The effect of initial values on extinction
or persistence in degenerate diffusion
competition systems

Wei-Jian Bo, Guo Lin & Shigui Ruan

Journal of Mathematical Biology
ISSN 0303-6812

Volume 80

Number 5

J. Math. Biol. (2020) 80:1423-1458
DOI 10.1007/500285-020-01468-z

@ Springer



Your article is protected by copyright and

all rights are held exclusively by Springer-
Verlag GmbH Germany, part of Springer
Nature. This e-offprint is for personal use only
and shall not be self-archived in electronic
repositories. If you wish to self-archive your
article, please use the accepted manuscript
version for posting on your own website. You
may further deposit the accepted manuscript
version in any repository, provided it is only
made publicly available 12 months after
official publication or later and provided
acknowledgement is given to the original
source of publication and a link is inserted

to the published article on Springer's
website. The link must be accompanied by
the following text: "The final publication is
available at link.springer.com”.

@ Springer



Journal of Mathematical Biology (2020) 80:1423-1458 ° o

https:/doi.org/10.1007/500285-020-01468-z Mathematical B|0|Ogy
Check for
updates

The effect of initial values on extinction or persistence
in degenerate diffusion competition systems

Wei-Jian Bo' - Guo Lin'@® - Shigui Ruan?

Received: 20 November 2018 / Revised: 4 January 2020 / Published online: 18 January 2020
© Springer-Verlag GmbH Germany, part of Springer Nature 2020

Abstract

When the asymptotic spreading for classical monostable Lotka—Volterra competition
diffusion systems is concerned, extinction or persistence of the two competitive species
is completely determined by the dynamics of the corresponding kinetic systems, while
the size of initial values does not affect the final states. The purpose of this paper is to
demonstrate the rich dynamics induced by the initial values in a class of degenerate
competition diffusion systems with weak Allee effect. We present various extinction
or persistence results by selecting different initial values although the corresponding
kinetic system is fixed, which also implies the existence of balance between degener-
ate nonlinear reaction and diffusion. For example, even if the positive steady state of
the corresponding kinetic system is globally asymptotically stable, we observe four
different spreading—vanishing phenomena by selecting different initial values. In addi-
tion, the interspecific competition of one species may be harmful to the persistence
of the other species by taking proper initial values. Our results show that the superior
competitor in the sense of the corresponding kinetic system is not always unbeatable,
it can be wiped out by the inferior competitor in the sense of the corresponding kinetic
system depending on the size of initial habitats as well as the intensity of Allee effect.
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1 Introduction

In population dynamics, there are many models describing interspecific and intraspe-
cific competitions. One of the most important models is the following Lotka—Volterra
competition diffusion system

% =d1Au(t,x) +riu(t,x)[1 —u(t,x) —av(t, x)], L)
WD — gy Av(t, x) + rav(t, x) [1 — bu(t, x) — v(t, )], .
where u(t, x), v(t, x) denote the population densities at time # > 0 and location
x € R of two competitors, respectively, and all parameters are positive. In the last
two decades, there is a vast body of literature on the asymptotic spreading of the
corresponding initial value problem of (1.1), see Lewis et al. (2002), Weinberger et al.
(2002), Lin and Li (2012), Carrere (2018), Girardin and Lam (2019), in which only
the nonnegative initial values are considered due to the biological background. The
corresponding kinetic system of (1.1) is

R = ru@ [1 = u@) — av(@)],

DD — () [1— bu(t) — v(0)],

(1.2)

and the existence and stability of steady states of (1.2) can be obtained by direct
analysis, which will be presented in Sect. 2.

When (1.2) admits only one stable steady state (monostable case), the stability
of the steady state is crucial in determining the extinction or persistence of the two
competitive species. More precisely, if 0 < a < 1 < b, then (1.2) has a stable steady
state (1, 0). With this assumption, once the initial value of # has nonempty support, the
species u will successfully occupy the habitat while v will be extinct in any compact
subset of the habitat (Girardin and Lam 2019; Lewis et al. 2002; Weinberger et al.
2002). If 0 < a,b < 1, then (1.2) has a positive stable steady state, which implies
the coexistence of both species. In this case, if both initial values of # and v have
nonempty supports, then  and v will coexist in any compact subset of the habitat (Lin
and Li 2012). Therefore, when the monostable case is involved, the nonlinear reaction
plays an important role on spreading or vanishing, while the diffusion only affects
the spreading speed. Of course, when a, b > 1 such that (1.2) has two locally stable
steady states (0, 1) and (1, 0), then the dynamics of (1.1) are rich and depend on the
initial values (Carrere 2018).

Will these phenomena occur in more general competition systems? In this paper,
we consider the following degenerate competition diffusion system

B — dy Aut, ) + ruP (1,.%) [1 = u(t, x) — av(t, )],

PUD — dy Av(t, x) + rpv9 (t, x) [1 = bu(t, x) — v(t, 0],

(1.3)

where u(z, x) and v(t, x) denote the population densities of two competitors at time
t and location x, respectively, t > 0,x € R, d;,r; > 0,i = 1,2 and p,q > 1. The
factors u”(x, t) and v9(x,t) with p > 1 or ¢ > 1 describe the situation that one
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or both competitors exhibit weak Allee effect in the absence of competition (Allee
1931). The interspecific term appears analogously as the self-regulation term and is
proportional to u” (v?). In addition, a > 0 (b > 0) is interpreted as measuring the
extent of competitor v(x) consuming resources needed by u(v) and thus reducing the
population growth rate for u(v) (Murray 2002, 2003; Cantrell and Cosner 2004). In
what follows, we use p and g to describe the degeneracy of u and v, respectively, and
(1.3) is called a non-degenerate system if p = q = 1, while it is degenerate if p > 1
or g > 1. The corresponding kinetic system of (1.3) is

% =rvi(t) [1 — bu(t) — v ()], (1.4)

{% = rul (@) [1 = u(t) — av(n)],
which has a trivial equilibrium (0, 0) and two spatially homogeneous equilibria (1, 0)
and (0, 1). Furthermore, if a,b € (0, 1) or a, b € (1, +00), then (1.4) has an extra
spatially homogeneous equilibrium K = (k, k») defined by

l—a 1-0b
ki, ky) = , .
(k1. k2) <l—ab 1—ab>

When p, g > 1, the existence and stability of steady states of (1.4) are similar to
that in (1.2), which will be presented in Sect. 2. As we have mentioned, the dynamics
of (1.1) are determined by the nonlinear reaction in the monostable case. Moreover, the
interspecific competition could increase the local extinction rate in a metapopulation
system (Bengtsson 1989). The purpose of this paper is to investigate the long time
behavior of (1.3). We want to study whether the dynamics of (1.3) are fully determined
by a and b if (1.4) is monostable and consider the effect of degeneracy as well as
interspecific competition on the asymptotic spreading of (1.3) in both monostable and
bistable cases.

In the degenerate case of (1.3), when the interspecific competition vanishes, we can
obtain a Fisher equation with degenerate nonlinearity. Its propagation properties have
been investigated intensively, see Aronson and Weinberger (1978), Bebernes et al.
(1997), Berestycki and Nirenberg (1992), Wu et al. (2006), Zlatos (2006), Chen and
Qi (2007, 2009, 2019), Liang and Zhao (2007), Wu and Xing (2008), Du and Matano
(2010), Alfaro (2017), Chen et al. (2017), He et al. (2017). In particular, Aronson and
Weinberger (1978) pointed out that the successful propagation may depend on the
degeneracy of nonlinearity as well as the size of the support of initial value. Based on
the results by Aronson and Weinberger (1978), we will show that (1.3) may exhibit
very rich dynamics depending on the initial values.

It should be noted that in population dynamics, the nonlinear reaction plays a
crucial role on spreading or vanishing in the non-degenerate monostable case, while the
diffusion only affects the spreading speed. However, our results show that the diffusion
may also affect the spreading or vanishing of (1.3) in the degenerate monostable case,
and some sufficient conditions on the balance between degenerate nonlinear reaction
and diffusion are given in this work. Under proper conditions of the initial values
and degeneracy of nonlinearity, we find that the superior competitor could be washed
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out by the inferior one in the sense of the corresponding kinetic system. Moreover,
different from that in the non-degenerate case, by selecting different initial values
in the degenerate case with 0 < a,b < 1, four different spreading phenomena may
be observed and the interspecific competition of one species may be harmful to the
persistence of the other species. To illustrate our results, some numerical simulations
are presented.

