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Abstract

Let A be the space of symmetric functions and Vi be the subspace spanned by the
modified Schur functions {S)[X/(1 — ¢)]}r,<k- We introduce a new family of symmet-

ric polynomials, {Ag\k) [X;t]}x, <k, constructed from sums of tableaux using the charge

statistic. We conjecture that the polynomials Ag\k) [X;t] form a basis for Vj, and that
the Macdonald polynomials indexed by partitions whose first part is not larger than k
expand positively in terms of our polynomials. A proof of this conjecture would not
only imply the Macdonald positivity conjecture, but would substantially refine it. Our
construction of the Ag\k) [X;t] relies on the use of tableaux combinatorics and yields
various properties and conjectures on the nature of these polynomials. Another impor-
tant development following from our investigation is that the Af\k) [X;t] seem to play
the same role for Vj, as the Schur functions do for A. In particular, this has led us to
the discovery of many generalizations of properties held by the Schur functions, such as
Pieri and Littlewood-Richardson type coefficients.
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1 Introduction

We work with the algebra A of symmetric functions in the formal alphabet 1, x2,... with
coefficients in Q(q, t). We use A-ring notation in our presentation and refer those unfamiliar
with this device to section 2. It develops that the filtration of A given by the spaces

Vi = {S\[X/(1 = )]}y, < » Withk €N, (1.1)

provides a natural setting for the study of the g,t-Kostka coefficients, Ky,(q,t). In fact,
this filtration leads to a family of positivity conjectures refining the original Macdonald
positivity conjecture, which now holds following the proof [4] of the n! conjecture [2]. To
see how this comes about, we first introduce some notation.

We use a modification of the Macdonald integral forms J,[X;q,t] that is obtained by
setting

Hu[X;q.t] = J[X/(1 = t):iq.] = > Kxu(a.6)SA[X]. (1.2)
A

The integral form J,[X;¢,t] at ¢ = 0 reduces to the Hall-Littlewood polynomial,
Ju[X50,t] = Qu[X;t].
We shall also use a modification of Q,[X;t];
H,[X;1] = QuX/(1 = 1)) = Y Kxu(t)Sa[X], (1.3)
A>p
where K, (t) is the Kostka-Foulkes polynomial.

This given, we should note that bases for Vj, also include the families [12]

{HM[X;t]}ulgk and {HM[X;q’ﬂ}Mgk' (1.4)

Our main contribution is the construction of a new family

(AP G <k (1.5)

which we conjecture forms a basis for Vj, and whose elements, in a sense that can be made
precise, constitute the smallest Schur positive components of V.. For this reason, we have
chosen to call the Ag\k) [X;t] the atoms of V.

We begin by outlining the characterization of our atoms which may be compared to the
combinatorial construction of the Hall-Littlewood polynomials. The formal sum, or the set,
of all semi-standard tableaux (hereafter called tableaux) with evaluation y will be denoted!
by H,,, with the convention that Hy is the empty tableau. It was shown in [10] that

H#[X;t] = F(H#) - Z tcharge(T) Sshape(T)[X}: (16)
TeH,

!Double fonts are used to distinguish sets of tableaux or operators on tableaux from functions.
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where F is the functional
F(T) - tcharge(T) Sshape(T) [X] . (17)

The formal sum H), arises from a recursive application of promotion operators B, such that
BTH/\ = H(T)\) :

H, =By ---B,, B, H. (1.8)

The operators B, are tableau analogues of the operators building recursively the Hall-
Littlewood polynomials presented in [5, 3].

To construct the atoms of Vi, we introduce a family of filtering operators, Py—.x, which
have the effect of removing certain elements from the sum of tableaux in 1.8 2. That is,

given a k-bounded partition p (a partition p such that g < k), the atom Al(f) [X;t] is

A;(Ak) [X;t] =r (A;(Lk)> - Z tcharge(T) Sshape(T) [X} > (19)
TeAﬂ“)

where A,(Lk) is the formal sum of tableaux obtained from

AP =P, B, P B Pl —sB, Ho. (1.10)
Following from this construction is the expansion,
APX ] = 8,[X] + 3" ol (0)S5[X], with 0C v{) () C Ka,(t) (1.11)
A>p

where for two polynomials P, Q € Z|g, t], we write P C Q to mean @ — P € Nlg, t].

Originally, the atoms were empirically constructed by the idea that they could be char-
acterized by 1.11 and the two following properties:

i) for k-bounded partitions A and p, and ¢(t) € N[¢],

AP 1] — () AP X 4] # Zv,, )S,[X] where v, € N[t] (1.12)

i) for any k-bounded partition u,
Hy[X:1]) = AP+ > KW @) AP, with Kyt € N[ (1.13)
A>n

However, our computer experimentation supported the following stronger conjecture, which
connects the atoms to Macdonald polynomials indexed by k-bounded partitions:

LXiq.1] ZK(k t) AP [x31), (1.14)

2The effect of the filtering operator is to extract A-katabolizable tableaux (see Section 2.2 and [18]).
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with
k
0C K\ (q.t) C Kxulg. ). (1.15)
This has been the primary motivation for the research that led to this work. In particular,

given the positive expansion in 1.11, property 1.14 with 1.15 would not only prove the
Macdonald positivity conjecture, but would constitute a substantial strengthening of it.

It will transpire that the atoms are a natural generalization of the Schur functions. In
fact, our construction of Ag\k) [X;t] yields the property that for large k& (k > |)\|),

AP X 1) = 8)[X] . (1.16)

Thus the atoms of A = V, are none other than the Schur functions themselves. More-
over, computer exploration has revealed that the Af\k) [X;t] have a variety of remarkable
properties extending and refining well-known properties of Schur functions. For example,
we have observed generalizations of Pieri and Littlewood-Richardson rules, a k-analogue of
the Young Lattice induced by the multiplication action of e, and a k-analogue of partition
conjugation. Further, we have noticed that the atoms satisfy, on any two alphabets X and
Y?

AVIX +vitl= Y g APX; AP[Y1] where g),(t) € N[{].
lul+lpl=IA

The positivity of the coefficients g;)p(t) appearing here is a natural property of Schur func-
tions not shared by the Hall-Littlewood or Macdonald functions. Finally, the atoms of Vi,
when embedded in the atoms of Vs for k' > k, seem to decompose positively:

AP = ARG+ 37 o8 ) AP X1, where oM (1) e N (117)

LA
w>A

The tableaux combinatorics involved in our construction and identity 1.13 suggest that
the atoms provide a natural structure on the set of tableaux H,. For example, we have

observed that for a k-bounded partition p, H,, decomposes into disjoint subsets Agpk ) indexed
by their elements of minimal charge. Each of these subsets is characterized by the fact that

(k)

its cyclage-cocyclage poset structure is isomorphic to that of Ashape(T), and since
(k)\ _ scharge(T") 4(k) .
/ <AT ) = pchae(D) 401X, (1.18)

shape(T)" Therefore, if Cl(tk) is the collection of tableaux
indexing the copies that occur in the decomposition of H,,, we have

H,= Y AY. (1.19)
TeC,(Lk)

we say that Aglf) is a copy of AW
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k

Note that the tableaux in Agﬁg ) have evaluation v while those in Ag )

hape(T) have, from 1.10,

evaluation given by the shape of 7. Now, 1.18 and 1.19 imply that the coefficients K /(\];)(t)
occurring in 1.13 are simply given by the formula

K@) = 3 el (1.20)
TeCff“)
shape(T)=\

Since the promotion operators By acting on Ag’f ) produce collections of tableaux of the

same evaluation, we examine their decomposition into copies as well. It appears that

BAY = S AW, (1.21)
Tess)
where S%kz is a suitable subcollection of the tableaux 7" of shape v such that v/shape(T) is

a horizontal ¢-strip. Therefore, formula 1.21 may be considered a refinement of the classical
Pieri rules. In fact, letting ¢ = 1 and shape(T') = X in 1.21, we have

hlXIAP X1 = Y ARG, (1.22)

I/EE&]?%

where E&kg is a subset of the collection of shapes v such that v/ is a horizontal ¢ strip. We

(k)

shall give a simple combinatorial procedure for determining F\’,.

