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1. Introduction

Intraguild predation (IGP) is defined as the killing and eating of potential competitors and is a
combination of predation and competition [1]. A simple example of an IGP food web is the tri-trophic
community module including a predator population (IG predator) and its prey (IG prey) sharing a common
resource. Since the IG predator feeds on different trophic levels (the IG prey and their common basal
resource), and simultaneously competes with another species (its IG prey), it is a specific case of omnivory [2—
5]. IGP is an important community module to understand the mechanism for persistence of complex food
webs. Because of the ubiquity and importance of this interaction in nature, IGP has received considerable
attention [6-10].

Various IGP models have been proposed and studied by many researchers. Holt and Polis [11] formed
a three-species Lotka—Volterra type IGP model with Holling Type I functional response and showed that
increase in the strength of intraguild predation could destabilize the positive equilibrium. Tanabe and
Nambe [12] also considered an IGP model with the same functional response as in [11] and observed that
intraguild predation might destabilize the system and induce chaos by numerical simulations. Hsu, Ruan,
and Yang [2] considered a three-species food web model with Lotka—Volterra type interaction between
populations, classified the parameter space into three categories containing eight cases, and demonstrated
extinction results for five cases and verified uniform persistence for the other three cases. For more studies
on the dynamics of IGP models, including ODE models, PDE models and delay models, we refer to [13-21]
and the references therein.

In many studies of IGP models, see for example [2,3,11,12,14-16,18,19], the common prey of the IG
predator and IG prey is assumed to follow the logistic growth. Although a logistic growth function can better
depict individual population growth and has become extremely popular, but in real natural situation there
are abundant evidences showing that, unlike the logistic growth, populations at low densities are influenced
by positive relationship between the growth rate and the density of the population [22—27]. This biological
phenomenon is known as Allee effect [23,25,27,28] and occurs when the species engages in social behavior
such as cooperative hunting or group defense [22,23,29-32].

A simple model with Allee effect takes the form

dX
— = rX(K = X)(X ~ K), (1.1)

where r > 0, K > 0 and |Ky| < K. The term X — Kj is included as a modification of the logistic model.
When 0 < Ky < K, K is a threshold population level (called Allee threshold), below which the population
declines to extinction while above which the population persists. In this case, Eq. (1.1) describes the strong
Allee effect [33-37]. If Ky < 0, Eq. (1.1) represents the weak Allee effect [38]. A population with weak Allee
effect does not have a critical threshold. Allee effect can result in the increase of the likelihood of extinction.
Recently, Allee effect has attracted much attention owing to its strong potential impact on population
dynamics and there are several different ways to model strong Allee effect (e.g. see [33,34,39-47]).

In this paper, we consider a three-species intraguild predation food web model which includes a predator
population (IG predator) and its prey (IG prey) sharing a common prey. It is assumed that the shared prey
exhibits strong Allee effect which is formulated by following [33-37]. The IGP food web model is represented

as follows:
% =rR (1 B %) (R - KO) - blRP - bQRQ7
4P = P(erbi R — bsQ — dpy), (12
99 = QesbaR + e3bs P — dy),

where R(t), P(t) and Q(¢) denote the densities of the shared prey, IG prey and IG predator at time ¢,
respectively. All parameters are positive. r and K are the intrinsic growth rate and carrying capacity of
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the shared prey R, respectively; Ky is the Allee threshold satisfying 0 < Ky < K; d, and d, are death
rates of the IG prey P and IG predator @, respectively; b; and by are predation rates of species P and @
to the shared prey R, respectively; b3 is the predation rate of the IG predator @ to IG prey P; e; and es
are conversion rates of resource consumption into reproduction for species P and @, respectively; eg is the
conversion rate of the IG predator from the IG prey.

System (1.2) can be used to model many IGP food webs with strong Allee effect such as the predatory
invertebrates—planktivorous fish-herbivorous zooplankton system, in which both predatory invertebrates
and planktivorous fish feed on herbivorous zooplankton, while planktivorous fish also feeds on predatory
invertebrates [48]. Sarnelle and Knapp [49] showed that the zooplankton suffers a strong Allee effect.

For mathematical simplification, we rewrite model (1.2) in a nondimensional form. Let z = %, y=Pz=
Q@ and 7 = rKt. Then (1.2) takes the form

' =xz(z—0)(1—2z) — azy — Brz,
v =myle —arz —dy), (1.3)
2 =yaz(x + agy — da),
b . b d
wl;ere 0="50,0<0<1,anda= 2 B= "2y ="(i=1,2),0 = P50 = G5 d = Pr,d =
egbgK'

We will provide detailed mathematical analysis of model (1.3) with related biological implications. The
main purpose of this article is to investigate the following two questions: First, how does Allee effect affect
the dynamics of intraguild predation? Second, in the presence of Allee effect on the shared prey, under what
conditions will the shared prey, IG prey and IG predator coexist?

To answer these two questions, we first show the positive invariance and boundedness of model (1.3)
in Section 2. In order to understand the dynamics of (1.3), in Section 3 we first discuss the local and
global properties of subsystems of (1.3). Then in Section 4 we investigate the existence and local stability
of boundary equilibria and interior equilibria as well as the existence of Hopf bifurcation. The extinction
of at least one species of the basal prey x, IG prey y and IG predator z is also studied in Section 4. Our
results indicate that Allee effect in the basal prey increases the extinction risk of not only the basal prey
but also the IG prey or/and IG predator. In Section 5 we explore the impact of Allee effect on the dynamics
of model (1.3) in detail. The parameter space of A = (a, 8, a1,a9,d;1,ds) is divided into sixteen different
regions, and in each region the number of interior equilibria is determined and the corresponding bifurcation
diagrams on the Allee threshold 6 are given. The extinction parameter regions of at least one species and
the necessary coexistence parameter regions of all three species are obtained. In Section 6, we focus on the
possible dynamical patterns, i.e., the existence of multiple attractors, and their biological implications. It is
shown that model (1.3) can have one (i.e. extinction of all species), two (i.e. bi-stability) or three (i.e. tri-
stability) attractors. We also find by simulations that the orbits which tend to the extinction state and the
stable interior equilibrium may be attracted to some periodic orbits as (71, 72) is close to the Hopf bifurcation
curve from below, and thus multiple attracting periodic orbits are generated and the coexistence of all three
species is enhanced. In Section 7, we briefly make a comparison between the dynamics of model (1.3) and
the dynamics of the IGP model without Allee effect in the basal prey, and provide a summary of our results.

2. Positivity and boundedness

We define the state space of (1.3) as X = {(z,y,2) € R3} with its interior defined as X = {(z,y,2) €
R3 : zyz > 0}.

Theorem 2.1. (Positivity and Boundedness)

(i) Both X and X are positively invariant sets of system (1.3);
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(ii) System 513) is uniformly ultimately bounded in X, and limsup,_, z(t) < 1, limsup, . y(t) <

Proof. (i). For x > 0,y > 0 and z > 0, we have 2'|,—0 = 0, ¥'|y=0 = 0, 2'|.=0 = 0, which implies that
z =0,y =0,z = 0 are invariant manifolds, respectively. Due to the continuity of the system, we can conclude
that system (1.3) is positively invariant in X and X.

(ii). Choose any point (z,y, z) € X. Since

T |p=1 = —ay — 2 <0, 2'|ps1 = 2(z — 0)(1 — ) — axy — Brz <0,

we have limsup,_, ., z(t) < 1.
Define two functions by N = yiz 4+ ay and W = yax + My + [z, then we have

Yyia1
dN

rry <mz(z - 0)(1 — ) — andiy = h(z) — 1di N (t),

where h(z) = y12(x — 0)(1 — x) + v3dyx, and
Wz — 0)(1 - 2) — apzy + BBy (s — dy) — Bradys
= H(z,y) —72d2W(1),

where

a a
H(z,y) = yor(z = 0)(1 - 2) — avpzy + 6121 2y(z — dv) +3dy (:c + ’iai y) .

Since limy oo 2(t) < 1, for any € > 0 there exists 77 > 0 such that for ¢ > T, z(t) < 1 + e. Let
L. = maxo<g<ite A(x). Thus, for ¢ > T1, N'(¢) < L. — v1d1 N. This implies that

lim sup N (¢) = lim sup(y12(¢) + ay(t)) < )
t—00 t—00 v1d1

where L = maxo<z<1 h(x). Therefore, y(¢) is uniformly ultimately bounded. Notice that

(1-06)

h(z) S%( 1

+71d1> , x €[0,1].

Thus, we have )
11(1-6
limsupy(t) < — {(4d1)

t— 00 (e

+’}/1:|.

2
Denote B = é [(14;01) + 71] Then, there exists T» > T} such that for ¢t > T5, y(t) < B + €. Let

= max H(x,vy).
€ 0<e<1te,0<y<Bte (@)

Thus, for t > Ty, W/(t) < M, — v2daW. This implies that
lim sup W (¢) = lim sup <72m + My + 52) < —,
t—00 t—00 Y1a1 Yada

where M = maxo<z<1,0<y<B H(x,y). Therefore, z(t) is also uniformly ultimately bounded. The proof is
complete. [

Remark 2.2. Theorem 2.1 indicates that IGP model (1.3) with Allee effect in the basal prey has a compact
global attractor {(x,y,2) € X :0<2<1,0<y,z2 < B,B > 0}.
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Table 1
The local stability of equilibria for subsystems.
Subsystems Equilibria Existence conditions Stability conditions
Eg” Always Always L.A.S.
bsvst EY Always Always unstable. Saddle if 6 < d;, source if 6 > d;
zy-subsystem
L4 4 ET Always L.A.S. if di > 1, saddle if dy < 1
E®v 0<d <1 L.AS. if 3(1+6) <dy <1, source if 0 < dy < $(1+40)
EJ* Always Always L.A.S.
subsvste Egz Always Always unstable. Saddle if 6 < ds, source if 0 > do
- 11
Lz-subsy ET* Always L.A.S. if dy > 1, saddle if ds < 1
E** 0 <dy <1 L.AS. if 2(1+6) <dy <1, source if § < dy < $(1+46)
yz-subsystem EY* Always L.A.S.

3. Dynamics of subsystems

In order to understand the dynamics of the full model (1.3), we first consider the dynamics of the following
subsystems:
1. The zy-subsystem. The predator—prey model in the absence of the IG predator z

¥ =z(x—0)(1 —z) — axy, Yy =yylz — dy) (3.1)

has three boundary equilibria Ej¥ := (0,0), E;¥ := (0,0) and E7Y := (1,0), and an interior equilibrium
E*Y = (dl, é(dl — 9)(1 — dl)) if 0 <dy <1.
2. The xz-subsystem. The predator—prey model in the absence of the IG prey y
¥ =x(x—0)(1—2x)— Prz, 2 = yz(x — dy) (3.2)

has three boundary equilibria E§* = (0,0), Ef* := (0,0) and E7* = (1,0), and an interior equilibrium
E%* = (dg, L(dy — 0)(1 - dg)) if 0 < dy < 1.
3. The yz-subsystem. The predator—prey model in the absence of the basal prey x

Y =my(—a1z — dy), 2" = yaz(azy — da) (3.3)

has a unique trivial equilibrium E§* := (0,0).
From Theorem 2.1, we have the following result.

Corollary 3.1. Both subsystems (3.1) and (3.2) are positively invariant and uniformly ultimately bounded
in R with lim sup,_, ., z(t) < 1.

3.1. Local dynamics of subsystems
The local stability of equilibria of subsystems (3.1)(3.3) can be summarized as follows.

Theorem 3.2. The existence and local stability of equilibria of (3.1)—(3.3) are listed in Table 1. Moreover, the

xy-subsystem (3.1) undergoes a Hopf-bifurcation at equilibrium E*Y with d; = %(1 +0) and the xz-subsystem
(3.2) undergoes a Hopf-bifurcation at equilibrium E** with dy = %(1 +0).

Proof. Since the zy-subsystem (3.1) and the xz-subsystem (3.2) have the same form, we only need to
analyze the xy-subsystem (3.1). The local stability is determined by the eigenvalues A;(i = 1,2) of the
following Jacobian matrix J associated to subsystem (3.1), evaluated at equilibria

flz—-0)Q—-z)+2(1—2)—z(z—0)—ay —ar
Tle = ( 1Y Y (z — d1)> ’
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At EjY = (0,0), we have eigenvalues \y = —0 < 0, \s = —y1d; < 0, which imply that E7Y is always
locally asymptotically stable.

At EjY = (0,0), we get Ay = (1 —6) > 0since 0 < 0 < 1 and Ay = 71(0 — dy). Thus, E,? is always
unstable and is a saddle if 8 < d; and a source if 8 > d.

At E7Y = (1,0), we get Ay = —(1 — 0) < 0, 2 =1 (1 — dy). Thus, E7Y is locally asymptotically stable if
di; > 1 and a saddle point if d; < 1.