The rest of this paper is organized as follows. In Sect. 2, we give some preliminaries
including the dynamics of (1.4), comparison principle of (1.3), and some conclusions
from Aronson and Weinberger (1978) and Du and Matano (2010). The main results
are presented in Sect. 3, which include some sufficient conditions for the persistence
or extinction of u# and v. We then provide some numerical simulations in Sect. 4, and
the paper ends with a compendious discussion on the topic in Sect. 5.

2 Preliminaries

In this section, we introduce some concepts and review some relevant results. Firstly,
we present the dynamics of (1.4) with positive initial values. If 0 < a,b < 1, then
(1.4) has a unique positive equilibrium (k1, k2) which is a stable node. In fact, define

a;(s) = sk;, bi(s) =ski+ (1 —s)(1+¢), i =1,2,
a(s) = (ai(s), ax(s)), b(s) = (bi(s), ba(s))

with € > 0 small enough and s € (0, 1]. By Lemma 5.7.4 of Smith (2008), we obtain
a strictly contracting rectangle of (1.4). Therefore, (k1, k2) is globally asymptotically
stable, that is, the solution (u(¢), v(¢)) of (1.4) satisfies

Jim (Ju(0) = k| +[v(®) — k) =0
——+00

with the initial values u#(0) > 0 and v(0) > 0, which is similar to that in (1.2). For
other cases, we can also analyze the stability. Particularly, p, ¢ > 1 do not affect the
existence and stability of steady states in (1.4), and we list the conclusions as follows:

(1) (u@),v(@) — (0,1)ast - +o00if0 <b <1 <aanda # b;

2) (u@),v(@) — (1,0)ast - +o0if0 <a <1 <banda # b;

3) (@), v@)) — {0, 1),(1,0), (k1,k2)} ast — +ooif a,b > 1, which depends
on the initial values;

@) (u(@),v()) — (k1,kx)ast — 4o0if0 <a,b < 1.

Let
X = {u(x)lu(x) : R — R is bounded and uniformly continuous}
be equipped with the compact open topology and maximum norm || - ||. Moreover,
denote

Xt ={u:ueXandu(x) > 0forall x € R}.
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The effect of initial values on extinction or persistence 1427

Furthermore, if m < n € R, then define
Ximn) ={u:ue Xandm <u(x) <nforalx e R}
and

X2

im.n] = {(u,up) :uj € Xandm <u;(x) <nforallx e R,i =1, 2}.

In order to obtain the spreading speed of the competition system with degenerate
nonlinearity described by (1.3), we consider the following initial value problem

WL — dy Aut, x) + riuP (t,x) [1 — u(t, x) — av(t, )],
WD — iy Av(t, x) + rav? (1, x) [1 — bu(t, x) — v(t, x)], @2.1)
@(0,x), v(0, x)) = (u(x), v(x) € X3 ).

in whicht > 0,x e R,a,b >0,d;,r; >0,i =1,2and p,q > 1.
Following Definition 4 and Remark 2 of Fife and Tang (1981), we introduce an
admissible pair of super- and sub-solutions of (2.1) as follows.

Definition 2.1 Assume that

u(t,x) =min{ui(t, x), ..., u,(t,x)}, v(t, x) = min{vi (¢, x), ..., v, (z, x)},

u(t, x) = max{u;(t,x),...,u, x)}, v, x)=max{y(, x),...,v,0, x)}

are continuous functions for some integer n, x € R, € [0, T*) with some T* > 0.
Then (u, v) and (u, v) are said to be a pair of super- and sub-solutions of (2.1) if they
satisfy the following statements:

(1) (0,0) = (u(0,x),v(0,x)) < (u(x), v(x)) < @(0,x),v(0,x)) < (I,1) forx €
R and (0,0) < (u(t, x),v(t, x)), (u(,x),v(t,x)) <(1,1)fort >0,x € R;
(i) ifu(r,x) = u;(t, x) forsomei € {1, ..., n}, then

3; (1, x)

P di At (t, x) + ra? (¢, x) [1 = u; (1, x) — av(t, x)]

and v(¢, x) satisfies a similar inequality;
(i) if u(t, x) =u;(t, x) forsomei € {1, ..., n}, then

du,(t,
Z,;t x) < dyAuy(t,x) +rul (¢, %) [1 = u; (1, x) — av(t, x)]

and v(¢, x) satisfies a similar inequality.

By virtue of the comparison principle, we have the following lemma.
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1428 W.-J.Boetal.

Lemma 2.1 Assume that (u(t, x), v(t, x)) and (u(t, x), v(t, x)) are a pair of super-
and sub-solutions of (2.1) with t € [0, T*) and x € R. Then there is a unique solution
(u(t, x), v(t, x)) of (2.1) satisfying

(u(t, x), v(t, x)) < (u(t,x),v(t,x)) < (u(t,x), v, x)) forall (t,x) € [0, T*) x R.

To describe the extinction or persistence of (1.3), for any p > 1, we first recall the
following initial value problem involving p-degree Fisher nonlinearity

LD — gAZ(t, x) +rzP(t, x) [A — Mz(t, x)].t > 0,x € R, @2
z(0,x) = z(x), x e R, '

where all coefficients are positive and z(x) € X|o,4,m] has nonempty compact support.
For the first equation in (2.2), there are many results on traveling wave solutions, see
e.g., Berestycki and Nirenberg (1992), Chen and Qi (2007, 2009, 2019), Liang and
Zhao (2007), Chen et al. (2017). Furthermore, the upper and lower bounds of the
critical speed were investigated by Chen and Qi (2007, 2009, 2019); Chen et al.
(2017).

Let

M rAP rAP \'/?
=——+t, x1=|—— x
A Mpr—1 (dMP—1>

Then the first equation in (2.2) can be transformed into

ow(ty, x1)

o = Aw(ty, x1) +w” (@, x) [1 —w(t, x)], 11 >0, x; € R,
1

It should be noted that there is a sharp speed ¢* > 0 such that (2.2) has a monotone
increasing traveling wave solution if and only if ¢ > ¢* (Berestycki and Nirenberg
1992; Liang and Zhao 2007). Moreover, in view of Theorem 4 of Chen and Qi (2007),

we have
drAp
ot = i (2.3)
MP=1K (p)

where K (p) is a strictly monotone increasing function of p and K (1)=1/4, K (2)=2.
For positive constants d, r, A, M given above, define a continuous function

1
A 1 1 =T 2
Yaam(t, x; &, p,r.d) = I |:<§ - F) /(st +E)i| eTSX/Ad(s1+E) 2.4)
with some p > 3,& > 0ands = AZ}: . A straightforward calculation yields that

Y, —dAY — rAyP > 0 forall (z, x) € (0, +00) x R,
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The effect of initial values on extinction or persistence 1429

which implies that v is a super-solution of (2.2) if z(x) < ¥4, m)(0, x; &, p, r, d) for
x € R. By virtue of the stability results of (2.2) investigated in Sect. 3 of Aronson
and Weinberger (1978), Theorem 1.1 and Remark 4.12 of Du and Matano (2010), and
the spreading theory established by Theorem 2.17 of Liang and Zhao (2007), we can
obtain the following spreading properties.

Lemma 2.2 Assume that z(x) € X{o,4/m]- Then the solution z(t, x) of (2.2) is well
defined in (0, +00) x R and the following properties hold.

(i) Forany fixed p € [1, 3], ife € (0, c*) is given and z(x) # 0, then

A
lim z(t,x) = —.
t—+00, |x|<(c*—e)t (#, %) M

(ii) For any fixed p > 3,

(a) suppose further that € € (0, c*) is given and g(x) € X[o,a/m) has nonempty
compact support. Then there exists a positive constant 6 = oy q)(g(x))
independent of € such that

lim Z(t,x) = % (2.5)

t——+00,|x|<(c*—e)t
if z(x) > Ag(x) for every A > o, while

lim z(z, x) = 0 uniformly in R
t—+00

forz(x) < og(x);
(b) ifz(x) < Ya.m(©0,x; &, p,r,d) forx € Rand some § > 0, then

lim z(¢, x) = 0 uniformly in R.
t—>—+00

(iii) For any given € > 0 and p > 1, if z(x) has nonempty compact support, then

lim z(t,x) = 0.
t——400, |x|>(c*+e)t

Remark 2.1 Actually, for any given p > 3, define a continuous function
Yalt,x;p,r.d,a,p) =g)e, x)

with

_L

o= (1o A B
2B(p —3) (1 +4pdn)"T ’

o __B__.2
1,X): = ————e H9pdr
v, %) 1+ 4pdt
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1430 W.-J.Boetal.

