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Abstract. We study a model of an antibiotic resistance in a hospital
setting. The model connects two population levels - bacteria and pa-
tients. The bacteria population is divided into non-resistant and resis-
tant strains. The bacterial strains satisfy ordinary differential equations
describing the recombination and reversion processes producing the two
strains within each infected individual. The patient population is di-
vided into susceptibles, infectives infected with the non-resistant bacte-
rial strain, and infectives infected with the resistant bacterial stain. The
infective classes satisfy partial differential equations for the infection age
densities of the two classes. We establish conditions for the existence of
three possible equilibria for this model: (1) extinction of both infective
classes, (2) extinction of the resistant infectives and endemicity of the
non-resistant infectives, and (3) endemicity of both infective classes. We
investigate the asymptotic behavior of the solutions of the model with
respect to these equilibria.
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1. INTRODUCTION

The amplification in hospital settings of bacteria strains resistant to an-
tibiotics is an increasingly serious public health problem. Such nosocomial
epidemics occur when patients are exposed to resistant bacteria strains dur-
ing antibiotic therapy. In [37] we formulated a two-level population model to
quantify key elements in such epidemics. At the bacteria level both strains
are generated by patients infected with these strains. At the patient level
susceptible patients are infected by infected patients at rates proportional
to the total bacteria load of each strain present in the hospital. The main
objective of this model is to understand how the resistant strain becomes
endemic in the hospital and what measures are effective in preventing this
from happening.

In this paper we continue the analysis of the model in [37], which is for-
mulated as follows: Let S(t) be the number of susceptible patients in the
hospital at time ¢ and let Ix(¢) (Ir(t)) be the number of patients infected by
bacteria non-resistant (resistant) to antibiotics at time ¢. In order to deter-
mine the contribution of each infected patient to the total bacterial load in
the hospital, we track each one according to their infection age. For a patient
infected with only non-resistant bacteria let Vr(a) represent the population
level of bacteria present at infection age a. Vp(a) satisfies the logistic growth
equation

d‘/;li’(a) = Vp(a) (ﬂF _ VF—@)7 a>0, Vp(0)=Vg, (1.1)
a KF

where VE, is the number of bacteria inoculated at the time of acquisition
(a = 0), Br > 0 is the proliferation rate of bacteria in the individual
(log2/pBF is the doubling time of the bacteria without limitation of car-
rying capacity), and Spkp is the carrying capacity (the maximal sustainable
bacteria population in an infected patient).

For a patient infected with resistant bacteria both strains are generated
through proliferation by cell division, recombination of plasmid bearing (re-
sistant) and plasmid free (non-resistant), and reversion of plasmid bearing to
plasmid free. Let V™~ (a) and V' (a) denote the population levels of plasmid
free and plasmid bearing bacteria at infection age a, respectively, in an in-

dividual infected with both resistant and non-resistant bacteria. We assume
V= (a) and V*(a) satisfy

dV~(a) ( . Vt(a) LB V= (a)+ VT (a)
oo e v
da (TV* (a) + V+(a) B+ - KR _7)V+ (@),

V(@) +9V (),
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where V*(0) = V55 > 0and V=~ (0) = V; > 0 are the number of bacteria in-
oculated at acquisition, f_ and 4 are the proliferation rates of plasmid free
and plasmid bearing strains, respectively, 7 is the reversion rate of plasmid
bearing to plasmid free, and ~ is the recombination rate of plasmid free and
plasmid bearing to plasmid bearing. In [37] we analyzed system (1.2) and
showed the following: If 0 = 7—y+[1—F_ < 0, then lim, oo V™ (a) = f_kF
and limg_oo VT (a) =0. If o =7 — v+ B4 — B— > 0, then

) _ . krp(ofy +68-) . _okp(ofy +98-)
alggo Vile) = (v +0)? ’ alg)go Vi(a) = (v +0)? '

The solutions of equations (1.2) thus provide the total bacterial load of both
strains in terms of the infection age status of all infected patients present in
the hospital.

At the patient level let in(¢,a) (ig(t,a)) be the infection age density of
individuals infected by bacteria non-resistant (resistant) to antibiotics at
time ¢ and infection age a. Thus,

+00 +oo
In(t) = / in(t,a)da, Ir(t) = / ir(t,a)da, t > 0.
0 0
The bacteria level and patient level of the model are coupled in the system

(S = A= vS(t) = n[@r(in (1) + Sy v+ (ir(0)] S(2),
(O 4+ 04)in(t,a) = —(v +vn(a))in(t,a), a € (0,400),
(0t + 0a) ir(t,a) = —(v + vr(a))ir(t,a), a € (0,+00),
in(t,0) =n[Pr(in(t) + Py-(ir(t))] S(1),

ir(t,0) = n@y+(ir(t))S(1),

L(5(0),in(0,a),ir(0,a)) = (So,¢n(a), ¢r(a)),

where Sy € [0,+00), ¢n(a), ¢r(a) € L1 (0,400), in(t) = in(t,-),ir(t) =
ir(t,-) € L' (0,400), A > 0 corresponds to the patient admission rate, n > 0
corresponds to the exposure of patients to bacteria, v > 0 is the exit rate

from the hospital of susceptible patients, vy, vr € L (0,+00) correspond
to patient lengths of stay in the hospital, and

+oo
D, () :/O x(a)¥(a)da, Vip € L' (0,4+00), Vx € L= (0, +00).

In [37] the equilibrium solutions for (1.3) are analyzed and conditions are
established on parameters for the existence of nontrivial equilibria for the
two classes of infected patient populations (we recall these conditions here in
Section 3.3). The goal of this work is to investigate the asymptotic behavior
of the solutions of (1.3) with respect to these equilibria, specifically the
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uniform persistence of individuals infected by resistant bacteria. Persistence
means that there exists € > 0, such that for all initial values (So, on, ¥Rr) €
[0, +00) x L (0,400) x L% (0,+00), with ¢ # 0,

o -
lim inf [|ir(t)]] = €

The first abstract results concerning persistence are due to Butler et al. [4]
and Butler and Waltman [5]. These results have been developed for discrete
and continuous time systems, see Freedman et al. [11], Freedman and So
[12], Hale and Waltman [15], Hirsch et al. [19], Hofbauer and So [20], Thieme
[30, 31], Yang and Ruan [38], Zhao [39], and others. To study this question
here we shall apply the results in Hale and Waltman [15].

