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ABSTRACT. Recently, we (J. Huang, Y. Gong and S. Ruan, Discrete Contin.
Dynam. Syst. B 18 (2013), 2101-2121) showed that a Leslie-Gower type
predator-prey model with constant-yield predator harvesting has a Bogdanov-
Takens singularity (cusp) of codimension 3 for some parameter values. In this
paper, we prove analytically that the model undergoes Bogdanov-Takens bi-
furcation (cusp case) of codimension 3. To confirm the theoretical analysis
and results, we also perform numerical simulations for various bifurcation sce-
narios, including the existence of two limit cycles, the coexistence of a stable
homoclinic loop and an unstable limit cycle, supercritical and subcritical Hopf
bifurcations, and homoclinic bifurcation of codimension 1.

1. Introduction. Harvesting is commonly practiced in fishery, forestry, and wildlife
management (Clark [8]). It is very important to harvest biological resources with
maximum sustainable yield while maintain the survival of all interacting popula-
tions. Recently, the nonlinear dynamics in predator-prey models with harvesting
have been studied extensively and very interesting and complex bifurcation phe-
nomona have been observed depending on various functional responses and different
harvesting regimes. We refer to Beddington and Cooke [1], Beddington and May
[2], Brauer and Soudack [3, 4, 5], Chen et al. [6], Dai and Tang [9], Etoua and
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Rousseau [12], Gong and Huang [13], Huang et al. [15, 16, 17], Leard et al. [19],
May et al. [21], Xiao and Jennings [23], Xiao and Ruan [24], Zhu and Lan [26], and
references cited therein.

In order to investigate the interaction between krill (prey) and whale (predator)
populations in the Southern Ocean, May et al. [21] proposed the following model
subject to various harvesting regimes:

z=raz(l - ﬁ) —axy — Hy,
| v <1>
g =r2y(1 bx) Hs,
where z(t) > 0 and y(t) > 0 represent the population densities of the prey and
predators at time ¢ > 0, respectively; 1 and K describe the intrinsic growth rate
and carrying capacity of the prey in the absence of predators, respectively; a is the
maximum value at which per capita reduction rate of the prey x can attain; 7o
is the intrinsic growth rate of predators; bx takes on the role of a prey-dependent
carrying capacity for predators and b is a measure of the quality of the food for
predators. Hy, and Hsy describe the effect of harvesting on the prey and predators,
respectively.
(a) When Hy; = Hs = 0, that is, there is no harvesting, system (1) becomes the
so-called Leslie-Gower type predator-prey model

z=raz(l - %) — axy,
(2)

. Y
= 1 _ —
g = ray( bx%

which has been studied extensively, for example, Hsu and Huang [14]. In partic-
ular, they showed that the unique positive equilibrium of system (2) is globally
asymptotically stable under all biologically admissible parameters.

(b) When H; = h; and Hy = 0, where h; is a positive constant, that is, there is
constant harvesting on the prey only, Zhu and Lan [26] and Gong and Huang [13]
considered system (1) when only the prey population is harvested at a constant-yield
rate

z=ruz(l - ﬁ) —axy — hy,
K
: )
g =ray(l— ).
bx
They obtained various bifurcations including saddle-node bifurcation, supercritical
and subcritical Hopf bifurcations of codimension 1, and repelling Bogdanov-Takens
bifurcation of codimension 2.
(¢) When Hy = 0 and Hy = ho, where hy is a positive constant, that is, there
is constant harvesting on the predators only, we (Huang, Gong and Ruan [17])
considered system (1) when only the predator population is harvested at a constant-
yield rate

dx

et _ 1o 2y

o ria( K) azy, @
Yy - Ly by

dt bz

By the following scaling
tomte o — oy
rt, T
10, K Y 1 )
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model (4) becomes

dx
p =z(l —x) —ay,
dy y (5)
L= y5- 5% -,
here § = %’, B =%, h= ar—’? are positive constants. The effect of constant-yield

predator harvesting on system (5) in the biological-feasible region Q = {(z,y) :
x > 0,y > 0} was studied. The saddle-node bifurcation, repelling and attracting
Bogdanov-Takens bifurcations of codimension 2, supercritical and subcritical Hopf
bifurcations, and degenerate Hopf bifurcation are shown in model (5) as the values
of parameters vary. In particular, it was shown that the model has a Bogdanov-
Takens singularity (cusp) of codimension 3. However, the existence of Bogdanov-
Takens bifurcation (cusp case) of codimension 3 has not been proved analytically,
which is the subject of this paper.