- -1 . .
for some positive «, 8 > 0 such that § > %. Then it is also a super-solution

of (2.2) with z(x) < ¥4(0,x; p,r,d,a, B) = aeP** and satisfies

. ligl Yalt,x; p,r,d, o, B) = 0 uniformly in x € R.
——+00

3 Main results

In this section, we investigate the asymptotic spreading of (1.3) with a, b > 0, which
involves the cases of strong and weak interspecific competition. Before stating our
results, for any given p, g > 1, we first define positive constants

dir dor
cl = _7 c2 = :
K(p) K(q)

where K(p) and K(gq) are strictly monotone increasing functions given by (2.3).
Further define a continuous function v(¢, x) as a solution of the following initial value
problem

WD — gy AT(t, x) + 207 (1, x) [1 = 0(t, 0)], ¢ > 0, x € R,
v(0,x) =v(x),x € R.

In what follows, to simplify the notation, for any given g(x) € X having nonempty
compact support, we write u(x) > og(x) if u(x) > Ag(x) for every A > o. For
any given g > 3, let ¥ (¢, x; &, g, 2, d2) be a continuous function defined in (2.4)
with A = M = 1 and some & > 0. Moreover, let g1(x) € X|o,1] be a continuous
function with nonempty compact support. Then Lemma 2.2 implies that there exists
a positive constant o1 := o1(g1(x)) > 0 such that if v(x) < ¥ (0, x; &, g, 12, d2) or
v(x) < 0181(x), then

lim v(z, x) = O uniformly in x € R.
t—>—+00

Similarly, we can define u(z, x) and ¥ (¢, x; &1, p, 1, dy) for any p > 3. In addition,
for any given g3(x) € X|o,1] with nonempty compact support, there exists a positive
constant 03 := 03(g3(x)) > 0 such that if u(x) < (0, x; &1, p,r1,dy) or u(x) <
0383(x), then

lim u(t, x) = O uniformly in x € R.
t——+00

Note that for any given functions gi(x), g3(x) € X|o,1] with nonempty compact
support, we could fix constants o1 and o3 depending on parameters in (2.1). Moreover,
from the property of autonomous equations/systems, the above results remain true if

u(x) <y (', x; &, pori,di)
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or

v(x) S Y (', x; 62,9, 12, do)

for some given ¢’ € [0, 0o). This feature holds in the following discussion on (2.1),
but we only take ¢/ = O for the sake of simplicity.
Using the comparison principle, we have the following theorem.

Theorem 3.1 Assume that (u(x), v(x)) € X [20’ 1 has nonempty compact support. Then
the solution (u(t, x), v(t, x)) of (2.1) is well defined in (0, +00) x R and satisfies the
following statements.

(i) Forany given p > 3, if u(x) < 03g3(x) oru(x) < ¥ (0, x; &1, p, 1, d1), then
lim u(t, x) = 0 uniformly in x € R.
t——+400
(ii) Forany given q > 3, if v(x) < o1g1(x) or v(x) < ¥ (0, x; &, g, 12, d2), then
lim (¢, x) = 0 uniformly in x € R.
t——400

When a, b € [0, 1), we further define positive constants

dir (1 —a)? Y — dora(1 — b)4
Kp K@)

dir( —ar! _\/dzrz[l—b(l—a)]
K(p 7 K(@)

c3 =
c5 =

Let u(¢, x) and v(z, x) be defined by

aﬂgt’x) =d| Au(t, x) + riuP(t, x) [1 —a —ult, x)] ,t>0,x eR,
u(0,x) =u(x),x € R,

and

ngt’x) =dyAv(t, x) + rpvi(t, x) [1 —b—v(t, x)] t>0,x eR,
v(0,x) =v(x), x € R,

respectively. From the comparison principle and Lemma 2.2, for any given p, g > 3
and g2(x) € X[0,1-p]> 84(x) € X[0.1—¢) With nonempty compact support, there exist

constants o; := 07(gi(x)) > 0(i = 2,4) such that if u(x) > o4g4(x), then

liminf inf u(t,x)>1—a
1—>+400 |x|<(c3—e)t
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for any given € € (0, c3), while

liminf inf v, x)>1->
t—>+00 |x|<(cs—e€)t

if v(x) > o02g82(x) and € € (0, c4) is given. In what follows, we assume that g; (x)
are given functions with i € {1, 2, 3, 4}, so we may fix the corresponding constants
o; depending on parameters in (2.1).

It should be noted that one important measure of invasion of a species is the speed
at which it spreads into the other competitor’s habitat. In what follows, we consider
the invasion speeds of the diffusion competition model (1.3), in which the competitors
occupy a common habitat with different competitive ability. For the sake of clarity,
this section is split into two subsections.

3.1 Weak competitioncase0 <a, b < 1

Firstly, we consider the asymptotic spreading of (1.3) with 0 < a,b < 1, which
is the case of the so-called weak competition. From Sect. 2, when 0 < a,b < 1,
the unique positive equilibrium (k1, k2) of (1.4) is globally asymptotically stable. If
p = q = 1, Lin and Li (2012) established some results on the asymptotic spreading
of (1.3) with coinvasion-coexistence process, where both u and v are invaders. There
are several interesting phenomena modeled by this process, see e.g., Davis (1981),
Chesson (2000). In what follows, we only focus on the degenerate case and consider
the balance between degenerate nonlinear reaction and diffusion. In particular, we
introduce the following condition
—a)P

(F1): 5 < 4ng-ar,

Theorem 3.2 Assume that (u(x), v(x)) € X[20,1] and u(x) has nonempty compact
support. If 0 < a, b < 1, then the solution (u(t, x), v(t, x)) of (2.1) is well defined
forall (t,x) € (0, 400) x R and the following properties hold:

(i) For any given € > 0,

lim sup u(t,x) =0.
1400 | x|~ (1 +€)t

(ii) Suppose further that p > 3 is given. If u(x) < o3g3(x) or u(x) <
v (0, x; &1, p,r1,d1), then

lim u(z, x) = 0 uniformly in R.
t—+00

Moreover,

(a) assume that € € (0, cp) is given and v(x) # 0, ifq < 3 orq > 3 and
v(x) > 0282(x), then

lim inf v(t,x) =1;
t—>+00 |x|<(cp—€)t
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The effect of initial values on extinction or persistence 1433

(b) if liminf v(x) > 0, then
|x]——+4o00
lim v(t, x) = 1 uniformly in R.
t——+00

(iii) Foranyv(x) > 1—bwithx € R, let L1, Ly € R be given constants and w(t, x)
be the solution of

WX — gy Aw(t, x) + riwP(t, x) [1 —k —w(t,x)], 1 > 0,x € R,
w0, x) =ulx),x e R

with k € [0, 1), denote
E{; = {u(x) € B:w(t,x) — 0ast — +oo uniformly in x € R},
where

B = {u(x) 1 u(x) € Xjo,1y withu(x) > 0in (L1, L)
andu(x) = 0in R\(Ly, Ly)}

and B is the closure of B, if u(x) € 2&7"(]4’), then

lim (u(t, x) + |v(t, x) — 1]) = 0 uniformly in R.
1—40o0

I_n addition, Z’(])‘ is nonempty, closed in B and Z’g C E(;_a(l_b) le‘g # {0} and
B.

(iv) Suppose further that (F1) holds and v(x) has nonempty compact support. If p < 3
or p > 3 and u(x) > 04g4(x), then we can obtain the following properties:

(a) for any given € € (0, c5),

liminf inf u(t,x)>1—a;
=400 |x|<(c5—e€)t

(b) forany given g > 3, if v(x) < o181(x) or v(x) < ¥ (0, x; &2, q, 2, d2), then
lim v(t, x) = 0 uniformly in R
t—+400
and

lim inf  u(t,x)=1
t—>+00 |x|<(c1—€)t

for any given € € (0, c1);
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(c) for any given € > 0, if c5 > c2 + cq, then

lim sup  v(t,x) =0;
1—>+00 |x|>(ce+e)t

(d) for any given € € (0, =52), then

lim u(t,x) =1,
t——400,(cr+€)t<|x|<(c5s—€)t

(e) for any given € € (0, ca), ifq <3 o0rq > 3 and v(x) > 0282(x), then

lim sup  (Ju(t, x) — ki + |v(t, x) — k2|) = 0.