If dy =1, then E7Y is nonhyperbolic with eigenvalues A\ = —(1—0) < 0, Ay = 0. We use Center Manifold
Theorem to determine the stability of subsystem (3.1) at EJY. For that, consider

®(y) = biy? + boy® + higher order terms.

By some simple calculation we can get @(y) = 0. Thus, the flow on the center manifold is given by
%’ = —v1d1y. Therefore, the boundary equilibrium E7Y is locally asymptotically stable if d; = 1.
At E™Y = (dy, 2(dy — 0)(1 — d1)) (0 < di < 1), the characteristic equation is as follows

det(\ — J|gey) = A% —di(1 — 2dy + 0)\ +y1d1(dy — 0)(1 — dy) = 0.

Clearly, Re\; and Re)s have the same sign since 1 > dy > 6. From A+ Xy = d1(1—2d; +6), we can conclude
that EY is locally asymptotically stable if 1(1+ 6) < d; < 1, while it is a source if § < di < $(1 +6).
If dy = %(1 + 0), then the characteristic equation of E®¥ has a pair of purely imaginary roots

)\1 = Z\/’Yldl(dl — 0)(1 — dl), )\2 = —’L\/’}/ldl(dl — 0)(]. — dl)
Let A =d;(1 —2d; + 0). Notice that

dA
d(d) di1=3(1+6)

=—(1+96) <o.

Thus, according to Theorem 3.1.3 in [50], we know that the subsystem (3.1) undergoes a Hopf-bifurcation
at E”Y when dy = (1 +0).

The yz-subsystem has a unique trivial equilibrium E§* = (0, 0). The eigenvalues at E§” are \y = —y1dy <
0 and Ay = —72d2 < 0. Hence, EJ* is locally asymptotically stable. The proof is complete. O

Remark 3.3. (1) Both the existence and local stability of boundary and interior equilibria of the
zy-subsystem (3.1) (zz-subsystem (3.2)) are independent of y; (72, respectively). (2) Theorem 3.2 suggests
that the coexistence of the basal prey = and IG prey y (IG predator z) at the equilibrium E*Y (E*#) of
subsystem (3.1) ((3.2)) is determined by the Allee threshold 6 and the death rate of IG prey y (IG predator
z) since E®Y (E?) is locally asymptotically stable if 2(1460) < d; <1 (3(1+46) < ds < 1, respectively).

3.2. Global features of subsystems

In this subsection, we focus on the global dynamics of both subsystems (3.1) and (3.2). First, we have
the following theorem regarding the extinction of one or both species.

Theorem 3.4. (Extinction)

(i) If di > 1, then the population of the IG prey y in the xy-subsystem (3.1) goes extinct for any initial
condition in Ri. Similarly, if do > 1, then the population of the IG predator z in the xz-subsystem (3.2)
goes extinct for any initial condition in the interior of Ri;
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(i) If dy < 0, then the solution of the xy-subsystem (3.1) converges to (0,0) for any initial condition in the
interior of Ri. Similarly, if do < 0, then the solution of the xz-subsystem (3.2) converges to (0,0) for
any initial condition in the interior of RZ ;

(i) If x(0) < 0, then all species in both subsystems (3.1) and (3.2) converge to (0,0);

(iv) In the absence of the basal prey x, both the IG prey and IG predator go extinct for any initial condition

in R

Proof. We only need to prove the result for the zy-subsystem (3.1) and the yz—subsystem (3.3).

Let d; > 1. By limsup,_, . z(t) < 1, we have that for sufficiently small e > 0 satisfying d; > 1 + ¢, there
exists 77 > 0 such that for all ¢ > T, x(t) < 1+ €. Then by the second equation of the zy-subsystem (3.1),
we have that

y/ = ’yly(l‘ — dl) < 'yly(l +€— dl) <0, Vi > T.

It follows that lim;_, . y(t) = 0.

If d; = 1, then according to Theorem 3.2, the zy-subsystem (3.1) only has three boundary equilibria
E*Y u=0,60,1, where both Ej¥ and EJ? are locally asymptotically stable and E” is a saddle. Corollary 3.1
implies that the zy-subsystem (3.1) has a compact global attractor. Thus, from an application of Poincaré-
Bendixson theorem [51] we conclude that lim; o y(t) = 0 for any solution (z(t),y(t)) of (3.1) initiated from
the interior of Rﬁ_.

If d; < 0, then from Theorem 3.2, the zy-subsystem (3.1) only has three boundary equilibria E*Y u =
0,0,1, where EjY is locally asymptotically stable, E,¥ is unstable, and E{Y is a saddle point. Thus,
Corollary 3.1 and Poincaré-Bendixson theorem [51] imply that lim; o (2(¢), y(¢)) = (0,0) for any solution
(z(t),y(t)) of (3.1) initiated from the interior of R .

Assume z(0) < 6. From the first equation of the zy-subsystem (3.1), we have

xl|w<9 < 07 and x/|w:9 < 07

which implies that lim;_, o (t) = 0. Thus, the second equation of (3.1) implies that lim;_, . y(¢) = 0.

In the absence of the basal prey z, the yz-subsystem (3.3) has a unique equilibrium (0, 0) which is locally
asymptotically stable. Theorem 2.1 implies that the yz-subsystem (3.3) has a compact global attractor. Thus,
Poincaré-Bendixson theorem [51] implies that the solution of the yz-subsystem (3.3) converges to (0, 0) for
any initial condition in Rf_. The proof is complete. [

Remark 3.5. The second part of Theorem 3.4 is about IG prey (IG predation)-driven extinction due to
Allee effect of the basal prey population. The invasion or reproduction of the IG prey (IG predator) is
excessive while the reproduction of the basal prey is not fast enough to sustain its own population. Thus,
the excessive invasion or reproduction of the IG prey (IG predator) drives the population of basal prey to
below its Allee threshold and eventually to zero, which consequently drives the population of the IG prey (IG
predator, respectively) to extinction. The third and fourth statements of Theorem 3.4 indicate that in the
absence of the basal prey, when the population density of the basal prey is below its Allee threshold, all
species will be extinct.

Now, let 0, ., y1 be fixed and d; vary, we show the global dynamics of the zy-subsystem (3.1). The features
of the zz-subsystem (3.2) are same to (3.1) and are omitted here. We refer to Sieber and Hilker [52], Wang
et al. [37] and Kang et al. [53] for more details and numerical simulations.

(i) di > 1. This leads to the IG prey free dynamics with E;¥ U E}Y as attractors.

(i) 3(1+6) < di < 1. There is a transcritical bifurcation at d; = 1. When the value of d; is decreased from
1, ETY becomes unstable and a unique and locally asymptotically stable interior equilibrium E*Y appears.

(iii) dy = 3(1 4 6). A Hopf bifurcation occurs.

(iv) There exists a threshold value dj : § < df < (1 + 6) such that
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(a) when dj < di < £(1+ 6), there exists a unique limit cycle such that below the stable manifold of E;"
trajectories converge to the limit cycle and above the stable manifold of Ey¥ trajectories converge to the
extinction equilibrium EgY;

(b) when dy = df, the unique stable limit cycle disappears and a heteroclinic bifurcation occurs; i.e., there is
a heteroclinic orbit connecting E7" to E,”. Outside the heteroclinic cycle, trajectories converge to Eg?,
while inside the heteroclinic cycle trajectories converge towards the heteroclinic cycle;

(c) when 6 < d; < dj, the heteroclinic orbit is broken, which leads Ej¥ to be globally asymptotically stable
and all species cannot coexist.

(v) di < 6. The IG prey-driven extinction occurs and no interior equilibrium appears any more, all
trajectories in the interior of R? converge to Eg”.

4. Dynamics of the full IGP system

In this section, we study the dynamics of the full IGP system (1.3). First, we study the existence and
stability of boundary equilibria of system (1.3).

4.1. Boundary equilibria of the full IGP system

It is easy to check that system (1.3) has three axial equilibria:
EO = (0’070)? EG = (97070)3 El == (17070)3

and two planar equilibria:

1
Ey = <d2,07ﬁ(d29)(1d2)> if 0 <dy <1,
1
Es3 = <d1,a(d10)(1d1),0> if 0<d <1.

The existence and stability of these boundary equilibria can be summarized as the following theorem.

Theorem 4.1. (Existence and Stability of Boundary Equilibria) Sufficient conditions for the existence and
local stability of boundary equilibria for system (1.3) are summarized in Table 2.

Proof. The Jacobian matrix J associated to system (1.3) is given by

(x—0)1—2)+z(l—2z)—2z(x—0)—ay — Bz —ax —px
Je = My iz — a1z —di) —nay
V2% V2022 Yo (T + azy — dz)

At Ey = (0,0,0), we have eigenvalues Ay = —0, Ao = —y1d1, A3 = —72da, which imply that Ey = (0,0,0)
is always locally asymptotically stable.

At Ep = (0,0,0), we get Ay = 6(1 —6) > 0, = 71 (6 — dy) and A3 = 12(0 — da). Thus, Ey is always
unstable and a source if d; < 8,ds < 0 and a saddle if at least one of d; and ds is larger than 6.

At E; = (1,0,0), we get Ay = —(1 —0) < 0, 2 = 11(1 — dy) and A3 = y2(1 — d). Thus, E; is locally
asymptotically stable if d; > 1,ds > 1 while a saddle if at least one of d; and ds is less than 1.

At By = (dg, 0, %(dg —-0)(1— dg)) (0 < d2 < 1), the characteristic equation is given by

<)\ -7 <d2 —dy — %al(dg — 9)(1 — dz))) ()\2 — d2(1 — 2ds + 9))\ + ’YQdQ(dQ — 9)(1 — d2)) = 0.
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Table 2
The boundary equilibria and their local stability for system (1.3).

Boundary equilibria Existence conditions Stability conditions
E, Always Always L.A.S.
Eg Always Always unstable. Source if 0 < dj,dsy < 0;

Saddle if at least one of d; and d is
larger than 6.

E, Always L.A.S. if dy,ds > 1; Saddle if at least one
of d; and d, is less than 1.

Es 0<dy<1 L.AS. if di > dy — %(dp — 0)(1 — d5) and
3(1+0) <dy <1
Source if di < dy — %(dQ —0)(1 —d2) and
0 <dy < i(1+406);
Saddle if either
(1) di < da — %(dQ —0)(1—ds), %(1+0) <

dy < 1 or
(2) di >dy — G (d2 — 0)(1 —d2),0 < dz <
1
1(1+6).
Es 0<d <1 L.AS. if dp > di + 2(d; — 0)(1 — d;) and

2(1+0) <dy <1

Source if dy < dy + %(dl —0)(1 —dy) and
0 <di < 1(140);

Saddle if either

(1) do < dy + %(dl —0)(1—dy), %(1+0) <
dy <1 or

(2) do >di+ Z(d1 = 0)(1 — d1),0 < di <
2(1+0).

Thus, we have Ay = 1 (d2 —d; — %al(dg -0)(1 - dg)) and A1, A3 are roots of the following equation:
A —da(1 = 2da + )\ + y2da(dz — 0)(1 — da) = 0.

Notice that 6 < dy < 1, we know that Fs is locally asymptotically stable if d; > dy — %al (do — 0)(1 — da)
and 1(1+40) < ds < 1; E5 is a saddle if either

1 1
dy < do — Bal(dz — 9)(1 — dg), dy > do — B(Il(dg — 9)(1 — dg),
or
1 1
5(1+¢9)<c132<1, 9<d2<§(1+9),

and a source if d; < dg — %al(dg —0)(1—dz) and 6 < dp < 1(1+6).
At B3 = (dy, 1(dy — 0)(1 — d1),0) (8 < dy < 1), the characteristic equation is given by

()\ — Yo <d1 —day + éaz(dl -0)(1 - dl))) (A2 —dy(1 —2dy + 0)A + ndi(dy — 0)(1 — dy)) = 0.

Thus, F3 is locally asymptotically stable if dy > d; + éag(dl —0)(1 —dy) and %(1 +0)<dy <1; Esisa
saddle if either

1 1
d2 < d1 + &ag(dl — 9)(1 — dl), dz > d1 =+ aag(dl — 9)(1 — dl),
1 or 1
5(1+9)<d1<1, 0<d1<§(1+0),

and a source if dy < dq + éag(dl —6)(1—dy)and 6 < dy < %(1 + 0). The proof is complete. [
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Remark 4.2.

(1) According to Theorem 4.1, both E, and Ej are locally asymptotically stable in R% if

ap do—dy do—dy

{ 1(1+0) <dy <d2<1
B

G d) o < @00 a):

(2) By Theorem 3.2 and the proof of Theorem 4.1, if d; > dy — (dg —0)(1—4da),0 < ds < %(1 +6),
then E, is a saddle in R3, but it is a source in the xz-plane and there exists dj : 0 < dj < 1(1+0)
such that for dj < do < l( + 0) there is a unique stable limit cycle surrounding Fs. Similarly, if
dy > dy + %2(dy — 0)(1 — dy),0 < dy < (1 + 0), then Ej is a saddle in R+, but it is a source in the
zy-plane, and there exists di : § < df < 3(1 + ) such that for df < d; < 1(1 4 6) there is a unique
stable limit cycle surrounding Fs.