This paper is organized as follows. In section 2, we prove analytically the exis-
tence of Bogdanov-Takens bifurcation (cusp case) of codimension 3 for model (5)
and describe the bifurcation diagram and bifurcation phenomena. Numerical simu-
lations of various bifurcation cases, including the existence of two limit cycles, the
coexistence of a stable homoclinic loop and an unstable limit cycle, supercritical
and subcritical Hopf bifurcations, and homoclinic bifurcation of codimension 1, are
also presented in section 3 to confirm the theoretical analysis. The paper ends with
a brief discussion in section 4 about the effect of constant-yield predator harvesting
on system (5) and a comparison about different dynamics in systems (2), (3), and

(5).

2. Bogdanov-Takens bifurcation of codimension 3. Before stating the main
results of our paper, we firstly recall the definition of Bogdanov-Takens bifurcation
(cusp case) of codimension 3 introduced by Dumortier, Roussarie and Sotomayor
[10] (see also Chow, Li and Wang [7], Dumortier et al. [11], Perko [22]) as follows.

Definition 2.1. The bifurcation that results from unfolding the following normal
form of a cusp of codimension 3

do _
dt_ya

d
d—izxzix‘?y

is called a Bogdanov-Takens bifurcation (cusp case) of codimension 3. A universal
unfolding of the above normal form is given by
dr
at Y,
d

dit/ = 1+ poy + pszy + 27 + 27y

The following lemma is from Theorem 3.3 (ii) in Huang, Gong and Ruan [17].
Lemma 2.2. When 8 = ﬁ, 0 = hl%};:, and 0 < h < 1, system (5) has an
interior equilibrium (h,1 — h) which is a cusp. Moreover, if h = 2 — V3, then
(h,1—h) is a cusp of codimension 3. The phase portrait is given in Figure 1.
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FIGURE 1. A cusp of codimension 3 for system (6).

Substituting h = 2 — /3 into B = = h)2 and § =
condition for the existence of higher codimension B- T blfurcatlons.

(507ﬁ07h0) = (_3 + 2\/§’ g - 2\/57 2 — \/g)a

and the degenerate equilibrium (h,1 — h) is (2 — v/3,—1 + v/3) under the above
conditions.

Lemma 2.2 indicates that system (5) may exibit Bogdanov-Takens bifurcation of
codimension 3. In order to make sure if such a bifurcation can be fully unfolded in-
side the class of system (5) as (4, 3, h) vary in the small neighborhood of (&g, Bo, ho),
we let (8, 8,h) = (8o + r1,Bo + r2, ho + r3) in system (5) and obtain the following
unfolding system

Y o —2) —ay,
dt
i y(do + 71— (Bo +7‘2);) — (ho +r3),

where (ry,72,73) ~ (0,0,0). If we can transform the unfolding system (6) into the
following versal unfolding of Bogdanov-Takens singularity (cusp) of codimension 3
by a series of near-identity transformations

dr _

d’]'_y7 (7)
dy 2 3

2y =ty ey +at y+ R(z,y,7),

where

R(z,y,r) = y*O(|2,y[*)+O0(|z,y")+O(r)(O(y*)+O(|z, y ) +O(*)O(|2, y]). (8)
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D(v1,7v2,73)
D(ri,r2,r3)

Bogdanov-Takens bifurcation (cusp case) of codimension 3 (Dumortier, Roussarie
and Sotomayor [10], Chow, Li and Wang [7]). In fact, we have the following main
theorem.

and # 0 for small 7, then we can claim that system (5) undergoes

Theorem 2.3. System (5) undergoes Bogdanov-Takens bifurcation (cusp case) of
codimension 8 in a small neighborhood of the interior equilibrium (2 —+/3, —1+ \/3)
as (6, B, h) varies near (8o, Bo, ho). Therefore, system (5) can exhibit the coezistence
of a stable homoclinic loop and an unstable limit cycle, two limit cycles (the inner
one unstable and the outer stable) and semi-stable limit cycle for various parameters
values.

