SCHUR FUNCTION IDENTITIES, THEIR t-ANALOGS, AND k£-SCHUR
IRREDUCIBILITY
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ABSTRACT. We obtain general identities for the product of two Schur functions in the case where
one of the functions is indexed by a rectangular partition, and give their ¢-analogs using vertex
operators. We study subspaces forming a filtration for the symmetric function space that lends
itself to generalizing the theory of Schur functions and also provides a convenient environment for
studying the Macdonald polynomials. We use our identities to prove that the vertex operators
leave such subspaces invariant. We finish by showing that these operators act simply on the
k-Schur functions, thus leading to a concept of irreducibility for these functions.

1. INTRODUCTION

Let A be the ring of symmetric functions in the variables x1, xa, ..., with coefficients in Q(q, t).
The Schur functions, sx[X], form a fundamental basis of A, with central roles in fields such as
representation theory and algebraic geometry. For example, the Schur functions can be identified
with the characters of irreducible representations of the symmetric group, and their products are
equivalent to the Pieri formulas for multiplying Schubert varieties in the intersection ring of a
Grassmannian. Furthermore, the connection coefficients of the Schur function basis with various
bases such as the homogeneous symmetric functions, the Hall-Littlewood polynomials, and the
Macdonald polynomials, are positive and have representation theoretic interpretations. In the case
of the Macdonald polynomials, Hy[X; g, t], this expansion takes the form

aQ7 ZK,LM Qa S/A X] K/,L)x(qat) S N[qat] ) (11)

where K,5(q,t) are known as the g, t-Kostka polynomials. The representation theoretic interpreta-
tion for these polynomials is given in [2, 3].

Recent developments [5, 6] have suggested that a certain filtration of A provides a convenient
environment for the generalization of natural properties held by the Schur functions, and for the

study of the Macdonald polynomials. This filtration, Agl) - AEQ) c...C A§°°) = A, is given by
k
AP = L{HAX o, < = LU0 U o <k (12)

where H,[X;t] denote the Hall-Littlewood polynomials. Two bases for these spaces are introduced
in [6]; the k-split polynomial basis, which is related to a t-generalization of Schur function products

[9, 10, 11], and the k-Schur function basis, sg\k) [X;t] [5, 6]. The latter basis plays a role in Agk)
analogous to the one played in A by the Schur functions. For example, work related to the k-Schur
functions prompted a k-analog of partition conjugation, a refinement of formula (1.1),

H\[X;q,1] ZK(") £) s® X4, (1.3)

where K, (k )(q, t) are conjectured to be in Ng,t], and a generalization of the Pieri and Littlewood-
Rlchardson rules.
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Here, we study classical Schur function properties (and their t-analogs) in the context of the
spaces Aik). In particular, the expansion of a product of two Schur functions in terms of Schur
functions is explicitly known. In our case, we examine the expansion of such a product, where one
Schur function is indexed by a rectangular partition, in terms of certain products of Schur functions.
We find, for nonnegative integers a,r and m and partition v with £(v) < r,

Sgr+m Sy = E (_1)‘H‘8a’7‘+u Sa,H;n’___’a,Hi’u, (14)
s £() <, pa <

where the summand vanishes if (a — ), ... ,a — p}) is not a partition. We also generalize this to

Bar+m BU == Z (_t)‘N‘Bar+M Ba_l“;n:--- ’a_u’l s (15)

pel(p)<r, p1<m

where B) is a vertex operator that reduces to sy when t =1 [12].

This result enables us to provide a thorough analysis of the operators By in the context of
our filtration. We derive commutation relations on B) as well as a number of other identities for
these operators and the Schur functions. We find that operators (and Schur functions) indexed by

rectangular partitions, i.e. partitions of the form (¢¥T1=%), play a particularly important role in our
)

study. For example, these operators leave fundamental subspaces of A,Ek invariant.

Results concerning the k-Schur function basis arise as a consequence of our work with operators
indexed by rectangular partitions. In the last section, we prove that the action of such an operator

on a k-Schur function produces only one k-Schur function. Namely, for £ =1,2,...  k,
Byr+1-¢ Sg\k) [X;t] = tdsﬂc) [(X;t], (1.6)

where p is the partition rearrangement of the entries in (£71=%) and ), and 7 is a positive power
of t given explicitly in Theorem 26. This result has the important consequence of simplifying the
construction of the k-Schur functions. In effect, for each k, there is a subset of k! k-Schur functions
called the irreducible k-Schur functions, from which all other sg\k) [X;t] may be constructed by
successive application of operators indexed by rectangular partitions. That is,

sg\k)[X;t]:tCBRl---BRj sﬂ")[X;t], ceN, (1.7)
where st) [X;t] is an irreducible k-Schur function and Rj,..., R; are rectangular partitions.

Since the Hall-Littlewood polynomials at ¢ = 1 are the homogeneous symmetric functions, hy[X],
Agk) reduces to the polynomial ring A%) = Q[hy, ... ,hg]. Since Bg is simply multiplication by the
Schur function sg when ¢t = 1, relation (1.7) reduces to

s\ [X] = sp, [X]sp,[X] ... sp,[X]s® [X] . (1.8)
It follows that the irreducible k-Schur functions thus constitute a natural basis for the quotient ring
Agk)/Ik, where 7 is the ideal generated by Schur functions indexed by rectangular shapes of the
type (£FF176),
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2. DEFINITIONS

2.1. Partitions. Symmetric polynomials are indexed by partitions, sequences of non-negative in-

tegers A = (A1, Ag,...) with Ay > Ao > .... The number of non-zero parts in A is denoted £(\)

and the degree of A is [A] = A1 + -+ 4+ Agn). We use Az to denote Agn). PZ,, denotes the set of
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all partitions of length at most r, and whose first part is not larger than m. In this fashion, P},
is the set of partitions of length at most r, and whose first part is equal to m. The case PZ__ will
be denoted P". Finally, for a partition g = (u1,..., pm) of m entries (possibly zero), the reverse
reading is denoted pf* = (i, ..., u1).