(3) Both the existence and local stability of boundary equilibria of (1.3) are independent of (y1,72).

4.2. Extinction

By Theorems 2.1, 3.2 and 3.4, we have the following result regarding the extinction of at least one species
of the basal prey z, IG prey y and IG predator z.

Theorem 4.3. (Basic Global Features)

(i) If dy > 1, then lim; oo y(t) = 0. If, in addition, do > 1, then lim;_, o max{y(t),z(t)} = 0. While if
dy >1anddy <90, then limy o0 (2(2), y(¢), 2(t)) = Eo;
(i) If do > 1+ 22 {(1 0)? —l—'yl], then limy_, oo 2(t) = 0. If, in addition, di < 0, then lim;_, oo (x(t),y(t),

z(t)) = Eo;
(#ii) All trajectories of system (1.3) converge to Eq if x(0) < 6.

Proof. (i) The fact that

¥ =z(x—0)(1—x)—azy — frz < z(zx—0)(1 — x) — axy,
Y =ny(r —arz —di) < ny(r —di)

implies that the dynamics of z and y of the full system (1.3) can be governed by the xy-subsystem (3.1).
Therefore, by Theorem 3.4, d; > 1 implies lim;, o y(t) = 0 and the limiting system of (1.3) is the
xz-subsystem (3.2). Thus, if in addition dy > 1, then

Jim max{y(t), 2(1)} = 0.

Moreover, if in addition dy < @, then from Theorem 3.2 we can conclude that the omega limit set of the
xz-plane is Ey U Eg U Ey. By Theorem 2.1 and the condition d; > 1 (Theorem 3.4), for any € > 0, all
trajectories enter the compact set [0, 1] x [0, €] x [0, B] when time is large enough. Therefore, the conditions
dy > 1 and dy < 6 indicate that for any € > 0, all trajectories enter the compact set M = [0,1] x [0, €] x [0, €]
when time is large enough. Choose € > 0 small enough, then the omega limit set of the interior of M is Ejy
since Ej is locally asymptotically stable and Ejy, F; are unstable according to Theorem 3.2. Therefore, the
conditions d; > 1 and dp < 6 imply that lim_, o (2(t), y(¢), 2(t)) = Ep.

(ii) By Theorem 2.1, we have lim sup,_, ., #(t) < 1 and limsup,_,,, y(t) < = [% + ’yl] This indicates
that for any € > 0 sufficiently small, there exists a time T" > 0 such that for all t > T,

dz (1—6)?
dt<’}/2<1+ +a|: 1d, +’Y1+6:|—d2>.
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It follows from the arbitrariness of € and the condition 1 + %2 [% + 71] < ds that lim; , 2(t) = 0. The
rest of this item can be shown by applying similar arguments as in the proof of (i).

(iif) If 2(0) < 0, similar to the proof of Theorem 3.4, we have lim; o (2(t),y(t)) = 0. Thus, the third
equation of (1.3) implies lim;_, o, 2(t) = 0. Therefore, all trajectories of system (1.3) converge to Ey. The
proof is complete. [

Remark 4.4. Theorem 4.3 implies the following statements:

(1) The high death rate(s) of the IG prey or/and IG predator lead(s) to the extinction of the IG prey
or/and IG predator.

(2)Ifdy >1and dy <6 (ordey > 1+ ‘f [(1 0)° + 71} and d; < 0), then the IG predator (or IG prey,
respectively)-driven extinction occurs due to Allee effect of the basal prey population, and all species will
be extinct. Therefore, Allee effect in the basal prey increases the extinction risk of not only the basal prey
but also both IG prey and predator, even if the initial population density of the basal prey is abundant.

(3) The initial population of the basal prey plays an important role in the persistence of x or y or z due
to Allee effect in the basal prey. If the population density of the basal prey is low, then all species will be
extinct.

4.8. Interior equilibrium

In this subsection, we explore sufficient conditions for the existence of the interior equilibria and their
stability for system (1.3).
The interior equilibria of system (1.3) are determined by the following equations:
(x—0)(1—2)—ay— Bz=0,

r—a1z—d; =0,
:Z?+a,2y—d2=O.

Thus, (*,y*, 2*) is an interior equilibrium of system (1.3) if and only if x* is a positive root of the following
quadratic equation

fz) = a? (1+9+6>x+9+d2adlﬂo, (4.1)
a9 ay as ay

and 1 1
y'=—(dy —2") >0, z*=—(z*—dy)>0. (4.2)

as ay

Let 9
A:<1+9+O‘—5) —4(e+d2a—d15) (4.3)
a2 a1 ag ai

If A <0, then the quadratic equation (4.1) has no root, and hence system (1.3) has no interior equilibrium.
If A >0, then the quadratic equation (4.1) has two real roots z§ and z3 (z} < z3):

xf—;(1+9+az——f> x’5=;<1+9+a—ﬁ+x/ﬁ). (4.4)

az a
Clearly, z < 1 (1 +0+ = — E) < z%. Let
1 1
= —(dy — * —dy),i=1,2.
yi = S lde = i), 2= (3 — )i

If A > 0, then the number of interior equilibria is determined by the relative locations of z7, 3 and dy, da:

e No interior equilibrium if (1) dy,ds < a7, or (2) di,d2 > %, or (3) x} < djy,dy < x3;
e A unique interior equilibrium E = (27, y7, 27) if di < 2} < da < a35;
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e Two interior equilibria Ef = (z5,y},27) and E3 = (z5,v3,23) if di < 27 < x5 < dy;
e A unique interior equilibrium Ej = (23, y5, z5) if 27 < dy < 23 < da.

Based on the above analysis and the Theorem 4.3, we obtain the following sufficient conditions for which

system (1.3) has no interior equilibrium.

Theorem 4.5. (No Interior Equilibrium) System (1.3) has no interior equilibrium if one of the following

conditions is satisfied:

(Z) dlzl; )

(ii) d221+%[(14_T91)+71};

(iii) dy > di ; .

) A — o8\ _ da _ d8) _ .

() A=(1+6+2 - 2) : 1o+ %2 - 42 <o,

(v) A = (1+9+(% ~L) 4o 2 M) > 0 and one of the following conditions holds: (1)

al a2 al -

di,dy <7, (2) di,de > x5, (3) 27 < dy,dy < 75,
Now, we state the existence and local stability of the interior equilibria for system (1.3).

Theorem 4.6. (Existence and Local Stability of Interior Equilibria)

(i) If A > 0,dy < 2} < dg <z, then system (1.3) has a unique interior equilibrium Ef = (z7, y7, 27).
(i) If A > 0,d; < af < a3 < da, then system (1.3) has two interior equilibria ET = (z3,y7,27) and
E5 = (23,95, 25).
(ii5) If A > 0,27 < dy <z} < dg, then system (1.3) has a unique interior equilibrium Ej = (z3,y5,23).
Moreover, if EY exists then it is always unstable; and if E5 exists then it is locally asymptotically stable if and
only if x5 > (1 +6) and p > 0. In addition, if x5 > (14 0) then system (1.3) undergoes a Hopf bifurcation
at E5 when p = 0. Here,

* * >k * a ﬁ * *
p =525 — (1 +0))(n1ays +72823) + (a2 - a1> Y1720102Y5 25 - (4.5)

Proof. The existence of the interior equilibria can be directly obtained. At Ef(i = 1,2), the Jacobian

matrix J|g= associated to system (1.3) is given as follows:

(1 —a*) —z*(z*—0) —ax* —Bz*
Jgr = My* 0 -nay* |,
Yo z* Yoaoz* 0

which yields the characteristic equation F(A) = A3 + 71A% + o\ + 73 = 0, where

=2z — (1+0)),
Ty = o y; + 2Bz + iy20102y; 25

a -
T3 = 71720102 <2$*—<1+9+—/8>>a:fyfzf7 1=1,2.
az a

Note 72 > 0. At E7, since 2} < % (1 +0+ = — ﬁ), we know 73 < 0. Therefore, F'(A\) = 0 has at least one

al
positive real root and hence EY is always unstable.
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At E3, since 23 > 1 (1-5-9-1-%— ﬁ),we know 73 > 0. Let

al

Ay =1 = 251225 — (140)),

™ T @
fo=| 77 | =i (witans - 0 D nans +22655) + (= 2 ) svsamnansisg ) = i
T2 as ay
T1 T3 0
A3 = 1 T2 0 :T3A2~
0 T1 T3

From Routh-Hurwitz criterion, E3 is locally asymptotically stable if and only if x5 > %(1 +6) and p > 0.
Assume 23 > 1(14-6). We will use p as the bifurcation parameter. It is easy to see that p = - (1175 —73).
T2
The characteristic equation in the eigenvalues of E3 can be rewritten as follows:

1
A A%+ —(@3p+ )\ + 75 =0.
1

In the case p = 0, we have (A+77) (/\2 + :—i’) = 0, which gives one negative root Ay = —1; = —x5(225—(1+9))

since x5 > %(1 + 6), and a pair of purely imaginary roots Ay 3 = £i :—? If p > 0, then we have Ay > 0, so
all eigenvalues have negative real parts and E3 is stable. If p < 0, then we have Ay < 0, so A2 3 have positive
real parts and E3 is unstable.

If p # 0, let the eigenvalues be denoted A = p(p) + q(p)i with p(0) = 0 and ¢(0) = /72 > 0. To show a

dp(p)
dp

Hopf bifurcation occurs, we need to show |p=0=p’(0) # 0. Implicitly differentiating the characteristic
equation with respect to p, we get

sl
BAZN + 27 AN + 2\ + = (25p + )N = 0.
1 1

Evaluating it at p = 0, we have
(3)\2 + 21 + TS) N Ea=o.
1 T1
Since A(0) = ¢(0)i, A2(0) = —¢3(0) = — 72 and X'(0) = p'(0) + ¢'(0)i, we obtain

27’3 ’

P’ (0) — 2y/T173¢'(0) + i {2\/7'17'31)’(0) - 27—7;3(1’(0) +

L EEY I

T1 T1 T1

Setting the real and imaginary terms of the equation above equal to 0, respectively, we get
= /T1T3 ] [p’(O) } _ l 0

*
) 3|
27 T1

—/T173 % (]/(0)
Thus, p’'(0) = — 2(1?113) < 0. The proof is complete. [J

From (4.5), % — Z—f < 0 is necessary for the occurrence of Hopf bifurcation. It is easy to see that if

23 > (1 + 0) then p = 0 is equivalent to I'(y1,72) = 0, where I'(y1,72) is given by

168 1« azf — ara
Flv,)=——5+——5— 5 . 4.6
N A S 1 ¥ (N )y (46)

Thus, we directly have the following result.

Corollary 4.7. If the interior equilibrium E3 exists and x% > %(1 +0), then Ej is locally asymptotically
stable if and only if the pair of parameters (y1,7v2) satisfies I'(y1,v2) > 0; while system (1.3) undergoes a
Hopf bifurcation at E5 on the curve I'(y1,7v2) = 0.
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Hopf bifurcation diagram: Yy VST,

(@)

Hopf birfurcation curve [(x,.7,)=0

100 200 300 400 500 600

t
®

0 100 200 300 400 500 600
t

0.2 ©

0 . - - y . y . - . 4 100 200 300 400 500 600

0 5 10 15 2 25 3 35 40 45 50 t
T
(a) Hopf bifurcation on (v1,7v2). ®) (v1,72) = (5,5). (¢) (7v1,72) = (7.2864296, 8).
Fig. 1. Parameter values: § = 0.2,d; = 0.7,ds = 0.9, = 8 = a; = 1l,a; = 2. System (1.3) has a unique interior equilibrium
E; = (0.7653,0.0673,0.0653). (a) The Hopf bifurcation curve on the (v1,~v2)-plane. (b) When (v1,7v2) = (5,5), EJ is locally

asymptotically stable. (c) When (v1,72) = (7.2864296, 8), which lies on the bifurcation curve I'(y1,v2) = 0, E; loses its stability
and a limit cycle is born due to the Hopf bifurcation. In both (b) and (c), the initial value is chosen as (0.5,0.2,0.2).

Remark 4.8. Theorem 4.6 and Corollary 4.7 indicate the following implications:

(1) System (1.3) has at most two interior equilibria E} and E3. The existence of both Ef and Ej depends
on Allee effect and is independent of the pair of parameters (y1,72). E7 is always unstable while the stability
of E5 depends on Allee threshold 6.