Proof. Firstly, we translate the equilibrium (2 — v/3, —1 + v/3) of system (6) when
r = 0 into the origin and expand system (6) in power series around the origin. Let
X=2-2+V3 Y=y+1-V3.

Then system (6) becomes
% = (—24+V3)X + (-2+V3)Y — XY — X2,
e (9)
= Qo(X.Y)+ O(X, YP),
where
Qo(X,Y) =Ago+A10X +Ag1Y + A1 XY + Apg X2+ Aga Y2+ Az X+ A0 X?Y
+ A1 XY? 4+ A X' + A1 XPY + A XPY?
in which
Ao = (—1+V3)ri —2ry — 13, Ao =2—V3+22+V3)rs,
Aot =2— V34711 —2(1+V3)ry, A1y = —1 4+ V34 2(5 + 3v/3)rs,

1

Agg = —1—2(7 + 4V3)ry, Ag2 = 5(—24‘\/5—2(2‘1'\/5)7"2),

Aso =2+ V3 + (524 30V3)ra, Ay = —(1+ V3 +2(19 4 11v3)r),
1

Az =5 +(T+ 4V/3)rs, Ago = —7 — 4v/3 — 2(97 + 56V/3) s,

7
Asy =54 3V3 + (142 4+ 82V3)ry, Agy = —(26 + 15\/3)(§ —2V3 +1).
Next, let
=X, ;1= (-2+V3)X + (-2 +V3)Y - XY — X2

Then system (9) can be transformed into

del

pR— yla

ddt (10)
= Qu@rp) + Ollar wil”),

where
2 2 2
Q1(z1,y1) =aoo + a1021 + ao1y1 + a11z1y1 + a202] + ao2y] + a1221Y]

2 2. 2 3
+ a2127Y1 + a22T1Y] + a31T7Y1
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with

ago = (=2 + v/3) Ago,

a0 = —Ago + (2 — V3) A — (2 — V3) Ay,

apr = —2+ V3 + Ao,

apn = —1—2A02 + A1,

a0 = Ao 4+ (=2 + V3)Aga — Ao + (2 — V3) A1 — (2 — V3) Ay,
age =2+ V3 — (2+V3)Apa,

a1z = (T4 4V3) (1 + Aga + (=2 + V3) A1),

a1 = —2A12 + Aoy,

Az = (=7 —4V3)(—2 = V3 + (2+ V3)Agz — A1z + (2 — V3) Ag,),
azy = —2Aa2 + As;.

Secondly, following the procedure in Li, Li and Ma [20], we use several steps (I, I1,
IIL, IV, V, VI) to transform system (10) to the versal unfolding of Bogdanov-Takens
singularity (cusp) of codimension 3, that is system (7).

(I) Removing the y?-term from @Q; in system (10) when r = 0. In order
to remove the y?-term from Q1, we let 1 = x5+ a%m%, Y1 = Y2 + ageT2y2, which is
a near identity transformation for (x1,y;) near (0,0), then system (10) is changed
into

d.TQ
— = Y2,
% = Q2(x2,y2) + O(|m2, 12[°),

where
Q2(2, y2) =boo + browz + bo1ya + bi1T2ys + baoxs + biaTays + bayTiys
+ bsoxh + bs123y2 + baoxl + baoz3y3
with

1
2
boo = ago, bio = —ago@o2 + a1o0, bor = ao1, b1 = air, b = 5(2000%2 — ap2a10 +

1 1
2as0), b1z = 2a3y +ai2, by = §(a02a11 +2a21), byg = 5(—2a00a82 +agsa10), b3 =

1 . 1
ap2021 +a31, b40 = 1(40,000,32 72&82(1104’0,(2)2&20), b22 = f(—2a82+3a02a12+2a22).

2
(IT) Eliminating the zsy3-term from @, in system (11) when r = 0. Let
zy = 23+ 2223, yo = y3 + %223y, then we obtaint the following system
dxg
. T Y3,
3
diyt = Q3($37y3) + O(‘x37y3|5)7

where

2 2 3
Q3(x3,y3) =coo + C1023 + Co1Y3 + C1123Y3 + C2025 + C21T3Y3 + C30T3

3 4
+ C3123Y3 + Ca0T3
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in which bioh

coo = boo, c10 = bio, co1 = bo1, c11 = bi1, ca0 = bag — 122 90 " ¢o1 = by1, c30 =
b12b10 b11b12 boob?s  biabag

b _ — bf = b — .