In Section 2, we recall the notions and results that we shall use in this
article. In Section 3 we develop preliminary results. We first give conditions
to guarantee the existence of a global attractor. Then we compute the
equilibria and investigate the non-uniform persistence of individuals infected
by resistant bacteria. In Section 4, we consider the system

48— X~ uS(t) — n®p(in(£)S(t),
(O + Da) in(t,a) = —(v + vn(a))in(t,a), a € (0,400),
(5(0),in(0,a)) = (So, (@) € [0,+00) x LL (0,+00) .

In order to apply the uniform persistence theorem in Hale and Waltman [15],
we need to prove the global asymptotic stability of the endemic equilibrium
of system (1.4). Although system (1.4) has been investigated by Thieme
and Castillo-Chavez [33, 34], the global asymptotic stability of the endemic
equilibrium has not been studied. Here we use the following transformation
to prove the global asymptotic stability of the endemic equilibrium. Consider
a bounded complete orbit of system (1.4). Set z(t) = n®r(in(t)), Vt e R.
We derive the delay integral equation

(1.4)

+oo
x(t) = )\/ e " Jg 4 (s)ds, VteR, (1.5)
0

where Jg 4, (s) is the solution of the ordinary differential equation

{ dJﬁTﬁ(S) = CC(t — 3) (/3(3) — <]57‘7:t((9))7 Vs > 0,

J5a0(0) =0
with .
B(a) = nVi(a) exp(~ /0 v (s)ds),
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for all a > 0 and x; € C ((—00,0],R), z4(—s) = z(t —s), for all s > 0. When
B is constant (1.5) becomes

“+oo R
2(t) = A / e 5(0) [1 = e~ o] gs v e R,
0

and we obtain an integral equation similar to the one considered by Brauer
[2, 3]. In this case, we obtain a monotone dynamical system and the global
asymptotic stability of the endemic equilibrium follows. More generally, when
s — [(s) is non-decreasing, (1.5) generates a monotone dynamical system
(see Lemmas 4.7 and 4.8). We also refer to Zhou et al. [40] for a global
stability result for a population that is structured in both age and the age
of infection. The main assumption made in [40] is that

B(a) = B(0)e™ 7, VYa >0, for some v > 0. (1.6)
In this case, if we set I(t) = ® v, (in(t)) (and assume Vp € WH*(0, +oo,
Vi (0

R)), then we obtain

{%ﬂ =X —vS(t) —nVr(0)I(t)S(t),
a0 — Ve(0)I()S(t) — (v +7) I(t).

The global asymptotic stability of the endemic equilibrium of system (1.7)
is investigated by Hethcote in [16, 17] (a general survey of epidemic models
is provided by Hethcote in [18]).

In Section 4, we prove the global asymptotic stability of the endemic
equilibrium of (1.4) by assuming that

B(a) > e 3(s), VYa>s>0.

This condition includes a relatively large class of situations, compared with
the particular choice made in (1.6). In Section 5, we conclude the paper by
applying the result of Hale and Waltman [15] to obtain the persistence results
for the bacterial infection model. The paper ends with a brief discussion in
Section 6.

(1.7)

2. ATTRACTORS AND UNIFORM PERSISTENCE

We first introduce some notation and definitions in infinite-dimensional
dynamical systems (see Hale [13, 14], Sell and You [28], and Raugel [27]).
Let (M,d) be a complete metric space with metric d. Suppose that
{U(t)},>¢ is a continuous semigroup on M; that is,
(i) U(0) =Id;
(ii) U(t+s) =U@)U(s), Vt, s > 0;
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(iii) (¢,x) — U(t)x is continuous from [0, +00) x M to M.

Let A be a subset of M and B a subset of M \ A. We say that A is
ejective in B for {U(t)};, if there exists an ¢ > 0 such that for all z € B
with d (z, A) := infyca d(z,y) < €, there exists a t* = t* (z,e) > 0 such that

d(U(t")z, A) > e.
We say that A is ejective for {U ()}, if A is ejective in M\ A for {U ()}, -

We say that A is positively invariant (respectively: invariant) by {U ()},
if U(t)A C A, for all ¢t > 0 (respectively: U(t)A = A, for all £ > 0). We say
that A attracts a subset C C M for {U(t)},5 if

O(U)C,A) — 0 as t — +oo,

where § is the semi-distance 6(B, A) = sup,cp d(z, A).

{U(t)},>( is said to be point dissipative if there exists a bounded subset
M which attracts the points of M for {U(t)},~q. {U(t)},>, is said to be
asymptotically smooth if for each non-empty closed bounded subset B C M,
which is positively invariant by {U(t)},,, there exists a compact subset
C C M which attracts B for {U(t)},5q-

Assumption 2.1. Let My be an open subset of M and dMy = M \ M.
Assume that

U(t)aM() C 8M0 and U(t)Mo C Mg, vt > 0.

We say that {U(t)},~, is uniformly persistent with respect to (Mo, M)
if there exists an & > 0 such that

ltim+infd (U(t)x,0My) > e, Yz e M.

Denote by 77 (z) = {U (t) z},5, the positive orbit through x € M. If v (z)
is relatively compact, denote by
w(x) = m U {U (s) x}
t>0s>t

the omega-limit set of x.

We say that vy(x) = {u (t) },cp is a complete orbit throughx € M in A C M
ifu(0)=a, u(t+s)=U(t)u(s), Vt>0, Vs€ Rand u(t) € A, Vt e R. If
~(x) is a relatively compact complete orbit through = € M, denote

ay (2) = (U {u(s)}
<0 s<t

A subset A C M is said to be isolated in M for {U(t)},, if it is the
maximal invariant set in some neighborhood of A in M. -
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Let A and B be two subsets of 0Mj. A is said to be chained to B in
OMy, written A on B, if there exists a relatively compact complete orbit

0
v(x) C OMp through some ¢ AU B such that w(xz) C B and ay (z) C A.
A finite sequence {C1,...,Cy} of invariant sets is called a chain in OMj if

Ci1 — Cy — ... — C%. The chain is called a cycle if C, = C1. A collection
oMy oMy oMy

{C4,Cy,...,Ck} of pairwise disjoint, compact, and invariant subsets of My
is called an acyclic covering of Q (OMo) = |U,eqng, w () if C; is isolated in
OMy, Q2 (0My) C Uz‘:L...,k C;, and no subset of C;’s forms a cycle in 9M.