(2) Assuming E3 exists and 23 > (1+6). From (4.6), if the ratio of the attack rates on the basal prey of
IG prey to IG predator is not less than the conversion rate of IG predator from IG prey (i.e., 2 — 22 > 0),

then E3 is stable for all (y1,72). However, if § — Z—f < 0, then (v1,72) determines the stabilit; of Elg‘ The
Hopf bifurcation curve I'(v1,v2) = 0 depicts the relationship between competition levels of the IG prey and
IG predator for the basal resource. If the competition of IG prey and IG predator for the basal resource lies
below the critical curve I'(7y1,72) = 0, then E3 remains stable, while above it E3 loses its stability.

(3) For example, take § = 0.2,dy = 0.7,dy = 0.9, = 8 = a1 = 1,a2 = 2, then system (1.3) has
a unique interior equilibrium E3 = (0.7653,0.0673,0.0653). Clearly, 3 > %(1 + 6) and % — % < 0. If
we choose 71 = 72 = 5, then I'(y1,72) = 2.08 > 0 and Ej is locally asymptotically stable according to
Theorem 4.6 (see Fig. 1(a) and (b)). However, if we choose (y1,72) = (7.2864296, 8), which lies on the Hopf
bifurcation curve I'(y1,72) = 0, then E3 loses its stability and system (1.3) has periodically oscillating

solutions (see Fig. 1(c)).

From Theorems 4.5 and 4.6, the number of interior equilibria can be described by the signs of f(d;), f(d2)
and f (% (1 + 6 + % — E)), and the relative locations of dy, ds and % (1 + 6+ a% — ﬁ)

ay ap )*

Corollary 4.9. Let0<d; <ds,dy < 1.
(i) If one of the following conditions is satisfied, then system (1.3) has no interior equilibrium:

@ f(3(1+0+2-2)) >0

(b) f(d1) <0, f(d2) <0;
(c) f(di) > 0, f(ds) > 0, f (g (1 N ﬁ)) <0 and f'(d)f'(d2) > 0 (i.e., cither dy < do <

al

1 e} 1 «
§(1+9+£*%) 07"d2>d1>§(1+9+a*£)).

ay

(it) If f(dy) > 0, f(d2) < 0, then system (1.3) has a unique interior equilibrium ET = (27, yT, 27) satisfying
di < x] <dg <3
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(iii) If f(dy) < 0, f(d2) > 0, then system (1.3) has a unique interior equilibrium E5 = (x3,y5, 25) satisfying
] <dp <zh <ds.
(iv) If f(dr) > 0, f(d2) > 0, f(% (1+e+f—aﬁl)) <0anddy < %(1+9+f ) <ds (i.e., f'(dy)

f'(d2) < 0), then system (1.3) has two interior equilibria Ef = (x%,y7,27) and E; = (25,95, 23)
satisfying di < x7 < % < ds.

Moreover, if EY exists then it is always unstable; and if E5 exists then it is locally asymptotically stable if
and only if x5 > (14 6) and I'(y1,72) > 0, where I'(v1,72) is defined in (4.6).

2
Denote A(dy,ds) = (1 +0+ - ﬁ) —4 (9 + % - %) The following lemma can be easily verified.

al

Lemma 4.10. Let0<d; < ds,d; < 1.

(i) f (l (1 +0+ = — ﬁ)) >0 is equwalent to A(dy,ds) < 0;
(i) f(dy) >0 is equwalent tods >d; + %2 2 (dy — 0)(1 — dy);
(7i7) f(dz) > 0 is equivalent to dy < dg — —(dg —0)(1 —dy).

Thus, Corollary 4.9 can be restated as follows.

Corollary 4.11. Let 0 < dy < ds,dy < 1.
(i) If one of the following conditions is satisfied, then system (1.3) has no interior equilibrium.

(a) A(dq,d2) <0y
(b) do < dy + %(dl — 9)(1 — dg),dl > dy — %(dg — 9)(1 — dz),’
(€) do > dy + Z(di —0)(1 —da),dy < dz— F(d2 — 0)(1 —d2), A(dy,d2) >0, and f'(d1) f'(d2) >0
(it) If dz > dy+ 2 (d1 — 0)(1 —d2) and di > do — G (d2 — 0)(1 — d2), then system (1.3) has a unique interior
equilibrium Ef = (z7,y7, 27) satisfying di < x} < da < z3.
(iti) If dy < di + 2 (d1 —0)(1 —d2) and dy < dz — 4 (d2 — 0)(1 —d2), then system (1.3) has a unique interior
equilibrium E% = (x5,y3, 23) satisfying 7 < d1 <z < ds.
(iv) Ifdg > di + %(dl — 9)(1 — dg), dy < do — 7(d2 — 0)(1 — dg), A(dl, dg) >0, and fl(dl)fl(dg) <0, then
system (1.3) has two interior equilibria E1 = (23,y5, 27) and E5 = (25,93, 23) satisfying di < z} <
x5 < ds.

Moreover, if EY exists then it is always unstable; and if E5 exists then it is locally asymptotically stable if
and only if x5 > 3(1 4 6) and I'(y1,72) > 0, where I'(v1,72) is defined in (4.6).

The above result shows the impact of (di,ds) on the dynamics of system (1.3). See Fig. 2, in which we
take 8 = 0.12,a = 0.42,3 = 0.88,a7 = 1.5,a3 = 1.1,77 = 2 = 1 and regard (dy,dz) as the bifurcation
parameters.

Remark 4.12. Theorem 4.6 and Corollary 4.11, combined with Fig. 2, indicate the following implications:
(1) If E} is locally asymptotically stable, then system (1.3) has no interior equilibrium and both Es and
Es3 do not exist (see Fig. 2).
(2) If E5 is locally asymptotically stable, then system (1.3) has at most one interior equilibrium E; which
is unstable if it exists (see Fig. 2). This implies that the IG-prey goes extinct. In fact, since Es is locally
asymptotically stable, we know from Theorem 4.1 that

1
SA+6) <d <1, di>dy— %(d2 —0)(1 — dy),
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Two dimensional bifurcation diagram: d1 v.s. d2
T T T

| T .

‘ E,is L.A.EJ

I

i . E isLAS.
Unique interior equilibrium E, | !

_p PIEE e ol SHUDIETLE,

0.7

N

< 0.6
(1+6)/2=.56

’ d,=4,-a,(d,10)(1-d, )/

’ d,=H, +a,(d}-0)(1-d,a

0.3

Uniq:ue interiolr equilibrium E’1 ‘

Fig. 2. Two-dimensional bifurcation diagram on the (d;, ds)-plane. Here 6 = 0.12, a« = 0.42, 83 = 0.88,a; = 1.5,a3 = 1.1,y = 75 = 1.

which imply that f(d2) < 0, where f(z) is defined by (4.1). Therefore, system (1.3) has at most one interior
equilibrium E7 which is unstable if it exists by Theorem 4.6.

(3) If Ej3 is locally asymptotically stable, then from Theorem 4.1 we know that 1(1 +6) < d; < 1 and
dy > di + %2(dy — 0)(1 — dy). Tt follows that f(d;) > 0 and system (1.3) may have no, one or two interior
equilibria. More precisely, (a) if 3(146) < dy < 1 and either A < 0 or f(dy) > 0, f(d2) > 0, f'(d1) f'(d2) > 0,
then system (1.3) has no interior equilibrium; (b) if $(1 4+ 6) < d; < 1 and f(d1) > 0 > f(dz), then
system (1.3) has a unique interior equilibrium E} which is unstable; (c) if 3(1+6) < d; < 1,A > 0 and
f(dy) >0, f(d2) >0, f'(d1) f'(d2) < 0, then system (1.3) has two interior equilibria EF and Ej. In this case,
EZ% must be locally asymptotically stable. In fact, E3 is locally asymptotically stable and E} and Ej exist,
we have

1 « B 1
d 5> - (14+0+——— *>dy > (146
2>x2>2<++a2 a1)>x>1>2(+),
which implies that § — 22 > 0, and hence p > 0. Therefore, EJ is locally asymptotically stable by

Theorem 4.6. For example, we take parameters 0 = 0.1,d; = 0.7,ds = 0.95,a7 = 4,002 = 1.35,a = 8 =
~v1 = 72 = 1, then system (1.3) has two interior equilibria:

EF = (0.7328,0.1609,0.0082), 3 = (0.8579,0.0682,0.0395).

Clearly, 0.55 = 2(146) < 0.7 =d; < 1 and 0.95 = dy > dy + “2(dy — 0)(1 — d1) = 0.943. By Theorem 4.1,
E;5; = (0.7,0.18,0) is locally asymptotically stable. Since - % = 0.4907 > 0, F3 is locally asymptotically
stable by Theorem 4.6 (see Fig. 14).

(4) From the above two last items, we see that if both E5 and E3 are locally asymptotically stable, then
system (1.3) has a unique interior equilibrium F7, which is unstable.

5. The impact of Allee effect

In this section, we focus on the impact of § on the dynamics of system (1.3). The discriminant A defined
by (4.3) of the quadratic polynomial f(x) in (4.1) is a function of §. We rewrite it as follows:

A(9)=92—2(1+5—a>9+<1+°‘—5>2—4<d”—d15>. (5.1)

ai a3z ag ai ag ai
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Parameter space A

o A;ov 1. A;1 A+3 - 22 ‘ Parameter gpace A ---enlgrged Ipcally ‘ ‘
L LAt At - 4 + =
4r 2A%, AL 0'=0 Ao o
o'=1 21 b AY =0
4
35 Ag d
A+
29 L +
3 2 Az
- < Ay
A
257 Agg A7 ] 191 A A% *
o & P TR
= 2 A;ﬁis 0/‘17 _ A2,7«"l 1\’22
+ o L + e +
150 Ay, 25 ,
. 1.7+ A,
1 g : M
2 16
0.5 A3 K
Ik
0 . . . . . . 15 L8 | . . I I .
0 0.5 1 1.5 2 25 3 2 21 22 23 24 25 26 27 28 29 3
a/a2 ofa,
(a) Parameter space A. (b) A;j,j =0,1,2,3, is enlarged.

Fig. 3. (a) The parameter space 4 : A= A~ U AT, A7 = |_|3 N A]._,AJr = I_l3 . AT, A;’ = |_|9 o A;’], A;’ = I_l3 . A:J (b) The locally
i= i= = i=

enlarged diagram for A;y.,j =0,1,2,3. Here, d; = 0.65,dy = 0.75.

A(0) = 0 has the discriminant

5 =16 <(1—d1)*8—(1—d2)0‘). (5.2)

a1 ag

Denote A = («, 8, a1, as,d1,ds). Define the parameter space
A={XeRE 1 afaras > 0,0 < dy <dp,dy <1}.
By the sign of §, we divide A into two regions (see Fig. 3):

A = {AeRi:aﬁalaQ >0,0<dy <dyody <1,(1—d) L —(1-dy) 2 go},

At = {AeRi:aﬁalaQ >0,0<dy <dyydy <1,(1—d) 2 —(1—dy) & >0}.

a2z

The following statements are clear.

(1) If A = (o, B,a1,a2,d1,d2) € A, then for each § € R, A(#) > 0 and f(x) has two real roots x} < x}
given by (4.4).

(2) If A € AT, then A(6) = 0 has two different real roots 8* < 6** given by

*x (07 \/57 (] (e}
0 f1+ﬁ———7f1+%—@—2\/(1—d1)£—(17d2)£,

B V3 B 3 (5:3)
=1+ L2 eF o1+ Lo J0-a)l - (1-d)2.

For 0 e R:6 <6* or § > 6%, A(f) >0 and f(z) has two real roots 27 < x5 (at 0 = 6*,0**, z7 = x3%), while
for 0* < 0 < 0**, A(f) < 0 and f(z) has no real root.
The real roots of f(z) = 0 can be regarded as functions of . We rewrite z} and 3 as follows:

2 ,(0) = % (1 +O+ a% - aii + \/A(9)> , (5.4)
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where A(0) is defined by (5.1). At § = 0,1,
2
a0 -1 (1eg - 22y g-2) e (- )
2
=1 (2 g -2 yera-2) a1 -4).

In order to explore the impact of 6 on the dynamics of system (1.3), we consider the following two cases:
(Y e A, (ii)) A e AT,

(5.5)

5.1. The case A € A~

Lemma 5.1. Let A € A~, 7 = x7(0) and x5 = x3(0) be two different real roots of f(x) =0 for 8 € (0,1).
We have the following statements:

(i) x5(0) > 1 for all & € (0,1), which indicates that system (1.3) has at most one unstable interior
equilibrium EY (3, y7, 27);
(it) z3(0) <1 for all 6 € (0,1), 5(0) > 0 and x3(1) > do;
(iii) x7(0) is strictly increasing and concave on (0,1).