30 3 C31 31 + 6 C40 40 + 1 5

(III) Removing the 23 and zi-terms from @3 in system (12) when
r = 0. Note that cog = % + O(r), co9 # 0 for small r. We let 3 = x4 — ch%xi +

2
Mmi, ys = Y4, and obtain the following system from system (12):

80cZ,
% _ y4(1 n C30 - —256%0 + ;18020640 Jii —350%0 + 42620630640 l‘i),
dt 2¢90 80020 80020 (13)
dys _
E = Q4($47 y4) + O(|$47 y4‘5)a
where

Qi (24,y1) =Doo + Di1ows + Do1ys + D1174ys + Doox3 + Do1xiys + Daoxi
+ Dyozy + D312y,

and e
10€30
Doo = coo, D10 = c10, Do1 = co1, D11 = c11, Dag = c20 — ton Doy = c91 —
20
2 2
€11€30 €30 , 3C10€5)  C40C10 Dar — 3c11¢39  Hea1¢30 + 2¢11C40 D —
y Uso = —~ 5 — , a1 = c31+ 5 — y Dao =
4620 2 16620 5620 16620 10620
3640 50%0
5 16020 '
Next, introducing a new time variable 7 by
—256%0 + 48020040 2 —350%0 + 48020630040 3

€30
dr = (1 dt,
= +2020x4+ 80c3, = 80c3, z1)

we can obtain (still denote 7 by ¢)

d$4
— = Y4,
i (14)
CT: = Qu(z4,ys) + O(|x4, y4]%),
where
Qu(w4,y4) =doo + d1ows + do1ya + d1124ys + daox] + do173ys
+ d301‘i + d403321L + d31.1‘2y4
and Co0C Co1C
00€30 01€30
doop = coo, dio = c10 — , do1 = co1, di1 = c11 — , dog = c20 —
2c90 2¢90
60c10¢20030 —45¢00C30 +48¢00C20C410 dor — 60c11c20C30 —45¢01 030 +48¢01¢20C40
P , @21 = C21 5 s
80c3, 80c3g
010(35030 — 32820640) 7(3116%0 5621630 + 4011840
dso = 3 ; d31 = c31 5 —
40620 8620 5020
d40 = 74(100010020630(715050 + 16020040) + 000(7275030 — 1440020030040 +
6400ck,

2304c2,c3y)). dso = 0 and dyo = 0 when 7 = 0.

(IV) Removing the zys-term from @4 in system (14) when r = 0. Since
dog = % + O(r), dog # 0 for small r, we can make the parameter dependent affine
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2
transformation x4 = x5, ys = y5 + 3‘32210 Yz + 3?212 y32, then system (14) becomes
20
d$5 d21 d%l 2
5 (1 2
T g s gege vs): (15)
dys . 5
W5 _ Q35,5) + O, wol?),

where
Qi (x5,y5) =Foo + Frows + Forys + Faoxi + Fi175ys + Fooyz + Faoxs + Foiz2ys
+ Fio5yz + Fozys + Faows + Fa1xdys + Faon2y2 + Fizasys + Foays

and
2do1d 2d1od
Foo = doo, Fio = dig, For = do1 — 32d1 DO Fyo = dag, Fi1 = dyy — 31; 2L Foo =
20 20
—12dg1daoda1 + 13dgod3, P de For — dar [ —12d11d20d21 + 13d10d3,
3642, , F30 30, 21 3 f2 362, ,
9do1daods; — 10dood3, 2da1d30 d3,
Fo3 = Fio = dyo, Fiy = dsgy — = :
03 54dgo ) 40 40, 31 31 3d20 ) 22 36d20
9dy1dood3; — 10d10d3; —108dp1d20d3, + 121dgod3,
Fi3 = 3 y Foa = T -
54d3, 129643,
Once again, introducing a new time variable 7 by
da1 d%l 2
dr =14+ ——vys + dt,
(14 30,00 3642, 5)
we obtain (still denote 7 by ¢ )
dI5
— = Ys,
i (16)
d7t5 = Qs(x5,ys5) + Rs(w5,Ys5,7),
where
Qs(x5,y5) = €go + €105 + €01Ys + €1125Y5 + 6209€§ + 631$§y5
and
eon = d =d = dny — dooday = dyq — dioday =d =d
00 = doo, €10 = d10, €01 = do1 dyo s €11 = d11 dyo s €20 = d20, €31 = d31,

Rs(x5,ys5,r) has the property (8).