1=>+00 x| <(cs—e)t
For the sake of simplicity, the proof of Theorem 3.2 is divided into several lemmas,
through which0 <a,b < 1, p,q > 1, (u(x), v(x)) € X[ZO’I] and u(x) has nonempty

compact support.

Lemma 3.1 For any given p > 3, ifu(x) < o3g3(x) oru(x) < ¥ (0, x; &, p, r1,dy),
then

lim u(z, x) = 0 uniformly in R.
t——+00

Moreover, the following properties hold.

(i) Assume that € € (0, c2) is given and v(x) £ 0. If ¢ <3 o0orq > 3 and v(x) >
0282(x), then

liminf inf v, x)=1.
t—>+400 |x|<(cp—e)t

(ii) If liminf v(x) > O, then
|x]—+4o00
lim v(t, x) = 1 uniformly in R.
t——+00
Proof Since v(r,x) > 0 forall + > 0 and x € R, we have

8”(%+x) <diAu(t,x) +riuP ¢, x)[1 —u(t,x)],t >0,x € R,
u,x) =ulx),x € R.

For any given p > 3, if u(x) < 03g3(x) oru(x) < ¥(0, x; &1, p, r1, d1), thenu(z, x)
is a super-solution of u(t, x), the comparison principle implies that

lim u(t, x) = 0 uniformly in x € R.
——+00
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It then follows that for any €’ > 0, there exists a sufficient large number 77 > 0 such
that u(t, x) < € forallt > T} and x € R. Hence,

av(t, x)

> dy Av(t, x) + rpv (1, x) [1 — be’ — (2, x)] 3.1)

with # > 71 and x € R. We prove the conclusions in two steps.

Step 1. v(x) = 0. Since u(¢, x) < 1 and b < 1, it follows that

WD >y Av(t, x) +rav? (1, x) [1 —b —v(t, x)], 1 > 0,x € R,
v(0,x) =v(x),x € R.

So v(t, x) is a sub-solution of v (¢, x). Thus, if g <3 orqg > 3 and v(x) > o2g2(x),
then

lim inf inf v(t,x)>1—>b
1—>+00 |x|<(cs—€0)t

for any given €g € (0, ca).
When € € (0, ¢p) is given, we can choose ¢’ > 0 small enough such that

dory dory (1 — be')4
—e< | =~
K(q) K(q)

then Theorem 2.17 of Liang and Zhao (2007) and (3.1) imply that

liminf inf  w(f,x) > 1 — be'. (3.2)

t—>+00 |x|<(cp—e)t

Due to the arbitrariness of €/, we deduce the assertion of (i).

Step 2. liminf v(x) > 0. Let 8 = 2br;. Then
[x|—+00

av(t, x)

> dyAv(t, x) — Bu(t, x).

It then follows that v(7, x) > e P'¥(¢, x) with # > 0, x € R, in which T(z, x) is the
solution of .

WD — dh AT(2, x),t > 0,x € R,

v(0,x) =v(x),x € R.
Since lim inf|y|— 400 v(x) > 0, there exists & € (0, 1) such that v(¢, x) > 6 > 0 as
|x| — +4o0. Furthermore, by virtue of the strong maximum principle, for any fixed

T, > T1 > 0, there exists 0 := 0;(73) such that v(7>, x) > 6; > 0 for all x € R.
The asymptotic stability of the steady state in (3.1) further implies that

limlnf v(t,x) > 1 — (1 4+ b)€’ uniformly in x € R.
—+00
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Since €’ > 0 is arbitrary, we complete the proof. O

Lemma 3.2 Assume that g > 3 is given. If v(x) < ¥(0,x;&2,q,r2,d2) or v(x) <
0181(x), then

lim v(t, x) = 0 uniformly in R. 3.3)
t——+00

Moreover, suppose that p <3 or p > 3 and u(x) > o484(x). Then

lim u(t,x) =1
t——+00,|x|<(c1—€)t

for any given € € (0, c1).

Proof Following exactly the same arguments as that in Lemma 3.1, we complete the
proof. O

By selecting different initial values in (2.1), the above two lemmas reflect that one
species may vanish if the Allee effect of this species is strong enough and the initial
habitat size is sufficient small, while the invasion front of the other species is similar to
that of single species described by the Fisher equation. Comparing with Lemma 3.1,
we shall present that the interspecific competition may be harmful to the persistence
in the following two lemmas.

Lemma 3.3 Suppose that p > 1 is given. For the following initial value problem

WD) — dy Aw(t, x) + riwP (6, x) [1 —k —w(t, %)), > 0,x € R,

(3.4)
w0,x) =ux),x eR

withk € [0, 1), let L1, Lo € R be given constants and
2{; = {u(x) € B:w(t,x) = 0ast — +oo uniformly in x € R},

where

B = {u(x) :u(x) € Xjo,ywithu(x) > 0in (L1, L)
andu(x) = 0in R\(Ly, L>)}

and B denotes the closure of B, if Z’(')‘ # {0} and B, then Z‘(])‘ is strictly monotone
increasing in k.

Proof Assume that 1 > k| > kj are two nonnegative constants, E(]; " and Z‘gz are the
corresponding set, w; and w; are the corresponding solutions of (3.4), then it suffices
to prove that X%* C 2(1)‘ !, Form the comparison principle, Eg "and 2(];2 are connected
and wy > wj forallt > 0, x € R, then Z’(])Q C Z‘gl. Now we show E(])Q #+ Z’(])”.
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Firstly, for any given k € [0, 1), define
E{‘_k = {u(x) € B:w(t,x) - 1 —kast — 400 locally uniformly in x € R}.

Based on Theorem 1 and Lemma 2.1 of Du and Matano (2010), we have X {‘7 Y k—
Band 2t , N Xt = 0. Since T} # {0} and B, then ¥, is nonempty. The rest of
the proof is divided into two steps.

Step 1. E{‘_k is open in B. For any given o € (0, 1 — k), Theorem 2.17 of Liang
and Zhao (2007) implies that there exists L, > 0 such that if u(x) > o with x €
[Lg, L], then w(t, x) — 1 — k as t — +oo locally uniformly in R. Hence,

u(x) € Ef_k — min  w(fy, x) > « for some 7y > 0. 3.5)

—Ly=<x=<Lgy

If u(x) € Ef_k, then the right side of (3.5) holds. By virtue of the continuous
dependence on initial values of the solution, the right side of (3.5) also holds for
lw(x) —u(x)| < 8§ with w(x) € B if § > 0is small enough, so w(x) € Eﬁk' Thus,
f_ isan open setin B.

Step 2. Z‘gz # Z’g'. Since Z‘kal is nonempty and open in B and 0 € X}, it
follows that 2(1)‘ ! is nonempty and closed in B, so Z‘g N flfl_kl is nonempty. Taking
u(x) € 2(])” ﬁflfl_kl, if 2(1)‘2 + Eg' is not true, then u(x) € 2(1)‘2. On the other hand,

since Z‘g ' #£ {0} and B, the maximum principle implies that wa (¢, x) > wi(¢,x) > 0
fort > 0,x e R.
Note that

wi(t, x) =w;({t —s,x,w;(s,)) withi =1,2forany 0 < s <1,

and wa (s, x, u(x)) > wi(s, x, u(x)) for any fixed s > 0. By virtue of the continuous
dependence on initial values of the solution, the comparison principle implies that
wa(t,x) > 1 — ki locally uniformly in R as t+ — 400, which contradicts with
u(x) € Z‘gz. Hence, 2(1)62 # Z’(’;l. The proof is complete. ]

Lemma 3.4 Assume that p > 3 is given and Eg, B are defined by Lemma 3.3 with
1—a(1-b)

k €[0,1). Forany v(x) > 1 —bwithx € R, ifu(x) € X, , then
. 11111 (u(t, x) + |v(t, x) — 1]) = O uniformly in R. 3.6)
—+00

In addition, Z'(I)‘ is nonempty, closed in B and 28 - Z‘é_a(l_b) ing # {0} and B.

