QUASI-STATIONARITY FOR A NON-CONSERVATIVE EVOLUTION
SEMIGROUP

ILIE GRIGORESCU! AND MIN KANG?

ABSTRACT. We investigate a non-conservative semigroup S: = FE|[(¢] determined by a
branching process ((¢) evolving in on an open domain D C R?. Branching occurs upon
exiting D. Between branching the particles are driven by the a Dirichlet transition kernel
pP (t,z,y). When a particle is killed at the boundary, a random number K is born at
a point in D with distribution y. We determine the exact exponential rate of the total
mass n; = S;1 ~ exp(a*t) as a function of K = E[K] in all regimes - super/sub critical
according to the sign of K — 1. We prove the Yaglom limit S;/n; — v. The qsd v
is proportional to the resolvent of the Dirichlet kernel at a point o* in bijection to K,
spanning the real part of the resolvent set. The problem is motivated by the Bak-Sneppen
branching diffusions (BSBD) [15] and the Fleming-Viot particle models. The semigroup,
divided by its total mass, gives the hydrodynamic limit of the BSBD with branching
intensity K. Since v is the asymptotic profile under equilibrium, the family of qsd v,
indexed by K, provides an explicit example of self-organizing equilibrium. In addition, an

extension of the Wiener-Ikehara Tauberian Theorem for a class of non-increasing functions

is proved in the Appendix.

1. INTRODUCTION

This paper is the third in a sequence, motivated by the study of the limiting profile
of the Bak-Sneppen branching diffusions (BSBD), a particle system introduced in [I5].
The second paper [16] constructs an auxiliary super-critical branching process (¢;) whose

normalized semigroup S; = E[(], i.e. divided by its total mass, gives the hydrodynamic
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limit of the BSBD. Here, we aim to extend the construction from [I6] to the subcritical
regime and analyze the behavior of the semigroup as t — oo, including its quasi-stationary
distributions, Yaglom limits and the relation to the BSBD.

Let pP(t,2,%) be the Dirichlet kernel of a diffusion on the open domain D C R? with
smooth boundary, a process we shall call the underlying diffusion. Let v(dx) be a probability
measure on D that does not charge the boundary (i.e. v(D) = 1).

The process ((t)¢>0 lives on the space of finite configurations on D. An element of the
state space can be seen as a sum of delta measures at the locations of a finite number of
particles distributed randomly in D. In time, the particles evolve independently according
to p?(t,z,y), until the first one hits the boundary dD. Instantaneously, that particle is
killed and a random integer number K > 0 of new particles, independent of the evolution
up to that moment, is born at a point chosen with distribution v. The new finite set of
particles starts a new episode until the next boundary hit. We note that, almost surely, no
simultaneous boundary visits occur. Under mild conditions on the semigroup, the duration
of an episode is positive, and the branching events can be ordered in strictly increasing
order with probability one. The motion continues up to either extinction at T.,; > 0 or
explosion at T, > 0, both possibly infinite. In fact, we shall prove that the number of
particles is almost surely finite at any ¢ > 0 and thus T, = +o0.

For a test function ¢, we write Sip(z) = Ez[((;, ¢)] and nf = Si1(x) for the total mass,
with bracket notation for the integration over D and 1(x) the constant function equal
to one. The main results are Theorems and Theorem [I] determines the exact
asymptotic rate a*, a number with the same sign as K — 1 (determining criticality) such
that n¥ ~ e®"t. Theorem [2| provides explicit formulas for the semigroup and resolvents.
The precise correspondence between a* and K is given in Proposition

Theorem [3] proves the limit

. Sio(x)
R RTES)

= / pdv (Yaglom limit) ,
D

and identifies the unique quasi-stationary distribution (qsd) v as the probability measure

having density, modulo a normalizing constant, equal to (7, rﬂ). Here the resolvent kernel

D

To

of pP is integrated over v and evaluated at the value a* which depends on K. On
the technical side, we establish a Tauberian result in Lemma [} a generalization of the

Wiener-Ikehara Theorem when the functions involved are not necessarily increasing.