When ¢ =1 in 1.22, we are led to a k-analogue of the Young lattice. This is the poset
whose elements are k-bounded partitions and whose Hasse diagram is obtained by linking
an element A to every p € E/(\kl) In Figure 1, we illustrate the poset obtained for degree 6
with k = 3. Moreover, the number of paths in this poset joining the empty partition to the
partition A is simply the number of summands in 1.20 when p = 1M, namely K,(\k1)|AI (1). An
analogous observation can be made for a general p. ’

Central to our research is the observation that not all of the atoms need to be constructed
using 1.10. In fact, for each k there is a distinguished “irreducible” subset of atoms of Vj
from which all successive atoms may be constructed simply by applying certain generalized
promotion operators. To be more precise, let a partition g with no more than ¢ parts equal
to k — i be called k-irreducible (note, there are k! such partitions). Thus, any k-bounded
partition can be obtained by the partition rearrangement of the parts of a k-irreducible
partition and a sequence of k-rectangles, partitions of the form (¢¥+1=¢) for ¢ = 1,... k.
This given, we let the collection of k-irreducible atoms be only the atoms indexed by k-
irreducible partitions. This suggests that there are certain generalized promotion operators
indexed by k-rectangles yielding that every atom may be written in the form

APX; ) =t (IB%R]IB%RQ ...IB%R,ZAL“) , (1.23)
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Figure 1: 3-analogue of the Young Lattice

where p is a k-irreducible partition, Ry, ..., Ry are certain k-rectangles, and ¢ € N.

Again we find it interesting to consider the case ¢t = 1. First, since the Hall-Littlewood
polynomials at ¢ = 1 are simply

H,,. X;1] = hy, [X]--- by, [ X], (1.24)

.,un)[
we see that Vi reduces to the polynomial ring V(1) = Q[h1, ..., hg]. Further, since the
construction in 1.23 is simply multiplication by Schur functions when ¢ = 1,

APIX 1] = Sp, [X]SR, [X] ... Sk, [X]AP[X;1], (1.25)

it thus follows that k-irreducible atoms constitute a natural basis for the quotient Vi (1)/Zx,
where Z; is the ideal generated by Schur functions indexed by k-rectangles. In fact, the
irreducible atom basis offers a very beautiful way to carry out operations in this quotient
ring: first work in V(1) using atoms and then replace by zero all atoms indexed by partitions
which are not k-irreducible.

We shall examine our k-analogue of the Young lattice restricted to k-irreducible parti-
tions. Figure 5 gives the case k=3 and k=4, where vertices denote irreducible atoms rather
than partitions. Since it can be shown that the collection of monomials {h{*, A3, ... , A" fo<e,<k—i
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forms a basis for the quotient V4, (1)/Zy, it follows that the Hilbert series Fy; (1y/z, (¢) of this
quotient, as well as the rank generating function of the corresponding poset, is given by

k—1

Frym @) = [T (140 + a2 4+ g*=) . (1.26)
1=1

Finally, we shall make connections between our work and contemporary research in
this area. We discovered that tableaux manipulations identical to ours have been used for
a different purpose in [16, 17, 18]. In particular, certain cases of the generalized Kostka
polynomials can be expressed in our notation as

F (B, ---Bg, Ho) , (1.27)
where Ry, ..., Ry is a sequence of rectangles whose concatenation is a partition [17]. When
Ri,..., Ry is a sequence of k-rectangles this is simply the case p = () in 1.23. Thus, it is

again apparent that an integral part of our work lies in the k-irreducible atoms, without
which the atoms in general could not be constructed.

Furthermore, it is known that these generalized Kostka polynomials can be built from
the symmetric function operators Bp introduced in [19]. The connection we have made with
our atoms and these polynomials thus suggest that any atom can be obtained by applying
a succession of operators Bg indexed by k-rectangles to a given irreducible atom AﬂlC [X;t]:

AVIX; 1] = t°Bg, Bg, --- BR,APXG 1], wherec € N, (1.28)

Note this is a symmetric function analogue of 1.23 and specializes to 1.25 when ¢t = 1.

Acknowledgments. We give our deepest thanks to Adriano Garsia for all his time and
effort helping us articulate our ideas. Our research depended on the use of ACE [20].
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2 Background

2.1 Symmetric function theory

Here, symmetric functions are indexed by partitions, or sequences of non-negative integers
A= (A1, A2,...) with Ay > A9 > .... The order of A is |[A\| = A1 + A2 + ..., the number of
non-zero parts in A is denoted ¢(\), and n(X) = ). (i — 1)\;. We use the dominance order
on partitions with |A\| = |u|, where A < p when Ay +-+- + X; < g + -+ + p; for all i. For
two partitions A and p, A U p denotes the partition rearrangement of the parts of A and p.

Every partition A may be associated to a Ferrers diagram with \; lattice squares in the
row, from the bottom to top. For example,

A= (4,31 = I I ; (2.1)
For each cell s = (4,7) in the diagram of A, let ¢'(s),#(s),a(s), and da/(s) be respectively
the number of cells in the diagram of A to the south, north, east, and west of the cell s.
The transposition of a diagram associated to A with respect to the main diagonal gives the
conjugate partition \'. For example, the conjugate of (4,3,1) is

,L'th

N =M =3,221). (2.2)
]

A skew diagram p /A, for any partition p containing the partition A, is the diagram
obtained by deleting the cells of A from p. The thick frames below represent (5,3,2,1)/(4,2).

(2.3)

We employ the notation of A-rings, needing only the formal ring of symmetric functions
A to act on the ring of rational functions in z1,...,xnN,q,t, with coefficients in Q. The
action of a power sum p; on a rational function is, by definition,

Cally acaué
Zﬁ BUs Zﬁ dﬁ”ﬁ
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with cq,dg € Q and uq,vg monomials in z1,...,zN,q,t. Since the ring A is generated
by power sums, p;, any symmetric function has a unique expression in terms of p;, and
2.4 extends to an action of A on rational functions. In particular f[X], the action of a

’

symmetric function f on the polynomial X =z + --- + xy, is simply f(z1,... ,2n).
We recall that the Macdonald scalar product, (, )4+, on A®Q(q,t) is defined by setting

176y 1\,
1— % 1—
PAX Pul XDt = Snuon [ ] 7=35 = S ama L—_ﬂ : (2:5)
i=1

where for a partition A with m;(\) parts equal to i, we associate the number
2y = 1"™'my1 2™ my! - - (2.6)

The Macdonald integral forms Jy[X; g, t] are then uniquely characterized [12] by

(i) <J>\a Ju>q,t = 0, if A 7"é oy (27)
(i) A[X:q. 8] = oaulg,)SulX], (2.8)
HEA
(i) oan(a, 1) = [J(1 - g4, (29)
SEX

where S, [X] is the usual Schur function and vy,(q,t) € Q(q,?).

2.2 Tableaux combinatorics

A* denotes the free monoid generated by the alphabet A = {1,2,...} and Q[A*] is the free
algebra of A. Elements of A* are called words and for E a subset of A, wg denotes the
subword obtained by removing from w all the letters not in £. The degree of a word w

is denoted |w| and if w has p; ones, py twos, ..., and p,, m’s, then the evaluation of w is
(p1,--- 5 pm). For example, w = 131332 has degree 6 and evaluation (2,1,3). A word w of
degree n is standard iff its evaluation is (1,...,1). Recall that a word w is Yamanouchi in

the letters a; <...<ay if it is such that for every factoring w = wwv, v contains more a; than
a; for all <.

The plactic monoid on the alphabet A is the quotient A*/ =, where = is the congruence
generated by the Knuth relations [6] defined on three letters a, b, ¢ by

acb=cab (a<b<c),
bac=bca (a<b<c). (2.10)

Two words w and w’ are said to be Knuth equivalent iff w = w'.

In this paper, a tableau is a filling of a Ferrers diagram with positive integer entries that
are nondecreasing in rows and increasing in columns:

[6]7]
T = 4[4[5] .
1]1]1]2]3]

(2.11)
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The word w obtained by reading the entries of a tableau from left to right and top to bottom
is said to be a tableau word, or simply a tableau. Our example shows that w = 6744511123

;;;;;;

(1,1,...,1). For example,

T =life . (2.12)

2[3]5]

=[=]N]

The transpose of a standard tableaux 77 is defined in the same manner as the transpose
of a Ferrers diagram. With 7 as given in 2.12, we have

T = (2.13)

—[ofeo]en]

6]

4[7]

Since the transpose of a tableau is assured to be a tableau only when the original tableau
is standard, this definition is valid only for standard tableaux.

We assume readers are familiar with the Robinson-Schensted correspondence [13, 14],
w «— (P(w),Q(w)), (2.14)

providing a bijection between a word w and a pair of tableaux (P(w), Q(w)), where P(w)
is the only tableau Knuth equivalent to w and Q(w) is a standard tableau.