The following theorem is due to Hale and Waltman [15] (see Theorem
4.2).

Theorem 2.2. Let Assumption 2.1 be satisfied. Assume in addition that

(i) {U(t)};>q is asymptotically smooth;

(ii) {U(t)},;>¢ is point dissipative;

(iii) Q(OMy) has an acyclic covering {Cy,Ca,...,Cx} in dM

Jor {U(t) }zo;

(iv) For each i =1,...,k, C; is isolated in M for {U(t)},~ -
Then {U(t)},~q is uniformly persistent if and only if for each C; € {C1,Cy,
ey Ci}y

WS(CZ) N My = @,

where W*(B) = {x € M : w(z) # 0,w(z) C B} for each subset B C M.

Remark 2.3. The statement is not exactly the same as in Hale and Walt-
man [15]. Under conditions (i) and (ii) there exists a compact subset which
attracts the point of M. So we can apply the same arguments as in Hale and
Waltman [15] and the result follows.

A nonempty, compact and invariant set A C M is said to be an attractor
for {U(t)},s, if A attracts one of its neighborhoods; a global attractor for
{U®)} >0 if A is an attractor that attracts every point in M; a strong global
attractor for {U(t)},> if A attracts every bounded subset of M.

The following theorem is due to Hale [13, 14] (see [25] for a proof).

Theorem 2.4. Assume that {U(t)},~ is asymptotically smooth, point dissi-
pative, and for each compact subset C C M, Uy {U(t)C} is bounded. Then
{U(t)},>¢ has a global attractor A C M. Moreover, if for each bounded set
B C M, Ui {U(t)B} is bounded, then A is a strong global attractor.

From now on, we denote by {Uo(t)};>( the restriction of {U()},5, to Mo.
The following theorem is due to Magal and Zhao [25].
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Theorem 2.5. Let Assumption 2.1 be satisfied. Assume that {U(t)},~ 45
asymptotically smooth and uniformly persistent with respect to (Mg, OMy)
and has a global attractor A C M. Then {Uy(t)},~o has a global attractor
Ap C My. a

Remark 2.6. If Ag is a global attractor for {Up(t)},5q, then Ay is stable
and attracts the compact sets of My for {Up(t)},5 -

3. PRELIMINARY RESULTS

Set v = Vg, ywr = nV~, yg = nV . Consider
ds(t)

g = A VSO = [ @y 0N (6) + Ponan (iR(1))] S(),
(O 4 04)in(t,a) = — (v +vn(a))in(t,a), a€ (0,+00),
(O + 0a)ir(t,a) = — (v + vg(a))ig(t,a), a € (0,400), (3.1)

N (£,0) = [ (i (1)) + B (iR(1))] (1),

(S(O)va(O CL),ZR(O, CL)) = (507 QON(CL), @R(a)) )

where Sy € [0,+00), pn(a), pr(a) € L1 (0,+00) . Denote Cp ([0, +00),R)
to be the set of bounded and uniformly continuous mappings from [0, +00)
to R.

Assumption 3.1. Suppose that
(a) \,v € (0,+00);
(b) vn,vr € LY (0,400);
(C) YN, VYNR; VR € C(B,U ([07 +OO) 7R) ﬂC+ ({07 +OO) 7R) and for each a >
0, there exist two constants s, > a such that vy (s) > 0, yr(r) > 0.

At this point one may use a Volterra formulation of the problem (see Webb
[35] and Tannelli [21]) or equivalently an integrated semigroup formulation of
the problem (see Thieme [29]). For convenience, we start with the integrated
semigroup formulation. We will also consider a Volterra formulation of the
problem (see system (3.4)).

3.1. Integrated Semigroup Formulation. Set

X=RxY? X;=[0,+0) xY?, Xo=RxY{, Xio=XoNXy
with
Y =R x L' (0,+00), Yy = [0,+00) x L (0, +00), Yy = {0} x L' (0, 4+00) .

Let D(A) =R x Z2 with Z = {Og} x W11 (0, +00) . For each z = (S, Og, iy,
Or,iR) € Xo, Define A: D(A) C Xo C X — X and F : Xg — X by
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—vS
. —in(0)
o= | B v )int) | e e pa,
y —ir(0)
SR () in()

and
A=S [(I)’YN (ZN) + CI)’YNRfVR (ir)]
S [(b'YN (ZN) + (I)'YNR (ZR)}
F(x) = OLI
S(I)WR (ZR)
071
Rewrite problem (3.1) as an abstract Cauchy problem

dug(t)
dt

It is well known that A is a Hille-Yosida operator. More precisely, we have
(—v,+00) C p(A) and for each A > —v,

o=

Denote {S(t)};>o to be the integrated semigroup generated by A (see
Arendt, et al. [1]). Also denote by {Tv(t)};>, the strongly continuous semi-

group of bounded linear operators generated by Ag, the part of A in Xj;
that is,

= Auy(t) + F(ug(t)), t >0, uy(0) =2z € Xos+. (3.2)

< L .
LOX,X) T A+v

Aoz = Az, Yz € D(Ap) = {z € D(A) : Az € Xo}.
We have for all t > 0, z = (5,0r,in,Or,ig) € Xo, that

To(t)x = | Ton(t)in |,

where for K = N, R,

Tok (£)(¢)(a) = { exp (— faa_t (v+vi(l) dl) ola—1t) ifa>t

0 ifa<t.
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Denote for > 0 and f € L' ((0,T), X),
/St—s s)ds, Yt e [0,T].

Then we know that (see Kellermann and Hieber [22]) (Sxf)(-) € C1([0,T], X)
NC°([0,T], D(A)). Denote
dt(S « f)(t), Vtel[0,T].

(So ) =1

Using the results in Webb [35] or in Magal [23], we have the following theo-
rem.

Theorem 3.2. Let Assumption 3.1 be satisfied.

(i) For each x € Xo4, there exists U(-)x € C([0,400),Xo) which is a
unique solution of the equation

¢ t
Ut)x =x+ A/ U(s)xds +/ F(U(s)x)ds, Yt >0, Vo e Xo+
0 0

or equivalently of the equation
Ut)r=To(t)xr+ (So F(U(.)x))(t), YVt >0, Vze Xot.
(ii) U(t)x € Xoy, VE>0, and

t
U ()| < e || +/0 e V= \ds, Yt >0, Vo e Xo,. (3.3)

(ili) {U(t)},>( defines a strongly continuous semigroup of continuous non-
linear operators from Xoy into itself. Moreover, the map (t,x) —
U(t)x is continuous from [0, +00) x Xot to Xoy.