1.1. Connection to particle systems and self-organizing equilibrium. In the BSBD,
N > K > 1 are positive integers, N fixed, deterministic and K possibly random. Denote
pN (t, dz) the empirical measure of N particles that evolve as follows. Inside D they move
independently according to p”(t,z,7). When a particle reaches 0D, it is killed together
with K — 1 particles among the remaining N — 1. All the K particles killed are re-born
at a random point inside D with distribution y(dz) and restart the motion until the next
boundary hit. The total mass is preserved and u™ (¢, dz) is a probability measure. We
emphasize that, as opposed to ({;), the BSBD is conservative.

In [I5], the number K = 2 is non-random, but it can equally be, for example, binomial
with arbitrary mean value. The dynamics combines the Fleming-Viot random redistribution
and the mean-field Bak-Sneppen evolutionary fitness model [4]. In such a framework, two
limits are of interest for p'¥ (¢, dz).

One, as N — 00, is a Law of Law Numbers (hydrodynamic limit) p™¥ (¢, dz) — u(t, z)dz
which is a deterministic time-indexed process, equal to the solution of a parabolic PDE
associated to the generator L of the underlying diffusion. However, the limit u(t, z) cannot
be described by the heat equation with classical boundary conditions. It turns out that it
can be represented as the normalization (mass one) of the semigroup S; = E|[(;] discussed
in this paper. This was our original motivation to study the semigroup. More precisely,
setting v(t, ) = Si¢(x), ¢ € C(D), solves the heat equation with mass creation Oyv— Lv = 0
with v(t,z) = K{v,v) when z € dD, a PDE introduced in [16]. Given the total mass
ny = S¢1(x), the hydrodynamic limit of the BSBD is u(t,z) = v(t,x)/nf, u(0+,x) = ¢(x)
(Theorem 2 from [15]).

The representation of the limiting profile of a particle system with constant mass via
the normalization of a non-conservative semigroup is well known for the Fleming-Viot
branching system [8, 18], 24], 2], 2]. In that case, K = 1 and the redistribution measure
is not constant, depending on the configuration. Denote S the semigroup generated by
pP(t,z,y). In perfect analogy with the normalization for S;, here v(t,z) = SPé(x) and
u(t,x) =v(t,z)/n}.

As soon as K > 1, the profile cannot be a-priori described as the transition kernel of
a one particle Markov semigroup and we need to move up to a measure valued process.

In short, we need more than one particle to represent a super-critical process with mass

creation.



The other limit is as ¢ — oo. In principle, p™¥ (¢, dz) — ué\;(dw) leads to the empirical
measure under equilibrium. While this limit is not explicit, heuristically, letting N — oo
(after t — 00) leads to the gsd associated to the semigroup S;. This becomes natural when
we may commute the limits, as would be the case, for instance, under a uniform rate of
convergence to equilibrium (say, a spectral gap, or a uniformly decaying variance in N as
t — 00). This justifies the interest in the Yaglom limits limy_, S;é(x)/n¥ = v, for all K,
as the semigroup represents the limit after N — oo in non-equilibrium. In essence, we show
there exists a bijection between the interaction intensity K and a family of quasi-stationary
distributions v, which are macroscopic particle profiles of the BSBD in stationary state, an

example of an explicit representation of self-organizing equilibrium [3].

1.2. Conditions on the underlying diffusion. With usual notations, Mp(D) designates
the finite measures on D C R? and M;(D) the space of probability measures on D (dis-
tributions), both with the topology of convergence in distribution (weak* topology). Same
notations hold for a more general set than D.

For the time-space functions ¢ € C([0,00) x D;R), (m,1(t,-)) for t > 0 and (m,(-)), or
sometimes simply (m, ) when there is no time variable, shall denote the integral against
a signed measure m(dz) on D.

Let p(t,z,y), t > 0, 2,y € R? be the transition kernel for a diffusion (X;)¢>0 generated by
a second-order strongly elliptic operator L with smooth coefficients with bounded deriva-
tives. Assume D is a C? bounded domain in RY. Put 7P = inf{t > 0| X; € D¢} for the
exit time from D of the diffusion. Under such conditions, 7° < oo a.s. and let p”(t, z,y),

t > 0 be the Dirichlet kernel defined by
(1.1) PP (t, 2, y)dy = Po(X; € dy, 7" > 1).