Proof. A€ A~ implies 0 < dy < dy < 1 and 22 — 48 < o _ B Thyg,

a2 ap — a2 ai

2 2
A(9)2(1+9+5—f) —4<9+j—5):(1—(9+5—f)> .
2 1 2 1 2 1

Then, for § € (0,1), we have that if 6 + 2 — Bo<,

ay —
ay
30) =3 (1+0+ 2 = £+ /A@) =1,

and that if@—|—%—% > 1, 25(0) < 1,25(0) >9+C%_£ > 1.
By a direct computation, we get

d*‘lgwi‘(‘)):m(l—x?(@), Lr07(0) = —2 5 (27(0) — 1)(3(6) - 1).

s =3 (1+0+2 -2 - AW) <o+ 2 - £ <1,

Therefore, x7(0) is strictly increasing and concave on (0,1).
Since =2 _ B8 > 0, we get % — ﬁl > 0. Thus,

1—dq a2 a; — a a
d d d
W_lﬂ:d1<2a_ff> - d, (a_5> S 0.
a ay dyay ay az  ap

Therefore, z7(0) > 0.
If 23(1) < da, then by a direct computation, we have that (dy — afl)aﬁ1 < —(1 — dy)? < 0, which is
impossible. Therefore, 23 (1) > ds. The proof is complete. O

By Lemma 5.1, we divide A~ into three different regions

A;:{A€A7d1<d2§.’£;(0)}, AQ_:{)\GAidlg‘CET(O)<d2},
A7 ={r e 4™ 1 27(0) < dy < da}.

It is clear that A~ = AT U A5 U AS (see Fig. 3).
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Bifurcation diagram on ¢ ---The case A€ A} Bifurcation diagram on ¢ ---The case \c Aé Bifurcation diagram on ¢ ---The case Ac A\;i

1 1 1
< < <
s s S
3 k] s
3 05892 3 3 906
g 8 d,=0.55 g
8 4 g 2 4 -
24,205 S 2d.=05
g g g
a 2 4.=04 s
E] T E]
a a 2 03469
8 a=165 f=1;a,=1,a,=1;d,=02,d,=05 8 8

a=165; f=1;a,=1;a,=1,d,=04;d,=055 a=15 f=1;a,=12,=1,d, =05,d,=06
4,-02
0 0 -
0 05 1 0 4,702167 05 1 0 9,02 0,035 1
4 [ 0
(a) Ae AT (b) Xe A;. (c) Ae Ay
Fig. 4. Bifurcation diagrams on 6 in the case A € A~. Here, 71 = 1,72 = 1. Blue segment shows the interior equilibrium E7.

(a) X € A7 and no interior equilibrium for all § € (0,1); (b) A € A; and there is a unique unstable interior equilibrium E7 for
0 € (0,0,), and no interior equilibrium for 6 € [0,1), 6, = 0.2167; (c) There is no interior equilibrium for 6 € (0,60,] U [62,1) and
a unique unstable interior equilibrium E] for 6 € (601,62), 61 = 0.2,0; = 0.35. (For interpretation of the references to color in this
figure legend, the reader is referred to the web version of this article.)

We also have the following lemma.

Lemma 5.2.

(i) If there exists 0 € R, denoted by 01, such that dy = x3(0) or dy = x5(0), then 6, = d; — % de:dzll .
(i) If there exists 6 € R, denoted by 0y, such that dy = 2%(0) or dy = 23(0), then Oy = dy — £ %2=01

al l—dg

Now, by Theorems 4.5 and 4.6 and Lemmas 5.1 and 5.2, for the case A € A~ , we show the impact of Allee

threshold 6 on the dynamics of system (1.3) as follows.

Theorem 5.3. Let A € A~, 7 = x7(0) and x5 = x5(0) be two different real roots of f(x) =0 for 6 € (0,1).

0, and 0> are given in Lemma 5.2.

(i) If A € AT, then system (1.3) has no interior equilibrium for all 6 € (0,1) (see Fig. 4(a)).
(it) If X € A5, then system (1.3) has a unique unstable interior equilibrium E (z3,y5, z7) for 6 € (0,02),
while no interior equilibrium for 6 € [02,1) (see Fig. 4(b)).
(iii) If X € Ay, then system (1.3) has no interior equilibrium for 6 € (0,61] U [02,1), while it has a unique
unstable interior equilibrium EY(xf,yT, 27) for 6 € (01,02) (see Fig. 4(c)).

Proof. We only show the proof of (iii). Let A € A5 . From Lemma 5.1, we know that system (1.3) has at most
one unstable interior equilibrium Ej (z7, v, 27), and 27(0) < di < da < z3(1). Also, from Lemma 5.1, we
know that x7(0) is strictly increasing and concave on (0,1). Thus, there exists a unique 6; € (0,1) such that

dy = 2%(6). Also, there exists a unique 65 € (0,1) such that dy = 2*(0). By Lemma 5.2, 61 = dy — 2~ %2=4

5 dy—d ag 1—dp >’
— _ p ag2—ag
0 = do a; 1-dy -

Clearly, 6; < 6. By the monotonic property of z3(6), we have that if § € (0,64], then d; > x7(0).

If 9 € [A2,1), then do < x7(0). Therefore, by Theorem 4.5, system (1.3) has no interior equilibrium for

0 € (0,61] U [02,1). If 8 € (61,02), then di < z3(f) < da, and hence system (1.3) has a unique unstable

interior equilibrium Ef(z7,y], 27) by Theorem 4.6. O
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5.2. The case A € AT

Now let A € AT, In this case the equation A(f) = 0 has two real roots 8* < 8** given by (5.3). If § < 6*
or § > 60**, then A(6) > 0 and f(x) = 0 has two real roots z7 < x3, which is given by (4.4), and has no real
root if 6% < 6 < 60**.

We divide A7 into three regions (see Fig. 3)

Af ={heAt:0°<0}, Af={ eAT:0<0" <1}, AT ={\eAt.0*>1}.
If A € A, we have the following result, which implies that system (1.3) has no interior equilibrium for all
6 (0,1).
Theorem 5.4. Let A € AT, 6* and 0** be two real roots of A(0) = 0 given by (5.3). Let x5 = z5(6) and
x5 = x5(0) be two real roots of f(x) =0 for@ e R: 0 < 0* or 6 > 6**.

(i) If0 > 0°*,0 € Ry, then z3(0) > 1;
(i3) If 0* < 1, then for 0 € (6%,1), system (1.3) has no interior equilibrium. Especially, if X\ € Af, then for
all 9 € (0,1), system (1.3) has no interior equilibrium.

Proof. By 6 > 6™, we have 6 + = — a’% > 1. Since (1 — dl)a (I —dz);> > 0 is equivalent to
da _dif o o _ B e have
ag al as ay’

2 2
A(9)<<1+0+j—5) —4<9+5—5):(1—(a+;’“_5)> ,
2 1 2 1 2 1

Thus, 2§ =  (1+6+ e % —+/A) > 1. The second result is clear since f(z) = 0 has no real root if
0* <0 <0 and z5(d) >1ford e Ry : 0 >6". O

We consider the case A € A7 . First, we have the following lemma.

Lemma 5.5. Let A € AT and 6* > 0. Let 23(0) and 25(0) be two real roots of f(x) = 0 for 6 € (0,6%).
Then x3(0) and x3(0) have the following properties:

(i) x1(0) < x5(6) < 1 in (0,0*). In particular, x5(0) < 1;
(it) x3(0) is strictly increasing and convezx on (0, 6%);
(#ii) x3(0) is strictly decreasing and concave on (0,0%);

(iv) At 0 = 6%, z3(0) = z5(0) =1 — L, where 0 is given in (5.2).

Proof. It is clear that 5 (0) = z5(6) = 17§ at 0 = 0*. Similar to the proof of Theorem 5.4(i), we can show
that z3(0) < 23(0) < 1,0 € (0,0*). In fact, by 8 < 6*, we have 0—4—%—— < 1. Since (1—d )ﬁ (I=d2)2> >0

is equivalent to dz“ — b o %, we have A(f) < (1 - (9 + & - ﬁ)) Thus,

al a2z ai

<1+9+—+ﬁ><1

21(0) < 23(0) =

l\.’)\)—l

By a direct computation, we get

#ei(0) = (1 -ai(0)), #Hr3(0) = A (@3(0) - ),
2 2
o1 (0) = —2— (@1(0) = 1)(@3(0) = 1), gp3(0) = —2—5 (1 - 27())(23(0) - 1).
(A(6))2 (A(9))2
Therefore, x7(0) is strictly increasing and convex on (0,60*), and z3(0) is strictly decreasing and concave on
(0,6%). O
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By Lemma 5.5, we divide A5 into the following ten different regions by the relative positions of
z7(0),25(0),1 — f ,d1 and dy (see Fig. 3).

A;FO:{)\e/lgr:d1<d2§$x1<(0><1_§}’

A2+1:{AeA;;dlng(o)<d2g1—§},
AJQ:{)\e/lj:dlgm*{(O)<1—§<d2<m§(0)}7
A:g:{)\e/l;:dlgxf(0)<1f§<m§(0)§d2},
A;4:{AeA;:z;(0)<d1<d2g1—§},
A§5={/\eA§r:x§(0)<d1<1—@<d2<x§(0)},
Ang:{)\eAj:x*( 0) < dy <1— ¥ < z23(0) <d2},
/159:{)\6/13:1 V8 <y < dy < w3 0)}
A;S:{)\e/ljzl—%gd1<x2 <d2}
A;Q:{)\EA;:d2>d12z§(0)>1 }

Now, by Theorems 4.5 and 4.6 and Lemmas 5.2 and 5.5, for the case A € A5 we show the impact of Allee
threshold 6 on the dynamics of system (1.3) as follows.

Theorem 5.6. Let A € A5, %(6) and x5(0) be two real roots of f(x) =0 for 6 € (0,0*), 01 and 02 be given

in Lemma 5.2.

(i) If X € A3y, then for all 6 € (0,1), system (1.3) has no interior equilibrium (see Fig. 5(a)).
(i3) If X\ € A3y, then system (1.3) has a unique interior equilibrium Ej(x%,yt, 27) for 0 € (0,62), and no
interior equilibrium for 6 € [02,1) (see Fig. 5(b)).
(iii) If X € AZ,, then system (1.3) has a unique interior equilibrium Ej(z%,yf,2) for 0 € (0,05], two
interior equilibria E5(x7,yT,27) and E3(x5,y5, z5) for 0 € (02,0%), and no interior equilibrium for
0 € (0*,1) (see Fig. 5(c)).
(iv) If A € /123, then system (1.3) has two interior equilibria EY(x3,y5, 27) and E3 (x5, y3,23) for 0 € (0,0%),
and no interior equilibrium for 0 € (0*,1) (see Fig. 5(d)).
(v) If X\ € A3, then system (1.3) has no interior equilibrium for 0 € (0,601] U [02,1), and a unique interior
equilibrium EY(x3,y5, 27) for 6 € (61,02) (see Fig. 5(e)).
(vi) Let \ € A

(a) If 01 > 05, then system (1.3) has no interior equilibrium for 6 € (0,05] U (6*,1), a unique interior
equilibrium E3(x5,v3,23) for 6 € (02, 601], two interior equilibria ES(x¥, yT, 27) and E3 (x5, 3, 23)
for 0 € (01,0%) (see Fig. 5(f));

(b) If 61 < 05, then system (1.3) has no interior equilibrium for 6 € (0,61) U (6*,1), a unique interior
equilibrium E(x3,y7, 27) for 0 € (01, 63], two interior equilibria E (z7,yT, 27) and E5 (x5, y5, 23)
for 0 € (02,0%) (see Fig. 5(g));

(c) If 6, = 0, then system (1.3) has no interior equilibrium for 6 € (0,01) U (6*,1), and two interior
equilibria B (23, yT, 27) and E3 (x5, y3,23) for 0 € (01,0%) (see Fig. 5(h)).

(vii) If X\ € A3, then system (1.3) has a unique interior equilibrium Ej(x%,y3,23) for 6 € (0,01], two
interior equilibria E(x7,y3,27) and E3(x5,y5,25) for 8 € (01,0%), and no interior equilibrium for

0 € (6%,1) (see Fig. 5(i)).
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(viii) If X € A3, then system (1.3) has no interior equilibrium for 6 € (0,02] U [01,1), and a unique interior
equilibrium E3(x5,y5,23) for 6 € (02,61) (see Fig. 5(j)).
(iz) If X € Ay, then system (1.3) has a unique interior equilibrium Ej(x%,y5,25) for 6 € (0,601), and no
interior equilibrium for 6 € [01,1) (see Fig. 5(k)).
(z) If X € AJy, then for all 0 € (0,1), system (1.3) has no interior equilibrium (see Fig. 5(1)).

Moreover, if E exists then it is always unstable; if E5 exists then it is locally asymptotically stable if and
only if x5 > %(1 +0) and I'(y1,7v2) > 0; and system (1.3) undergoes a Hopf bifurcation at E5 on the curve
I'(v1,7v2) =0, where I'(y1,72) is defined in (4.6).

Proof. We only show the proof of the case (vi-a) A € A3y and 61 > 6. Since A € AF;, we have 0 < 6* < 1

and
Ve

xf(0)<d1<1—7<d2<w§(0)<1.

