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Clarifications: In order to define Kx, note that by (2), wx is locally free outside
a codimension 2 subset of X, hence it corresponds (o a linear equivalence class Kx
of Weil divisors which are Cartier outside a codimension 2 subset of X.

One has to be a little careful with E because of the nodes on X. Denote the nodal
divisor by D ¢ X. If we normalize a node, its preimage is 2 points. Corresponding
to D, on X' there is a unique divisor D' that is a double cover of D. In (3), E hasan
f-exceptional part but it also has to contain this divisor D’ with coefficient ~1.

This definition combines a global condition (4) with purely local conditions
(1-3). Singularities satisfying (1-3) are called semi-log-canonical or slc.

For slc models it is usually better to use semi-resolutions, that is, a proper bira-
tional morphism g : X3 — X such that X* has only double normal crossing points
(xy = 0) C C™*! and pinch points (x* = y?z) C C"*! and g maps the double locus
of X5 birationally on the double locus of X; see [26] for details. Let E denote the
(reduced) exceptional divisor of a semi-resolution g. Then the canonical ring of X

R(X, Kx) := Z HO(X,Ox(me))

mz0
is isomorphic to the semi-log-canonical ring of X*
R(XS, Kxs +E)i= ) HO(X®, Oxs (mKxs + mE)).
m20

This actually creates a lot of problems since semi-log'-canonical rings are not always
finitely generated [30].

It is a quite subtle theorem that semi-log-canonical models actually satisfy the
preliminary definition (1.7.5). This is proved in (36, 17.4] and [19].

To get a feeling for semi-log-canonical, let us review the classification of slc
surface singularities.

Singularities of semi-log-canonical surfaces

Itis convenient to describe the singularities of log canonical surfaces by the dual
graph of their minimal resolution. That is, given a singularity (s € S) with minimal
resolution g : X — S we draw a graph I" whose vertices are the g-exceptional curves
and two vertices are connected by an edge iff the corresponding curves intersect. We
use the number —(E; - E;) to represent a vertex. [n our examples, save in (3.2.4.3),
all the exceptional curves are isomorphic to P'.

Let det(I") denote the determinant of the negative of the intersection matrix of
the dual graph. This matrix is positive definite for exceptional curves. For instance, if
N={2 — 2 — 2} then

2-1 0
det(T) =det | -1 2-1| =4.
0—-1 2

For more details concerning the lists below, see [36, Sec.3] or [35].
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142 Moduli of varieties of general type

3.2 (List of log canonical surface singularities).
Each case includes all previous ones.
(3.2.1) Terminal = smooth.
(3.2.2) Canonical = Du Val (= rational double point).
(3.2.3) Log terminal = quotient of C2 by a finite subgroup of GL(2, C) that acts

freely outside the origin. The order of the group is det("). A more detailed list is the

following:
(a) (Cyclic quotient)

Cp — -+ — Cn
(b) (Dihedral quotient) Here n 2> 2 with dual graph

2
Y

C‘l_’"' _cn

2
() (Other quotients) The dual graph has 1 fork (with [5 as in (a))

Fl —Cop — I‘2
I
Is

with 3 cases for (det(T1), det(T2), det(T3)):

(Tetrahedral) (2,3,3)
(Octahedral) (2,3.4)
(Icosahedral) (2,3,5).

(3.2.4) Log canonical
(a) (Simple elliptic) I' = {E} has a single veitex which is a smooth elliptic curve

1 with self ifitersection < —1. .
% (b)(Cusp) T is a circle of smooth rational curves, at least one of them with
with ¢; > 3. (The cases n = 1,2 are somewhat special.)

: ; X ; cn_..._cr_'_l
3 / AN

s !
; ; ! ¢y ' Cr
i .

il _ €y — ++° — Cr—l

.
Pz




Jdnos Kollir

(c) (Z/2-quotient of a cusp or simple elliptic) I" has 2 forks.

2 2
N

cl.—..~-- ——Cn

2 2

(d) (Other quotients of a simple elliptic) The dual graph is as in (3.2.3.c) with
3 possibilities for (det(I), det(I2), det(3)):
(Z/3-quotient) (3,3,3)
(Z/4-quotient) (2,4,4)
(Z/6-quotient) (2,3,6).

I£ X is a2 non-normal semi-log-canonical surface singularity, then we describe
its normalization X together with the preimage of the double curve BcX

The extended dual graph (T, B) has an additional vertex (represented by e) for
each local branch of B connected to Cy if (B - Ci) # 0.

3.3 (List of semi-log-canonical surface singularities). There are 3 irreducible cases.
(The number on some edges is the different, which we do not define here [36, Sec.16].
Their role is explained in (3.3.4).

(3.3.1) (Cyclic quotient, one branch of B)

1 1
daT
®

cl——-..._cn

(3.3.2) (Cyclic quotient, two branches of B)
1 1
e —C] — . — Cp — @

(3.3.3) (Dihedral quotient) Heren > 2 with dual graph

2
/
1
"“Cl""'—cn

AN
2

(3.3.4) (Reducible cases) We can take several components as above and glue
them together along two local branches of B. The gluing is allowed only if we see
the same numbers on the edges.

Thus we can glue 2 copies as in' (3.3.1) as long as both have the same det(l") or
we can take any number of germs as in (3.3.2), make a chain out of them and then
either turn the chain into a circle or end it with copies of (3.3.3). To end a chain, we
are also allowed to glue a local branch of B to itself by an involution. For instance,
o — 1 glued to itself gives the pinch point (x2 =y?z) C A%
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