The associated semigroup is a strongly continuous Feller-Dynkin semigroup in the sense of
[25], Chapter III.6, i.e. defines a Cy (i.e. strongly continuous) semigroup on Cy(D), the
space continuous functions vanishing on dD with the supremum norm. In addition, it has

the strong Feller property. For ¢ € B(D) (set of bounded functions)

(1.2) SP(x) = / PP (.2, 9)b(y) € Co(D) C C(D).
D
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The boundary 9D can be assimilated to the cemetery state and the killed process X” =
X;1(tP > t) has transition semigroup S and uniquely solves the martingale problem
(L,D(L)) with D(L) = {¢ € C*(D) | ¢(z) = 0,2 € dD}.

The density, respectively distribution functions fp(t,z), Fp(t,z) of 7P for the initial

state x € D at t > 0 satisfy
(1.3) Py(tP >t)=1—-Fp(t,z) = /too fo(s,z)ds.
We assume that
(1.4) fp,0ifp € C((0,00) x D;R) and  fp(0+,2) =0.

The Laplace transform o — fp(a,z) = E,lexp(—a7P)] is defined for all real v where
the integral is finite and thus for {o € C|R(a) > 0}. In particular we denote fp(a, p) =
(p(dzx), fp(e, z)) for p € My (D), a probability measure on D.

Because D is bounded and regular 7” > 0 a.s. and fD(+oo,a:) = 0 by monotone
convergence. It will be assumed that there exists a negative exponential moment a_ < 0
such that for all x € D
(1.5) sup fp(a_,z) = ¢p < 400.

zeD

On R(«) > 0 and, by extension, wherever the integral converges, we define the resolvent

of the semigroup

(1.6) RP¢(z) = /OOO e~ sPat.
Due to the relation

(17) (1= Jple,2) = RE1(),

for 1(z) = 1 it follows that the resolvent can be extended on the half-plane R(a) > a_,
equivalent to (a_,+00) C Res(L).

We start with a basic result proven in [16].

Proposition 1 (Proposition 2 in [16]). Let v € Mi(D). Under the assumption there

exists —oo < & < 0 such that the decreasing function o — fD(a,’y) satisfies

a—r 00

(1.8) lim fola,y) =400,  lim fp(a,7)=0.



The Laplace transform a — f(a,~) can be extended to a holomorphic function on R(a) > @.

For any K > 0 there exists a unique o € (&, +o0) solving
(1.9) 1—Kfp(a*,v)=0.

Moreover, due to fp(0,7) =1, a* > 0 (a* <0) for K > 1 (K < 1), with equality o* = 0
when K = 1.

Remark. Theorem [1| will show that o* is the exponential growth rate of the total mass of

the branching process E[(¢;, 1)] < Const - et

1.3. A Tauberian condition. A non-negative function f € C(]0,00);R) is said to have
exponential monotonicity if there exists a; > 0 such that e®+! f(¢) is non-decreasing. When
f is differentiable, it is sufficient that f’(¢) + a4 f(¢t) > 0 for all ¢ > 0. When, in addition,
f(t) > 0 for all t > 0, the condition is equivalent to having a finite lower bound for the the

logarithmic derivative.

Condition 1 (Tauberian). For every x € D, the density fp(t,z) has exponential mono-

tonicity.

Such an assumption will be necessary in the application of a variant of the Wiener-Ikehara
Tauberian Theorem (see Section [6.2).

Condition [I] is non-trivial. In general, it is easier to verify for ¢ — 400, where series
expansions of the heat kernel are available, e.g. for Bessel processes in Proposition [2], and,
more generally, from the theory of symmetric compact operators, when applicable. In the
case of Brownian motion and regular D, a Bessel-Fourier series shows that f1,(¢)/fp(t) —
A1, where A} = & < 0 is the first eigenvalue. It is worth menioning a connection to the well-
known Li-Yau estimate [23], Theorem 1.2, which gives another proof of the lower bound at
t — oo.