(iv) Denote D ((A+ F),) ={x € D(A): (A+ F)(x) € Xo}. Then Xo4N
D ((A+ F),) is dense in Xoy and for all v € Xor N D ((A+F),),
t — U(t)x is a classical solution of (3.2); that is, U(-)z € C*(]0, +00),
X)NCY([0,+00), D(A)) and

dUu (t)x
dt

For all x = (S, OR,iN,OR,iR) € Xo, define Ps : Xg — R, Py, P : Xg —

L' (0,400) by

= AU(t)z + F(U(t)z), ¥t > 0.

PS (a:) = S, PN(HJ) = iN, PR<1') = iR
Set
Mg = Xo4, Mpo = {x € Mg : Prz #0}, OMpo = Mg\ Mgy,
My = 0Mpo, Mnyo={x € My :Pyx#0}, OMyno= Mn\ Mnyo,
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Mg = M.

Lemma 3.3. Let Assumption 3.1 be satisfied. Then we have for allt > 0
that

U(t)MKQ C MK07 U(t)aMKo C 6MK0, K = N,R.
Denote for each t > 0,
Ur(t) =U(t), Un(t) = U(t) [my: Uno(t) = U(t) [aye, Us(t) = U(t) |ns -

Lemma 3.4. Let Assumption 3.1 be satisfied. Then we have the following

() |To@)]| < e, for all t > 0.
(ii) For each bounded set B C Xo4 and each T > 0,

(SoF(U(\)x)) (t) : = € B,t € [0,T]}

has a compact closure.
(iii) For each bounded set B C Xo,

a(Ut)B) <e “a(B), VYt>0,

where a is the Kuratovski measure of non-compactness (see Martin

[26]).

Proof. (i) is immediate. (ii) is a consequence of the fact that yn,YNr, YR €
Cpu ([0,400),R), and Theorem 5.7 in Magal and Thieme [24] applied with

7 =0 and X = X. (iii) is a consequence of (i) and (ii). O

Theorem 3.5. Let Assumption 3.1 be satisfied. Then for each K = R, N, S,
{Uk(t)}1>0 has a strong global attractor Ax C Mk.

Proof. The result is a direct consequence of the inequality (3.3), Lemma
3.4 (iii), and Theorem 3.4.2 in Hale [13]. O

3.2. Volterra Formulation. Set
Ik (a) = exp ( - / (v + I/K(s))ds>, Va >0, YK = N, R.
0

For all ¢,tg € [0, +00) with t > to, we have

IS _ X vS(1) — (B (1) + Balt)] ().
Ik (a) . 3.4
ir(t,a) = lK(a—t)SOK(a_t) ifa=t, for K = N, R, 34

Ik(a)S(t —a)Bg(t—a) ifa<t,
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where By (t) = @, (PnU (1)) +®y, (PrU(t)x) and Br(t) = ®,,(PrU(t)x)
are solutions of the following system of Volterra equations:

By(t) =fx(t) + fwr(t) + /0 v (@)ln(a)S(t — a)By(t — a)da
+ / YNRr(a)lg(a)S(t —a)Br(t — a)da
0

Br(t) =fa(t) + /0 71(0)l(@)S(t — a) Br(t — a)da

with
lt) = B Tonlt)en) = [ o) 20 (o~ 1,
INR(t) = @y, (Tor(t)er) = /t+00 ’YNR(G)%SOR(G — t)da,
i) = @ (Tonl®hpn) = [ m@) (o~ 1

Using the above Volterra formulation, we deduce
Lemma 3.6. Let Assumption 3.1 be satisfied. Then
S(t) = PsU(t)x >0, ¥Vt >0, Va € Mg.

Moreover, for K = N, R, we have:
(i) For all x € My with Pxx # 0, there exists a t; = t1(K, Pxxz) > 0
such that
O, (PrU(t)z) >0, Vt>t.

(ii) There exists a ta = to(K) > 0 such that for any x € My with
CI)WK (PK.QZ) > 0,

O, (PxU(t)x) >0, Yt > to.

Proof. To prove this lemma we use Assumption 3.1 (c¢) and the fact that
for K =N,R, t>0,

O, (PkU(t)z) = @ (Tox (t) oK) + /Ot Vi (a)lg(a)S(t — a)Bi(t — a)da

> @ (T ) + | (@)l (@)S(t — @)y (PEU( — a)a)da,

where px = Pgx. The result then follows. O
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3.3. Equilibria. Denote by
Sk = (P, (lx)), K =R, N.
We find the equilibria in Mg, Mo and Mgo, respectively.
(1) Equilibrium in Mg : The unique equilibrium in Mg is given by

A
Tg = (;70R70L170R70L1> .

(2) Equilibrium in Mpo : There exists an equilibrium Zny € My if and

only if \/v > Sn. Moreover, in this case we have
Ty = (SN, O0r, (A = vSN)In,Or,071) € My.

(3) Equilibrium in Mgy : There exists an equilibrium Tg € Mpo if and
only if either i) A\/v > Sg and Sy > Sg; or ii)A\/v > Sg, Sy = Skg,
and vry = 0. Moreover, in this case we have

Tr = (Sgr,Or, Cnln,Or, CrliR)
where Cy and Cg are solutions of the following system
CN+CR:>\—U§R,
Cw (S — Sr) = CrSxSa®suy (In).
Remark 3.7. When Sy = Sg and yry = 0, we obtain an infinite number of

equilibria. In particular, we find Tg as close to 9Mpgg as we want. Moreover,
when Sy = Sg and vy # 0, there is no equilibrium in Mpgy.

3.4. Non-uniform Persistence in Mpg. We now investigate extinction
properties and start with the following lemma.

Lemma 3.8. Let Assumption 3.1 be satisfied. Then we have the following:

(i) As = {Ts};
(ii) for all x € Ag, Psx < \/v.

Denote

+o00o s
I'k(a) = <I>7K(ZK)_1/ e~ Ja vy (§)ds, Va >0, VK = N, R.

a

Then, we have for K = N, R that

{ Ie(a) = (v +vk(a) Tk (a) — Py (Ix) vk (a) for ae. a >0,
Ik (0) = 1.