Proof If v(x) > 1 — b, then the comparison principle implies that v(¢, x) > 1 — b for
allt > 0, x € R, that is

du(t, x)

<dAu(t,x) +riuf(t, x)[1 —a(l —b) —u(t,x)],t >0,x €R.
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Hence, by Lemma 3.1, (3.6) holds if u(x) € Eé_a(l_b). Note that v(¢, x) > 0 for all
t > 0,x € R, then

du(t
u;t,x) <diAu(t,x) +riuf(t, x)[1 —u(,x)],t >0,x € R,

and so

lim u(z, x) = 0 uniformly in R
t—+00

if u(x) € 28 . When Z‘g # {0} and B, then the comparison principle reflects that
s l-a(l=b) 0 l—a(l=b) .p wl—a(l-b) _ & l—a(l-b) , &
0 # {0}, 50 Xy € X, if X =B IfX, # B, then

=

5, —al=b) X9 # {0} and B, applying Lemma 3.3, we complete the proof. o

It should be noted that if p € [1, 3], then E(])‘ = {0} for any given k € [0, 1).
The first four lemmas reveal that the vanishing phenomenon occurs in the degenerate
system (1.3), which depends on the size of initial habitats as well as the intensity of
Allee effect. Hereafter, we consider the coexistence of these two species.

Lemma 3.5 Assume that € € (0, c3) is given. If p <3 or p > 3 and u(x) > o484(x),
then

liminf inf u(t,x)>1-—a.
t—>+00 |x|<(c3—e)t

Proof Clearly, we have v(t, x) < 1forall > 0 and x € R, then

du(t, x)

o >dAu(t,x) +riuf (@, x)[1 —a—u(t,x)], t >0, x eR.

From the definition of u (¢, x),if p <3 or p > 3and u(x) > 0484(x), then Lemma 2.2
together with the comparison principle ensures our results. The proof is complete. O

Lemma 3.6 Assume that (F1) holds and v(x) has nonempty compact support. If p < 3
or p >3 andu(x) > o484(x), then

liminf inf wu(t,x)>1—a
t—>—+00 |x|<(c5—€)t

for any given € € (0, cs).
Proof Since u(t, x) > 0 and v(x) € Xjo,1] has nonempty compact support, then

du(t, x)

o <dryAv(t,x) +rv?(t,x)[1 —v(t,x)], t >0, x € R,

from the definition of v (¢, x), the comparison principle and Lemma 2.2 imply that

lim sup  v(t,x)=0 3.7

17400 x> (caeo)t
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for any given €g > 0. When (F1) holds, from Lemma 3.5 and (3.7), for any ¢’ > 0,
there exists a sufficient large number 77 > 0 such that

. v(t,x) 1 .
() SUP2 x| <(eate)t w(rx) = T—a—e'’

(11) SupZ\xlz(Zcz-i-eo)t U(t, x) < 6/

for all t+ > T;. Hence, we have

/

ou(t, x)

> di Au(t, x) + riuf(t, x) [1 —ae’ — ,u(t,x)]

l—a—c¢

fort > Ty and x € R.
For any given € € (0, ¢s), choosing €’ > 0 small enough such that

diri(1 — a)l’_1 B diri(1 —ae")P(1 —a — 6’)1’_1
K(p) €= (=€) 1K(p) ’

then Theorem 2.17 of Liang and Zhao (2007) and the comparison principle imply that

. . (1—-aeY(1—a—¢€)
liminf  inf  u(z,x) > .
1—>+00 [x]|<(c5—€)t 1—¢

Due to the arbitrariness of €’, the proof is complete. O

Lemma 3.7 Assume that Lemma 3.6 holds and € > 0 is given. If c5 > ¢y + ce, then

lim sup  v(t,x)=0.
1700 x> (co+e)r

Proof 1t suffices to consider the case cs — € > ¢2 + ¢ with any given small number
€ > 0.Let § > 0 such that

( 6>2=d2r2[1—b(1—a—8)].

c6+ =
2 K(q)

Lemma 3.6 implies that there exists a positive number 75 > 0 such that
(a) inf |y <(es—e/ayu(t,x) >1—a— %,l > Ts.

For the following equation

dw(t, x)

o = dhAw(t, x) + ol x)[1 — o, x)], (3.8)

there exists a traveling wave solution connecting 0 and 1 if and only if ¢ > ¢;. Let
(c2, ¢) be the traveling wave solution of (3.8) with critical speed, then ¢ (z) is monotone
increasing in z and satisfies

d29"(2) — ©2¢'(2) + 1297 ()(1 — $(2)) =0,z € R,

¢(—00) =0, p(+00) = 1. (3.9)
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Now we define continuous functions
V(t,x) = min{p(x + cat + 51), p(—x + c2f + 51)}

and

v(t, x) = min {¢(:tx + oot +51), ¢ (iﬂ
(&)

(x + (c6 +€/2)1) + S1> }

with some s; > 0 large enough such that v(7s, x) > v(Ts, x) for all x € R. Note
that for any s; > 0 such that v(x) < V(O, x), V(t, x) is a super-solution of w (¢, x)
with (0, x) = v(x), x € R, which implies v(¢, x) < V(t,x) forallr > 0,x € R.
Moreover, for each fixed r > 0, since ¢ < ¢3, the monotonicity of ¢ implies that

v(t,x) = ¢(Fx + cat + 51) as x — Fo0.

Hence, 51 is admissible.
Further construct continuous functions

u(t,x)=1, u(t,x) =w(,x), v, x) =0,

in which w(¢, x) is given by

WX — dy Aw(t, x) + riw? (1, x) [1 — w(x, 1) —aV(t,x)],
w(x,0) = u(x).

Lemmas 3.5 and 3.6 imply that w(¢, x) satisfies the inequality (a) if 7 > Ts.

In what follows, we verify that (u,v) and (u, v) are a pair of super- and sub-
solutions of (2.1) with ¢t > 75, x € R. By the construction of V(t, x), it is clear that
u(t,x),u(t, x), v(t, x) satisfy Definition 2.1. Therefore, we only need to prove that
v(t, x) also satisfies Definition 2.1.

Ift > Ts and v(¢, x) = ¢ (x + c2t + s1), then the positivity of u(z, x) implies that

U — doUxy — 10 [1 — bu — V|

> Uy — drUyy — 1207 [1 = 7]
= ¢ — dapr — 1297 [1 — @]
=0

with z = x + ot + 1.

When v(t, x) = ¢ (%(x + (c6 + €/2)1) + s1>, we have

" <C6+6/2
e

(x + (c6 +€/2)t) + s1> < ¢(x +cat + 51).
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It then follows from the monotonicity of ¢ that

ce+¢€/2
u(x—l—(c6+6/2)t)—i—s1 < X + oot + 51,

that is
—x < (ca+ce+€/2)t < (c5s —€/2)t.

Leté = ‘“6/2 (x + (c6 +€/2)t) + 51, then ¢ (§) satisfies (3.9). Hence, for any t > T5,
(a) holds, so

U — doUxx — 120 [1 — bu — 7]
> Uy — doUy — 10 [1 —b(1 —a —§/2) — 7]
(et 6/2)2¢ (c6 +€/2)?
= —62 S —Cz

2
— [(—("’6*;/2) - 1) (1—¢)+b(1—a —5/2)} raghd

]

pse —r29? [1 —b(1 —a —8/2) —

v

bdrag?/2 > 0.
Lemma 2.1 further implies that
(u(, x), v, x)) < (u(, x), v, x)) < @, x), v, x))

forall t > 75 and x € R. The proof is complete. O

Lemma 3.8 Assume that Lemma 3.6 holds and € € (0, =52) is given. Then

u(t,x) =1.

1m
t——+00,(cat€)t<|x|<(cs—e)t

Proof Since (F1) holds and a, b € [0, 1), p,q > 1, then ¢; < ¢s. From Lemma 3.6,
there exists uy > 0 such that

lim inf inf u(t, x) = uy,
t—>+00 (L2+6/2)t<|x\<(c5 €/2)t

lim sup sup v(t,x) =0.
1=+00 (c24€/Dt<|x|<(c5—€/)t

Let {er}; > t—1 be a sequence such that

€2=€1<e<---, lim ¢ =e.
k—~00
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Further define {u¥}>) by

k

lim inf inf u(t, x) = uk.