We use the dominance order on partitions with |[A] = |u|, where A < p when Ay + -+ + A; <
p1+ -+ pg for all i. Given two partitions A and p, AU p stands for the partition rearrangement of
the parts of A and u, A+ p stands for (A & p1, Ao £+ 2, ... ), and (A, 1) stands for the concatenation
of A and u. Note that if A < g and v < w, then AUv < pUw. We shall denote by §,, (or simply ¢
when the value of n is clear) the partition (n —1,n —2,...,0).

Any partition A has an associated Ferrers diagram with ); lattice squares in the i*" row, from

the bottom to top. For example,
A= (4,2) = BHI‘ (2.1)

For each cell s = (4,7) in the diagram of A, let £/(s), £(s), a(s) and a’(s) be respectively the number
of cells in the diagram of A to the south, north, east and west of the cell s. The hook-length of any
cell in A, is hs(A) = £(s) +a(s) + 1. In the example, h(1 2)(4,2) = 24 14 1. The main hook-length
of A, har(A), is the hook-length of the cell s = (1,1) in the diagram of A. Therefore, hy;((4,2)) = 5.
The conjugate X of a partition ) is defined by the reflection of the Ferrers diagram about the main
diagonal. For example, the conjugate of (4,2) is

N = EH = (2,2,1,1). (2.2)

A partition A is said to be k-bounded if its first part is not larger than k, i.e, if A\; < k. We
associate to any k-bounded partition A a sequence of partitions, A%, called the k-split of A. A7k =
A AR M) s obtained by partitioning A (without rearranging the entries) into partitions
A®D where har(AY) = k, for all i < r. For example, (3,2,2,2,1,1)73 = ((3),(2,2),(2,1),(1)) and
(3,2,2,2,1,1)™% = ((3,2), (2,2,1), (1)) . Equivalently, the diagram of X is cut horizontally into
partitions with main hook-length k.

O

@ Hﬂ : (2.3)
| H

The last partition in the sequence A~* may have main hook- length less than k. It is important to
note that A% = (\) when hys(\) < k.

O
] H:‘ and
1 e H

[T

2.2. Symmetric functions. The power sum p;(z1,x2,...) is
pi(z1, 20,...) =2 + b+, (2.4)
and for a partition A = (Aq, Az,...),
pa(x1, 22, ... ) =pa, (21,22, .. ) Pay(T1, T2,y 0 ) - (2.5)

We employ the notation of A\-rings, needing only the formal ring of symmetric functions A to act on
the ring of rational functions in z1,...,zN,q,t, with coefficients in R. The action of a power sum
p; on a rational function is, by definition,

. Za Calla _ Za Caug

Pi = -
[25 dgug ] > g davy’
with cq,dg € R and u,,vg monomials in z1,...,zyN,q,t. Since the power sums form a basis of the

ring A, any symmetric function has a unique expression in terms of power sums, and (2.6) extends
3
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to an action of A on rational functions. In particular f[X], the action of a symmetric function f on
the monomial X = z; + .-+ + zn, is simply f(z1,...,zn). In the remainder of the article, we will
always consider the number of variables IV to be infinite, unless otherwise specified.

The monomial symmetric function my[X,,] is
ma[Xn] = > 7 (2.7)
0E€Sy;0(A) distinct
The complete symmetric function h,.[X] is
hr[X] = Z Tiy Tig * == Tiy (28)
1<y <in <o+ <ip
and h)[X] stands for the homogeneous symmetric function
ha[X] = hoy [XT R, [XT - - (2.9)
And, the elementary symmetric function ey [X] is defined

(2.10)

r

ex[X]=ex [X]ex,[X]---, where e [X]= Z Tiy Ty -+ - Ti, -

1<y <ig <o+ <y

Although the Schur functions may be characterized in many ways, here it will be convenient to
use the Jacobi-Trudi determinantal expression:

sa[X] = det‘hkﬁj,l[X]’lgmgm (2.11)

where h,.[X] = 0if r < 0. Note, in particular, s,[X] = h,[X].
We recall that the Macdonald scalar product, (, )q:, on A ® Q(g,t) is defined by setting

(PAIX]), P XD gt = S 21 H - (2.12)

where for a partition A with m;(\) parts equal to ¢, we associate the number
2y = 1Mmy12M2my) - - (2.13)

If g = t, this expression no longer depends on a parameter and is then denoted (, ), satisfying

<5/\[X]7 SM[XD = 6x\u . (2,14)
The Macdonald integral forms Jy[X; g, t] are uniquely characterized [8] by
(@) (JIx, Ju)gt =0, if A # pu, (2.15)
(ii) JA[X;q,t] ZUM ¢, t)s,[X] with wa,(g,t) € Qg,t), (2.16)
3
(iii) van(g, t) = JJ(1 — g®® e, (2.17)
SEA

Here, we use a modification of the Macdonald integral forms that is obtained by setting

Hy[X;q,t] = JA[X/(1 —t);q,1] = ZKM q,t) su[X], (2.18)
with the coefficients K, (g, t) € N|g, t] known as the ¢, t-Kostka polynomials. When ¢ = 0, Jx[X; g, ]
reduces to the Hall-Littlewood polynomial, J5[X;0,t] = Q )\[X ;t]. Again, we use a modification;

Hy[X3 1] = HA[X;0,6] = Qu[X/(1 = t);t] = sx[X] + > Kua(t) (2.19)
>



with the coefficients K,5(t) € N[t] known as the Kostka-Foulkes polynomials. The Kostka numbers
K, € N arise in the limit ¢ = 1, as coefficients in the expansion

haX] = HA[X;1] = sa[X]+ > Kuxs,[X] (2.20)
u>A
The Kostka numbers also appear in the expansion

sa[X] = ma[X]+ > Kaump[X] . (2.21)
<A

3. VERTEX OPERATORS AND SCHUR FUNCTIONS
The ring of symmetric polynomials over rational functions in the parameter ¢t has shown to be of
interest in many fields of mathematics and physics. A natural basis for this space is given by the Hall-
Littlewood polynomials, H[X;t]; t-analogs of the homogeneous symmetric functions, hy[X]. Our

approach to the study of this space employs vertex operators that arise in the recursive construction
for the Hall-Littlewood polynomials [4]. These operators can be defined [12] for £ € Z, by