The ring of symmetric functions is embedded into the plactic algebra by sending the
Schur function Sy to the sum of all tableaux of shape A [1, 9]. The commutativity of the
product S\, = 5,5, thus implies bijections among tableaux. In particular, we can define
the following action of the symmetric group on words [11]. The elementary transposition o;
permutes degrees in i and i+ 1. Given a word w of evaluation (p1, ..., pm), let u denote the
subword in letters a = 7 and b =7 + 1. The action of the transposition o; affects only the
subword u and is defined as follows: pair every factor ba of u, and let u; be the subword of u
made out of the unpaired letters. Pair every factor ba of u1, and let us be the subword made
out of the unpaired letters. Continue in this fashion as long as possible. When all factors
ba are paired and unpaired letters of u are of the form a"b*, o; sends a"b* — a®b". For
instance, to obtain the action of o2 on w = 123343222423, we have u = wyy 3y = 233322223,
and the pairings are

2 (3(3(32)2) 2) 23, (2.15)

which means that oou = 233322233 and cow = 123343222433. It is verified in [11] that
the 0;’s obey the Coxeter relations and thus provide an action of the symmetric group on
words.

We use the notion of charge [9, 10] defined by writing a word w, with evaluation given
by a partition, counterclockwise on a circle with a * separating the end of the word from its
beginning and then summing the labels that are obtained by the following procedure: Let



L. LAPOINTE, A. LASCOUX AND J. MORSE 11

¢ = 0. Moving counterclockwise from *, we label with ¢, the first occurrence of letter 1, then
the first occurrence of letter 2 following this 1, then the first occurrence of letter 3 following
this 2, etc, with the condition that each time the * is passed, the label £ is increased to
£+ 1. Once each of the letters 1,2, 3,... have been labeled, we begin this procedure on the
unlabeled letters, again starting at the * with £ = 0.

We can define charge on a word w whose evaluation is not a partition by first permuting
the evaluation to a partition using o, and then taking the charge of cw. Figure 2 shows

*
01 42
02 31
01 21
ol 31

Figure 2: Charge of w = 12114123234

that charge(12114123234) =0+0+0+0+14+04+14+14+14+1+2=7.

The definition of charge gives that a tableau of shape and evaluation p has charge 0 and
thus the combinatorial construction for the Hall-Littlewood polynomials (1.6) implies

H,[X ;1] = Su[X]+ ) Kyu(t)Sa[X]. (2.16)

A>pu

3 Definition of A(Ak) [ X ¢]

Our main contribution is the method for constructing new families of functions whose
significance has been outlined in the introduction. The characterization is similar to the
combinatorial definition of Hall-Littlewood polynomials using the set of tableaux that arises
from a recursive application of promotion operators. Our families also correspond to a set of
tableaux generated by the promotion operators, but here we introduce new operators Py
to eliminate undesirable elements. To be precise, we now define the operators involved in
our construction.

The promotion operators are defined on a tableau T with evaluation (A\1,... ,\y,) by

B.(T)=o01-0mR, T, (3.1)
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where R,. adds a horizontal r-strip of the letter m+1 to 7" in all possible ways. For example,

_ _
B3] = o102 Re[3ff] = 010 ( +

[3]
2
1

[3] [3] [3]
24 . 2 24 2l
2] +[2 = [2] +2E T2
1[1]3] 1[1]1]3] 1

1[3]3]

—[o]es]
= [ro]es]

1]

Note that the action of o implies that the resulting tableaux have evaluation (r, A1,... , Ap,).
While our construction relies on these operators, they generate certain unwanted tableaux.
We now present the concepts needed to obtain operators that filter out such elements.

The main hook-length of a partition A, hps()\), is the hook-length of the cell s = (1,1)
in the diagram associated to A. That is

har(N) = €(s) +a(s) + 1= + N =1 =X +£(\) —1. (3.2)

For example, if A = (4,3, 1), then

hM()\) = ] =6. (3'3)

Any k-bounded partition A can be associated to a sequence of partitions called the k-split,
A7F = (AW A®) X)) The k-split of A is obtained by dividing A (without changing
the order of its entries) into partitions A®) where hy;(A®) = k, Vi # r. For example,
(3,2,2,2,1,1)73 = ((3),(2,2),(2,1), (1)) . Equivalently, we horizontally cut the diagram
of A into partitions A®Y) where hp/(A®) = k. In our example this gives

O

En

0 - (3.4)
EEN

Note, the last partition in the sequence A% may have main hook-length less than k. As k
increases, the k-split of A\ will contain fewer partitions. For k = 4,

O
N Hﬂ or  (3,2,2,2,1,1)7* = ((3,2),(2,2,1). (1)) . (3.5)
Hh

When k is big enough (har(A) < k), then A= =(X). ie., (3,2,2,2,1,1)78=((3,2,2,2,1,1)).

Let T be a given tableau whose shape contains A. We shall denote by T}, the subtableau
of T of shape A\. Let U be the skew tableau obtained by removing 1 from T, let 17 be
the tableau contained in the first /(\) rows of U, and T3 be the portion of U that is above
the ¢(\) rows. Let us denote by 7175 the skew tableau obtained by juxtaposing 7} to the
northwest corner of T, and by T the unique tableau which is Knuth equivalent to T} 75.
For instance, in the figure below A = (3,2,1, 1), the skew tableau with empty cells is 77, the
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tableau with bullets is 75, the middle diagram is 7175, and the right diagram is a possible
shape for 7.

@ |

oo [

— T = . (3.6)

This construction permits us to define an operation on tableau, Ky, called A-katabolism.

T if XA C shape(T)

0  otherwise

KA(T) = {

For example, the (2,1)-katabolism of 7' = 9472581236 is

[5]8
3[6
8 9
3]6] 417

Note that A-katabolism was also introduced in [18] and for the case that A is a row, in [11].

K1) (3.7)

»—tqu®|

pof |~
Il

wc:too|
o
©

Let S(\) be the set of A-shaped tableaux with evaluations (0™, A1, Ag, ... ), for m € N.
For A = (3,2,2), we have

s (E) - . 5

This given, the restricted A-katabolism Ky is defined by setting

[3]
2l
(1]

—[roes]

NEE

[5]
4]
3[3]

BINE

[4]
3l
2[2]

e[|

— Ky(T) if Ty € S(A
Ry(1) = ) S0 (39)
0 otherwise
For example, K(z,l) on the tableau in 3.7 is zero, whereas
N S 5]
K = = [5]6]9 (3.10)
12518 9 sTal7
1[1]3]6] 4]7]
For a sequence of partitions S = (/\(1), A2 ,)\(6)), we define the filtering operator Pg
using the succession of restricted katabolisms KA(Z) X ‘K}\(l),
T ifKyo--Kyo(T)=H
0 otherwise

In fact, we only consider the case where S is the sequence of partitions given by A~7%.
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Property 1. The filtering operators Py—x satisfy the following properties :
a. For T'e€ S(\), we have Py—xT =T for all k such that X\ is bounded by k.
b. For U a tableau of |\| letters such that U ¢ S(A), Py—xU =0 for all k > har(N).

Proof. By definition 3.11, we must show K, - - - KyyT = Hy, for \=F = MA@ AO),
Recall that K,)7 acts by extracting the bottom £(A(1)) rows of T' and inserting into the
remainder, any entries not in Ty € S(AW). Since the bottom ¢(A(})) rows of T € S())
are exactly Tyq) € S(AV), the katabolism K, )7 simply removes the bottom £(AM) rows
of T. By iteration, we obtain the empty tableau.

For (b), the condition that k is large implies that A=* = ()). It thus suffices to show
that K, (U) = 0. Now K, acts first by extracting from U, the subtableau Uy € S(\). If U
is of shape A\ then Uy = U ¢ S()\). If U is not of shape A\, since U has degree |\|, then Uy
does not exist. Therefore we have our claim. ]

These filtering operators are those required in the characterization of our families of
functions. We thus have the tools to recursively define the central object in our work, the

super atom of shape X\ and level k, Af\k).

Definition 2. Let Aék) be the empty tableau. The super atom of a k-bounded partition X\ is

AP =P, By, (A(’“)

& )> . (3.12)

For example, given that we know the super atom

AP I (3.13)

we can obtain Agg,m,l by first acting with the rectangular operator Bs on 3.13,

3 3] 3] [5] [4]
(Allll = Bs L = [2] +RE ++% +3 (3.14)
L [1]4] 1]1]4]5] 1[1]4] i 5]

and then to these tableaux, applying the operator Py _x, where A\~ = ((27 1), (1,1, 1));

.
— n 4
3 3] ]
A5 11 = Pena) (15321*5,3,1,1) = BB TRm TRt - (3.15)
11Tl

Our method for constructing the super atoms allows the derivation of several natural
properties. In particular, these properties generally arise as the consequence of those held
by the promotion and filtering operators.
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Property 3. For all k-bounded partitions A, we have

AP cm, . (3.16)

Proof.  For A= (A1,...,\p), recall from 1.8 that
Hy) =By, --- B, Hp. (3.17)
On the other hand, following from Definition 2, we have

AP — Py By, - Py, -k By, A (3.18)

Since Ag\k) is distinguished from H) only by acting with a filtering operator after each

application of a By operator, we have that every tableau in Ag\k) is also in Hy. ]

Property 4. Let T be the tableau of shape and evaluation A. The super atoms satisfy:

. T e Ag\k) for any k such that X\ is bounded by k.
ii. AF =T for k> hp ().