1—>+00 (crt+ep)t <|x|<(c5—e€x)t

Then u, < uﬁ_l < ui < 1 for any positive integer k > 2. Hence, we have

limg—s 400 ui =u*and 0 < u, < u* < 1. In addition,

u*® < lim inf inf u(t, x).
t—>+400 (cr+e€)t<|x|<(c5—e)t

Let k > 0 be a constant such that 2k € (0, u), then there exist positive constants T’

and N such that
T rN 1 _ 2
/ / ————¢ *“’dyds > 1 —«.
o J_n J4rds

By the definition of lim inf, we can find a sequence {t,’f}:i‘l’ with lim,, 4 5o t,’; = 400
such that

u(t,]f,x,]f) < ui + K

for (¢ + ek)t,],‘ < |x,’§ | < (es5— ek)t,],‘ . On the other hand, the monotonicity of €; implies
that

u(t,x) >u

k—1
* — K

inf
(cater—1)t<|x|<(cs—€x—1)t

and

sup v(t,x) <k
(c2tex—1)r<|x|<(cs—€k—1)t

with ¥ sufficient large and ¢ € [¢¥ — T, t*]. Further choose ¢¥ large enough such that

>'n

(ek — e—1)(tX —T) > N +¢sT,

then u(t, y) > uk~' — i« and v(t,y) <« fort € [tk — T, 1K1,y € [xk — N, xF + N].

Denote 8 = 2(p + ¢)(r1 + rz) and define continuous functions

Fi(u, v)(t, x) = Bu(t, x) + riuf (1, x)[1 —u(t, x) —av(t, x)],

Fa(u, v)(t, x) = po(t, x) + rav? (1, X)[1 — bu(t, x) — v(t, x)]
for (0,0) < (u(t,x),v(t,x)) < (1,1). Then Fj is monotone increasing in u and
decreasing in v, while F, is monotone increasing in v and decreasing in u. For any

given (u(x), v(x)) € X[zo,u’ define (7T1(¢), T>(¢)) by
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—pBt _(X*)'>2
TiOu() = = [23 € u(y)dy,

2
—pt _
D) = S [T e B u(dy.

In view of the basic solution of the heat equation, we have

k

t}'l
u(t®, x5y = T (Tyu@E — 1, x5 + /k Ty (tF — 5)Fi(u, v)(s, x5)ds.

Setting n — +00, the monotonicity of F; implies that

Bk — k) + (1 — k) (k=1 — k)P [1 — (@t =) — a/c]
5 .

It then follows from the arbitrariness of « that

k
U, +« =

v - Bk kP — Wk

ul > :
B

Further let k — 400, we have u* > 1. Note that u* < 1, then u* = 1, which

completes the proof. O

Lemma 3.9 Assume that Lemma 3.6 holds and € € (0, cq) is given. If ¢ <3 o0rq >3
and v(x) > 0282(x), then

lim sup  (Ju(t,x) — ki + |v(, x) — ka|) = 0.

I=>+00 x| <(cs—e)t

Proof Since u(t,x) < 1,if ¢ < 3 org > 3 and v(x) > 02g2(x), the comparison
principle implies that

lim inf inf v(t,x) > 0.
t—>+00 |x|<(ca—e/2)t

When (F1) holds, then ¢4 < ¢5, and Lemma 3.6 implies that

lim inf inf u(t,x) > 0.
t—>+00 |x|<(ca—e/2)t

Hence, there exist positive constants u, 4 > uy — > 0and v, 4 > v, — > 0 such that

lim inf inf u(t,x) = uy,—, limsup sup u(t,x) = Uy +,

1—>+00 |x|<(cs—€/2)t t—>+00 |x|<(ca—e/2)t
lim inf inf v(t,x) = vy, —, limsup sup v(t, xX) = Uy 4.
1—+00 |x|<(ca—€/2)t 1—>+00 |x|<(ca—e/2)t

From the definitions of liminf and lim sup, applying similar arguments as that in
Lemma 3.8, we complete the proof. O
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Remark 3.1 Compared with the non-degenerate case, when the positive steady state of
the corresponding kinetic system (1.4) is globally asymptotically stable, Theorems 3.1
and 3.2 imply that four different spreading phenomena may occur by selecting different
initial values in the degenerate case of (1.3).

Remark 3.2 In the weak competition case of (1.3) with degenerate nonlinearity, our
results show that the interspecific competition may play a nontrivial role from the
viewpoint of persistence. In fact, Z‘? is a threshold set on the persistence of ¥ when
the interspecific competition vanishes while the threshold set may be reduced due to
interspecific competition. This phenomenon is significantly different from the case of
p.q €[1,3].

3.2 Othercasesa > 0,b > 1

Different from the above subsection, we investigate the asymptotic spreading of (1.3)
with a > 0,5 > 1 in this subsection, which implies that the competition of u is
strong. When p = ¢ = 1 and b > 1, Lewis et al. (2002) obtained some results on the
dynamics of (2.1) with interspecific exclusive process for 0 < a < 1 while Carrere
(2018) showed that the system may form a propagating terrace if a > 1, which are
different from the weak competition case.

Theorem 3.3 Assume that (u(x), v(x)) € X[20,1] and u(x) has nonempty compact
support. For any a > 0,b > 1 and p > 3, if u(x) < o03g3(x) or u(x) <

(0, x; &1, p,r1,dy), then the classical solution (u(t, x), v(t, x)) of (2.1) is well
defined in (0, 400) x R and

lim u(z, x) = 0 uniformly in R.
t——+00

In addition, the following properties hold:

(i) Suppose further that € € (0, ¢3) is given and v(x) #£ 0. Ifqg <3 orq > 3 and

lim_gnf v(t, x) > 0 uniformly in any compact subset with x € R, (3.10)
t——+00

then

liminf inf v(t,x) = 1.
t—>+00 |x|<(cp—e)t

(ii) If liminf v(x) > O, then
|x]—-+4o00

lim v(t, x) = 1 uniformly in R.
t—400
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Proof According to the comparison principle and Lemma 3.1, it suffices to consider
the properties of v(z, x). Since

lim u(¢, x) = 0 uniformly in R,
t—>—+00

for any €’ > 0, there exists 7’ > 0 such that

av(t, x)

> dy Av(t, x) + r2v7 (2, x) [1 = be’ — v(t, %)] @3.11)

forallt > T/ and x € R.
When v(x) #0,ifg <3 org > 3 and

lim Jinf v(t, x) > 0 uniformly in any compact subset with x € R,
—>+00

from Theorem 2.17 of Liang and Zhao (2007) and Lemma 2.2, for any given € €
(0, ¢3), choosing €’ > 0 small enough such that

dory dory (1 — be')4
—e< | —
K(q) K(q)

liminf inf  v(t, x) > 1— b€,
t—>+00 |x|<(cr—e€)t

then

which implies the assertion of (i). When lim inf x| 4 o v(x) > 0, applying the same
argument as that in Step 2 of Lemma 3.1, the proof is complete, O

Now, we give some sufficient conditions to ensure (3.10).

Proposition 3.1 Assume that p > 3 and u(x) < ¥ (0, x; &, p, r1,d1) with some
& > (% — ﬁ) P~ Let g > 3 and

1 1 1/(p=1)
= ((G5)m)

suppose further that g5(x) € X(0,1—pm) is given with nonempty compact support. Then
there exists a positive constant o5 = 05(g5(x)) such that if v(x) > o585(x), then
(3.10) holds.
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Proof If u(x) < ¥ (0, x; &, p,r1,dp), then the comparison principle implies that
u(t,x) < ¥, x;&,p,r,dy)forallt >0,x € R, so

u it x) < [( ) (1 + £
1/(p=1)
(b))

For any & > (% — ﬁ) bP~! wehave 1 — bu(t, x) > 1 — bm > 0. Thus,

Ve-n
] oA (1)

NI»—‘ l\)l'—‘

over. x) > dryAv(t, x) + vl (1, x) [1 — bm — v(t, x)]

with1 —bm > Oand ¢t > 0,x € R. If g5(x) € X[0,1—pm] With nonempty compact
support, then the comparison principle and Lemma 2.2 imply the existence of o5. The
proof is complete. O

In what follows, we summarize some of implications of the above results, which
will be divided into several cases.