At zero, it is enough that the distribution function P,(7” < t) be convex on some small
interval. A random variable, here on [0, 00), is unimodal if its distribution function is first
convex and then concave, i.e. the density, if it exists, is first increasing, then decreasing with
only one maximum point. Thus, a sufficient condition near zero is that 7 be unimodal.
However, this is not sufficient as ¢t — oco.

It is known that one-dimensional diffusions have unimodal exit times [26]. This implies

that Bessel processes have the property, and thus, Brownian motion in a ball centered at



the origin, in all dimensions, has it as well. Likewise, all processes with coefficients and sets
D amenable (via symmetries or other transformations) to the one-dimensional case.

Joining the observations, we obtain a sufficient condition, proven in the Appendix.

Proposition 2. For any starting point x € D, the density of the exit time of d-dimensional
Brownian motion from D = B(0,r), r > 0, the ball centered at zero, has exponential

monotonicity.

1.4. Plan of the proof. In Section [2| the auxiliary branching process ({;) is constructed.
Section (3| extends the upper bound on the number of particles from the case K > 1 (Propo-
sition [3|) to arbitrary K (Proposition [4]) by coupling. Theorem [l|is the main result giving
the exact exponential growth rates. Section [4, with main result Proposition [6] analyzes
the probability of extinction and other aspects of the sub-critical case. Section [5| proves
exact formulas (Theorem [2)) for the semigroup S; and its resolvent. Theorem [3| together
with Corollaries [3] and [4 prove the Yaglom limits and give explicit formulas for the qsd as
a function of K. Asymptotic limits are given in strong form ([5.8)) under Condition [1] and
Cesar6 form under no assumptions on the monotonicity of fp(t,z). We also note
that Sy also provides a natural example of a continuous semigroup of bounded operators
which is not of class Cj.

Finally, the Appendix (Section |§[) has two parts. The first part proves Lemma (1| that
allows the use of Tauberian Theorem s (e.g. Wiener-Ikehara 4] for strong limits and Kara-
mata’s Theorem for the Cesaré limits) applied to functions that are not necessarily non-
decreasing. The second part provides a general setup, definitions and basic results (The-
orem [5) for the concepts of Yaglom limits and gsd’s in the context of a non-conservative

semigroup such as the one under consideration.

2. THE BRANCHING PROCESSES Z; AND (;

This section follows closely the construction from [16], Section 4.

Let D = DU{o} be the usual compactification of D with DU {0}, where o is an isolated
point for D, that will be the cemetery point.

Recall M F(D) denotes the space of finite measures on D. Ultimately, we shall construct
a process (¢;) on the space of discrete measures My(D), a proper subspace of Mp(D) C

Mp(D). In order to do that, we consider an infinite supply of i.i.d. processes evolving in

D, denoted generically by Z¢, with law given by the transition kernel pP (¢, z,v).



We introduce a particle system having a finite but random number of particles N; alive at
t > 0. With the same notations as in Section |1, the number K ~ 7 where 7 is a probability
mass function on the non-negative integers with P(K = k) = pg, k > 0. Throughout the
paper K = E[K] < +o0.

A single particle Z} is placed at a random point with initial distribution vo(dx) at t = 0
and starts moving driven by p”(¢,z,%) until it reaches D, when it goes to 0. At that
moment, instantaneously, a random integer number K of particles are born at a specific
point in D distributed according to «(dz). All particles start afresh, independently, and
move in D until the first one reaches D and the branching is repeated. The procedure is
continued until one of two exceptional stopping times, explosion or extinction, terminate
the process. Explosion cannot occur in our setup as will be proven in Theorem (1}, but
extinction may occur when pg > 0.

Denote by Z}, i € Z the i-th particle born in the process. If it is born at time 7, then
we understand that ¢ > 7. Let NttOt be the total number of individuals ever born up to
time ¢ > 0. When at time 7 a number j > 1 of individuals are born, their birth being
simultaneous and at the same point, their ordering is not relevant. They are simply labeled
i= N +1, 1<1<j. By construction, the process starts and preserves a finite number

of particles during its lifetime with probability one.