(V) Changing ez to 1 and e3; to —1 in Q5 in system (16). We can see

that ezo = 2 + O(r) > 0 and e3; = —1(2+v/3) + O(r) < 0 for small r. By making
the following changes of variables and time:

1 =2 =3

=

4 3 1
— 5,5 , 5 — 5 — 5 5
Ts = e5pes] L6, Y5 = —€30€3] Y6, L = —€g4 €317,

system (16) becomes (still denote 7 by )

de Y

— — Ye,

i (17)
CT: = Q¢(x6,Y6) + Re(xs, Y6, 1),

where

Qs(6,y6) = foo + froxe + forys + fr1xeys + xé - xéya
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and
3

4 _1 2 _s 13
Jfoo = eooezi€ap’ s fio = €10€31€90”, for = —epiez €y
Rg(x6,ys,7) has the property (8).

1 _2
>, fll = *611631562057

(VI) Removing the zg-term from Qg in system (17) when r = 0. Let

T7 = 26 + fzﬁ, Y7 = Y6, then system (17) becomes

d$7

-V =Y,

o (18)
7 b

o + Yoy + Y3T7yr + 25 — T3yr + Re(7, Y7, 7),

where 7, = fOO_ if1207 V2 = f01+%(ff)0_4f10f11)7 V3 = fll _%f120u and R7(!E7, Y, T)
has the property (8).
Lengthy computations by Mathematica software show that

D(v1,72,73) 3 1

Bl rare) = 4v325 (2+V3)5+0(r) >0
for small 7, it is obvious that system (18) is exactly in the form of system (7). By
the results in Dumortier, Roussarie and Sotomayor [10] and Chow, Li and Wang
[7], system (18) is the versal unfolding of the Bogdanov-Takens singularity (cusp)
of codimension 3, the remainder term R7(x7,y7,7) with the property (8) has no
influence on the bifurcation phenomena, and the dynamics of system (5) in a small
neighborhood of the interior equilibrium (2 — /3, =1 ++/3) as (4, 8, h) varing near
(00, Bo, ho) are equivalent to that of system (18) in a small neighborhood of (0, 0)
as (71,72,73) varing near (0,0,0). O

3. Bifurcation diagram and numerical simulations. We describe the bifurca-
tion diagram of system (18) following the bifurcation diagram given in Figure 3 of
Dumortier, Roussarie and Sotomayor [10] (see also Zhu, Campbell and Wolkowicz
[25], Lamontagne, Coutu and Rousseau [18]) based on a time reversal transforma-
tion. System (18) has no equilibria for 43 > 0. 71 = 0 is a saddle-node bifurcation
plane in a neighborhood of the origin, crossing the plane in the direction of decreas-
ing 71, two equilibria are created: a saddle, and a node or focus. The other surfaces
of bifurcation are located in the half space v; < 0. The bifurcation diagram has the
conical structure in R? starting from (y1,72,73) = (0,0,0). It can best be shown
by drawing its intersection with the half sphere

S = {(71,72,73) 7% + 95 + 795 = A%, 91 < 0,\ > 0 sufficiently small}.

To see the trace of intersection clearly, we draw the projection of the trace onto the
(72, 73)-plane, see Figure 2.

Now we summarize the bifurcation phenomena of system (18), which is equivalent
to the original system (5). There are three bifurcation curves on S as shown in
Figure 2:

C' : homoclinic bifurcation curve;
H : Hopf bifurcation curve;
L : saddle-node bifurcation curve of limit cycles.

The curve L is tangent to H at a point hy and tangent to C at a point ce. The
curves H and C have first order contact with the boundary of S at the points by
and by. In the neighborhood of b, and bs, system (18) is an unfolding of the cusp
singularity of codimension 2.
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FIGURE 2. Bifurcation diagram for system (18) on S.