Proof.  (i): Recall that Af\k) = IP’/\ﬁkIB%,\lAE\?W A~ Assume by induction that U € AE\?... e

where U has shape and evaluation (g, ... ,’)\g). R, U produces a sum of tableaux, one
being the tableau of shape (A1, A2, ..., A¢) which is then sent to the tableau T" of shape and
evaluation A under the action of the symmetric group. It thus suffices to show that 7' is
not eliminated by Py—x for all k. This is shown in Property 1(a).

(72): In particular, () implies that TEAE\k) for k > hps(A). By the definition of Af\k), it
thus suffices to show that Py .+U = 0 for all U # T'. This is true by Property 1(b). O

As with the definition of the Hall-Littlewood polynomials, we associate symmetric func-
tions to our super atoms.

Definition 5. With F as in 1.7, we define the symmetric function atoms by

AP = r (). (3.19)

Properties we have given for the super atoms allow us to deduce several properties of
these functions. For example, an immediate consequence of Property 4(i7) is

Property 6. When k is large (k > har(\) ), we have

AP X 1) = Sy[X] . (3.20)
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Property 7. The atoms are linearly independent and have an expansion of the form

A(k)[X t] Z ,  where v(A)( t) € N[t]. (3.21)
w>A

Proof. We have shown that Ag\k) C H,. Thus by Definition 5, the triangularity of
Ag\k) [X; t] follows from the triangularity of H)[X;t] (see 2.16). Further, Property 4 implies

that the tableau 7' of shape and evaluation A occurs in Af\k) and therefore, f (T') = Sy\[X]
(k) (

occurs in Ay” (T has charge zero). O

4 Main conjecture

Our work to characterize the atoms was originally motivated by the belief that these poly-
nomials play an important role in understanding the g, t-Kostka coefficients. More precisely,

Conjecture 8. For any partition A bounded by k,

HXiq.t) = Y ER@t)APX;t),  where K(q,t) eNlg.t]. (4.1
w1 <k

For example, we have

Hy11[X;q,8) = t AQ)[X; 8] + (1 + qt?) AT [X:8] + g AT 11X 1]

= 2 AL X3 ] + (¢ + t?) AY[Xt] + (1 + gt A [X: 1] + g AT, 4 [X3 4
= 3 APPVIXG ) 4 (4 2+ @) AUTV XG4 + (¢ + at?) ASS VX

+ (L4 gt + g ATV X 1) + g AVED X 4].

(4.2)

This conjecture implies that the atoms of level k form a basis for V. Further, since the atoms
expand positively in terms of Schur functions 3.21, our conjecture also implies Macdonald’s
positivity conjecture on the Hy[X;q,t] in Vj. Since Property 6 gives

KR(q,t) = Kua(g,t)  for k> A, (4.3)

we see that this conjecture is a generalization of Macdonald’s conjecture.

In fact, our conjecture refines the original Macdonald conjecture in the following sense:
substituting 3.21, the positive Schur function expansion of atoms, into 4.1, we have

Xiq,1] }jwk%wzy%w&ﬂm (4.4)

v
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On the other hand, since the ¢, t-Kostka coeflicients appear in the expansion

X Q7 ZKV)\ q,t ]7 (4'5)

we have that

Eo(g.t) =Y KR (q.t) ol (t)

n<v

= K8 (q.t)+ Y K& (g, 00 (1). (4.6)
pu<v

Since v,(,]f) (t) is in NJg, t], Conjecture 8 implies that

K;(L];)(lal) < K,u/\(lal)v (47)

where K,5(1,1) is known to be the number of standard tableaux of shape p. Thus, the prob-
lem of finding a combinatorial interpretation for the K,x(q,t) coeflicients (i.e. associating
statistics to standard tableaux) is reduced to obtaining statistics for the fewer K‘(L];)(q,t).
We do not address this problem here, but the the complete solution of Conjecture 8 for
k = 2 is given in [7, 18, 21].

Based on our conjecture, we have the following corollary concerning the expansion of
Hall-Littlewood polynomials in terms of our atoms.

Corollary 9. Assuming Conjecture 8 holds, we have, for any partition \ bounded by k,

Z A(k [X;t] where K!(L’;)(t) € N[t]. (4.8)
u>A

If we consider this corollary as the result of applying F to an identity on tableaux,

FE) =Y KO F (AP), where Ka(t) € Nl (4.9)
I

then it suggests that the set of all tableaux with evaluation A can naturally be decomposed
into subsets that are mapped under F to the atoms A&k) [X;t]. Here, Kl(jf\)(l) corresponds

to the number of times such a subset occurs in Hy which, by 4.6, is such that
k
K& (1) < K1), (4.10)

where K,5(1) is the number of tableaux with evaluation A and shape p. These subsets will

be called copies of Al

of a given evaluation.

and they will provide a natural decomposition for the set of tableaux
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5 Embedded tableaux decomposition

We expect from 4.9 that the set of all tableaux with given evaluation can be decomposed
into subsets associated to our super atoms. These subsets will be characterized by a cyclage-
cocyclage ranked-poset structure [11].

For tableau T'=zw where x is not the smallest letter of T, we define T” to be the unique
tableau such that 77 = wz. The mapping T' — T” is a called a cyclage and is such that
charge(1”) = charge(T') + 1 if the evaluation of T is a partition. For tableau T'=wz where
x is not the smallest letter of T', we define T to be the unique tableau such that 7" = zw.
The cocyclage is the mapping T — T and is such that charge(T”) = charge(T) — 1 if the
evaluation of T' is a partition.

On any collection of tableaux T of the same evaluation, we can define a poset (T, <..). In
the case where the evaluation is a partition, the poset is defined by linking any two tableaux
T and T’ if T is obtained from T”, or vice versa, using either a cyclage or a cocyclage.
In the case where the evaluation is not a partition, we first permute the evaluation to a
partition by using an element o of the symmetric group, and then construct the poset by
linking any two tableaux T and T’ if 0T is obtained from oT”, or vice versa, using either
a cyclage or a cocyclage. This induces a partial order on T, such that if T <..T" then

charge(T’) <charge(T"). For example, the poset (Agl% »Lb <CC> *
charge —
3 g2|5|
1[1[1[3]4]
B J N
[4] [3]3] 5
9 3 2[2[5] o
?ﬂlIBI 1[1[1]4] fﬂll3|5|
% I 1 ’ (5.1)
ol o i
1 503 21215] 25
THATE 1[1[1] 1[1[1]3]
N /
5]
2
0 1313]
2(2
1[1[1]

where the arrows indicate the cyclage and cocyclage relations between tableaux.

Conjecture 10. The cyclage and cocyclage induce a connected ranked-poset structure on
the set of tableaux contained in a given super atom Ag\k>.

Given a collection of tableaux T, the Hasse diagram of the poset (T, <..) with vertices
labeled by shapes of the corresponding tableaux will be denoted I'y. We use the symbol
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Fg\k) when T = Af\k). For example, the Hasse diagram Fi(’:l%.Q,l.lﬂ associated to Az()f%,zl,lv is

charge _
s H
_ / - AN
c+2 _II | H
NN L T
- X | (5.2)
c+1 [0 mal -
N /
c m
|

We can now define the subsets associated to our atoms.
Definition 11. If a set of tableaux T has the properties:

1. T is the tableau of minimal charge in T
k
2.I'r = Fih?zpe(T) ’ (53)

then this set is called a copy of the atom Ag’;lpe(T) and ts denoted Agpk).

This given, if the posets are connected (Conjecture 10) then the charges associated to the

) (k)

elements of a super atom Ag\k differ from those of a copy atom A" by a common factor.