One can see that under Assumption 3.1 (c), we have I'x(a) > 0, for all
a>0,K=N,R.
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Lemma 3.9. Let Assumption 3.1 be satisfied. Then for K = N, R and each
x € Mg, we have

w = (9(t) = 9k ) Py (i (1)), V¢ >0,

where S(t) = PsU(t)x and ig(t) = PrU(t)z, for allt > 0.
Proof. The proof is straightforward. O

Proposition 3.10. Let Assumption 3.1 be satisfied. We have the following:
(i) If \Jv < SN, then Ay = Ag = {Ts}. In particular, for each x €
Mn,
Ult)r —Ts ast— +o0
and {Tg} is stable for {Un(t)},~¢ -
(i) If \/v < Sk, then Ap = Ay. Igpartz'cular, for each x € MR,

PrU(t)z — 0 ast — +oo.

Proof. We only prove (ii); the proof of (i) is similar. Assume that %<I>7R(ZR)
<1l<& % < §R and Ar # An. Then Ag N Mgy # (0. Let x € Ag N Mgyg.
Then we can find v () = {u(t)},cg » a complete orbit through z in AgpNMpgo.
Denote S(t) = Psu(t),ir(t) = Pru(t), for all t € R. Then, it follows from
Lemma 3.9 that
d®ry(ir(t))
dt
By Lemma 3.8 (ii), we have S(t) < 2, for allt € R. Sot — ®r, (ig(t)) is non-
increasing. Since I'r(a) > 0, for all a > 0, it follows that ®r,(ig(0)) > 0.
We know that a. (z) is a compact subset and U(t)o, () = a (x), for all
t > 0. Moreover, there exists a C' > ®r,(ir(0)) > 0 such that

Or,(Pry) =C, Yy € o,y ().
Let y € o, (z) be fixed. Denote for t > 0,
Sy(t) = PsU(t)y, iry(t) = PrU(t)y, iry(t) = PrU(t)y.
We have for ¢t > 0 that

dSClet(t) =A- [V + @y (iNy (t>) + Py rtr (iRy (t))] Sy (t)

= (S(t) — ER) (I)'yR(iR(t))a vVt € R.

and

ralims) _ (5, (1) ~ 5g) i, 0).
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Since ®r,(Pry) = C > 0, it follows that Pry # 0. Lemma 3.6 (i) implies
that there exists a t1 > 0 such that

(I)'yR(iRy(t)) >0, Vt>t.

Since 7t

tZtla

= 0, we deduce that Sy(t) = Sg,Vt > t1. Thus, for all

0=A— [V + (I)“KN (iNy(t)) + ®’YNR+'YR(iRy<t))] Sr.
This implies that
0 < @, (iry(t))Sr <A —vSR <0, V> 1,
which is impossible. So Agr " Mg =0 and Agr = Ap. O

Proposition 3.11. Let Assumption 3.1 be satisfied. We have the following:
(i) If \Jv > S, then Ty is locally asymptotically stable in My for
{UN(®)}1>0-
(i) If \/v > Sr > Sy, then Ty is locally asymptotically stable in Mg
for {Ur(t)},>q - In particular, there exists an € > 0 such that for
each x € Mgy with ||z — Tn|| < e,

Ur(t)r = Ty ast — +oo.

Proof. We can use Theorem 4.2 of Thieme [29], Propositions 2.1, 2.2 and
2.4 in Webb [36] to reduce the problem to the study of a characteristic
equation. Then the results in Thieme and Castillo-Chavez [34] apply to the
characteristic equation and the conclusion follows. ]

4. THE SYSTEM RESTRICTED TO My

In this section, we investigate the global asymptotic behavior of the system
restricted to My; that is, we consider the system

%it) =A—vS(t) — (I)WN(iN(t))S(t)7

(O + 04)in = — (v +vn(a))in(t,a), a € (0,400),

in(t,0) = qy (in(1))S(1),

(5(0),in(0,a)) = (So, e (a)) € [0,+00) x L} (0, +00) .
We first make the following assumption.

Assumption 4.1. Assume that
(a) \,v e (0,400).
(b) vn € LY (0,+00).



588 ERrikA M.C. D’AGATA, PIERRE MAGAL, SHIGUI RUAN, AND GLENN WEBB

(c) yv € Cp ([0,400),R) N C4 ([0,400),R) and for each a > 0 there
exists s > a such that
yn(s) > 0.

We have proved in Proposition 3.10 that ZTg is globally asymptotically
stable when \/v < Sy. So it remains to consider the case A\/v > Sy.

Lemma 4.2. Let Assumption 4.1 be satisfied. If \/v > Sy then Tg is
ejective in Mo for {Un(t)}i> -

Proof. Let § > 0 and ¢ € (0, \/v) satisfy (A\/v —¢) foé v (a)ln(a)da > 1.
Let x = (S0, Or, ¢n,0r,071) € Mo with ||z — ZTg|| < e. Assume that

Uz —zs|| < e, V> 0. (4.1)

Denote S(t) = PsU(t) and in(t) = PyU(t)z, for all ¢ > 0. From (4.1), it
follows that

S(t)>%=—e, Vt>0.

R >

Moreover, if we denote By (t) = @, (in(t)), for all £ > 0, then

Byt = 5lt) + [ A (@y(@)S(0 - Bt~ a)da, >0
with
f)= [ @) 2o 0 tyda, o
Thus, for ¢ > 6, we have

0
By (t) > (é - E) /0 yn(a)ln(a)By(t — a)da. (4.2)

v

By Lemma 3.6 (i), there exists t; > 0 such that By(t) > 0, for all ¢t > ¢;.
Hence, there exists n > 0 such that By (t) > n, for all ¢t € [2t1,2t; + 6] . Set

t=sup{t>2t;+0:Bn(l)>n, Vie[2t;+6,1]}.

