solution for the reaction-diffusion
system. By using the Hopf Bifurcation theorem, we proved that there is a small
amplitude periodic solution in R* which corresponds to a small amplitude travel-
ing wave train solution to the reaction-diffusion system. In comparison, Dunbar [2]
investigated a Lotka-Volterra type predator-prey model while we studied a preda-
tor-prey model with Holling type-II functional response. Dunbar [3] studied system
(1) with d; = 0 and considered the traveling wave equations in R>, we considered
system with d; # 0 and d # 0 and established the existence of traveling wave
solutions in R*.

In Theorem 2.2, sufficient conditions were given to ensure the existence of
traveling wave solutions connecting two steady states (b, 0) and u°, w?). Re-
turning to the original parameters in system (1) we know that the traveling wave
solutions connect the prey carrying capacity steady state (K, 0) and the predator-
prey coexistence steady state (i, w); that is, there is a zone of transition from the
state (K, 0) with saturation of prey and none or few predator to the state (u, w)
with decreased prey level and increased predator level. Biologically, if we consid-
er a one dimensional habitat such as a coastline or river and if the linear habitat
is initially uniformly saturated with prey at its carrying capacity, introducing a
few predators at one end of the habitat may result in a “wave of invasion” of
predators. We refer to Owen and Lewis [14], Sherratt et al. [15] and the refer-
ences cited therein for further study on traveling waves and predator-prey inva-
sion.

One of the generalizations of the basic idea of Fisher and Kolmogorov et al. is
that there could be a traveling wave train solution connecting an equilibrium state
and a periodic solution (see Dunbar [3] and Sherratt et al. [15]). It would be inter-
esting to investigate the existence of such traveling wave solutions for system (1).
Also, it would be very interesting to study the existence of traveling wave solutions
in system (1) with nonlocal effect (see Gourley and Britton [8]). We leave these for
future consideration.

Acknowledgements. We would like to thank the two referees for their careful reading and
helpful comments.
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