Definition 1. The process of particles alive at time t > 0 is
(2.1) G= Y 0z, with Ny=(G,1p), t>0.

i,Zi¢o
Here Ny is the number of particles alive at time t > 0 and N} — N is the number of killed
particles, also equal to the number of branching events up to timet > 0. As defined in ,
Co = 0x, X ~wvy(dx). In this way, we denote Ey[-] = [, Ex[]vo(dz) and E.[] corresponds

to vy = 0.

The process ((;) evolves in the space of discrete measures inside D, more precisely

Mo(D) = {p € Mp(D)| p =" 64,(dx), x; € D i € I,Ifinite}
el

a subset of Mp(D). We shall see My(D) as

My(D) = Uy_, D™ U {0}



where 0 is the zero measure (no delta function is present) endowed with the topology of

disjoint unions. Each D)

is the symmetric product of D (i.e. the product space factorized
by symmetries on DV) with the product topology of D as a subset of R? (see also [6], [19])
and the general construction of branching processes in [I0] and the recent monograph [22].
This is a Lusin space because each of the spaces in the summation is a complete separable
metric (Polish) space. A net converges only if eventually all terms belong to only one
element in the sum and convergence takes place in the topology of that space. In our
construction, for finite configurations, we note that convergence in norm on DV implies
weak convergence of measures. We notice that disregards, in fact, any labelling and
the original labels of Z} were important only in the construction. The same is true for the
cemetery state that is not present in the final form of ({;).

In the construction, we assume the existence of an infinite sequence of i.i.d. processes
with the same law as Z}, as well as an i.i.d. sequence of copies of K. At a branching event
7, we sample the current value k£ of the random number K and k i.i.d. copies of Z; are
sampled and the process re-started from 7 as Zy;,, for each particle in the union of the
particles alive and the ones newly added.

A few final remarks. The particle that was killed goes to 0. We notice that, by definition,
N; does not take into account killed particles since 0 ¢ D. By construction, no branching
events may occur simultaneously. The construction is thus inductive over the branching
events 71 < 73 < ... < Ty < ... that can be ordered, and Nf°" < oo, both happening
almost surely until 7. The process ((;)i>0 is Markov with state space My(D). It shall be
adapted to a filtered probability space (€2, F, (Ft)¢>0, P), where the filtration satisfies the
usual conditions. We note that the law of ({;) is a probability measure on the Skorokhod
space D([0,00), Mp(D)).

Definition 2. Denote ((F) the the process with vy = 0, as in and if p =Y ,c1 6z,
I finite, then ¢ = ,c; ¢, where the processes (([*) are independent. We note that the

points x; are not necessarily distinct, but each individual acts as an independent copy in

()

By construction, ((;) is a pure branching process in the sense that, if pi, uo € My(D),
then

(2.2) L(¢HT) = L(¢M) * L(¢F?),



where £(-) denotes the probability law.

3. ASYMPTOTICS FOR THE TOTAL NUMBER OF PARTICLES

The next proposition shows that no explosion can occur and gives a sharp exponential
upper bound of E,[N;]. Define the stopping times T, € [0, +oc] as the first time Ny > m,
m € Z4. The process t — Ny is rcll (cadlag) and piecewise constant, so T, is a stopping
time and 7T, is nondecreasing in m. The stopping time T,, = lim,, oo 11, is the time of
ezxplosion. 1t will be shown that Tt, = +o00 almost surely.

First, state a result proven in [16] giving the exact upper bound for the expected number

of particles in the trivially supercritical case when K > 1.

Proposition 3 (Proposition 3 in [16]). Let K be such that P(K = 0) = pg = 0 with finite
K and o > 0 be the solution to , which depends on v but not on t and x. Then,
the number of particles Ny of the process (Z;) has finite expectation for any t > 0. More
precisely, there exists C(v, K) > 0 such that
(3.1) sup B[N (t)] < C(vy, K)e®'t.
zeD

To extend the proof of the upper bound to arbitrary K, we proceed by coupling with a

process that, path by path, will always have a larger number of particles and satisfies the

conditions of Proposition

Proposition 4. For an arbitrary random integer K > 0 with finite K, let K be a random
integer with distribution defined by P(K = k) = pi, if k > 2 and P(K = 0) = 0, respectively
P(f( =1) =po+ p1. We note that K satisfies the conditions of Proposition B Let &* be
the solution to eq. and C' denoting the constant C' in , corresponding to K. Then
(3.2) N: < N; as. and sup F,[N(t)] < Ce?™t.
xzeD

Remark. Theorem [T] will prove that the correct exponential growth rate is a*, correspond-
ing to the value K. Proposition [4]is necessary to ensure that the total mass is finite at all

times ¢ > 0. Naturally o* < &*, so the current bound is generally not optimal.