Assume that ¢ < +o00. Then

md > (- /ngwﬂN(a)BN(t—a)da

v

> (%—6) /O(S’YN(Q)ZN(G)CZQW'
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Thus, By(t) > 7. By the continuity of ¢ — By(t), it follows that there
exists an £ > 0 such that By(t) > n, for all t € [f,tA—Fg] , which con-
tradicts the definition of ¢. Therefore, By(t) > 7, for all t > 2t;. De-
note B* = liminf, ., By(t) > n > 0. Using (4.2), it follows that B* >
B*(\v—¢) fod vy~ (a)ly(a)da, which is impossible. O

Proposition 4.3. Let Assumption 4.1 be satisfied. If \/v > Sy, then there
exists a global attractor Anog C Mo for {Uno ()}, - Moreover, there exists
an & > 0 such that B

‘IlyN(PN.T) >e, Vr € Apno.

Proof. Using Theorem 4.2 in [15], we know that {Un(t)}s>0 is uniformly
persistent with respect to (Mpyg, O9Mpng) . So there exists a global attractor
Ang C Mpyg for {UNO(t)}t>0 .

We claim that CI’W(PN_x) > 0, for all x € Ang. Let x € Apng. Since
Uno(t)Ano = Ano, for all t > 0, we can find a complete orbit {u(t)},cr
through x in Ayg. Set S(t) = Psu(t) and in(t) = Pyu(t), for all ¢t € R.
Then S(t) > 0, for all t € R and for t > 0,7 € R, we have

+oo. B +o0 l(a) )
/0 in(t+1)(a)da _/t o sin(r)(a—1

+/t IN(a)S(t —a+71)Py, (in(t —a+1))da.
0

~

Setting t = t + r, it follows that for ¢t > r,

+oo_ B +o00 lN(a) ) C—y
fy o = [ e i)

+ [ i@t - ) vt — 0o

and for ¢t > r,

+oo a
/” % in(r)(a— (t - r))\ <N 0,400

Since u(t) € Ano and Ay is compact, it follows that (as r — —oo) for
t e R,

+o0 +oo
/ i () (a)da = / In(a)S(t — ) (in(t — a))da.
0 0

By construction, we have

+oo
/ in(t)(a)da >0, VteR,
0
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it follows that for all ¢ € R, there exists a t < ¢ such that @ (in(t)) > 0.
Lemma 3.6 (ii) implies that there exists t2 > 0 such that for all y € Mg
with @, (Pyy) > 0, we have @, (PxU(t)y) > 0, for all t > to. Let t €
[ta, +00) be such that & (in(—t)) = @, (Pyu(—t)) > 0. Then we have
O, (Pyu(—t)) > 0 and > ta, so . (Pyz) = @,y (PyU(t)u(—1)) > 0.
We conclude that ®,, (Pyz) > 0, for all x € Apng. Since Ang is compact,
it follows that there exists an ¢ > 0 such that ®,, (Pyx) > ¢, for all z €
Ano. O

We are now interested in the global asymptotic stability of Ty in Mpyy.
This is equivalent to showing that Axg = {ZTnx}. Define

B(a) = yn(a) exp(— /Oa vn(s)ds), Ya > 0.

Under Assumption 4.1 we have § € Cpy ([0,+00),R) N C4 ([0,400),R).
We make another assumption.

Assumption 4.4. Assume that § satisfies the following;:

(d) Bla) > e ") 3(s),Ya > s > 0.
(e) Either 1) 5(0) > 0 or 2) 5(0) = 0, and there exists sop > 0 such that
B(s0) > 0 and S [jg 4, is non-decreasing.

In order to state and prove the main theorem of this section, we need
several lemmas. Set

+oo
T = )\/ e *B(s)ds—v, x_ := inf @, (Pnx), 4 := sup D, (Pnx).
0 z€ANO zE€EAN

By Proposition 4.3 we know that x_— > 0.

Lemma 4.5. Let Assumption 4.1 be satisfied. Let x € Ano and {u(t)},cp
be a complete orbit through x in Ang. Denote

w(t) = By (Pyu(t)), VEeR.

If \Jv > Sy, then
O<z_<z(t)<zy, VteR

and x satisfies the scalar neutral delay equation
+oo
x(t) = )\/ e " Jg g (s)ds, VteR, (4.3)
0

where for each t € R, z; € C((—00,0],R) is defined by
xe(—s)=x(t—s), V§>0 (4.4)
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and Jg 5, () is the unique solution of the ordinary differential equation
{ Woarle) o) (Bs) — T o)), V520, )
Jz,(0) = 0.
Proof. For ¢t € R, set
5(t) = Psu(t), in(t) = Pyu(t), z(t) = @y (Pru(t)).
Then

So fort > r >0,

t
S(t) = e gy 4y / o St g

r

Since t — S(t) is bounded, when r — —oo we have

t t
S(t) =\ / e~ JarraW)lgs vt e R.

—00

Moreover, for all t > r,

o ] = o —lN(a) in(r)(a—(t—1
| @iveae = [ o) —sina — (=)

+ / N (@)in(@)S(t = a)Doy (in (t — a))da.
0

Since t — in(t) is bounded and ((a)e™"* = yny(a)ly(a), when r — —oo we
obtain

+oo
(1) = / yn(@)ln (@)S(t — a)z(t — a)da, Vtc R.
0
Thus, for all t € R,

+o00 t—a _a
z(t) = A Bla)e _Va/ eI (V+I(l))dld8x(t—a)da

—00

_ / (e = a)e 00 [ s (o)
_ / / Bt — a)e -0~ (o)l (g) dads

:)\/_ ts/ﬂt—aej Ddly(a)dads
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+o0 t o
= )\/ e "* ﬁ(t—a) — i 2 Wdly(g)dads

= / /ﬂ Ay (t — a)dads
~ ) /O eV /O Bla)e I =Dy ) dads.

It follows that N
()—)\/ 2T, (s)ds, Vit € R,

where
I,z (s / B(a)e Ja #t=Ddly(t — g)da, Vt € R.
This competes the proof of the lemma. O
For all p € C ((—o0,0],R4) and BeL>® ([0,+),R), denote

/ ﬂ e Ja P(=Ddlp(—a)da, Vs > 0.
Then the mapping s — Jﬁso(s) is differentiable almost everywhere and

dJ; (s) ~
B - —Jx
s =7 (t—ys) (ﬂ(s) Jﬁ#)(s)) for a.e. s >0,
JE#}(O) =0.
Lemma 4.6. Let 31,52 € L™ ([0,400),R) and ¢ € C ((—00,0],R4). Then
for all s > 0,

[Jo1.0 ()] <181l Lo (0,400) + [I81.0(8) = T ()] < M151 = Ball oo 0,5y -
Proof. The proof is straightforward. O

Lemma 4.7. Let b > a > 0, 3 € C([a,b],R) and ¢ € C ([~b,—a],R).
Consider

dfzis) = ¢ (=5) (Bs) ~2(s)) . Vs >a,

z(a) =z, € R.