Furthermore, since there is a unique element of zero charge in Af\k) (the tableau with shape

(k)

and evaluation A), then it is the minimal element in A}’ and we have

’

r (Agc)) _ tcharge(T)AE\k) [X;t], where shape(T) = \. (5.4)

Note also that the tableaux in Ag\k) have evaluation A\ while those in Agﬂ“ ) have evaluation

given by the evaluation of 7. That is, Ag\k) = Ag’f ) only if T is of shape and evaluation .
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The copies of A", ; include ALY iven b
e copies of Ag ;44 1 include Aggsgosy7, given by
charge B
13 35|7|
1[4[6][8]9]
_ 7 N
9 B3Iy 6
12 3] S5 [3]
Titts) 114[6]8] iﬂ7|8|9|
X1 _ (5.5)
6] 5] 9]
11 1319/ 319 3]
2[5 2[5]7] =
1[4[7]8] 1[4]6] ?ﬂﬂsl
N v
18]
10 5]
2[5
1]4[7]

It appears that there is a unique way to decompose the set of all tableaux H, into

atoms of level £ > puy. More precisely, we let C‘(Lk) denote the collection of all tableaux T

with evaluation pu where Agﬂ )is a copy of a super atom of level k. Then

Conjecture 12. For any partition u bounded by k, we have

k
H,= > AP, (5.6)
TeC,(Lk)

From Corollary 9 and 5.4, an implication of this identity under the mapping F is:

Corollary 13. The k-Kostka-Foulkes polynomsials are simply

KOy = 3 gehewe®, (5.7)

TeC,(f“)
shape(T)=\

One method to obtain the set C,gk) is as follows: The element of minimal charge in H,

has shape p and is thus also the minimal element of AE{C). Remove from H,,, all tableaux

in Agk). Choose a tableau T with minimal charge from those that remain. 7" must index a
copy of the atom Ag\k) where A\ = shape(T'). From the Hasse diagram Fg\k)

, it is possible to
find and remove all tableaux in the atom Ag’f ), Repeat this procedure always on an element

of minimal charge in the resulting sets. The collection of these minimal elements is C,gk)

Evidence suggests that this method also provides a direct decomposition of any copy
atom of a level k into copy atoms of level &' > k.
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Conjecture 14. For any atom Aglc) such that shape(T) is bounded by k, and any k' > k,

k k'
AP = Y AR, (5.8)
T’G'D(k_)k,)

"

. (k—k
for some collection of tableaux Dy .

On the level of functions, this translates into

Corollary 15. If X is a partition bounded by k, and k' > k, then

k (k—k') k—k’
AE\ )[X;t] X t] + Z )[X t], where Ufm )(t) € N[t]. (5.9)
>
This conjecture is a generalization of the result presented in Property 7 since we recover
w57 (1) = v (t) when & > |).

For examples that support the preceding conjectures, refer to Figures 6 and 7. These
figures also suggest that the number of elements in an atom, at increasing charges, forms a
unimodal sequence. Since an atom has a unique minimal element, these sequences always
start with 1.

Conjecture 16. Given any atom

AP =3 o B @) 8,0x7, (5.10)
u>X

the numbers

= > 08w

B>

(5.11)

are such that [#o, #1,-..] is a unimodal sequence.
For example, the unimodal sequence associated to Agng’l’l’l[X; t] is [1,3,5,5,3,1]:

4
A;(),7%,271,171[X;ﬂ = 5322111+t5421111+t533211+(t-l-t )542211+t S3,3,3.1

y s [t At 1454y 1454

+ ¢ Sag 110+ (4 )552111-1-(15 +t )54321+t S5,22,1

+ 3 Sa33+ (t +1 ) S531,1 + ¢4 S6.2,1,1 + ¢4 S530 + t° S6,3,1 -
(5.12)

We will see later (Corollary 37) that these sequences also end with a one, that is, an atom
has a unique element of maximal charge. We will also provide a way to obtain the shape of
this maximal element. Note that the sequences are not necessarily symmetric. For instance,

from Figure 7 we see that the sequence associated to Af%,1,1,1[X§ t] is [1,1,2,2.1].

We finish this section by stating a conjecture that reiterates the importance of the atoms
as a natural basis for V.
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Conjecture 17. For any two alphabets X and Y,

AVX+yi= Y g0 APX; AP Y, (5.13)
al+lpl =1

with g, (t) € N[t].

It is important to note that the positivity of the coefficients gi‘p(t) appearing here is a
natural property of Schur functions that is not shared by the Hall-Littlewood or Macdonald
functions.

6 Irreducible atoms

We have now seen that the super atoms can be constructed by generating sets of tableaux
with promotion operators B, and then eliminating undesirable elements using the projection
operators IPy—x. Further, we have given a method to obtain copies of the super atoms
allowing us to decompose the set of all tableaux with a given evaluation and to provide
natural properties on the functions Ag\k> [X;].

Remarkably, it appears that there is a method to construct many of the atoms without
generating any undesirable elements. In fact, what could be seen as the ‘DNA’ of our atoms
is a subset of irreducible atoms for each Vj, from which all successive atoms of Vi may be
obtained by simply applying a generalized version of the promotion operators.

To be more precise, let a rectangular partition of the form (£#117¢) be referred to as a
k-rectangle and a partition with no more than ¢ parts equal to k — ¢ be called k-irreducible.

Definition 18. The collection of k-irreducible atoms is composed of atoms indexed by k-
irreducible partitions. If an atom is not irreducible, then it is said to be reducible.

Property 19. There are k! distinct k-irreducible partitions.

Proof. A partition A is k-irreducible if and only if A has no more than ¢ parts equal to
k — 1. There are obviously k! such partitions. O

The irreducible atoms of level 1,2 and 3 are

k=1": A(()l) ,
k=2: AP AP,
k=3 AP AP AP Af’{, Ag?;, Ag'f}’l. (6.1)

Any k-bounded partition p is of the form p = AUR;U- - -UR,,, where A is a k-irreducible
partition and Ry,..., R, is a sequence of k-rectangles. In fact, any atom of level k can be
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obtained from a k-irreducible atom by the application of certain generalized promotion
operators that are indexed by k-rectangles.

Before we can introduce these promotion operators, we need to define an operation

which generalizes g;. We define O'Z(h)

to send a word w of evaluation (p1, p2,...) to a word
w' of evaluation (p1,...,Pi—1,Pit1,-- - Piths Pis Pith+ls---)- LThe operation agh) only acts
on the subword wy; .4y, and can thus be defined in generality from the special case i = 1.
Let w be a word in 1,...,h + 1 and let (P(w),Q(w)) denote the pair of tableaux in RS-
correspondence with w (see 2.14). If w” is the word obtained from w by first erasing all
occurrences of the letter 1 and then decreasing the remaining letters by 1, then the shape
of P(w") differs from that of P(w) by a horizontal strip. Let 7" be the tableau obtained
from P(w") by filling the horizontal strip with (h+ 1)’s, and let w" be the word which is in
RS-correspondence with the pairs of tableaux (P(w'), Q(w')) = (1", Q(w)). We now define

agh) by setting

o\ (w) = ' . (6.2)

It can be shown that ai(l) = g;, and thus agh)
a special case of an operation defined in [16].

(h)

generalizes ;. Note that o, happens to be

The rectangular promotion operators are defined in a manner similar to the promotion
operators. That is, on a tableau T' of evaluation (A1,... , A\p),

B(gh) (T) == O'YL) e 0'7(7};) R(gh) T (63)

generates a sum of tableaux with evaluation (", \;,...,\,) by applying a rectangular
analogue of R,. This operator, Ry, acts by adding to T', a horizontal £-strip of the letter
m + 1, a horizontal ¢-strip of m + 2, ..., and a horizontal ¢-strip of m + h in all possible
ways such that the tableaux are Yamanouchi in the added letters 3. Since Ui(l) = o; for
h = 1, we recover the previously defined promotion operator By.

3 (3 ® .o (m. B EE B H
= — 1415 | 14]4] 415 ——
Bos) By = 01 05 Reosy By = 017057 | 2l +EE +EE +EEL+5E + Bl
1[2[3][3] 2[4
1[2[3]3] 1]2]3] 1]2[3] PR
— - _ ?
=T 4 4|5 5 —
E BE sl e o AL
= [2l2[5] + B3 +EB2 +E28L 4 BE +BEE-
e 2R 22 2[2[5] ' oo
1[1[5]5] 1[1]5] 1[1[4] e
(6.4)

In fact, it seems that the inverse of the By action on an atom of level k is simply
rectangular-katabolism,

3This is the multiplication involved in computing the Littlewood-Richardson coefficients in the product
of a Schur function of the shape of 7" by a Schur function indexed by a rectangular partition.
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(k)

Conjecture 20. If 7 is a translation of the letters in Ay, we have

K(gkflvtl) B(gkfwrl) Agf) - TAC(ZE) . (65)

The tableaux in 6.4 are sent, under K3, to (a translation of the atom AS)Q ) Note
that in general Ky By T is not necessarily equal to a translation of the letters in 7.