Proof. We first remark that in the case when pp = 0 for all £ > 2, then 0 < N, <1
almost surely, proving that E,[N;] < 1 is trivially bounded. In case at least one of these

probabilities is non-zero, then we proceed to Step 1.

10



Step 1. First we couple the process with a new process Z; having the same evolution
mechanism as Z; with the exception that the number of particles born at a boundary hit is
K. The processes are identical up to the first boundary hit, starting with the same number
of particles at the same locations and following the same paths driven by p”. At the first
boundary hit, if Z; draws a sample K of the number of particles to be born and K > 1,
then the two processes continue to be identical until the first time K equals zero. At that
moment, Z; will continue with an additional particle born at location chosen with the same
distribution y(dz). The offspring of this particle follows the dynamics using the distribution
of K for the numbers of births upon each boundary hit and will be independent forever
of Z;. The rest of the process continues its evolution. This coupling will follow the same
paths for the original particles or the particles born when K = 0, while the other particles
of Z; not belonging to Z; follow independent paths from an infinite supply of diffusive paths
driven by p? on D. It is important that, path-by-path, N; < N; and N; is non decreasing
in t > 0. We notice that E[K] = po + E[K]. We know that at least one of py, k > 2 is
positive, and then E[K] > 1.

Let &* be the solution to corresponding to K. Also, write C for the constant C' in

(3.1) for N;. Then (3.1) holds for Ny, thus it holds for Ny, which is exactly (3.2)). (]

Knowing that E,[Ny] < oo for all ¢ > 0, we can use the martingale theory to prove the

next proposition. The exact behavior of the extinction probabilities is given in Proposition

(6]

Proposition 5. The process t — Ny is a sub - (super-), (simple) martingale with respect
to the filtration F;, according to K > 1, (< 1), (= 1), respectively. When K < 1 then

limy_yoo Nt > 0 exists a.s. and nf <1,¢>1.

Proof. We write the counting process Ny = > (Ny — Ns_) and see that due to the strong
Markov property the conditional expectation of the increment is exactly K —1, which proves

the claim. 0

Recall that 72 is the hitting time of the absorbing boundary for the underlying diffusion.
Proposition {4 showed that for any p € Mi(D), n,(t) = (p,n) = E,[N;] < Ce®™ < o0,
implying non-explosion N} < co almost surely. When p(dz) = 6,(dz), we write n,(y) =
ng(t).

Theorem [I] is the main result in this section.

11



Theorem 1. The expected value of the total number of particles at time t > 0 has contin-

uous derivatives on t € [0,00) and satisfies

t
(3.3) ng(t) = Pp(t? > t) + I_(/ ny(t —s)dFp(s,z).
0
Its Laplace transform
~ o l 7 fD(aax)
(3.4) fa0) = = [1 HR =12 f(fp(a,v)]

is meromorphic on the half-plane R(«) > & with exactly one simple pole at o* with value
denoted B(x, K), where o* is the solution of . When K = 1, then B(z,K) = 1 and
ne(t) =1, fig(a) = 1/a. When K # 1, then

fole®,z)
a* fp(a*,7)
Under either of the assumptions K > 1 or Condition the asymptotic growth rate at

(3.5) Bla, K) = (1— -

t— o0 is aF,

(3.6) lim e~ 'n,(t) = B(z, K).

t—o00

Remarks. We recall that & < 0 is the infimum of the real part of the spectrum for the
underlying diffusion. Due to (1.7]), there is no actual pole at « = 0. As we have seen in
Proposition [ In the subcritical K < 1, critical K = 1 and critical K > 1 we have o* < 0,

o =0 and o* > 0, respectively.