ZSM ][ X(t—1)*" (3.1)

where for f, g and h arbitrary symmetric functions, f* is such that on the scalar product (2.14),

(frg,h) = (g, fh). (3.2)
Note, By -1 =0 if £ < 0. The operators build the Hall-Littlewood polynomials by
H)\[X;t]:B)\IH)\Zy___y)\Z[X;t], for )\1 2)\2, (33)

and, since they satisfy the relation
BB = tByBu + tBmi1Ba1 — Bu_1Bmi1,  myn €L, (3.4)
their action on A can be computed algebraically.
The definition for these operators was extended in [12] to any partition A of length L, by
Bx= ] (—te;)Br ---Ba,, (3.5)
1<i<j<L
where e;; acts by
eij (Bx,++*Bx,) =By, Ba1+-By,—1++ By, - (3.6)
It is important to note that (3.1) gives By = s¢ when ¢t = 1, and thus (3.5) reduces to the
Jacobi-Trudi formula (2.11) for s,[X]. Therefore, we have
By = s)\[X], when t =1. (3.7)

3.1. Identities on Schur functions and vertex operators. Here we derive properties for the
vertex operators, and consequently for the Schur functions. Our properties reveal information about
the behavior of By and as a by-product, allow us to prove conjectures relating to a filtration of the
symmetric function space. The main result of this section is an explicit formula for special products
of two vertex operators.

Theorem 1. Let a,r and m be nonnegative integers and v be a partition with £(v) < r. Then

Bar+m Bl/ = Z (-t)‘“‘Ba'r+u Bamf(,u,’)R,ua (38)
uePgm

where the summand vanishes if (a™ — (u')) is not a partition.
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Since By — s) when t = 1 by (3.7), an immediate consequence of this result is an explicit formula
for a product of two Schur functions.

Corollary 2. Let a,r and m be nonnegative integers and v be a partition with £(v) < r. Then

Sqr+m Sy = Z (71)‘“‘5ar+# Sam,(p/)Ryl,, (39)

ueP;m

where the summand vanishes if (a™ — (1/)®) is not a partition.

From Theorem 1, we derive a number of identities for the product of vertex operators. We now
state and prove these identities, postponing the proof of our theorem to the end of this section.
We start by giving several properties of the vertex operators B, that arise from the fact that they
satisfy the same reordering relations as the Schur functions. Namely (see Proposition 3 of [12]), for
an integral vector v,

B, = 7B1)1,... Ji—1,Vi41— 1,0+ 1,042, ,Up ¢ (310)

This reordering relation allows us to prove the following properties:

Property 3. If v = (vi,...,v,) € Z" is such that v; —v; = j — i for i # j, then B, = 0.

Proof. Without loss of generality, assume j > i. Given B,, we successively apply (3.10) to move
v; from position j to position i + 1;
i
B, = (_1)] ! Bv1}...,U,-}vj7(j7i71))vi+1+1,...}vj,1+1,vj+1)...,U,. (311)
(_I)JililB’Ul,...,’Ui,’Ui+1,Ui+1+1,...,’Uj_1+1,’vj+1,...,’UT ’ (3.12)
since v; — v; = j — 4. Further, switching the entries in position ¢ and 7 + 1, we obtain

B'Ul1---7Ui7'Ui+17'Ui+1+17---7'Uj—1+11'Uj+17---7vr = _B'Uly---vvi:vi+17vi+1+17---71}j—1+17Uj+17---7'Ur ’ (313)

which implies that By, v 041040141, ,0;_1+1,0j41,....0, = 0. Consequently, B, is also null. O

Property 4. Let p and v be partitions of lengths m and r respectively. If there is a non-zero
partition reordering, £Bx, of By, then \y = max{u1,v1 —m} and Ayyr = min{pm + 7,0, }.

Proof. An element of v in B, moved i steps to the left (right) with (3.10), is decreased (increased)
by ¢. Therefore, the only possible entries in the first position of any reordering of B, , are

wi—(—=1), i=1,....m or vj—(j+m—1), j=1,...,r. (3.14)

Assume the first entry in a reordering B) of B,, ,, is not the largest of these, i.e. A\; < max{p,v1—m}.
Since the entries p; + ¢ for some ¢ > 0 and v; — j for some 7 < m must occur in By, and A\; <
max{py,v1 —m} < max{pu; +14,v1 —j}, A1 cannot be the largest entry. Therefore X is not a partition
unless A\ = max{u1,v; — m}. Similar reasoning applies for the smallest entry Ay, ;. O

The contrapositive of Property 4 then gives the following result:

Property 5. Let p and v be partitions of lengths m and r, respectively. If max{u,v7 — m} <
min{p,y, +r, v} then By, = 0.

These properties of B, allow us to give several identities concerning the product of an operator
B, with an operator indexed by partitions of the form (¢¥*1=¢), ¢ = 1,... k, hereafter referred
to as k-rectangles. Our identities are derived from particular cases of Theorem 1. The first is a
t-commutation relation.



Identity 6. Let i, k and £ be nonnegative integers. For £ < i < k, we have
Byri1-¢ By =t B; Byrs1—e . (3.15)

Proof. Theorem 1, witha=2¢,r=1, m=%k— ¢, and v = (i), gives

k—¢
Bpet1—¢ B; = Z (—t)‘”‘Bg+u ng—e,(ux)ﬁ’i = Z(ft)ngJFj ng—e,(lj)R’i . (3.16)
MG’P%kie j=0

Since (¢F=¢ — (19)1,4) = (£k=4=7 (£ — 1)7,4), it suffices to show Byr—e-5 (4-1y5; = 0 unless j =i — £,
in which case By (p_1yi-c; = (=1)"=*Byks1-¢ by relation (3.10). When k& > i > j + £, positions
k—f+1and k—i+1of (¢k=¢=7 (£—1)7,i) contain the entries i and ¢, resp. Since these entries differ
by i — £, Property 3 gives Byk—c—; (41ys ; = 0. Similarly, when ¢ <14 < £+ j, the entries in positions
k—£€+41and k — 1, resp ¢ and £ — 1, differ by 7 — £+ 1 and again we have Byx—e—; (p_1y;;, =0. U

Identity 7. Let v be a partition of length r where hpr(v) < k and vy > £ for £ € N. Then
Byii1-¢ B, = Z(—t)CU)BP(i) By, (3.17)

where c(i) € N, and p and vV are partitions such that pgi) =, p(Li) >0, har(p®) = k:,'yy) =/,
and hpr () <k (equality holds only when hy(v) = k).