By Lemma 5.5, we know that on (0,6%), z5(6) is strictly increasing and convex, while z5(0) is strictly

decreasing and concave. At 0 = 0*, z7(0) and z5(0) intersect each other, ie., 1 — @ = x7(0*) = x3(0%).

Thus, there exists a unique 6; € (0,6*) such that dy = x7(61). Also, there exists a unique 62 € (0,6*) such
that do = x3(02). By Lemma 5.2, 0; = dy — ﬂdQ_dl, Oy = dy — B d2=da

ag 1—d1 ay 1—d2 .
Since 01 > 03, by the monotonic properties of =5 (6) and x3(0), we have that

o if 6 € (0,0:], then 25(0) < d; < dg and z3(0) > dz > dy. By Theorem 4.5, system (1.3) has no interior
equilibrium;

e if 6 € (6*,1), then by Theorem 5.4 system (1.3) has no interior equilibrium;

o if § € (02,61], then z3(0) < di < z5(f) < do. By Theorem 4.6, system (1.3) has a unique interior
equilibrium E3 (x5, y5, 23);

e if 6 € (01,60%), then dy < 23(0) < x5(0) < d2. By Theorem 4.6, system (1.3) has two interior equilibria
Ef (21,97, 2]) and E3 (23,93, 23).

By Theorem 4.6, if E{ exists then it is always unstable; if E3 exists then it is locally asymptotically stable
if and only if z3 > 1(1 + 6) and I'(y1,72) > 0; and the model undergoes a Hopf bifurcation at E3 on the
curve I'(y1,7v2) = 0. The proof is complete. O

For the case A\ € A;’, we first have the following lemma.

Lemma 5.7. Let A € AT, d.e., 0* > 1, 25(0) and z3(0) be two real roots of f(x) =0 for 6 € (0,6*). Then
25(0) < 0 and dy > dy > x5(1).

By Lemmas 5.5 and 5.7, we divide the parameter space /13‘L into the following three different regions (see
Fig. 3).
Af; ={he ] 0<di <dy<z3(0)}, A, ={A € A] :0<dy <3(0) < da},
A;S = {/\ € /1;_ tdo > dy > JJS(O)}

Thus, we have the following result.

Theorem 5.8. Let A € A, i.e., 0* > 1, 23 (6) and 23(0) be two real roots of f(x) =0 for 6 € (0,6%).

(i) If X € Ay, then system (1.3) has no interior equilibrium for 6 € (0,62] U [01,1), and a unique interior
equilibrium E3 (x5, y5, 25) for 6 € (02,61) (see Fig. 6(a)).
(i) If X € A%, then system (1.3) has a unique interior equilibrium Ej(x%,y5,25) for 6 € (0,601), and no
interior equilibrium for 6 € [01,1) (see Fig. 6(b)).
(i4i) If X € Ay, then for all 6 € (0,1), system (1.3) has no interior equilibrium (see Fig. 6(c)).
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Moreover, if E5 exists then it is locally asymptotically stable if and only if x5 > %(1 +60) and I'(y1,72) > 0;
and system (1.3) undergoes a Hopf bifurcation at E5 on the curve I'(y1,7v2) = 0, where I'(v1,72) is given by
(4.6).

Remark 5.9. For convenience, denote L(\) = (1 — dl)aﬁ1 — (1 —dz) . The following statements are easy
to check:

1) 27(0) — do > 0(= 0) is equivalent to do — ﬁd? dl < 0(= 0, resp.);
ay
2) 27(0) — dy > 0(= 0) is equivalent to d; —id? Cfl < 0(= 0, resp.);
1
3) z5(0) —dy > 0(=0) is e ulvalenttoﬂ M =0, res
( 2 q ’ P-);
(4) 25(0) — dy > 0(= 0) is equivalent to > dbiliddll ( 0, resp.);
(5)1— @ —dg > 0(=0) is equivalent to L()\) (1 —ds)? < 0(= 0, resp.);
(6)1— @ —dy > 0(= 0) is equivalent to L(\) — (1 — dy)? < 0(= 0, resp.).
Thus, A7, A5 and A5 can be rewritten equivalently as the following forms:
- _ do(1—d - _ day(1—dy) o ~ di(1—d
Ap={rea L8zl fhea £ < flioh) e > a0l
_ — . a _ di(1—d
a7 ={rea 2 < alzl
/12 ) =0,1,...,9, can be rewritten equivalently as the following forms:
Ay ={reaf: &> BB L) < (1- b)),

/1;1:{)\6/1;:% > W) 8o dllob) 1y s(l—dz)Q},

A= {heas: gz B B < B 1) > (1- )2,
/12+3:{)\e/12+:% > dliodh) B> dalldb) (1 - dy)? < L(N) <(1—d1)2},
afy={reaf e < B 10) < (1-d)? ),

A ={reay: 2 < Bl 2o Bl (1) < L) < (1-d)?),
M= {heafs < B 2 B 1) < -,

A ={Neaf: &< B 1) > (1 - a7,

A ={Neaf: g < a8 5 Bl 1) > (1- 42},

M ={reaf 2> 9l 10)> (1- a2},

and /lgrj,j =1,2,3, can be rewritten as the follows:

Af = {/\ e L < 7‘12(1_;2)}, A = {)\ cAf: L >dld) o  &il-d) },

ay 2—dy 1 = do—dy ’ag do—dy
+ _ + . « dy(1—dy)
/133—{)\6/13 Y 2 T4 [

We summarize Theorems 5.3, 5.6 and 5.8 as follows:

Theorem 5.10.

(i) If X € AT U Af U A3, U Ady U AS,, then for all 0 € (0,1), system (1.3) has no coexistence equilibrium.
(i) If X € Ay U A7 U AJ, U AS, U AS,, then for 6 € (0,1), system (1.3) has at most one interior equilibrium
Ef (x5, 97, 27) which is always unstable if it exists.
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Bifurcation diagram on 6 ---The case Ac A;a

Bifurcation diagram on 6 ---Ae A;‘

0.7589
0.7334 \
< £ 05584
§ §
2 05147 s
3 F
g «=3 3=815;a = 1;a,=1,d, =003;,d,=006 g a=05; 3=055a =1;a,=1;d, =0.1;d} =04
= - d2:O4
g g
5 5
3 3
8 <1
3 8
0.1911
0.1166 4,01
4,06
d‘=.03
0 0
0 0'=0.1794 o ;50125 ¢'~0.1668
0 0
(a) A€ Agy. (b) A€ A5;.
Bifurcation diagram on § ---A} Bifurcation diagram on 6 ---A;,,
4,07
0.6693 \ 0.7876
H ) \ H =044
§0459‘ a=033; ,i=045‘a‘=1,32=1,d‘=02‘d2=07 20.5757
s 8d,=05
g g
5 5
3 3
8 8
8 8
d,=0.2
0.1524
d,=02 .
0=02115
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Fig. 5. Bifurcations on 6 in the case A\ € /l;r, i.e.,, 0 < 0" < 1. Here, 71 = 1,72 = 1. Blue curve represents the interior equilibrium EJ
which is unstable, green and red curves represent the interior equilibrium EJ where green means local asymptotical stability and red
means instability. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this

article.)

(iii) If N € Ay U AT U AT U AT, U AL, then system (1.3) may have the coexistence equilibrium Ej(z3,y5, 23),
which depends on the value of 0 in (0,1). The stability of E5 is dependent on (y1,72), E3 is locally
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asymptotically stable if and only if x5 > 3(1 4 60) and I'(y1,72) > 0.
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Fig. 6. Bifurcation diagrams on 6 in the case \ € A;{, ie., 6 > 1. Here, 73 = 1,72 = 1. Green and red segments represent the
interior equilibrium E;‘ where green means local asymptotical stability and red means instability. (For interpretation of the references
to color in this figure legend, the reader is referred to the web version of this article.)

Remark 5.11. Theorems 5.3, 5.6, 5.8 and 5.10 demonstrate that system (1.3) has rich and complex
dynamical behaviors due to Allee effect in the basal prey. Theorem 5.10 also implies the following statements:
(1) The first two statements of Theorem 5.10 give the parameters regions of A, in which the extinction of
one of the species x,y and z may occur for all 6 € (0,1).
(2) The third statement of Theorem 5.10 indicates that A € Ay U Ady U As U A5, U AJg is necessary for
the coexistence of all three species x,y and z.

6. Multiple attractors

In this section, we focus on possible dynamical patterns, i.e., the existence of multiple attractors, for
system (1.3). Based on our previous analysis, system (1.3) can have one (i.e. extinction of all species),
two (i.e. bi-stability) or three (i.e. tri-stability) attractors.

6.1. Eaxtinction of all species

From Theorems 4.1 and 4.3, we know that the strong Allee effect in the basal prey may cause the
extinction of all species.

(a) From Theorem 4.3, we know that if the initial population density of the basal prey is below its Allee
threshold, i.e., (0) < @, then the extinction of all species z,y and z occurs.

(b) According to Theorem 4.1, the extinction state Fy is always an attractor due to the strong Allee
effect in the basal prey z. In addition, Theorem 4.3 implies that Ey is a global attractor if d; > 1,dy < 6
ord; <0,dy >1+4%2 [% + 71}. This indicates that IG predator (IG prey)-driven extinction due to the
strong Allee effect in the basal prey population combined with the high natural death rate of IG prey (IG
predator, respectively) leads to the extinction of all species.

6.2. Bi-stability

System (1.3) may have two attractors: one is Ey and the other one is: (1) Ey (Fig. 7); (2) Es (Fig. 8);
(3) E5 (Fig. 9); (4) the stable interior equilibrium E3 (Fig. 10); (5) the unique stable limit cycle surrounding
E5 in the xz-plane (Fig. 11); (6) the unique stable limit cycle surrounding Fj3 in the zy-plane (Fig. 12);
(7) the stable limit cycle in intR? (Fig. 1).

(a) System (1.3) has two attractors EgUE; if d; > 1,dz > 1 (see Fig. 7). In this case, both Ey and E; are
locally asymptotically stable and Ey and E3 do not exist by Theorem 4.1, and system (1.3) has no interior
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Fig. 7. Bi-stability: Ey U E;. Parameters: 6 = 0.1,d;y = d> = 1.2,a; = 1.5,a2 = 1, = 0.5,8 = 71 = 72 = 1. System (1.3) has no
interior equilibrium since dy,ds > x; (see the left figure) and no E; and Ej since d; > 1,ds > 1. Therefore, system (1.3) has two
attractors EoUE; (see the right figure). The initial values are chosen as (0.1, 0.8,0.8), (0.5,0.6,0.7) and (0.8, 0.1, 0.55). The blue orbit
starting from (0.1,0.8,0.8) tends to Ej, the orbits initiating at (0.5,0.6,0.7) (the green curve) and (0.8,0.1,0.55) (the red curve) tend
to E,. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
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Fig. 8. Bi-stability: Eyg U E;. Parameters: § = 0.1,d; = 0.5,d2 = 0.65,a; = 2,a2 = 0.5, = 8 = v = 72 = 1. The left figure indicates
that d; < x] < d2 < z; and hence system (1.3) has a unique unstable interior equilibrium E]. Es exists but is unstable, E, is
locally asymptotically stable. Therefore, system (1.3) has two attractors Ey U E5 (see the right figure). The initial values are same as
in Fig. 7. The trajectories initiating at (0.1,0.8,0.8) (the blue curve) and (0.5,0.6,0.7) (the green curve) tend to Ej,. The trajectory
initiating at (0.8,0.1,0.55) (the red curve) tends to E5. (For interpretation of the references to color in this figure legend, the reader
is referred to the web version of this article.)

equilibrium by Theorem 4.5. This indicates that the high natural death rates of IG prey and IG predator
make the basal prey to possibly survive.

(b) System (1.3) has two attractors Eg U Ey if 3(1+6) < dy < 1,dy > dp — G (d2 — 0)(1 — dz), which
implies that Fy exists and is locally asymptotically stable by Theorem 4.1 and system (1.3) has at most one

unstable interior equilibrium E7 by Corollary 4.11, and one of conditions is satisfied:

e d; < 0. In this case, system (1.3) has no E3. This indicates that the IG prey-driven extinction combined
with the high ratio of attack rates of IG predator on IG prey to the basal prey such that %1 > %
with %(1 +0) < dy < 1 leads to the extinction of IG prey and the possible survival of IG predator.

e d; > 1. In this case, system (1.3) has no interior equilibrium by Theorem 4.5 and no E3 by Theorem 4.1.
This indicates that the high natural death rate of IG prey combined with the high ratio of attack rates
of IG predator on IG prey to basal prey such that %1 > % with %(1 +0) < dy < 1 leads to the
extinction of IG prey and the possible survival of IG predator.

e < di < 1l,dy < di+ %(dy —0)(1 —dy). In this case, system (1.3) has no interior equilibrium by
Corollary 4.11. FE3 exists but is unstable by Theorem 4.1. This indicates that both the high ratio of
the attack rates of IG predator on IG prey to basal prey and the high ratio of the predation rate of
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Fig. 9. Bi-stability: Ey U E3. Parameters: § = 0.1,d; = 0.6,d> = 1.2,a; = 1,a2 = 0.9,a = 1,8 = 1.1,y; = 72 = 1. System (1.3) has
no interior equilibrium (see the left figure) and no E,. Ej exists and is locally asymptotically stable. Therefore, system (1.3) has two
attractors EgU E3 (see the right figure). The initial values are same as in Fig. 7. The orbits initiating at (0.1,0.8,0.8) (the blue curve)
and (0.5,0.6,0.7) (the green curve) tend to Ey. The orbit initiating at (0.8,0.1,0.55) (the red curve) tends to Ej3. (For interpretation
of the references to color in this figure legend, the reader is referred to the web version of this article.)