Proof. Step 1. Proof of . Since T, = 400 a.s., we can write the renewal equation,

also almost surely

K J
(3.7) NP = Lgerpy + Lpmoo o1y O N,
=1

Here (Zg ) are i.i.d. processes started at a random point with distribution +. For all j > 1

Ellsroy N 75 |72 = 5] = s (t = 5)
which obtains

00 k
VA
na(t) = Po(rP < t) + ZpkE[l{tZTD} YN
— j=1

=P, (P < t) (kak)/ ny(t —s)fp(s,x)ds.

12



= P (1P < t) +I_(/tn7(t —s)fp(s,z)ds,
0

proving (3.3]). Since n(t), respectively n.(t) are bounded for ¢ € [0,T], T' > 0, we obtain
that ¢ — mn,(t) is Lipschitz, so certainly continuous and non-negative. We know that

t — n.(t) si continuous and t — fp(t,z) is C1([0,00);R). Simple Calculus shows that

!/

' (t) exists and is continuous.

Step 2. Proof of formula . ) We can treat the case K = 1 directly. The branch-

ing times have continuous distributions so the sequence of successive branchings is totally

n

ordered with no simultaneous branchings. Between branchings, the number of particles is
constant and at time zero it is one. At any such branching, the expected jump in number of
particles is zero. It follows that ny(t) = 1. The Laplace formula is then trivial and matches
(3-4)-

Now let K # 1. Using the general exponential bound , we now know that the
Laplace transform of is well defined on a set including f(a) > &* > 0. On this set we

obtain

A~

o0
_ . 1 ; = .
(3.9) /0 e (t)dt = iafe) = ~(1— f(a,2)) + K () fola ).
Integrating over v and doing the algebra we obtain the ratio of two holomorphic functions

(3.9) Ny (o) = M.

1—Kfp(a,y)

We can plug back into the first equation to conclude the proof of the formula .

The Laplace transform was proven to exist, due to Proposition [4, for real oo > a*.
At this point, it can be uniquely extended as far as the functions fp(a,z) and fp(e,7)
are holomorphic, which is the half-plane R(«) > &. We show below it is a meromorphic
function with pole at a* < &*. Because of , there is no singularity at zero.

Recall that o* and a* solve for K, corresponding to the unmodified K, respectively
for K, corresponding to the coupling with the dominant K. The inequality &* > o* follows
from E[K] > E[K]. We know that a* > &. At this point it is clear that a* is a pole for
Ng ().

Step 3. Proof of . The formula is trivial if K = 1. When K # 1 we notice that

(v—a* )iz () has a first term in 1/« that vanishes as o — o* and the function o — fp(a, z)
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is continuous at o* and has nonzero value. It remains to verify that

A~

1 _
tim B IO ey~ B e

a—a* a—a*

We note that (1 —1/K)a* > 0.

Step 4. Proof of the asymptotics. Again, is trivial when K = 1 with n¥ = 1.
Otherwise, for ¢ — oo, we have two cases. The case when we assume K > 1, Proposition
shows that n(t) is non-decreasing. As such, the classical Wiener-Ikehara Tauberian
Theorem (here Theorem {]) applies.

In the case when Condition [1]is satisfied, no restriction on pg is needed. We split
in two. First, let § > 0 such that & + 6 < a* A 0. Then, by Markov’s inequality

(3.10) e P(rP > t) < fp(a+0,2)e” @74 50 ¢t +oo.

Second, we calculate the integral term using our Lemma [I] together with Proposition [8]

Finally, we notice that in (3.3)), the first term is holomorphic at a = «*. It follows that the

pole of 71, () is the same as the pole issued from the convolution part. O

Corollary 1. With no assumption on the monotonicity of t — fp(t,z), if K > 1 then
t—o00

t
lim e_o‘*t/o n¥ds — B(z,K)/a*

and if K <1, then

1 [t _
lim - [ e *nids —» B(z,K).
t—oo ¢ 0
Proof. The two limits are immediate consequence of Lemma |1}, parts (ii) and (iii). O

4. THE SUBCRITICAL CASE
For any p € M;(D) we write
(4.1) up(t) = Ele ™M 1 o) (NF)] and  v,(t) = Pp(Teue < 1),

where u,, is finite for all A > 0 and v,, is the distribution function of the time of extinction.
We already know that N/ < co a.s., so the indicator function in the formula is redundant,
but we use the formula for consistency. See the discussion in the Remarks subsection.
When p(dz) = 6.(dz) uy(t) = uz(t), vp(t) = ve(t), noticing that u,(t) = (p,u.(t)) and
v,(t) = (p,v.(t)). In addition, recall O (s) = > 7o, prs®, s < 1, the generating function of
K.