Proof. Let m=v;—¥¢,r=k+1—wvy, and a =¥ in Theorem 1. We then have
Bk+1-¢ B, = Z <_t)‘#‘Bek+1_ul+H Beul—e_(M/)R7V . (3.18)

L(p)<k+1—vq
u1<vy—¢

If 1y < v1 — £ (equivalently p!, _, = 0), then the first and vy — €+ 1" entries of (£*1~¢ — (u/)*,v)
are { — ufjl_ ; = £ and vy respectively. Since these entries differ by 14 — ¢, Property 3 implies that
Byy—e_(uryr,, = 0 in this case. We thus have,

Bpewr-e By= Y (=t)" Bperrovsy Bpt_uyr - (3.19)

L(u)<k+1—vy
pw1=vy—*£

If we let (#1114 4) = p() then pgi) = p1+£€ = v1. Moreover, () < k+1—14 gives that p(Li) > {and
har(pM) = v1+(k+1—11)—1 = k. Further, since (£ ~“— ('), ) is the concatenation of two weakly
decreasing sequences, Property 4 implies any non-zero partition reordering, =B, ), of Bpi—e_(u\r 1
has Vii) =max{¢—pl, _,,v1i— (1 —€)} =L Then, hyy(vD) =L+ (1 —l+7)—1=v14+7r—-1<k
since hyr(v) =1 +r — 1 < k (equality holds only when hps(v) = k). O

e now give two identities regarding the product of an operator indexed by a k-rectangle,
W ive two identiti ding th duct of tor indexed b k-rectangl
(£F+1=4) with an operator indexed by any partition with main hook-length exactly k.

Identity 8. Let v be a partition of length r where hy(v) =k, v1 > £, and v, < £. Then
Byk+1-¢e B, = Z<_t)c(i)Bp(i) B,Y(i) , (3.20)

where c(i) € N, and p and v are partitions where pgi) =1, pg) >0, har(pD) = har(v) = k,
ﬁ) =/, and 'y(LZ) = V.

Proof. This result follows from formula (3.19) in Identity 7 with hp(v) = 1 + 7 —1 = k and
v, < L. Since £(u) < k+1—vy = r implies pf < r, Property 4 proves fyg) =min{l—pf+r,v.} =0,
since f —pl +r>l—r+r=~0>01,. O
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Lemma 9. Let p, v, and \ be partitions, and let A = w((,u, v)+ 6)) — 0 for some permutation w.
Let v be a partition such that v # p, and such that £(u) = £(vy) = n, where both partitions may
contain zeroes. Then X # o((v,v)+8)) — & for all permutations o.

Proof.  Assume there exist permutations w and o where A = w((p,v)+6)) =0 = o((y,v)+6)) =0
for o # ~. This implies that (u,v) + 6 = o/((7,v) + 9)) for some permutation ¢’. For all i > n,
((w,v) + §), = ((v,v) + ), since £(y) = £(p) = n implies v; = p; = 0. Thus, p + 6, = o’ (7 + dn),
or equivalently = o’(y + 6,) — 0n, for some o’ € S,,. However, since v is the only element that is
a partition in the set {7(y + d,) — 0p, : T € Sp}, we arrive at the contradiction p = +. O

Identity 10. Let v be a partition of length r where hy(v) = k and v, > €. Then
Bik+1-¢ B, = t‘”‘ireB,, Breti-c. (3.21)

Proof. For v indexing the partition reordering of Byvi-¢_(,yr ,, Identity 7 implies that (3.19)
holds with ;3 = £. Since hy(v) = v1 + 7 — 1 = k, we have E('y(i)) = —L+r=k+1-—1¢.
Also, (u) < k+1—1v1 = r leads to pj < r. Therefore, v, > ¢ implies by Property 4 that
Vit1—¢ = min{l — py + rv.} > Lsince £ — py +r > £ —r+r = L Thus, from Property 5,
Y1 = Yk+1—¢ = £ implies that all non-zero By, —c_(,)r,, equal B, where 7 = (ek+1-0),

It now suffices to show that By,—c_ (), = £Bw+1-e) only when p = (v1 —£,...,v. — £). Our
claim will follow since (3.19) then simplifies to

Bpk+1-¢e By, = itly‘ireBu Bpkt1-e, (3.22)
where the sign must be positive since when ¢ = 1, this relation becomes sjx+1-¢5, = §,8pk+1-¢. In
fact, we only need to show that when u = (11 —¥¢, ..., v, —£), there exists some permutation w where

w((@ = () v) +6) — 6= (k0. (3.23)
Then by Lemma 9, since there exists no other partition (¢*' =~ (/)®) such that w((¢*' ~*— ()%, v)+
§) — & = (#1174, non-zero terms occur only when = (v1 — £,..., v, — 0).