IG predator on IG prey to the attack rate of IG prey on basal prey such that %1 > % and

“2 > % with 1(1+6) <d» < 1,6 < dy <1 lead to the extinction of IG prey and the possible
survival of IG predator.

o0 <d <3(140),dy>dy+%2(dy —0)(1—dy). In this case, system (1.3) has a unique unstable interior
equilibrium Ej by Corollary 4.11. E3 exists but is unstable by Theorem 4.1. This indicates that the high
ratio of the attack rates of IG predator on IG prey to basal prey and the low ratio of the predation rate
of IG predator on IG prey to the attack rate of IG prey on basal prey such that %1 > % and
%2 < % with 6 < di < %(1 +0) < dy < 1 lead to the extinction of IG prey and the possible
survival of IG predator.

e As an example, take parameters: § = 0.1,d; = 0.5,dy = 0.65,a; = 2,a0 = 0.5, = f = 1 =
~v2 = 1. System (1.3) has a unique unstable interior equilibrium E; by Theorem 4.6 (see Fig. 8). By
Theorem 4.1, FE3(0.5,0.2,0) exists but is unstable, F5(0.65,0,0.1925) is locally asymptotically stable.

Therefore, system (1.3) has two attractors Fg U FEy (see Fig. 8).

(c) System (1.3) has two attractors EgUEs if 2(146) < dy < 1,ds > dy+%2(dy —6)(1—d;), which implies
that F5 exists and is locally asymptotically stable by Theorem 4.1, and one of the following conditions is
satisfied:

e dy > 1. In this case, system (1.3) has at most one unstable interior equilibrium E7 by Corollary 4.11 and
no Fs by Theorem 4.1. This indicates that the high natural death rate of IG predator combined with
the low ratio of the predation rate of IG predator on IG prey to the attack rate of IG prey on the basal
prey such that %2 < % with 1(1+6) < dy <1 leads to the extinction of IG predator and the
possible survival of IG prey.

ody < Ly < dy— %(do— )1~ do), (20— (140+ 2~ L)) (2~ (1+0+2-2)) >0 In
this case, system (1.3) has no interior equilibrium by Corollary 4.11, and Fs exists but is unstable by
Theorem 4.1. This indicates that both the low ratio of the attack rates of IG predator on IG prey to the
basal prey and the low ratio of the predation rate of IG predator on IG prey to the attack rate of IG
prey on the basal prey such that %1 < % and %2 < % with $(146) <dy <dp <1
and either 1+ 0 + % — % <2dyorl+6+ % i 2ds lead to the extinction of IG predator and the
possible survival of IG prey.

e As an example, take parameters § = 0.1,d; = 0.6,ds =1.2,a1 = 1,42 =09,a=1,=1.1,11 = =1.
System (1.3) has no interior equilibrium by Theorem 4.6 (see Fig. 9). By Theorem 4.1, Es does not
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Fig. 10. Bi-stability: Eo U E;. Parameters: § = 0.1,d; = 0.5,dy = 0.8,a; = 1.5,a2 = 1, = 0.5,8 = 1,71 = 72 = 1. System (1.3)
has a unique interior equilibrium E;‘ (see left figure) which is locally asymptotically stable. E5 and Ej3 exist but both are unstable.
Therefore, system (1.3) has two attractors Eg U Ej (see the right figure). The initial values are same as in Fig. 7. The trajectories
initiating at (0.1,0.8,0.8) (the blue curve) and (0.5,0.6,0.7) (the green curve) tend to Ey, the trajectory initiating at (0.8,0.1,0.55) (the
red curve) tends to EJ. (For interpretation of the references to color in this figure legend, the reader is referred to the web version
of this article.)

exist, F3(0.6,0.2,0) exists and is locally asymptotically stable. Therefore, system (1.3) has two attractors
Ey U E5 (see Fig. 9).

(d) System (1.3) has two attractors Ey U Ej if one of the following conditions is satisfied:
o di <dg,dy <dy—%(dy —0)(1 —dp),dy < dy + %2(dy —0)(1 —dy) and & — £ 4+ /A > 0 with

a B 23225 — (1+0))(moys +7262) (6.1)
as a1 V17201 G2Y5 %5

In this case, system (1.3) has a unique stable interior equilibrium E3. Es and E3 exist possibly but both
are unstable. All species may survive.

c0<di<3(40)d <} (14042 L) <dpdy < dy—G(dr—0)(1—dy),dy > d +2(d ~0) (1~ dh)
and 2 — % ++v/A > 0 with (6.1) holds. In this case, system (1.3) has two interior equilibria Ef which
is unstable and E3 which is locally asymptotically stable. F5 exists and Ey possibly exists but both are
unstable. All species may survive.

e As an example, take the parameters as in Fig. 1: § = 0.2,d; = 0.7,ds = 0.9,a =8 =a; = 1,a2 = 2.
By Theorem 4.6 and Fig. 1, system (1.3) has a unique interior equilibrium E3. Both E2(0.9,0,0.07) and
E3(0.7,0.15,0) exist but are unstable. Take v; = v = 5, then Fj is locally asymptotically stable (see
Fig. 1(b)). Therefore, system (1.3) has two attractors EgUE35. We also give another example (see Fig. 10)
to show that system (1.3) has two attractors Ey U E3.

(e) The case that the other attractor is a limit cycle: (1) the stable limit cycle surrounding Fs in the
xz-plane (Fig. 11); (2) the stable limit cycle surrounding Es5 in the zy-plane (Fig. 12); (3) the stable limit
cycle in intR3 (see Fig. 1(c)).

6.3. Tri-stability

System (1.3) may have three attractors: one is FEjp, the other two are: (1) E2 and FEj3 (see Fig. 13);
(2) E3 and the stable interior equilibrium E3 (see Fig. 14); (3) Ey and the stable limit cycle surrounding
E5 which locates in the zy-plane (see Fig. 15); (4) the stable interior equilibrium FE3 and the stable limit
cycle surrounding E3 which locates in the xy-plane (see Fig. 16); (5) the stable limit cycle surrounding Eo
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Fig. 11. Bi-stability: Ey and the stable limit cycle surrounding E5 in the zz-plane. We take d; = d = 0.5 and keep other parameters
unchange in Fig. 10. System (1.3) has no interior equilibrium (see the left figure). E3 is a source. E5 is a saddle in Ri but a source
in the xz-plane and there exists a unique stable limit cycle surrounding E,. Initial values: (0.1,0.2,0.4), (0.5,0.4,0.1), (0.8,0.1,0.2).
The trajectory initiating at (0.1,0.2,0.4) (the blue curve) tends to E,. The trajectories initiating at (0.5,0.4,0.1) (the green curve) and
(0.8,0.1,0.2) (the red curve) tend to the stable limit cycle surrounding Es in the xz-plane (see the right figure). (For interpretation
of the references to color in this figure legend, the reader is referred to the web version of this article.)
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Fig. 12. Bi-stability: E; and the stable limit cycle surrounding Ej3 in the zy-plane. We take d; = 0.5,dy = 0.95 and keep other
parameters unchange in Fig. 10. System (1.3) has no interior equilibrium (see the left figure). E5 is a saddle and has no stable
manifold in int]Ri. Ej3 is a saddle in Ri but a source in the zy-plane and there exists a unique stable limit cycle surrounding FEj.
Initial values are same as in Fig. 11. The trajectory initiating at (0.1,0.2,0.4) (the blue curve) tends to E,. The trajectories initiating
at (0.5,0.4,0.1) (the green curve) and (0.8,0.1,0.2) (the red curve) tend to the stable limit cycle surrounding Ej in the xzy-plane. (For
interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

which locates in the xz-plane and the stable limit cycle surrounding F3 which locates in the xy-plane (see
Fig. 17).

(a) System (1.3) has three attractors EgUE;UE3 if $(1+0) < dy < dg < 1,d; > dg—%(dg—a)(l—dg), dy >
di+ %2 (dy —0)(1—dy). In this case, system (1.3) has a unique unstable interior equilibrium Ej. This implies
that different initial values lead IG prey or IG predator to extinction. For example, we take parameters
0 = 0.1,dy = 0.6,ds = 0.8,a; = 2,a2 = 0.2, = 05,8 = 1,71 = 72 = 1. By Theorem 4.6, system
(1.3) has a unique unstable interior equilibrium Ej (see Fig. 13). By Theorem 4.1, both F5(0.8,0,0.21) and
FE5(0.6,0.4,0) exist and are stable. Therefore, system (1.3) has three attractors Eyg U Fy U E5 (see Fig. 13).

(b) System (1.3) has three attractors Ey U F5 U EJ if %(1 +0) <dy < 1,d; < % (1 + 60+ % - %) <
do,dy < dz—%(dg—e)(l—dz), dy > di+%2(d1—0)(1—d,), and %—%—I—\/Z > 0 with (6.1) holds. In this case,
system (1.3) has another unstable interior equilibrium Ef. Es exists possibly but is unstable. This implies
that different initial values lead to the survival of IG prey or all species. For example, we take parameters
0 =0.1,d; =0.7,dy = 0.95,a1 = 4,a2 = 1.35,ac = B = 71 = 2 = 1. By Theorem 4.6, system (1.3) has two
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Fig. 13. Tri-stability: Eo U E; U E3. Parameters: 6 = 0.1,dy; = 0.6,dy = 0.8,a; = 2,a, =0.2,a =0.5,8=1,v; = v2 = 1. System (1.3)
has a unique unstable interior equilibrium E] (see the left figure). Both E; and Ej3 exist and are stable. Initial values are same as
in Fig. 7. The blue orbit starting from (0.1,0.8,0.8) tends to Ej, the green orbit starting from (0.5,0.6,0.7) tends to E3, and the red
orbit starting from (0.8,0.1,0.55) tends to E» (see the right figure). (For interpretation of the references to color in this figure legend,
the reader is referred to the web version of this article.)
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Fig. 14. Tri-stability: EqU E3 U EJ. Parameters: 6 = 0.1,d; = 0.7,d2 = 0.95,a; = 4,a3 = 1.35,a = 8 = v; = 72 = 1. System (1.3) has
two interior equilibria: E = (0.7328,0.1609,0.0082), E; = (0.8579,0.0682,0.0395) (the left figure). E is unstable, and EJ is stable.
E, is unstable while E3 is stable. Therefore, system (1.3) has three attractors Eo U E3 U E; (the right figure). Initial values are same
as in Fig. 7. The blue orbit starting from (0.1,0.8,0.8) tends to Ey, the green orbit starting from (0.5,0.6,0.7) tends to Ej, and the
red orbit starting from (0.8,0.1,0.55) tends to the interior equilibrium EJ. (For interpretation of the references to color in this figure
legend, the reader is referred to the web version of this article.)

interior equilibria: Ef which is unstable, and E3 which is stable. By Theorem 4.1, Es = (0.95,0,0.0425) is
unstable while E5 = (0.7,0.18,0) is stable. Therefore, system (1.3) has three attractors Fy U F3 U E5 (see
Fig. 14).

(c) By numerical simulations, we know that system (1.3) possibly has three attractors: one is Fy, the other
two are: (1) E5 and the stable limit cycle surrounding E3 which locates in the zy-plane (see Fig. 15); (2) the
stable interior equilibrium Ej and the stable limit cycle surrounding F5 which locates in the zy-plane (see
Fig. 16); (3) the stable limit cycle surrounding Es which locates in the zz-plane and the stable limit cycle
surrounding Fs3 which locates in the xy-plane (see Fig. 17).