This conjecture supports the very important idea that any atom can be obtained from
an irreducible atom simply by applying a sequence of rectangular promotion operators.
That is,

Conjecture 21. The operator Bgr—e+1y acts on any copy Agﬁc) of Ag\k) by
Bpr-eony A = A% (6.6)
for a tableau T' of shape AU (£F—¢F1),

For instance, by applying B to Aé?i)g = , we obtain a copy of A%J:

_[3] [4] N G)
B(i”)_ §ﬂ1|++ 2 1|1|3|+_ Agzanni - (6.7)

Conjecture 21 not only reveals the importance of the set of irreducibles, but also provides
a convenient way to obtain copies using a simple transformation on tableau. Given a
tableau, the transformation Ly is defined by replacing the shape(T')-subtableau with T and
then adjusting the remaining entries to start with s 4+ 1, where s is the largest letter of

T. L satisfies several properties on the set of tableaux, denoted H with evaluation

wl (ehy’?
i (not necessarily a partition) whose restriction to the h smallest letters gives exactly the
subtableau of shape and evaluation (£7).

Property 22. Let T C HM(M)
whose poset (T, <..) is connected. For any tableau T of shape (€%), T = LyT satisfies

1. Ip =TI

be a set containing a unique element of minimal charge and

2. If U is the element of minimal charge in T, then LU is the minimal element in T.

()

In particular, if we assume that A}, = B(zk—é+1)A§lj), then Agf,) CH and by Conjec-

l"‘(@h)
ture 10, the poset (Agf,), <¢e) is connected. Therefore, for any tableau U of shape (£F~¢+1),
}LUA%) satisfies the conditions above. However, these are exactly the conditions on a copy

of an atom (see 5.3) and thus LUAglf,) is a copy.
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Corollary 23. If Ag’? = B(gh)A%) is a copy of Ag\k), then for each tableau T of shape (£"),
k k
AP = Ly AY (6.8)
s another copy of Ag\k).

In example 6.7, we let 111 — 123 to obtain another copy of Az(a?%,f

(3) _ B [6]
Asspros = ‘f§|3|++ ‘1‘2|3|5|+' (6.9)

Proof of Property 22. Let T{4n) be the tableau of shape and evaluation (¢"). Every element
U € T contains T4, and any letter in U / T{gny is larger than those in T(yny. Therefore the
cyclage or cocyclage that links two elements U and U’ of T does not involve the letters in
T¢ny and we can thus change the content of this subtableau without affecting the cyclage-
cocyclage relations, as long as the new subtableau also contains the smallest letters. Hence,
the Hasse diagrams of the posets (T, <..) and (T, <..) are identical. The second condition
follows from the connectedness of the poset (T, <..) which implies that cyclage-cocyclage
relations could not be preserved if the element of minimal charge in T was not Ly applied
on the element of minimal charge of T. O

Another consequence of Conjecture 21 arises from the case t = 1. Here, the action of
B¢ny on a tableau 7' is associated to the multiplication of the Schur functions Sy Sshape(r)-

Corollary 24. Assuming Conjecture 21 holds, if we let Af\k) = Af\k) [X;1], then

Sy A = AP

Au(gkfwrl) .

(6.10)

We have now seen that any atom can be understood as the application of rectangular
promotion operators to an irreducible component. Our study is thus reduced to examining
the irreducibles (atoms of level k that cannot be obtained by applying k-rectangular op-
erators to a smaller atom). Interestingly, we can obtain the level k atom indexed by the
irreducible partition of maximal degree,

)\M: ((k_]-)la(k_2)27 7]-k_1)7 (611)
by a recursive application of (k— 1)-rectangular promotion operators on the empty tableau.

Conjecture 25. The maximal irreducible atom of level k is an atom of level k — 1;

AV X1 = ALV X (6.12)

Am

Furthermore, from Conjecture 21, this atom is simply

Af\k) [X, t] = AE\kj\;l) [X, t] =F <B(kfl)B((k72)2) ce B(lk—l) Ho) s (613)

M
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For example, the atom Ag?%’l[X ;t] is given by
(3) ] — _ _ ) )
A2’1’1[X,t] =F (B(g) ]B(IQ)HO) =F <+> = SQJJ[X,ﬂ +t53,1[X,t] . (6.14)

When ¢t =1, Vi, = {H)\[X; t]} 5, <k reduces to the polynomial ring Q[h1,. .., hg] = Vi(1).
If 7, denotes the ideal generated by the k-rectangular Schur functions Sigp+1-¢), we have
the following proposition.

Proposition 26. The homogeneous functions indexed by k-irreducible partitions form a
basis of the quotient ring Vi(1)/Zy.

Proof.  For a partition A bounded by k, we set

(6.15)

~ hy if A is k-irreducible
hy = pht1=ty

h#+(4k+14) = S(gk+1—£) hu if A= puy (

These elements are indexed by k-bounded partitions and thus, if independent, span a space

with the same dimension as Vi (1). In fact, the hy form a basis for Vi(1) since Syi1-0) =

det (hf*i"‘j)lgi,jgk-i-l—ﬂ implies that hy € Vi(1); and Sy = hy + Z#»\ cunhy gives hy =
hy+>. S dyxhy, which implies that they are independent.

First note that the hy span the quotient ring Vi (1)/Z) because they span Vi(1). Since

by definition h, = 0 in the quotient ring when g is not k-irreducible, the hy indexed by k-

irreducible partitions will form a basis for the quotient ring Vj (1) /Zj, if they are independent
in Vi(1)/Zy. Let S be the set of all k-irreducible partitions. If, in Vj(1)/Z, we have

> dyhy =0, (6.16)
AeS
then, in Vi (1), we must have

Zd,\ il)\ = Z(Ji S(ik+1—i) , (6.17)

AeS i

for some Cj € Vi (1). Further, since C; =}, ¢iuhy for some ¢; ,, we have

Z dA 71/\ = Z Ci,;LB;LS(i’H‘l*i) = Z Ci,ﬂljb‘u+(ik+1—i) . (618)
AeS i, I

The basis elements appearing in the l.h.s of 6.18 are each indexed by k-irreducible partitions
whereas those appearing in the r.h.s are indexed by non-k-irreducible partitions. Therefore,
dy = 0 for all A and by 6.16, this proves that the hy indexed by k-irreducible partitions are
independent in Vj(1)/Z. O

We now have that the dimension of the quotient Vj(1)/Zj is k!. Since we assume that
the atoms of level k form a basis for Vj, Corollary 24 implies that the k-irreducible atoms
also form a basis of Vi(1)/Z, since the atoms generate Vj(1)/Zj, and the only possibly
non-zero atoms in Vj(1)/Z;, are the k! irreducible ones.
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Corollary 27. Assuming the atoms of level k form a basis of Vi, and Conjecture 21 holds,
the k-irreducible atoms form a basis of the quotient ring Vi(1)/Zy.

If we link all atoms that occur in the action of e; on a given atom in Vj(1)/Zj, we obtain
a poset illustrated in Figure 5. The rank generating function of this poset was given in 1.26.
This poset seems to have a remarkable symmetry property called flip-invariance.

Definition 28. Given a k-irreducible partition of the form
A= ((k=1)™,(k=2)"2,--- [ 1™1)  with n; <14 for all 1, (6.19)
the involution called flip £ is defined by

£09 405 — o) (6.20)

)\f(k)

= ((k — 1)1—n1’ (k; o 2)2—712’ e 1k—1—nk_1) ‘

where

(6.21)

For instance,

5 5
f(S)Ai,%,g = Aé,%,2,1,1,1,1 .

Conjecture 29. The poset associated to the action of e; on atoms in Vi(1)/Zy is flip-

wmmwvariant. That is, if there is an arrow between two atoms ALk) and Ag\k), then there will be

an arrow between th@ two atoms A(k) and A(k) .
(k) £(k)
o A

Given the k! irreducible atoms, from which all other atoms are constructed using k-

rectangular promotion operators, the complete decomposition of the standard tableaux
into atoms can in principle be obtained. We give here the cases £ =2 and k = 3.