(a) Along the curve C, except at the point cg, a homoclinic bifurcation of codi-
mension 1 occurs. When crossing the arc bicy of C' from left to right, the two
separatrices of the saddle point coincide and an unstable limit cycle appears. The
same phenomenon gives rise to a stable limit cycle when crossing the arc cybs of
C from right to left. The point ¢y corresponds to a homoclinic bifurcation of codi-
mension 2.

(b) Along the arc by hg of the curve H, a subcritical Hopf bifurcation occurs with
an unstable limit cycle appearing when crossing the arc b1hy of H from right to
left. Along the arc hobs of the curve H, a supercritical Hopf bifurcation occurs with
a stable limit cycle appearing when crossing the arc hoby of H from left to right.
The point hs is a degenerate Hopf bifurcation point, i.e., a Hopf bifurcation point
of codimension 2.

(¢) The curves H and C intersect transversally at a unique point d representing
a parameter value of simultaneous Hopf and homoclinic bifurcation.

(d) For parameter values in the triangle dhacy, there exist exactly two limit
cycles: the inner one is unstable and the outer one is stable. These two limit cycles
coalesce in a generic way in a saddle-node bifurcation of limit cycles when the curve
L is crossed from right to left. On the arc L itself, there exists a unique semistable
limit cycle.

In the following, we give some numerical simulations for system (6) to confirm the
existence of Bogdanov-Takens bifurcation (cusp case) of codimension 3. In Figure
3, we fix r; = 0,73 = —0.01. An unstable hyperbolic focus A for ro = —0.012 is
shown in Figure 3(a); when ry increases to ro = —0.011, an unstable limit cycle
arrounding a stable hyperbolic focus A appears by subcritical Hopf bifurcation (see
Figure 3(b)); when ro = —0.009999, the coexistence of a stable homoclinic loop
and an unstable limit cycle is shown in Figure 3(c), the homoclinic orbit breaks for
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larger ro = —0.0095 (see Figure 3(d)). Comparing with Figure 3(b) and (d), we
can see that the relative locations of the stable manifold and unstable manifold for
the saddle B are reversed, which implies the occurence of a homoclinic bifurcation
when 75 is between ro = —0.011 and ro = —0.0095.

(a) (b)

=0 2=-0012 X'=x(1-x)-xy
B=-001 ¥ =y (sqn(12) - 3+ 11 — (7/2 - 5qri(12) + 12) yx) - (2 - sn(3) + 13)

X =x(1-x)-xy =0 r2=-0011
¥ =y (5qn(12) - 3+ 11 = (7/2 - 5qri(12) + 12) yx) - (2 - sn(3) + 13) B=-00

X =x(1-x)-xy =0 12=-0009999 X =x(1-x)-xy =0 12=-00095
Y=y (sant(12) -3 + 11 - (7/2 - sat(12) + 12) yix) - (2 - sart(3) + 13) B=-001 Y=y (sant(12) -3 + 11 - (7/2 - sat(12) + 12) yix) - (2 - sar(3) + 13) B3=-001

AZANG B
os| T \xf\f:,
; i f i \ P
s 04 045

005 01 015 02 025 03 03

FIGURE 3. The coexistence of a stable homoclinic loop and an
unstable limit cycle in system (6) with r; = 0,r3 = —0.01. (a)
An unstable hyperbolic focus A for ro = —0.012; (b) An unstable
limit cycle arrounding a stable focus A for ro = —0.011; (c) The
coexistence of a stable homoclinic loop and an unstable limit cycle
for ro = —0.009999; (d) A stable hyperbolic focus A for ry =
—0.0095.

In Figure 4, we fix 1y = —0.1541, 75 = —0.0234. A stable hyperbolic focus A for
r3 = —0.081 is shown in Figure 4(a); when r3 increases to r3 = —0.0799, a stable
limit cycle arrounding an unstable hyperbolic focus A appears by supercritical Hopf
bifurcation (see Figure 4(b)); when r3 = —0.07443, a stable homoclinic loop is shown
in Figure 4(c), the homoclinic orbit breaks for larger r3 = —0.073 (see Figure 4(d)).
Figure 4(b) and (d) show that the relative locations of the stable manifold and
unstable manifold for the saddle B are reversed, which implies the occurence of
homoclinic bifurcation when r3 is between r3 = —0.0799 and r3 = —0.073.
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(a) (b)