To prove (3.23), it is equivalent to show that there exists some permutation w’ where
w's + (1) = (07— (W) v) +6) (3.24)

Since p = (v1—4,...,vp—4) = v=_u1+4...,ur+€),and d = (k—4¢,...,0) = (r+pu1—1,...,0)
given r =k — vq + 1 (from hps(v) = k), we must show there is some permutation w’ where

w’5+(£k+14):(f—ﬂiﬂ +7’+M1—1,...,€—/J3+T,/l1+€+T‘—1,...,,U,T+€)

= (€]“+174)+(7,u:11 +rdp =1, A A =1y, (3.25)
The last 7 entries of u = (—p), +r+p1—1,...,—pi+rp+r—1,.. . p) are p+r—i, i =1,...,7,
and the first uq entries are r — 145 — ,ug-, Jj=pa,...,1. Since r > pf, a vector of this type is known

[8] to be a permutation of 6,4,,. Thus, there is some w’ such that u = w0, and (3.25) follows. O

3.2. Proof of Theorem 1. We use several lemmas that rely on properties for the Kostka matrix.
These properties are derived in Appendix 6 for lack of reference. Here, we use E% to denote the set
of vectors of length m, with d ones and m — d zeroes. Then E\ is the set of vectors v = vy +va+...,
where v1 € E,’)ll, Vg € E,),‘f,....

Lemma 11. For a partition A € P" and any partition v, we have

Z Ba(A)+bT7V = Z B,u,+b’“,VK):: . (326)
o€Sr;o(A) distinct HEPT



Proof. Using Formula 33, we have

Mx+br = E a(A+bT)

E K,\+br ptbr Sptbr
0E€Sr;0(A+b7) distinct

: (3.27)
HEPT
With K, | = K}

Atbr b from Formula 30, this gives

>

§ —1
SU(/\)+br = K)\H Sp4-br -
o€Sr;0(X) distinct

neEPT
We formally replace s. by B. , since s,(n) and B,(y),, both obey the reordering relation (3.10). O
Lemma 12. For A € PZ,. we have
S Banpw=3 3. Y K} KurKun Byn pr, . (3.28)
E€E), w YEP™ pEPZ,
Proof. It is known [8] that for A € P™,
e\ = Z K Kyymy and Z ¥ Azt 4+ x)] (3.29)
VW Ec€E),
Equivalently, we thus have
Y 2= KunKur, > 7). (3.30)
E€E), w yeP™ 0E€Sm;o(vy) distinct
Formally replacing z* by

Bgm 1, this implies

Z Bame‘,u = Z Z Kw)\Kw'y

/ > Bum—ote- (3:31)
E€E), w yepP™ 0ESm;o(y) distinct
Since a™ — 7% is a partition, we can use Lemma 11 with A = a™ — v and b = 0 to obtain
D Baropw =2, ), KaaKury D BuvKpl o, (3:32)
EcE), w yeEP™ neEP™
Since K,} ., =0i
am™—F,p

=0if a™ — v # u, we have @ > py. Thus, u = a™ — pf for some p € P2, and

> Bumpy=Y_ Y KinKuyy Y B e, K,
E€E), w yEP™

g - (3.33)
PEPZ,

The property then follows from Formula 32, which gives K7}

- g1

—R.am—pR T Thy,pt O
The last lemma needed to derive our expression for the product of Schur functions and operators
uses methods presented in [1] and [12]. Here, v € [n] is a vector with entries from 0,1,

Lemma 13. Let v, u,y be any partitions with £(v) = n, £(u) = r and £(y) =m. Then
SRS SIS S Y S
I=(i1,... ,im)€E[n] E€EL

I=(i1,...,ir)€[m] E€EL

L.

B, By g, (3.34)
Proof. Identity (20) in [12] implies that

HU™,V™H(Z") HH (1 - —zJ) = HUHV™, Z") HH (1 — u—vj) ) (3.35)
i=1j=1 i=1j=1 v
where H(X*) is a formal Laurent series in an ordered set of variables X*

coefficients given by operators which act on P € A by

(z1,...,x¢) with
H(XYP[Y]=P

—(1—-9q) Zm

1

2 1<i<g<e

(3.36)



Binomial expansion of (3.35) then gives
l;
t k2
worvmn ] S ()8 - [ Y ()8 e
i=10<[;<n EEE:," i=10<;<m EeE:TiL

Equivalently, by expanding the products, we have

ll+ Hlm 5
mEorvmHEZY Y S > P
0<hi<n  0<lm<n g Beplir lm)
f)ltte
— HUHV™, 2" S E: 1 S0P
0<l<m 0<l,<m e Eepl o

It is known [12] that H(X*)P[Y]| , = B\P[Y]. Therefore, for partitions u,~, v with £(u) = 7, £(7) =
m,{(v) = n, we take the coefficient of u*, v and z¥ in both sides to obtain

l lm
Z Z b BN Vit Ymtlm Z B,_E

0<l1<n  0<lm<n Bepli - im)

l I
Z Z v Bty ot Z By Ew.

0<l;<m  0<l.<m Bep(ti i)
This completes the proof. O
We can now prove Theorem 1 using these lemmas and our properties for the vertex operators.
Proof of Theorem 1. With ¢(v) =n < r, letting u = (a”) and v = (a™) in Lemma 13, we have

§ E ‘ ‘Bar sa+l1,..,a+lm Bu E = E E | ‘Ba-ﬁ—ll, -,atly Bam E,v -

L=(l1,... ,lm)€[n] ECEL L=(l1,...,lr)€[m] E€CEL,
(3.37)

Property 3 implies BU = Ba’“,a+l1,... Jatl,m = 0if1 < ll < r, since Ur4+1 — Ur41-1y, = ll- Thus B’U =0
unless /1 is zero since 0 < I3 < n < r. Given [; = 0, Property 3 implies B, = Byr+1 g44,.... .a+l,, =0
if 1 <ly <, since vpya — Vpya-1, = la. Thus B, = 0 unless [ is zero since 0 < lp < n < 7.