Then we have the following:
(i) If g < B(a) and B is non-decreasing on [a,b], then x(s) < B(s),
Vs € [a,b].
(ii) If x4 > B(a) and B is non-increasing on |a,b], then x(s) > B(s),
Vs € [a,b].
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Proof. The proof for the case B € Ct ([a b],R) is immediate. For the
continuous case, we approximate ﬁ by f7(s) = & f5+1/n B(1)dl, where 3(s) =
ﬁ( ) if 5 € [a,b], and B(s) = B(b) it s > b. The result then follows. O

Lemma 4.8. Let b>a >0, B € C ([a,b],R) and ¢y, 2 € C ([-b, —a] ,R) .
Consider for j = 1,2

{ d25(5) _ () (B(s) = i(s)), ¥s € a1,

ds
zj(a) =4 € R.

Then we have the following:
(i) If (210 — 22.0) > 0 and (91 (—1) — 2 (~1)) (B(Z) - a:l(l)> >0, Vs €
[a,b], then x1(s) > z2(s),Vs € [a,b] .
(i) If (1.0~ 20) <0 and (1 (~1) = 92 (=) (BO) = 21(1)) <0, ¥s €
[a,b], then z1(s) < x2(s), Vs € [a, ]
Proof. We have for all s € [a, b] that

d[z1(s) — w2(s)]
ds

= (91 (=) = 02 (=9)) (B(s) = 21(5)) = 2 (=) (w1(5) = 22(5)) .

The result follows. OJ

Lemma 4.9. Assume that (3 satisfies Assumption 4.4(e). Then we have the
following:
(i) 3s* = s* (z4) > 0 such that Vo € C ((—00,0],R) with 0 < ¢ (—s) <
x4y, Vs > 0, we have 3(s) > Jg,(s), Vs € [0,s*].
(ii) 36 = 0 (z4,2-) > 0 such that Yo € C ((—o0,0],R) with 0 < x_ <
o (—s) <xy,¥s >0, we have fos* e "3 Jg ,(s)ds > 6.
Proof. The proof follows from Lemmas 4.7 and 4.8. ]

Lemma 4.10. Let Assumptions 4.1 and 4.4 be satisfied. Assume that \/v >
Sn. Then
i) Jy e s (s)ds s fi e B(s)ds, Wy 2 0.

vy
(ii) For all ¢ € C4 ((—00,0],R),

[ ) - el s

+<>o _
A Sl
= 0 e rsB(s)ds iggm( 9~
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Proof. Let v > 0. Then (i) follows from the fact that
400 400 400
A / e " J5.(s)ds = A / / e Ve B(1)dsdl.

To prove (ii), notice that for all s > 0,

Wae =02 C) _ (o) =) (8() = Tpls)) ~ 7 (Upg — Jpz) 9)

SO

(Jpp = Jpz) (s) = /S e T (o(=1) =) (B() — Jp.4(D) dl.

0
Thus, we have

+o0
A /0 e (Jpo = Jpz) (s)ds

+oo s
_ e VS e—f(s—l) DN—7 _ s
= A/O /0 (=) =) (BU) — Jp,(1)) dld

A

+o0o l
T vtz /0 e " (p(=1) =) (B(1) — Ja,,(1)) dl.

The conclusion (ii) then follows. O

We are now in the position to state and prove the main result of this
section.

Theorem 4.11. Let Assumptions 4.1 and 4.4 be satisfied. If \/v > Sy,
then Ano = {Zn} . In particular, for all x € Mpo,

Ult)r - Ty ast— 400
and {Tn} is stable.
Proof. It is sufficient to show that x_ = x4 = T since this implies that
., (Pyx) =T, for all x € Ang. Let € Ang. Then there exists a complete

solution orbit {u(t)},cp through z in Apng. Setting S(t) = Psu(t), for all
t € R, we have

as(t

% =A—[v+7|5(), VteR.
Since ¢t — S(t) on R, we must have S(0) = Sy = A\/(v +Z) and the result
follows. So it remains to show that z_ = x; = Z. Using Lemmas 4.5 and

4.10, it is sufficient to show that

TR Tppsllds
©€C((—00,0],R) fo e vs3(s)ds

r_<p<zy
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We need to show that there existse > 0 such that for all ¢ € Cy ((—o0,0],R)
with z_ < < x4,

+00 +oo
/ e " 1B8(s) — Jg,p(s)]|ds < / e "B(s)ds — e.
0 0

By Lemma 4.9, there exist s* > 0 and § > 0 such that for all ¢ € C ((—o0, 0],
R) with z_ < ¢ < x4, we have §(s) — Jg,(s) > 0, for all s € [0, s*] and

(z+)
/ e ¥ J,(s)ds > 6 > 0.
0

Taking € = §/2, it is sufficient to verify that for all ¢ € C4 ((—00,0],R)
with x_ <p <z,

+00 +o00 5
/ e "7 |B(s) — Jpp(s)ds < / e B(s)ds + 5.
s* o*
By Lemma 4.6, we have Jg ,(s) < sup,>q 3(s). Let 5> s* be such that
+0o0 5
sup ﬁ(s)/ e ds < —.
5>0 5 3
Then we need to show that for all ¢ € Cy ((—00,0],R) with z_ < ¢ <z,
s a 5
/ e " 1B(s) — Jpp(s)lds < / e B(s)ds + 7.
§ s

*

Forn>0and ¢=0,...,n, set s} =

10441

n—1
grs) =3 ﬁ(s?)e_”(s_s?)l[sn () Vs €[0,3].
=0

It follows from Assumption 4.4 (d) that 87(s) > e(¢=9)3"(qa), for all s,a €
[0,5] with s > a and

sup |B(s) — B"(s)| — 0 as n — 4.
s€10,3]