1=-01541 r2=-00234 X =x(1-x)-xy =-01541 r2=-00234
3= -0081 Y=y (sqn(12) - 8+ 11 - (772 - sqri(12) 4 12) yfx) - (2 - sq(3) + 13) 3= - 00799

X =x(1-%)-xy
Y=y (sqn(12) - 8+ 11 - (772 - sqri(12) + 12) yfx) - (2 - sq(3) + 13)

(c) (d)

M=-01541 r2=-00234

X =x(1-x)-xy X =x(1-x)-xy f=-01541 r2=-00234
¥ =y (sart(12) =3 + 11 - (7/2 - sat(12) + 12) yix) - (2 - sar(3) + 13) B3=-007443 ¥ =y (sart(12) = 3.+ 11 - (7/2 - sqrt(12) + 12) yix) - (2 - sar(3) + 13) v

3=-0073

065
0.05

FIGURE 4. Numerical simulations for the supercritical Hopf bi-
furcation and homoclinic bifurcation in system (6) with r =
—0.1541,r, = —0.0234. (a) A stable hyperbolic focus A for
r3 = —0.081; (b) A stable limit cycle arrounding an unstable hy-
perbolic focus A for r3 = —0.0799; (c) A stable homoclinic loop for
rs3 = —0.07443; (d) An unstable hyperbolic focus A for r3 =
—0.073.

In Figure 5, we fix 71 = 0.38+3—V12,ry = g5 — 2+ V12 and r3 = £ —2+V/3,
the existence of two limit cycles is shown, in which the repelling cycle is surrounded
by an attracting cycle.

4. Discussion. Our analytical results confirmed the conjecture in Huang, Gong
and Ruan [17] about the existence of Bogdanov-Takens bifurcation of codimension
3 in system (5), so there exist some new dynamics in system (5), such as the
coexistence of a stable homoclinic loop and an unstable limit cycle, two limit cycles
(the inner one unstable and the outer stable) and a semi-stable limit cycle for various
parameters values, which were only numerically simulated in [17].

Notice that these complex dynamics cannot occur in the unharvested systems (2)
and the case (3) with only constant-yield prey harvesting. The unharvested model
(2) has only one positive equilibrium which is globally stable under all admissible
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r1 =0.38 + 3 — sqrt(12) r2 =1/80 — 7/2 + sqrt(12)
3 = 21/100 — 2 + sqri(3)

FIGURE 5. The existence of two limit cycles for system (6).

parameters (Hsu and Huang [14]), while model (3) with only constant-yield prey
harvesting has at most two positive equilibria and exhibits Hopf bifurcation of codi-
mension 1 (Zhu and Lan [26]) and Bogdanov-Takens bifurcation of codimension 2
(Gong and Huang [13]). Combining the results in Huang, Gong and Ruan [17] and
in this paper, we can see that the model (5) with constant-yield predator harvesting
has a Bogdanov-Takens singularity (cusp) of codimension 3 or a weak focus of mul-
tiplicity two for some parameter values, respectively, and exhibits saddle-node bi-
furcation, repelling and attracting Bogdanov-Takens bifurcations, supercritical and
subcritical Hopf bifurcations, degenerate Hopf bifurcation, and Bogdanov-Takens
(cusp) bifurcation of codimension 3 as the values of parameters vary. Thus the
constant-yield predator harvesting in system (5) can cause more complex dynam-
ical behaviors and bifurcation phenomena compared with the unharvested system
(2) or system (3) with only constant-yield prey harvesting. In Huang, Gong and
Ruan [17], we have shown that the constant-yield predator harvesting h can affect
the number and type of equilibria, and the type of bifurcations of the model (5) (see
Lemma 2.1 and Theorems 2.2, 2.3, 3.3 and 3.4 in [17]), from Figure 4 in this paper
we can also see that the dynamics of the model (5) change dramatically as h changes
even slightly. Therefore, our results demonstrate that the dynamical behaviors of
model (5) are sensitive to the constant-yield predator harvesting and this suggests
careful management of resource and harvesting policies in the applied conservation
and renewable resource contexts.

Recall that in the original model (1) proposed by May et al. [21], both the prey
and predators are subject to harvesting. It will be very interesting (and challenging)
to investigate the bifurcations in the model with constant-yield harvesting on both
the prey and predators (Beddington and Cooke [1]).
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