6.1 Case k=2and k=3
We start with k = 2. If S,; denotes the set of standard tableaux on n letters, then
(E(g) + E(p) )Sn = Sn+2, (6.22)

where E(Q) = Lag B2y and E(lz) = B(y2). This recursion implies, for A(()Q) = Hy and
AP =m,

(E(g) + E(p))e Ag) = Sy1e, whereee {0,1}. (6.23)
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Expanding the left hand side gives

> B 3-v) B omy AP = Sopye, forv; € {1,2}, (6.24)

(v vmy
(V1 yeeesUm)

and each of the standard tableaux must occur in exactly one term of this sum. This is, each
standard tableau must occur in exactly one family, denoted

A® B B

(V1500,Um,€)

(oivm) APy e{1,2}). (6.25)

(07 ™)’
We have thus decomposed the set of standard tableaux into these families, which are the
atoms of level 2 by Conjecture 21. Furthermore, from Conjecture 20, given a standard
(2)
v

tableau, we can determine to which family A( ' belongs, by first performing a (2)-

veeyUrn ,€)
katabolism (v; = 2) if it contains the subword (12) and otherwise a (1,1)-katabolism (v; =
1). Repeating this procedure on the resulting tableau (until there is only one box left (e = 1)

or no boxes left (e = 0)), we obtain the sequence (vy,...,v,,) that we need.

Now, from Conjecture 21,

(2) PP T
F (A(vl,...,vm,e)) =1 A,\ [Xa ﬂ s (626)
where A is the partition rearrangement of (v?_vl’ __’v%—vm’ ¢) and * is a power of t. The

symmetric function analogues of B(y) and B2y are the vertex operators B,y and B2, (see
next subsection). Therefore, Conjecture 21 suggests that

B Bugom) AP[X;t] = t*A(f) (X5t e=0,1, (6.27)

(i ")

szvl vi=m ¢) and * is a power of t. This

where A is the partition rearrangement of (v ey Uny

conjecture connects the atoms to the Macdonald polynomials, since the creation operators
that build the Macdonald polynomials recursively can be divided into the operators Bio)
and B(;2) [7, 21]. The positive expansion of Macdonald polynomials indexed by 2-bounded
partitions (equivalently, partitions with £(A) < 2) into atoms of level 2 is thus conjecturally
the one given in [7, 21] (and to [18], since [19] proves the operators are related to the

functions studied in [18]).

In the case k = 3, we have the 8 irreducible atoms of 6 distinct shapes,
AV =Ho; AP =m; AQ =mm; A% =[;
3 _ .oAB) ) (3) _ ) B3 _
Az =g Aoz =I5 Az =L+ s Apis =2+ B (6.28)

from which we can build any atom of evaluation (1,... ,1) using the promotion operators:

i ; — By, B, B, Bl , Bl , Brasl » Bras) - 6.29
Brier « Baem » Boem (6.29)
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Here an operator indexed by a tableau 1" of shape R is LyBg followed by the reindexation
of the letters not in 7" such that the resulting tableaux are standard. For instance,

B
B B = §3|4|+. (6.30)

Using 6.28 and 6.29, we consider the sets of tableau

3 3
AgT)l,...,Tm,T) = BTI U IBTm A’S“) ’ (631)

for sequences (T1,...,T,,,T) that obey the following rules (read from right to left):

1. and [2[3] can only follow a tableau that contains the subtableau i .

2. and can only follow a tableau that contains the subtableau [2].

3. [z] and [3] can only follow a tableau that contains the subtableau .
1 1

We conjecture that there is a one-to-one correspondence between the sequences (11, ..., T, T),
and the set of tableaux indexing all level 3 copy atoms with standard evaluation. Moreover,
we can determine to which atom an arbitrary standard tableaux belongs in lieu of Conjec-
ture 20; katabolism is the inverse of rectangular promotion. That is, given a tableau U, we
can determine which sequence (71, ...,T,,,T) can be extracted by katabolism from U.

6.2 Generalized Kostka polynomials

Given a sequence of partitions S = (A, A3 X)) the generalized Kostka polynomial
Hg[X;t] found in [18] is a t-generalization of the product of Schur functions indexed by the
partitions in S (different approaches to these polynomials include those in [8, 15]). More
precisely, if we consider only its term of degree n = [AD| 4+ [X@| 4 ... 4 | XM,

Hs[X;t] = Kxs(t) Sa[X], (6.32)
AFn
where, for the scalar product (, ) on which the Schur functions are orthonormal,
KA;s(l) = (S\[X], S\ [X] Sy [ X] -+ ). (6.33)

If successively reading the entries of A1, A®@ ... produces a partition W, S is said to be

dominant. In this case, it has been conjectured [18] that

Hg [Xa t] = Z tcharge(T) Sshape(T) [X] > (634)
TeHg
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where Hg is the set of tableaux T of evaluation p such that Pg(7") = T (see section 3). Now,

if S = ((E’f+1_€1), N (E,’f,fl_em)) is a dominant sequence of k-rectangles, then Conjecture 21
implies that for u = (K'lﬁ'l_el, e ,Eﬁjl_gm),
B(flchrlfll) . 'B(éﬁjl—lm) Hy = Ag‘c) . (6.35)

Moreover, by the definition of atoms we have that IP’S(ASC)) = A&k) since % = S. There-

fore, Hg = Agc) since both sets contain the same number of elements (the number of terms
in the product of the Schur functions corresponding to shapes (E'f+1_él )y, (OEFI=EmY)) We
thus have the following connection between atoms and the generalized Kostka polynomials:

Conjecture 30. If S = (((§T71), .. (€:+1=6n)) s such that (£, .. fhF1=tn) s q
partition u, then

AP[X; 1] = Hs[X;1]. (6.36)

Further, it is shown in [19] that the generalized Kostka polynomials can be defined as
Hs[X;t] = BywyBy@ -+ Bym) -1, (6.37)

where By corresponds to HY in their notation. Given our formula 6.35, it is natural to
assume that the vertex operators Bg+i-¢) indexed by k-rectangular partitions are the
operators that extend Conjecture 21 to the level of symmetric functions.

Conjecture 31. Given a k-rectangular partition (£#T17%), we have

B(€k+1—e) Ag\k) [X;t] =t° A(k)

)\U(gkﬂ,i)[X; t], where c € N. (6.38)

7 The k-conjugation of a partition

Here we introduce a generalization of partition conjugation, defined for partitions bounded
by k. When £ is large, our k-conjugation reduces to the usual conjugation.

A skew diagram D is said to have hook-lengths bounded by k if the hook-length of any
cell in D is not larger than k. For a positive integer m < k, the k-multiplication m x®*) D
is the skew diagram D obtained by adding a first column of length m to D such that the
number of parts of D is as small as possible while ensuring that its hook-lengths are bounded

by k. For example,
E x (%) EZ = EE : (7.1)

]
LI
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Definition 32. Let A = (A1,...,\,) be a k-bounded partition and let D be the skew diagram
obtained by k-multiplying from right to left the entries of A:

D =X x® By (7.2)
The k-conjugate of \, denoted Ak, is the vector obtained from the parts of D.

When k — 0o, A¥¢ = X since each k-multiplication step reduces to adding a column of
length \; at the bottom row.

Property 33. If A\ is a k-bounded partition, then A\“* is also a k-bounded partition.

Proof.  A“* is k-bounded since D has hook-lengths bounded by k. To see that A\“¢ is a
partition, assume by induction that the parts of D@ =\ x®) ... x*) N form a partition
. The skew diagram D = \; x®) D@ is obtained by adding a column of length A\; to D)
starting at some row h. To see that D must also have parts of weakly decreasing size, it
suffices to show that pp 1 > pp. Suppose pup_1 = pp and consider the two possible cases
(Figure 3). Keep in mind that any column can be no longer than those to its left since
Ai < A;Vi > 5. If row h —1 lies directly below row h, then sliding the new column down to
row h—1 gives a skew diagram of length less than D with hook-lengths at most k. Therefore
our column would not have been added to row h. Now if row h — 1 lies below and to the
right of row h, the column indicated by an arrow can be moved down without producing
any hook-lengths longer than k. Since D@ = Xy x®) ... x®) X this is a contradiction.[]

1 2)
1, I—I—ILI 1
y y
Figure 3:

For example, we can compute (2,2,1,1)¥* = (3,2,1) by the following steps:

AW PxWogxWg=gxYExYm=GxYHy = Eﬂj (7.3)

Property 34. For a k-bounded partition A, let D = \; x®) .. x &)\ and D be the skew
diagram obtained by shifting any row in D to the left. If the number of columns of D is not
more than the number of columns of D then the hook-lengths of D are not k-bounded.

Proof. Assume by induction that D@ = Xy x®) ... x®) )\ = with rows of length g,
satisfies this property. The skew diagram D = A\; x®) D@ falls into one of the two generic
cases illustrated in Figure 4. In the first case, since the column is added above row h,
we know Ay + pp > k. Thus, row h cannot be moved left or we would have a cell with
hook-length A1 + pp, > k. In the second case, row h cannot be moved left without violating
the assumption that D® obeys the property. ]
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1) 2)

Figure 4:

Theorem 35. w;. is an involution on partitions bounded by k. That is, for A\ with Ay <k,

(A“R)9k = )| (7.4)

Proof.  Let D = M\ x® ... x#) )\ Property 34 implies that D is recovered by performing
the k-multiplication of the entries of A“* in a conjugate way (adding rows to the leftmost
position such that the hook-lengths are never larger than k). Therefore, if A = pu, the
conjugate of D is given by D' = pg x® ... x®) 4 “and thus (D') = D implies that
ek = (AR = ), O

Given the k-conjugation of a partition, it is natural to consider the relation among
an atom indexed by A and the atom indexed by A“*. In fact, our examples suggest that
conjugating each tableaux in an atom produces the tableaux in another atom.