6.4. Multiple attracting periodic orbits

When system (1.3) has a unique locally asymptotically stable interior equilibrium E3, the orbits tend to
the extinction state Ey and the stable interior equilibrium E3 may be attracted to some periodic orbits as
the pair of parameters (1, y2) varies from the stable region to the unstable region. Even though we are not
able to prove it analytically, we can perform simulations to confirm this phenomenon. Taking parameters
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Fig. 15. Tri-stability: Eg U E5 and the stable limit cycle surrounding E3; which locates in the zy-plane. Parameters: 6 = 0.1,d; =
0.5,dy = 0.95,a; = 13,a2 = 1, = B = v1 = 2 = 2. Initial values are same as in Fig. 7. The blue orbit starting from (0.1,0.8,0.8)
tends to Ej, the green orbit starting from (0.5,0.6,0.7) tends to the stable limit cycle surrounding E3 which locates in the zy-plane,
and the red orbit starting from (0.8,0.1,0.55) tends to E,. (For interpretation of the references to color in this figure legend, the
reader is referred to the web version of this article.)
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Fig. 16. Tri-stability: Ey and the stable interior equilibrium EJ and the stable limit cycle surrounding E3 which locates in the zy-plane.
Parameters: 6 = 0.1,d; = 0.5,d> = 0.85,a; = 1.5,a; = 2,0 = 8 = v1 = 72 = 1. Initial values: (0.1,0.2,0.4),(0.5,0.4,0.1),(0.8,0.1,0.2).
The blue orbit starting from (0.1,0.2,0.4) tends to Ej, the green orbit starting from (0.5,0.4,0.1) tends to the stable limit cycle
surrounding FE3 which locates in the zy-plane, and the red orbit starting from (0.8,0.1,0.2) tends to the stable interior equilibrium
EJ. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
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Fig. 17. Tri-stability: Eo and the stable limit cycle surrounding E5 which locates in the zz-plane and the stable limit cycle surrounding
E3 which locates in the zy-plane. Parameters: 8 = 0.1,d; = 0.5,d> = 0.52,a; = 0.18,as = 0.11,a = 8 = 41 = 2 = 1. Initial values
are same as in Fig. 16. The blue orbit starting from (0.1,0.2,0.4) tends to Ej, the green orbit starting from (0.5,0.4,0.1) tends to the
stable limit cycle surrounding E5 which locates in the zy-plane, and the red orbit starting from (0.8,0.1,0.2) tends to the stable limit
cycle surrounding E, which locates in the zz-plane. (For interpretation of the references to color in this figure legend, the reader is
referred to the web version of this article.)
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0 = 0.1,dy = 0.65,d2 = 1.5,a7 = 1.5,as = 5, = 0.5, = 1, system (1.3) has a unique interior
equilibrium Fj = (0.7711,0.1458,0.0807) (see Fig. 18(a)). In addition, the boundary equilibrium Fy does
not exist, and E3 exists but is unstable. Let 72 = 1 be fixed. It is easy to check that I'(y1,72) = 0 when
~v1 = 1.0938542, I'(v1,7v2) > 0 and E3 is locally asymptotically stable when v < 1.0938542, while unstable
when v, > 1.0938542.

(a) Take v1 = 0.2. From Fig. 18(b) we see that F3 is locally asymptotically stable. From Fig. 18(c) it
can be seen that both the orbits initiated from (0.3,0.1,0.45) (blue orbit) and (0.3,0.28,0.8) (green orbit)
tend to the extinction state Ep, and the red orbit initiated from (0.8,0.2,0.1) tends to the stable interior
equilibrium E3. Thus, Fy U E3 are two attractors of system (1.3).

(b) Take 71 = 0.8. Then Ej is still locally asymptotically stable. From Fig. 18(d), we can see that
the orbits initiated from (0.3,0.28,0.8) (green orbit) and (0.8,0.2,0.1) (red orbit) still tend Ey and Ej,
respectively. However, the orbit initiated from (0.3,0.1,0.45) (blue orbit), which tended to Ey when v, = 0.2,
now is attracted to a periodic orbit. In this case, in addition to the two attractors EyU E3, system (1.3) has
another attracting periodic orbit (see Fig. 18(d)).

(¢c) Take 3 = 1. Then Ej is still locally asymptotically stable. In fact, the eigenvalues at Fj are
A1 = —0.33525695, A2 3 = —0.0028533322 £+ 0.45254531i. From Fig. 18(e), we can see that the orbit
initiated from (0.3,0.1,0.45) (blue orbit) still tends to a periodic orbit. However, the orbit initiated from
(0.3,0.28,0.8) (green orbit), which tended to Ey when v; = 0.2 and v; = 0.8, now is attracted to another
periodic orbit. In addition, the orbit initiated from (0.8,0.2,0.1) (red orbit), which tended to E3 when
v, = 0.2 and 71 = 0.8, now is also attracted to a periodic orbit. Therefore, in this case, in addition to
the two attractors Ey U Ej, system (1.3) has three attracting periodic orbits (see Fig. 18(e)).

(d) When (y1,72) = (1.0938542,1), i.e., (71,72) lies on the Hopf bifurcation curve I'(vy1,7v2) = 0, E3
loses its stability and all orbits initiated from (0.3,0.1,0.45) (blue orbit), (0.3,0.28,0.8) (green orbit) and
(0.8,0.2,0.1) (red orbit) are attracted to some periodic orbits (see Fig. 18(f)).

From these numerical simulations we know that with the increase of v; (v1 < 1.0938542), multiple
attracting periodic orbits may appear. This indicates that as (y1,72) is close to the Hopf bifurcation curve
I'(y1,72) = 0 from the stable region I'(y1,y2) > 0, the possibility of survival of all three species may increase,
meanwhile the basin of attraction of the coexistence equilibrium E3 decreases until it loses its stability.

7. Discussion

In this paper, we proposed a three-species intraguild predation food web model (1.3) which includes the
1G predator, IG prey and basal prey. The shared prey follows the logistic growth with strong Allee effect.
We investigated the local and global dynamics of the system with emphasis on the impact of strong Allee
effect.

For the following three-species Lotka—Volterra intraguild predation food web model without Allee effect
in the shared prey

' =z(1l —z) — azy — Paz,
Y =my(x — a1z —dy), (7.1)
2 =yoz(x + asy — da),
we know that it has four boundary equilibria: £y = (0,0,0), E; = (1,0,0), E2 = (d2,0
E; = (dy, é(l —d1),0), and at most one positive equilibrium E* = (z*,y*, 2*), where

1(1 — dy)) and

aias + Basd; — aayds 1 1
x* = Yyt = —(de —x%), 2F = —(x¥ —dy).
aras + Bag — aay Yy a2( 2 ) al( 1)

For the detailed dynamic analysis of IGP models of Lotka—Volterra type, we refer to [2,11,12,54] for some
references.



D. Bai, Y. Kang, S. Ruan et al. / Nonlinear Analysis: Real World Applications 58 (2021) 103206 33

Hopf bifurcation diagram: Yy V-8,

; T 5 T T T T T ) ) )
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(a) unique interior equilibrium E3. (b) Hopf bifurcation on (y1,7v2).

() m=7=1 (f) 1 = 1.0938542, 75 = 1.

Fig. 18. Parameters: § = 0.1,d; = 0.65,d, = 1.5,a; = 1.5,a2 = 0.5,a = 0.5,8 = 1. Except the two attractors Ey U E;, system
(1.3) may exist in other attracting periodic orbits as ~; (v1 < 1.0938542) increases with fixed 5 = 1. (a) System (1.3) has a unique
interior equilibrium E} = (0.7711,0.1458,0.0807). (b) Hopf bifurcation on (71, v2). If v1 < 1.0938542, E; is local asymptotically stable.
(c) 71 = 0.2, the red orbit which initiated from (0.8,0.2,0.1) tends to E;, the blue and green orbits initiated from (0.3,0.1,0.45) and
(0.3,0.28,0.8), respectively, tend to the extinction state Ey. (d) v1 = 0.8, the red and green orbits which initiated from (0.8,0.2,0.1)
and (0.3,0.28,0.8) still tend to EJ and Ey, respectively, while the blue orbit initiated from (0.3,0.1,0.45) tends to a periodic solution.
(e) 71 = 1, all the orbits initiated from (0.3,0.28,0.8) (green orbit), (0.3,0.1,0.45) (blue orbit) and (0.8,0.2,0.1) (green orbit), tend
to different periodic solutions, respectively. (f) v1 = 1.0938542, i.e., (v1,72) lies on the Hopf bifurcation curve I'(y1,v2) = 0, EJ loses
its stability and all the orbits initiated from (0.3,0.1,0.45) (blue orbit), (0.3,0.28,0.8) (green orbit) and (0.8,0.2,0.1) (red orbit) are
attracted to some periodic orbits. (For interpretation of the references to color in this figure legend, the reader is referred to the web
version of this article.)

Comparing the dynamics of model (1.3) (with Allee effect in the basal prey) to the dynamics of (7.1) (no
Allee effect in the basal prey), we see that model (1.3) may have two resource-alone states Ey and E; and

two coexistence equilibria Ef and E3, where Ey and Ef arise due to Allee effect in the basal resource.
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For model (7.1), Ey is always unstable while it is stable for model (1.3). Strong Allee effect in the basal
prey makes the initial conditions play an extreme important role in the survive of all three species, and
increases the extinction risk of not only the basal resource but also the IG prey or/and IG predator. Due
to the nonlinearity introduced by Allee effect, the existence and stability of boundary equilibria Es, F5 and
positive equilibrium E3 all are dependent on the Allee threshold . Differing from model (7.1), model (1.3)
has multiple tri-stability and multiple attracting periodic orbits. Therefore, the proposed model (1.3) with
strong Allee effect in the basal prey exhibits much richer and more complex dynamic behaviors than (7.1).

The dynamic behaviors of model (1.3) obtained in this paper by theoretical analysis and numerical
simulations can be summarized as follows:

(a) Theorem 4.1 indicates that the extinction state Ejy is always an attractor due to Allee effect in the
basal prey . Theorem 4.3 indicates that strong Allee effect in the basal prey makes initial conditions very
important for the survival of the basal prey as well as the IG prey and IG predator. If the initial population
density of the basal prey is below its Allee threshold, i.e., (0) < 8, then the extinction of all species x, y and
z occurs. Theorem 4.3 also implies that IG predator (IG prey)-driven extinction due to strong Allee effect of
the basal prey population combined with the high natural death rate of IG prey (IG predator, respectively)
leads to the extinction of all species. Therefore, strong Allee effect in the basal prey increases the extinction
risk of not only the basal prey but also the IG prey or/and predator. This partially answers the first question
listed in Section 1.

(b) The existence and stability of the boundary and interior equilibria were presented in Theorem 4.6.
Model (1.3) has at most two interior equilibria Ef and Ej, in which EY is always unstable. The existence
of EY and E3 and the stability of E} are independent of (vy1,72). However, if E3 exists, then its stability
can be determined by (v1,72). The Hopf bifurcation curve I'(y1,72) = 0 at E on (7y1,72), which depicts
the relationship between competition levels of the IG prey and IG predator for the basal resource, is given
in Corollary 4.7. If the competition between the IG prey and IG predator for basal resource lies below the
critical curve I'(71,7v2) = 0, then EJ remains stable, while above it E} loses its stability. This partially
answers the second question posed in Section 1.

(c¢) In order to explore the impact of Allee effect, the parameter space of A = («, 8, a1,a2,d1,ds) was
completely classified into sixteen different regions, and in each region the number of interior equilibria was
presented as 6 varies in (0,1), and the corresponding bifurcation diagrams on the Allee threshold 6 were
shown. See Theorems 5.3, 5.4, 5.6 and 5.8 in Section 5. Based on these theorems, we inductively gave the
possible extinction parameter regions of at least one species and the necessary coexistence parameter regions
of all three species in Theorem 5.10. This may answer the two questions posed in Section 1.

(d) Model (1.3) exhibits rich and complex dynamic behaviors due to Allee effect in the basal prey z.
In Section 6, we provided the possible dynamical patterns, i.e., the existence of multiple attractors, for
model (1.3). By theoretical analysis and numerical simulations, we showed that system (1.3) can have one
(i.e. extinction of all species), two (i.e. bi-stability) or three (i.e. tri-stability) attractors. This may answer
the first question listed in Section 1.

(e) In Section 6 we also found by simulations that when there exists a unique stable interior equilibrium
E;, the orbits which tended to the extinction state Ey may be attracted to some periodic orbits as (y1,72)
gets closer to the Hopf bifurcation curve I'(y1,72) = 0 from the stable region I'(v1,72) > 0, meanwhile
the basin of attraction of the coexistence equilibrium Ej decreases until it loses its stability since the orbits
which tended to E3 also may be attracted to some periodic orbits. Thus, multiple attracting periodic orbits
are generated and the coexistence of all three species is enhanced as the competition between the IG prey
and IG predator for the basal resource is close to the Hopf bifurcation curve from below. This also may
answer the second question listed in Section 1.

Our study provided useful insights on how Allee effect affects the coexistence and extinction of intraguild
predation species. By numerical simulations, we found in Section 6 that system (1.3) may have multiple
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attracting periodic orbits but we were unable to provide a theoretical proof. Seasonal effects are important

for the persistence and extinction of species. For future modeling study, it is meaningful to explore the impact

of Allee effect in the nonautonomous version of model (1.3).
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