If we denote
Tonio(s) = [ @ Ao~ a)da, s € 0.5],
0
then there exists ng > 0 such that for all n > ng and all ¢ € Cy ((—o0,0],R)
with z_ < ¢ < x4, we have
)

yﬁeWW@—hamAM@—hw@wssﬁ,
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s 5
[ iots) - s as| < 4
S*
It is now sufficient to show that for all n > ng > 0, ¢ € Cy ((—o0,0],R)
with x_ < o <z, we have

s s 5
[ 1)~ Impollds < [ e aisas+
Let n > ng and ¢ € C4 ((—00,0],R) with 2_ < ¢ < 24 be fixed. Denote
I_={se[s"5:0"(s)—Jgny,(s) <0}.
We need to show that

/ e [Tgn o(5) — B7(5)] ds < / eV5B"(s)ds + g

Using the special form of 8" and Lemma 4.7, we deduce that there exists
{a1,...,ar} and {b1, ..., b} with a, < b, < apy1, forallp=1,..,k —1, and
ap < bg, such that

Moreover, since
Tin o(5) = 0(=5) (B"(5) = Jgn () <0 for a.e. s € (ap, bp) ,
we obtain that
Jan o(8) < Jgn p(ap) < B"(ap), Vs € (ap,bp).
Finally it needs to be shown that for all p =1, ..., k,

bp bp
/ e " p"(ap)ds < 2/ e " ["(s)ds.

D P

Since "(s) > e ¥(57%)3"(a,), for all s € (ap,b,), the inequality follows.
This completes the proof of the theorem. O

5. UNIFORM PERSISTENCE IN Mpg

To establish the persistence results, we need the following lemma which
can be proven with an argument similar to the proof of Lemma 4.2.

Lemma 5.1. Let Assumption 3.1 be satisfied. Then we have the following:
(i) If \Jv > §R7 then Tg is ejective in Mpo.
(ii) If A\/v > Sy > Sg, then Ty is ejective in Mpy.

Theorem 5.2. Let Assumption 3.1 be satisfied. Assume that \/v < Sy.

Then {Ts} is a global attractor for {Un(t)},~, - Moreover, we have the fol-
lowing alternative: -
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(i) If \Jv < Sg, then limy_, o | PRU (t)z| = 0, for all z € M.
(ii) If \/v > SR, then there exists ¢ > 0 such that for all x € Mgy,

ltierinf |PrU(t)z|| > .

Proof. It remains to prove (ii). But (ii) is a consequence of Theorem 4.2 in
Hale and Waltman [15] applied with Q (0Mpgo) = {ZTs}. Using Proposition
3.10 (i) and Lemma 5.1 (i), the result follows. O

Theorem 5.3. Let Assumptions 3.1 and 4.4 be satisfied. Assume that \/v >
Sn. Then we have the following:

(i) If \Jv < Sg, then limy_, o | PRU (t)z| = 0, for all z € Mpy.
(i) If \/Jv > Sg > Sy, then there exists € > 0 such that for all x € Mpg
with ||z — Zn|| < &,

U(t)x - Tn as t — 4oo.

In particular, limy—, 4o | PrU (t)x|| = 0.
(iii) If Sy > Sg, then there exists € > 0 such that for all x € Mgy,

liminf | PRU (t)x| > e.
t——4o00

Proof. It remains to prove (iii). But it is a consequence of Theorem 2.2
applied with Q (0Mpo) = {Ts}U{Zn} . The result now follows from Theorem
4.11 and Lemma 5.1. This completes the proof of the theorem. O

6. SUMMARY

For an epidemic in a hospital setting total bacteria load present in the
hospital is an important determinant of infection rates. The bacterial load
of separate antibiotic non-resistant and resistant strains is dependent on the
number of patients infected with each of these strains, their stage of in-
fection, and their use of antibiotics. A natural way to track the stage of
infection in individuals is infection age, and many researchers have inves-
tigated age structure in epidemic models (Diekmann et al. [8], Dietz and
Schenzle [9], Thieme [32], Thieme and Castillo-Chavez [33, 34|, Brauer [2],
Castillo-Chavez and Huang [6], Feng et al. [10], Zhou et al. [40]). In the
model we analyze here the two population levels of bacteria and patients are
connected in a system of differential equations for the two classes of bacteria
(non-resistant and resistant) and the three classes of patients (susceptibles,
infectives infected by the non-resistant strain, and infectives infected by the
resistant strain). In another work [37] we study equilibria of this model and
provide conditions on the parameters to distinguish the mutually exclusive
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cases: (1) neither infective class has a positive equilibrium, (2) the non-
resistant infective class has a positive equilibrium, but the resistant class
does not, and (3) both infective classes have a positive equilibrium. In our
study here we have used results in Hale and Waltman [15] to investigate
the behavior of the solutions of the model with respect to these cases in
terms of the model parameters. Specifically, we proved that in case (1) both
infective classes extinguish (Proposition 3.10 and Theorem 5.2 (i)), in case
(2) the non-resistant infective class becomes endemic and the resistant in-
fective class extinguishes (Theorem 4.11 and Theorem 5.3 (i), (ii)), and in
case (3) the resistant infective class persists uniformly (Theorem 5.2 (ii) and
Theorem 5.3 (iii)).

The distinction between these three cases is determined by the model
parameters as follows: Let

+o00 a )
Ty, :/0 Vi (a) exp[—/o (v +vn(s))dslda = 77§_N’

+oo a X
Ty + —/0 V+(a) GXP[_/O (V+VR(S))ds]da = 77§—R’

400 a
Ty - :/0 V7~ (a) exp[—/0 (v + vr(s))ds|da.

Then TF is the total non-resistant bacterial load produced by a patient
infected with only the non-resistant bacteria during their hospital stay, and
Ty - (Ty+) is the total non-resistant (resistant) bacterial load produced by
a patient infected with the resistant bacteria during their hospital stay. In
[37] it is shown that case (1) corresponds to Tp < ;5 and Ty+ < ;5, case
(2) corresponds to Tp > 5 and Ty+ < Tp, and case (3) corresponds to
Ty+ > 7%\ and Tr < Ty+.

Since these cases are distinguished by simple conditions on the parame-
ters at the bacteria level (cell doubling times, recombination rates, reversion
rates), and at the patient level (hospital admission rates, exposure of suscep-
tibles to total bacterial load, antibiotic therapy schedules, hospital lengths
of stay), it is possible to evaluate control measures which can alter the epi-
demic outcomes. The impact of control measures such as isolation of patients
infected with resistant strains, restricted use of antibiotics, and reduced or
extended hospital stays, is discussed in terms of the model parameters in [37].
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