Repeating this argument, Bgr o11,,... ,a+l,, = 0 unless l; =ly = --- =1[,, = 0, and we have
> BuramBi_p=Bgim B, = Y > ()" Baji,,ati, Bam—py. (3.38)
EcEY 0 L=(l1,...,lr)€[m] EEEL

Moreover, since EX = E7L for any permutation o, (3.38) can be written as

Burem By = Y (~t) > By(\)tar > Bam k.| - (3.39)

A€PZ,, oc€Sr;o(A) distinct EcE),

We can now use Lemmas 11 and 12 to obtain

Borsm By= > (=) | 3" Buar Kl | (DD Y. Y. KKKy Bon_ e,

)\Epgm HEPT w ~yeP™ pG'Pga
§ E 2 2 § —1 —1
‘u‘B#+aT KwAK}‘N K’YP KW,’YBam—pR,U
m m T r
PE'P7 YEP™ neP w )\GPSm (340)
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It happens that we can sum over all A since any term \ & PZ,, vanishes by the known property
Ky, = K5, =0if A # p. That is, if A @ P, K, 7 = 0 since € P". Moreover, if Ay > m, Ky =0
if wi ¥ m. But if w; > m, we have w’ ¢ P™, and thus K.+, = 0 since y € P". Therefore,

Byrem By= > > > (=t)"Byiar > <Z KMKM}) K} Kyiy Bym_pr

pEPZ, YEP™ pePT w A

= Z Z(ft)wBlH-a’" Z KH”YK;pl Bym _pr (3.41)

pEPZ, nePT yEP™
since Y duuKuy = Koy, Again, if v € P, we have K;pl = 0 since p € PZ,,. Thus, we have

Bcﬂ*’“ B, = Z Z (_t)w‘BlH-aT <Z KM"YK'yp1> Bam*pR,u
Y

pEPZ, HEPT

Z Z (_t)‘p‘ Ouwp Bpvar Bym _yr

PEPZ, HEPT

> (=) Byuiar Bom_ (i (3.42)

,ueP;m

with the restriction that the summand vanishes if (a™ — (u/)%) is not a partition. O

4. k-SPLIT POLYNOMIALS

Recent developments in the study of the symmetric function space have centered around a filtra-
tion, Agl) - A,Ez) c...C A,EOO) = A, given by the subspaces
k
AP = LA X}y, < = LU 000, < - (4.1)

This filtration provides a convenient environment for the generalization of the theory of Schur func-
tions, and for the study of Macdonald polynomials [5, 6]. Several new families of polynomials were

introduced in [6] as an approach to studying the spaces Aik). In this section, we use results from
Section 3 to prove properties related to one of these families; the k-split polynomials.

Definition 14. For a k-bounded partition \, let \™% = ()\(1), A ). The k-split polynomials are
defined recursively by

G Xt = B,\<1>GEI;)<2>,,\<3),__)[X?t]7 with GSC) =1 (42)

Tt was shown in [6] that the k-split polynomials form a basis for Aik), and that vertex operators
indexed by partitions with hook-length not larger than k leave this space invariant. More precisely,

Property 15. [6] If X is a partition with har(X) < k, then By f € Agk) for any f € Aik).

Further, it was shown that B; acts invariantly on subspaces of Aik), defined for integers a < k by

AN = L{HAX; O agai (43)
Note that in the case a < 0, we simply have A§a7k) = Agk), and that A,Ea’k) can also be defined as
A = L{GAX; ) ax, <k (44)

since the transition matrix between the two bases is upper triangular [6].

Property 16. [6] If i is an integer such that i <k, then B; f € Aii’k) C Aik) for all f € Agk).
11



We start by extending these properties and then discover, more specifically, that there exist
subspaces of Aﬁ‘“’“) that are invariant under a special set of the B) operators. These subspaces are
defined, for nonnegative integers j < k,

o) = c{c[x:4}, - (4.5)

Our generalization of Property 15 is

Property 17. If X is a partition with hyr(X) < k, then By f € A?‘l’k) for all f € A,Ek).

Proof. Definition (3.5) gives

Ba= [ (—te)Br, J] (1-teij)Br,- By,

2<G<EN) 2<i<j<l(N)
= [] (1—tey)BrBs (4.6)
2<5<H(N)

Since ey, increases the index of B, we have
o) -1
Bx= Y_ ci(t)Br4iO;, ci(t) € Zt] (4.7)
i=0
where O; is a product of B;’s with j < k. Let f € A,Ek) and note that Property 16 implies B; f € Agk)
for j < k. Therefore, O; - f € A,Ek) and again by Property 16, By, +; O;- f € )\£>‘1+i’k) - A,(ﬁ‘l’k) since
M+i< A+ —1=hu(N) <k O

Property 18. Ifi is an integer such that 1 <i < k then B; f € Af“”’“) for all f € Agiﬂ’k).

Proof. Let f € Aiiﬂ’k) and assume without loss of generality that f = H)[X;t] = By, H;[X; 1]
for X with Ay > i. When A\; = i + 1, we have B;f = B;B;;1H;([X;t] = B;;1B;H;[X;t] by the
commutation relation (3.4). Property 16 then implies that B; f = B;;1B;H;[X;t] € AEiH’k). In the
case that k > \; > i+ 1, again by relation (3.4), we have

Bi H)\[X, t] == BZ B>\1 H}\[X,t] == (tB)\lBZ + tBi-}—lB)\lfl - B)\lleH-l) : Hj\ . (48)
The three terms in the right hand side are all of the type B, ByHy, where a > i and b < k. Therefore,
B,ByH; € A,Elﬂ’k) again by Property 16. g

We now prove that the subspaces Q;-k) are invariant under the action of operators indexed by
k-rectangles, using the following lemma:

Lemma 19. If X is a partition with har(\) = k and A, > j then By f € Qg\kl) forall f e ng).

Proof. Letting f = G&k) [X;t] with p1 = j, we have that (), u) is a partition since pq < Ar. If
pF = (pM, u® .. ), we thus have (A, 1) R (A, D, 1@, ) since har(\) = k. Therefore,

B>\ f = B>\ (B#(l) B“(z) .. ) .1l = Ggi?p‘)

by definition, and thus B) f € Qg\};) g

[X;1] (4.9)

We are now prepared to prove the final result of this section.

Theorem 20. If j < k is a nonnegative integer then B¢ f € Q) G0 for all f € Q;k).

max
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Proof. We have either (a) max(j,£) = £ or (b) max(j,¢) = j. In case (a), letting A = (£k+1-F)
in Lemma 19, the assertion holds. Thus assume 7 > £ and let f = el [X;t] where vy = j. If
vk = (bW p@) ) then there are three possibilities: (i) har(v™M)) < k, (ii) has(v™)) = k and
l/g) <4, or (iii) har(vD) = k and 1/21) > ¢, where L = £(v(D)).