321 Casel:a>1,b>1

It should be noted that @ > 1 and b > 1 ensure that the equilibria (0, 1) and (1, 0)
are locally stable and the coexistence state (ki, k2) is unstable for (1.4), which is the
case of the so-called strong competition. When p = g = 1, as stated by Carrere
(2018), the dynamics of the diffusion competition system depend crucially on the sign
of traveling wave solutions of (1.3) with proper initial conditions. However, due to
the degeneracy, Theorems 3.1 and 3.3 imply that one competitor may be vanishing
once the degeneracy of nonlinearity is strong enough and the size of the support of
initial value is sufficiently small, which is independent of the sign of traveling wave
solutions. Moreover, if p = 1 or ¢ = 1, which shows that the per capita growth of one
competitor is maximal at small densities, in light of constructing appropriate super-
and sub-solutions as that in Lemma 2 of Carrere (2018), the following results could
also be obtained.

Lemma 3.10 Assume that (u(x), v(x)) € X3 0.1] has nonempty compact support and
a > 1,b > 1. Then the solution (u(t, x), v(t, x)) of (2.1) is well defined for all
(t, x) € (0, +00) x R and satisfies the following statements:

(i) For any given € > 0,

lim sup  (u(t,x) +v(t,x)) =0, ¢ = max{cy, c2}. (3.12)
1400 x> (@+e)t

(ii) Suppose further that € € (0, @) is given,
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(a) ifco < cyand p =1, then

lim sup (Ju(t, x) — 1| + v(t, x)) =0;

1400 (5 te)t <|x|<(c1—€)t
(b) ifc1 <cyandq =1, then

lim sup (u(t,x) + v, x)— 1)) =0.

1400 (01 eV <|x|<(ca—e)t
322 Case2:0<a<1,b>1

Firstly, we recall some classical results on the asymptotic spreading of (1.3) with
O<a<1,b>1.Letw=1—vin(1.3), then a straightforward calculation yields

Z’"é—tt’x) =dAu(t, x) + riuP(t,x)[1 —a —u(t, x) +aw(t, x)],

WD) — dy Aw(t, x) + ra(1 — w(t, ) [bu(t, x) — w) ©.13)
for (¢, x) € (0, +00) x R, which is cooperative in the range (0, 0) < (u, w) < (1, 1).
This change of variables maps (0, 1) to (0, 0), (1,0) to (1, 1), and (0, 0) to (0, 1).
Assume that (0, 0) < (u(x), v(x)) < (1, 1), (u(x), v(x)) = (0, 1) outside a bounded
interval, and u(x) # 0 in R, the spreading speed has been well established, see e.g.,
Lewis et al. (2002), Weinberger et al. (2002), Li et al. (2005), Liang and Zhao (2007),
Fang and Zhao (2014), which can be described by the following lemma.

Lemma 3.11 Assume that (u(x), v(x)) € X[20,1] and 0 < a < 1,b > 1. Then for any
p,q > 1,the classical solution (u(t, x), v(t, x)) of (2.1) is well defined in (0, +00) xR
and satisfies the following statements:

(i) Iffor any o > 0, there is a positive number ry such thatu(x) > o, 1 —v(x) > o
with x on an interval of length 2r, then there exists a constant ¢, > 0 such that

lim sup  (Ju(t,x) — 1|+ v(,x)) =0

1—>+00 |x]<(cx—e)t

for any given € € (0, cy).
(ii) For any given € > 0, if (u(x), v(x)) = (0, 1) outside a bounded interval and
u(x) # 0in R, then there exists a constant c’;» > ¢y such that

lim sup  (u(t,x)+ |v(t,x) — 1)) =0.

I—>+00 |x\>(c’;+e)l

The classical results reveal the interspecific competitive exclusive process between
the resident and the invader, in which the invader is superior than the resident. There
are many historical records reflect this process, such as the competition between gray
and red squirrels in United Kingdom (Okubo et al. 1989). It should be noted that if
p = q = 1, then c’} = ¢4 and r, is independent of o (Lewis et al. 2002), which
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implies that the invasion is successful no matter how small the size of the support of
initial values is. When p or ¢ > 1, Theorems 3.1 and 3.3 reflect that although the
invader is strong enough, the invasion may also be failure.

323 Case3:a=1,b=1

Whena = b = 1, due to the appearance of infinitely many steady states u +v = 1, the
dynamics of (1.3) are rather rich. As we know that if the competition system modeled
by (1.3) differs only in their diffusion rates, thatis, r; = r» = a = b = 1, then the
existence and stability of the classical solutions with p = ¢ = 1 in a bounded domain
were considered by Dockery et al. (1998), Hutson et al. (2001, 2002), Lou (2006) and
a very recent paper by Lou et al. (2019). In reaction-diffusion systems, it is normally
expected that the reaction terms will play a central role in the dynamics. However, in
the present case the per capita growth represented by these terms are identical. Thus,
the dynamics are principally driven by the differences in the diffusion. Their results
show that the slower diffusion competitor has stronger competition. When porg > 1,
Theorems 3.1 and 3.3 imply that either the slow or fast diffusion could be selected,
which depends on the degeneracy of nonlinearity as well as the size of the support of
initial values.

4 Numerical simulations

In this section, we present some numerical simulations to illustrate our main results
obtained in Sect. 3. We consider the following degenerate competition diffusion system

WD) — dy Au(t, x) + uP(t, x) [1 — u(t, x) — av(t, x)],
WD — dy Av(t, x) + v9 (2, x) [1 = bu(t, x) — v(t, x)]

4.1)
with constants @, b > 0 and p, g > 1, through which we define

u(x) =v(x) =cosx, |x| <m/2; ulx)=vx)=0,|x|>m/2.

To simulate u and v, we cutoff the domain R by letting u(z, x) = v(t, x) = 0 if x is
large, which is due to the fact

lim u(t,x) = lim v(t,x) = 0 for any fixed t > 0.
X—>0Q X—>00

4.1 Weak competition

In this subsection, we consider (4.1) with
di=dy=1, p=3.1, ¢=32, a=1/10, b =3/10, 4.2)
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which implies the weak competition case in the corresponding kinetic system. With
the initial value (u(x), v(x)), Fig. 1a, b imply the coexistence of both species. Fig-
ure lc, d are obtained if the initial value becomes (u(x)/10, v(x)), and Fig. le, f are
accomplished by taking the initial value (u(x)/10, v(x)/10). Hence, by selecting dif-
ferent initial values, we may observe some different spreading—vanishing phenomena
in (4.1), see Fig. 1 and Theorems 3.1 and 3.2.

4.2 Other cases

(i) Monostable case. First let
di=d,=1, p=3.1,9g=32,a=2, b=3/10, 4.3)

then the corresponding kinetic system is the monostable case and v is much stronger
than u. Figure 2a, b are derived by taking the initial value (2u(x), v(x)/3). In Fig. 2c,
d, we still use the initial value (u(x), v(x)). Figure 2 demonstrates that the superior
competitor v could be wiped out by the inferior competitor u#, which depends on the
initial values, also see Theorems 3.1 and 3.3.

(ii) Bistable case. Selecting

dl :dz:l, p=31, q=32, 0212, b=13, (44)

then the corresponding kinetic system becomes the bistable case. Figure 3a—d are
obtained with the corresponding initial values (2u(x), v(x)/3) and (u(x)/3, v(x)),
respectively. These figures illustrate that the successful spreading of u# and v may
depend on the initial values, and the degeneracy may lead to extinction, see Theo-
rems 3.1 and 3.3.

(iii) Having infinitely many steady states. Now we consider (4.1) witha = b = 1,
under which the system admits infinitely many steady states satisfying u + v = 1.
Even in the corresponding kinetic system, it is difficult to confirm the limit behavior
of a solution. By selecting

di=dy=1, p=g=4,a=b=1 4.5)

with initial value (u(x)/2, v(x)/5), we obtain Fig. 4a, b, which implies the effect of
initial value. By these figures, it is possible that large initial value leads to stronger
ability for persistence.