Conjecture 36. Let T be a standard tableau. For any copy Agpk) of Ag\k),
E)\t k
(AP = Ak (7.5)
for some standard tableau T' of shape Ak .

Since, at any level, there is at least one copy of each atom of a given degree in the set
of standard tableaux, we have the following corollary:

Corollary 37. In any atom of shape \ and level k, there is a unique element of maximal
charge whose shape is the conjugate of X%, ().

Furthermore, since a standard tableau T in n letters satisfies charge(T") = (% )—charge(T),

Corollary 38. Let w be the involution such that wSy[X| = Sx/[X]. Then, for some x € N,

wAP x4 = A8, (X514 (7.6)

Here we see that for large k, A“* = X is consistent with the fact that Af\k) [X;t] = S)[X] in
this case.
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8 Pieri rules

Beautiful combinatorial algorithms are known for the Littlewood-Richardson coefficients
that appear in a product of Schur functions;

SxSu=> X, Sy (8.1)

v

Recall by Property 6 that our atoms Ag\k) [X;t] are simply the Schur functions Sy when &
is large. Therefore the expansion coefficients in a product of atoms are the Littlewood-
Richardson coefficients when k is large and it is natural to examine the coefficients in a
product of two atoms for general k. In fact, in the case t = 1, the coefficients in a product
of two atoms do seem to generalize Littlewood-Richardson coefficients.

Conjecture 39. Let Ag\k) denote the case t =1 in Ag\k) [X;t]. Then

Ag\k) AE{C) = Z cKu(k)A,(/k) ,  where 0 C c’j\u(k) C - (8.2)

v

In particular, we know

&P =, for k> |yl (8.3)

Identity 8.1 reduces to the Pieri rule when A is a row (resp. column). Since an atom

AE\k) reduces to hy (resp. e;) when A is a row (column) of length ¢ < k, our conjecture can
be reduced to a k-generalization of the Pieri rule.

Corollary 40. For certain sets of shapes E( ) and E&?, we have for 0 <k,

he AP Z AP and e AP = Y A (8.4)

,uEE k) ,ueE(k)
We conjecture the sets Egkg and E‘/(\kg can be defined in a manner analogous to the Pieri

rule.

Conjecture 41. For any positive integer ¢ < k,

E(k) {p| /A is a horizontal l-strip and p“* /\** is a vertical £-strip} ,

g\kg = {p|p/Xis avertical C-strip and p“* /A% is a horizontal (-strip} . (8.5)
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For example, to obtain the indices of the elements that occur in ey A:(;g 1, we compute
(3,2,1)“¢ = (2,2,1,1) by Definition 32 and then add a horizontal 2—strip7to (2,2,1,1) in
all possible ways. This gives (2,2,2,1,1),(3,2,1,1,1),(3,2,2,1) and (4,2,1,1) of which all are
4-bounded. Our set then consists of all the 4-conjugates of these partitions that leave a
vertical 2-strip when (3,2,1) is extracted from them. The corresponding 4-conjugates are

) (4> 27 1> 1)(,04 =

bl

(272a27 1’1)w4 - | 5 (332> 13 1> I)W4 = 3 (372a27 I)W4 - =
|
! 1

[ ]
(8.6)
and of these partitions, only the first three are such that a vertical 2-strip remains when
(3,2,1) is extracted. Therefore

€2 Az(;,l%,l = Aggg + Aggg,l + A:(;,l%,m,l ; (8.7)

which is in fact correct.

9 Hook case

We are able to explicitly determine the functions Ag\k) [X;t] in the case that A is a hook
partition and also to derive properties of atoms indexed by partitions slightly more general
then hooks. These results rely on the following property of a row-shaped katabolism.

Property 42. If T has shape A = (m,1") (a hook), then

T if n<m

Kpy : T — ]
0 otherwise

where T is also hook-shaped.

Proof.  Consider a tableau T" of shape A = (m,1"). If n > m then T" does not contain a
row of length n and thus K,)T" = 0. Assume n < m. Let U be the tableau of shape (1")
obtained by deleting the bottom row of T'. By the definition of katabolism, the action of
K,y on T amounts to row inserting a sequence of strictly decreasing letters (those of U)
into a sequence of weakly increasing letters (the last m — n letters in the bottom row of T').
The insertion algorithm implies [1] that in this case, no two elements may be added to the
same row and therefore, we obtain a hook shape. ]

This property leads to the hook content of any atom that is not indexed by a k-
generalized hook partition, that is, a partition of the form (k,...,k, p1,p2,...) for a hook

shape (p1, p2,...).

Property 43. If T is a tableau of shape X\, where X is not a k-generalized hook, then Agrk)

does not contain any tableaux with a hook shape.
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Corollary 44. If A is a partition that is not a k-generalized hook, then

k k
AP = S X] + 3 0B (1) Sl (9.2)
u>A
where vfg\) (t) =0 for all hook partitions .

Proof.  Let A7% = (AW, A®) . ..). The condition on A implies that s is at least 2. If
we first consider such partitions with A\; # k& then A(!) cannot be a hook (A1 # k implies
that the first partition in the k-split contains at least the first two parts of \). But if AL
is not a hook, then any hook-shaped tableau 1" in B, (AEQ )\3’“.)> will not contain the
shape A and will therefore be sent to zero under Py—x. On the other hand, if \y = k
then A1) = (k). Now any hook-shaped tableau 7" in Ba) (A(k) ) will be sent to a

(A2,A3,...)
hook under the (k)-katabolism by Property 42. Our claim thus follows recursively on the

remaining terms of the k-split of A. O
If an atom is indexed by a k-generalized hook, we can determine it explicitly.

Property 45. Let A\ = (m,1") be a k-irreducible hook partition. Then
{(r+1)r---21m if r+m <k
)r

ALY = . (9.3)
(r+1)r---21"m47r...21™(r+1) otherwise
Note, here an element (r + 1)7---21™ denotes the word (r +1)r---211---1.
Proof. Since r,m < k — 1 in any k-irreducible partition A = (m,1"), we have that

N~k = (1) for 1 <i<r. erefore, on a tableau T" with ¢ boxes, iy—k only for
197k = (1%) for 1 Theref bleau 7" with i b Pryiy—1T # 0 only f
T of shape (1%) and thus

Arr =Pury—e By Pray-x BiPy-x B1Hog = rr—1---1. (9.4)
Moreover, it develops that B,,, Ajr = (r +1)r---21™ + r..-21™ (r 4+ 1). Now we have
Agnary =Popan- ((r+1) 721" + 721" (r 4 1)) . (9.5)
Since 7 +m — k < k, the k-split of (m,1") is
r : <
(m, 177" = {EEZ: ik)_)m), (1r+m_k)) ftliefwriZe_ k . (9.6)

In either case, P(,, 1ry—k ((r +1)7---21") = (r + 1)7r---21™, but since r---21™ (r + 1)
never contains shape (m, 1), P, ry—k (r--- 21" (7 + 1)) # 0 only in the second case. [

Now by Conjecture 21, we use the given atoms of level k indexed by a k-irreducible hook
shape to obtain more general cases including those indexed by a k-generalized hook shape.

Corollary 46. Assume Conjecture 21 holds. For a sequence of k-rectangles (Ry, Ra, ... , R;),
let X be the partition rearrangement of (Ri, Ra,... ,Rj,m,1"). Then

AP X8 o 1 (Bry -+ BryAgmam) - (9.7)
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Figure 5: Action of e; on irreducible atoms of level 3 and 4
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Atomic decomposition of standard
tableaux of degrees 3 and 4

LEVEL 2:

LEVEL3: — - - —

Figure 6: In order to read the decomposition of a given level k, one must consider the
lines associated to all the levels which are not bigger than k. That is, when doing the
decomposition from one level to the other, lines are added without ever being removed.
Thus for instance the tableau 2413 and 3214 are in the same atom up to level 2, and in
different atoms for any higher levels.
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Atomic decomposition of
standard tableaux of degree 5

LEVEL 2:

LEVEL 4 -~

Figure 7: See Figure 6 for details on how to read the figure.
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