In case (i), har(v)) < k implies v—* = (v) and thus f = B, - 1. Identity 7 then gives
Byrt1—¢e B,y - 1 = Z(—t)c(i)Bp(i) B,Y(i) -1, (4.10)

where the partitions p() and (" are such that (p(?,+®)=* = (p(® @) and pgi) = j. Therefore,

Brt1—e B,y - 1 = Z(—t)c(i)G(k)

k
W o[ Xst € Q) (4.11)

i
For case (ii), we have f = B,a) By --- 1. Identity 8 states that

Bet1-¢ B,y = Z(ft)c(i)Bp(i) B,y(i) s (4.12)

where p() and () are such that (p?, @ () )7k = (p@ 4@ L) ) and pgi) = j. Thus

Byr+1-e f= Z(ft)c(i)G(p(i)’,Y(i)vu(z)’___)[X; t] S ng) . (413)

Finally in case (i), first t-commute Byr+1-¢ with the operators B, ), using Identity 10, until
Byr+1—¢ B,y ++* By(m) By(m+1) -+ 1 = t*Bu(l) <o« B (m) Bpk+1—¢ B(ma1) -+ 1, (4.14)

where * is a power of ¢, and where (™) is such that Vém) > {, while V%mﬂ) </, hM(V(m+1)) <k or

ygnﬂ) < £. Tn any of these scenarios, if £—% = (v™+1) ) then yu satisfies the conditions of cases

(a), (2) or (i), resp. We thus have

— _ k). (k)
f=Bgp+r1-eBym+n -+ 1 = Byrie GL )[X, t] € Qmax{é,m:u;erl)} . (4.15)
Since max{/, V§m+l)} < V(Lm), applying B, m) to f then produces an element of Q(@n) by Lemma 19.
L6}
Applying B,a), - . . , B,m-1 by the same argument gives B,,1) - - - B,(m) Bpr+1-¢ Bym+1) -+ 1 € Q(jz) =
1
Q%) proves the theorem from (4.14). O

5. k-SCHUR FUNCTIONS

The k-split polynomials play a crucial role in the generalization of the theory of symmetric
functions since they are essential for the construction of another family of polynomials called the k-
Schur functions. The characterization of this family relies on a projection operator that acts linearly
on A,Ek), for nonnegative integers j < k, by

GP X if M =

T GV x; 8] = {o (5.1)

otherwise
Definition 21. Let A be a k-bounded partition. The k-Schur functions are defined recursively by,

sg\k) [(X;t] = Tilf)BAlsEi)hAQ’_")[X;t], where SE;C) [X;t]=1. (5.2)

13



The k-Schur functions are believed to play a role in Aik) that is analogous to the role the Schur
functions have in A. It was shown that these functions form a basis for Agk) and that they reduce

to the Schur functions themselves when & — oco. That is, sg\k) [X;t] = sA[X] when ha(N) < k.
Several other properties supporting the claim that the k-Schur functions generalize the theory of
Schur functions are given in [5, 6].

A continuation of the study in Section 4 regarding the action of operators indexed by k-rectangles
led to an observation that not all of the k-Schur functions need to be constructed using Definition 21.
We found that for each k, there is a subset of sf\k) [X;t] called the irreducible k-Schur functions,
from which all other k-Schur functions may be constructed by simply applying a succession of
operators indexed by k-rectangles. This subset consists of the special set of k-Schur functions
indexed by irreducible partitions; k-bounded partitions with no more than i parts equal to k — i, for
i1=0,....k— 1.

Definition 22. A k-Schur function indexed by an irreducible partition is said to be a irreducible.
Otherwise, the k-Schur function is called reducible.

For example, the irreducible k-Schur functions for k£ = 1,2, 3 are

k=1: s((]l),
k=2: s((f), 852),
3 3 3 3 3 3
k=3: sé), SE), sg), sgi, sg;, séil. (5.3)

These examples support the following property;
Property 23. [5] There are k! distinct k-irreducible partitions.

The main result of this section is to prove that an operator indexed by a k-rectangle R sends,
up to a constant, sf\k) [X;t] to s%ﬁ L[ X t]. Consequently, given the k! irreducible k-Schur functions,
any reducible k-Schur function can be obtained by applying a sequence of operators indexed by
k-rectangles to the appropriate irreducible k-Schur function. We first give several properties of the

operators B, and Tj(k) and then, using our results from Section 4, we will prove our main result.

Property 24. [6] If A is a partition with hy(X) < k then T;\]f)BAf = T;\]f)BAIBj\f for all f € Agk).

Property 25. If k> j>{ are nonnegative integers, Tj(k)nger f= ng+1—lTJ-(k) f forall f € Agk).
Proof. It suffices to consider f = Gg\k) [X;t]. By the definition of Tj(k), we have

Byrti-e 7" f= 0 7N . (5.4)
J Bperi—e f if j =)

On the other hand, consider Tj(k)Bekazf. By Theorem 20, Bjr+1-¢ f € ngix{e A} Ifj=Xx>¢,
then Byk+1—¢ f € ng) — Tj(k)Bedefz f = Bgesr—o f. 1f j #£ A\ then either Bpyi—o f € lei)] or
Bkt f € Qgﬁ) i Both cases vanish under the action of Tj(k) and thus we prove our claim. (I

We can now show that an operator indexed by a k-rectangle acts simply on a k-Schur function.