4.3 The effect of interspecific competition

Now we consider the effect of interspecific competition on the asymptotic spreading
in (4.1) by taking d; = dr = 1. Let

p=3.1a=0. (4.6)
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u(xt) v(xt)

0

Distance x 500 500 Time t Time t 0 -500 Distance x

u(x,t)

0
-100

0

-100

Time t 0 -200 Distance x Time t 0 -200 Distance x
(c) (d)
u(x,t) v(x,t)
02 - 02 -
0.15 0.15
0.1 0.1+
0.05 0.05
[ .
200 0 ‘
200 200
100 100 3
o G ~100 0 100 “00 o -100 200
Time t Distance x Time t 9200 Distance x

(e) )

Fig.1 Weak competition. Numerical simulations of the solution (u(x, t), v(x, t)) of (4.1) with parameters
given in (4.2). a, b u(x, t) and v(x, t) with initial value (u(x), v(x)); ¢, d u(x, t) and v(x, t) with initial
value (u(x)/10, v(x)); e, £ u(x,t) and v(x, t) with initial value (u(x)/10, v(x)/10)

We obtain Fig. 5a for u(x, r) with the initial value u(x). Figure 5b, c are obtained by

selecting
p=3.1,49g=2,a=9/10, b =3/10 4.7
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u(x,t) v(xt)

0 0

3 -100
Time t 0 -200 Distance x Time t 0 -200 Distance x

(a) (b)

)
0 0
-100 -100
Distance x Time t 0 -200 Distance x

Time t 0 -200

(© (d)

Fig. 2 Monostable case. Numerical simulations of the solution (u(x, t), v(x, t)) of (4.1) with parameters
givenin (4.3). a, b u(x, t) and v(x, t) with initial value (2u(x), v(x)/3); ¢, d u(x, ¢t) and v(x, ¢) with initial
value (u(x), v(x))

and taking the initial value (u(x), v(x)). These figures reveal that the interspecific
competition may lead to extinction, see (iii) of Theorem 3.2.
With the initial value u(x), Fig. 5d for u(x, ) is obtained by choosing

p=29, a=0. (4.8)

That is, when the interspecific competition vanishes, # will spread and almost arrive
its capacity 1 in the compact interval. To show the effect of interspecific competition,
further letting

p=29, 9g=2,a=9/10, b =3/10, (4.9)

we have Fig. Se, f with the initial value (u(x), v(x)). These figures reflect that the
interspecific competition may decrease the spreading speed of u significantly. How-
ever, we are not able to present a precise spreading speed here and plan to study this
in the future.
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u(x,t) v(x,t)

0

. Y -100 150 4q0
Time t 0 -200 Distance x Time t 0

(a) (b)

100 200

0
s -100
9:200 Distance x

0 0

-100
Time t 0 -200 Distance x Time t 0 -200

() (d)

-100
Distance x

Fig.3 Bistable case. Numerical simulations of the solution (u(x, t), v(x, t)) of (4.1) with parameters given
in (4.4).a,b u(x, t) and v(x, t) with initial value 2u(x), v(x)/3); ¢, d u(x, t) and v(x, ) with initial value
(u(x)/3, v(x))

u(x,t) v(xt)

I ”H ‘ 08
0.8 I
06
06 i
i1 04
04 02
1 0
02 | 0
~"0
(1 e S
1000 500 T— —T
-500 1000 1000 )
Distance x Tima t

(a) (b)

Fig.4 When a = b = 1. Numerical simulations of the solution (u(x, t), v(x, t)) of (4.1) with parameters
given in (4.5) and initial value (u(x)/2, v(x)/5)
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Fig. 5 The effect of interspecific competition. Numerical simulations of the solution (u(x, 1), v(x, t)) of
(4.1) with d] = d» = 1 and different interspecific competition parameter values. a u(x, ) with parameters
in (4.6) and initial value u(x); b, c u(x, t) and v(x, t) with parameters in (4.7) and initial value (u(x), v(x));
d u(x, t) with parameters in (4.8) and initial value u(x); e, f u(x, t) and v(x, t) with parameters in (4.9)
and initial value (u(x), v(x))
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Fig. 6 The effect of degeneracy. Numerical simulations of the solution u(x, t) and v(x, t) of (4.1) with
parameters in (4.10) and initial value (u(x)/5, v(x)/5)

4.4 The effect of degeneracy and diffusion

In this subsection, we consider the effect of degeneracy and diffusion in (4.1) with
a = b =1, so far these results have not been proven in the present paper. With the
same initial value (u(x)/5, v(x)/5), we obtain Fig. 6a, b by letting

di=d=1,p=31,g=20,a=b=1, (4.10)

which imply that the stronger degeneracy may be harmful to the persistence in (4.1).
To show the effect of diffusion, we consider (4.1) with different diffusion rates. By

selecting
di=1,dy=8 p=g=4,a=b=1 4.11)

and
di=6,dy=1, p=qgq=2,a=b=1, (4.12)

we obtain Fig. 7a—d, which show that the smaller diffusion may be favorable for the
persistence in (4.1). Unfortunately we are not able to analyze the effect of diffusion
in this paper.

5 Discussion

In population dynamics, it is natural to assume that the per capita growth is maximal
at low densities since the competition is sufficiently small (Fisher 1937; Kolmogorov
et al. 1937). However, individuals may have trouble to find mates and the genetic
diversities are scant at very low densities. In addition, some species engage in group
defense, cooperative hunting or other beneficial social behaviors which are not pos-
sible if the densities are too low. Hence, this assumption may be unrealistic in some
situations, that is, the per capita growth is no longer maximal at low densities, which
is the so-called Allee effect (Allee 1931). In addition, it turns out that diffusion can
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Fig.7 The effect of diffusion. Numerical simulations of the solution of (4.1). a, b u(x, ¢) and v(x, t) with
parameters in (4.11) and initial value (#(x), v(x)); ¢, d u(x, t) and v(x, ) with parameters in (4.12) and
initial value (u(x), v(x))

amplify Allee effect and in some cases can create Allee effect at the level of the over-
all population even when such effect is not present locally. With these concerns, we
investigated the diffusion competition system (1.3) with degenerate nonlinearity in
this work, the degeneracy means that the per capita growth of one or both species
is zero at low densities, which is also referred to as weak Allee effect (Allee 1931).
Several interesting phenomena ranging from population dynamics to chemical waves
are modeled by the weak Allee effect, see Aronson and Weinberger (1978), Alikakos
et al. (1999), Kim and Lin (2006), Chen and Qi (2007).

In this paper, we investigated the long time behavior of (1.3) with degenerate nonlin-
earity, in which the interspecific competition may be strong or weak. To our knowledge,
the extinction or persistence of two competitors modeled by (1.1) is principally driven
by the dynamics of the corresponding kinetic systems in the monostable case, which is
independent of the size of the support of initial values. For the degenerate monostable
case of (1.3), various extinction or persistence results may occur by selecting different
initial values, which imply that the size of the support of initial values could affect the
extinction or persistence of (1.3). Moreover, some sufficient conditions that assure the
extinction or persistence of biological invasion were given. These conditions can be
interpreted as requiring appropriate sizes of initial habitats as well as suitable intensity
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of Allee effect. Moreover, some numerical simulations were also presented to illustrate
these theoretical results.

To better understand these phenomena, we provided some explanations. In the
non-degenerate monostable case of (1.3), the nonlinearity reaction is strong enough
such that it plays a crucial role on spreading or vanishing, while the diffusion only
affects the spreading speed. On the other hand, the nonlinearity involves a weak Allee
effect in the degenerate case, which makes the reaction less competitive. Then the
balance between the degenerate nonlinear reaction and diffusion should be taken into
consideration. In this paper, we presented some sufficient conditions for the balance
of degenerate nonlinear reaction and diffusion. From the biological point of view, due
to the influence of diffusion (by selecting different initial values), these conditions
reveal that the superior competitor in the sense of the corresponding kinetic system
does not always win, it can be washed out by the inferior competitor in the sense
of the corresponding kinetic system. Moreover, if the degenerate competition system
modeled by (1.3) differs only in their diffusion rates, then either the slow or fast
diffusion could be selected.

Different from that in the non-degenerate case, the size of the support of initial val-
ues could also affect the extinction or persistence for the degenerate diffusion system
(1.3) in the monostable case, and the interspecific competition of one species may be
harmful to the persistence of the other species. We also obtained some results on the
bistable case, which are independent of the sign of traveling wave solutions. More-
over, numerical simulations provide some illustrations about the effect of interspecific
competition, degeneracy as well as diffusion on the asymptotic spreading of (1.3) (see
Figs. 5, 6, 7). However, only some sufficient conditions for the success or failure of
asymptotic spreading were given in this paper. To obtain more precise results, further
investigations are needed.
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