Theorem 26. If u,v, A are partitions where A = (u,v) and pg, > € > vy, then

Byrvi-e sf\k) [X;t] = tl“l_e(“)gsE]Z;ZJrkf)ux[X; . (5.5)

14



Proof. Let () = M. Since Apy = pr, > € and Apr1 = v1 < £, we have

Bprrre s\ (X5 8) = Mt Mip R gy oM gy T By B e sP X1 (5.6)
by iterating the following argument M times: If \ = (A2,...,Ar), by definition of sf\k) we have
Bperie s\ [X5t] = Bpone T3 By, sV [X;1]. (5.7)

Since sg\k) € Aik), Property 15 gives that BAls;k) € Agk). Property 25 then implies that Tilf)
commutes with Byr—¢+1 since A\; > £. We thus have

Bperie s$[X5t] = T\ Bprro By, 58 [X51]. (5.8)
Furthermore, Byr—e+1 t-commutes with By, by Identity 6. Therefore,
Byryi-e Sg\k) (X5t = th 7ET§]1€)B)\1 Byrti-e Sg\k) [X;t]. (5.9)

Now if we can show, for a partition v with v; < £, that
k+1—¢
Bperioe s [X ;4] = (Te(k) Bg) sMX; 1], (5.10)

then putting this into (5.6) implies our result by definition, since Ays > € > Apry1. To prove (5.10),
we have s,(,k) € Q,(,[f) by definition, which implies ng+17es,(,k) € ng) by Theorem 20 since v; < /.

Therefore, ng+1fesl(,k) is invariant under Te(k) and (5.10) is equivalent to

k+1—¢
T® BpepresP [ X 58] = (T;’” Bg) sMX; 1] (5.11)
Using Property 24, the right hand side may be written
Te(k) Byr+i-e Sl(jk) [X;t] = Te(k) By Bpr—¢ Sl(/k) [X;¢]. (5.12)

Now, Byk—¢ s,(,k) [X;t] e Ai““) by Property 17. Further, since any element of Aié’k) can be decomposed

into the sum of two functions, f € ng) and g € AEHl’k), we have Br—¢ s,(,k) [X;t] = f+g. Therefore,

T B (f+9) =T, BTV f =TV BTN (£ +9) (5.13)

since By - g € Ag“l’k) by Property 18 implies Te(k)Be -g = 0. Thus, (5.12) gives
TH Brice sV X8 = TH By T Byeee s [X51] . (5.14)
Repeating this argument k — £ times proves (5.10). O

When t = 1, our theorem reduces to the simple expression:

Corollary 27. If X is a k-bounded partition, then
k k
speri—e[X] 537 [X] = s{lerey 0[] (5.15)
The role of Schur functions indexed by k-rectangles in the subring A*) leads naturally to the study

of the quotient ring A®) /T, where Z;, denotes the ideal generated by s(er+1-6y[X]. It is known that
the dimension of this quotient ring is k! since

Proposition 28. [5] The homogeneous functions indexed by k-irreducible partitions form a basis of
the quotient ring A*) /T,

Corollary 27 then implies

Theorem 29. The irreducible k-Schur functions form a basis of the quotient ring A(k)/Ik.
15



The irreducible k-Schur function basis thus offers a simple method of performing operations in
this quotient ring: first work in A®*) using k-Schur functions and then replace by zero all the k-Schur
functions indexed by partitions which are not k-irreducible.

6. APPENDIX

Formula 30. Let pu, A € P™. The Kostka matriz is such that

1 _
K )\+am utam™ (61)

Proof. We have

m/\+am[$1+"'+mm] :(xl"'xm)am)\[-f1+"'+$m]

=(z1- - Tm)" ZK;;su[xl—i----—i-xm]
o

T 62
m
since (21 ) Sy (€1 + - - + T = Spgam [T1 + -+ - + 24,). By definition

Mxgam|[T1 + - + Ty Z )\+am LSulri 4+ xy] (6.3)
Taking the coefficient of s,44m in (6.2) and (6.3), we get KM = K;+am Jitam- as claimed. O
Formula 31. Let A\ be a partition of at most m parts, and let a > A1. Then
1 1
Sa {— +---+ —] (X1 Tm)* = Sgm_xr[T1+ -+ Tp)] - (6.4)
z Tm

Proof. In [7] (Sf5), one finds

1 1 .

SA [— +eF —] = S(am/ Ny [T1 A A Tp] [S1m [T -+ 2]
X1 Tm,

= S(am/ny 1 T] /(T zm) (6.5)

Following from the Jacobi-Trudi determinantal expression for skew Schur functions, we have
Su/x = det |5M—>\j —i+7|1gi,jgm = det |Sun+1—j*An+1—i*(n+1*j)+(”+1*i)|1gi,jgm
= det [Syu i1y Aniai—itili<ij<m . (6.6)
Therefore, if 4 = (a™), we obtain

Sqm/x = det |sqx = S,m_\R , (6.7)

nt1—i—t+J llgi,jgm
completing the proof. O

Formula 32. Let u, A € P™, and let a be an integer such that a > A1 and a > 1. Then, the Kostka

matrixz is such that
Ky, =K. (6.8)

a™—\E gm—p R

Proof. Using Formula 31, we have

. J1 1
Mgl o ] = @z | = —

1 Tm
1 1
a —1
:ZK;; Sgm_pR (X1 4 -+ T (6.9)

m
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Since, by definition,

Mam \r[T1+ -+ Zp] = ZK;,,L)\R’V sulzr+---+ ], (6.10)

taking the coefficient of s,m_,r in (6.9) and (6.10), we get K;Hl =K} ur»> s claimed. [

am_AR,am_
Formula 33. If A = (\1,...,\,), then

my = Z IU(/\) = Z SJ(,\) (6.11)

0€Sp;0(A) distinct 0€Sp;0(A) distinct
Proof. The formula holds if and only if
S 2N =350, (6.12)
o€Sn oc€ESn

since summing over all elements of S, adds the same symmetry factor on each side of the equation.
If we insert

) _ Zwesn e(w) 2w (a(X)+9)
a(N) E:wesne(w)xw@) )

where e(w) is the sign of the permutation w, we get

Z e(w) 27N Tw) — Z e(w) £ @NFO) (6.14)

o, WESn o, WESn

(6.13)

Now, letting wo = ¢’ in the RHS of this equation, we obtain

Z e(w)z?NFTw0) = Z c(w):c”/(’\)+w(6), (6.15)

o, WESn o’ weSy

which proves the formula. (|
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