14



Proposition 6. The convolution formulas hold

t
(4.2) Uy (t) = e APy(1P > t) —i—/o Ok (uy(t —s))fpo(s,x)ds,

(4.3) vg(t) = /0 Ok (vy(t —s))fp(s,z)ds, v (t) = P(Ny =0),

where can be obtained from by letting A — oo. The probability of extinction
Vegt := Pyp(Text < 00) is the unique fixed point 0 < vezy < 1 of Ok

(4.4) Vext = Ok (Vext) , Vert = lim v(t)
t—o00

deriving that vegs = 0 if po = 0, Vezt € (0,1) if po > 0 and K > 1 and veyy = 1 when pg > 0
and K < 1.

Proof. We derive (4.2) in analogous fashion to the proof of formula (3.3)). The generating
function appears because at the time 7” = s (under conditioning) in the integral, the
process will instantaneously have K independent copies of itself.

To prove (4.3)), we can calculate

(4.5)  Py(Tepr > 1) = Po(7P > ) + /Otu — O (Py(Toar < t — 5))) fp (s, 7)ds

t
=1 —/ Ok (Py(Teat <t —5))fp(s,x)ds
0

implying
t

(4.6) Po(Tom < 1) = / Ok (Py(Tumt < t — 8)) (5, 2)ds
0

which proves the claim.

The limit A — oo follows by dominated convergence, after noticing that 0 < u,(t—s) <1
and fp(s) is integrable.

To check we see that ®x(s) —s equals pg at s =0 and 0 at s = 1. It is also convex.
When K = ®.(1) > 1 the function has a nontrivial fixed point, while when K < 1 the

function is non-increasing so s = 1 is the only fixed point. In both cases it is unique. [

4.1. Discussion and remarks. 1) Results like are well known in the classical theory
of branching processes. From the point of view of survival, only the branching number K
and intensity K matter. This is due to the fact that E[r”] is bounded above and below
away from zero under v. However, the semigroup of the branching process (; is not trivial,

as we see in Theorem [Bl
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2) We note that is a moment generating function (in A) of w — N (w), where w
is the random element, for ¢ fixed, whereas is the Laplace transform (in «) of the
expected value ¢ — nf, a deterministic function.

3) When 7 is a quasi stationary distribution for the underlying process L, the process
N, is Markovian, equal to a birth and death chain in continuous time.

4) The process N, is not Markovian in general, since the holding times between branch-
ings are not exponential. However, this is a branching process where each particle branches
a after i.i.d. times 77 (starting from a point Z ~ ).

When A =0 in the trivial solution gives that N = 400 has zero probability. The
probability of extinction v, (t) = P(N{# = 0) has solution equal to zero if pg = 0. An
immediate consequence of the equation after integrating over y(dx) is given below.

Corollary 2. If K < 1, the distribution function of the time of extinction under ~y is the
fixed point of

(4.7) vy = Ok (vy(1)) * fo(-,7)-

4.2. The Bernoulli case. In general, as soon as K is supported on k > 1, Equation (4.7))
is not solvable in closed form, even in simple cases like O (s) = (1 —p) +ps?, 0 <p < 1,
including for p = %

When K € {0,1}, po = 1 — p, p1 = p, the generating function Ox(s) = (1 — p) + ps
and the process is always sub-critical unless trivial. The sub-case p = 0 is the simple killed
process and p = 1 is the Brownian motion with rebirth from [I7, 5]. These are the only
cases when the particle process can be cast as a one-particle Markov process with state

space D. For p € (0,1), p= K < 1 and extinction occurs in finite time almost surely and

~ 1-— p fD o,y
(45) by(0) = (o 7)

@ 1-pfp(a,7)
and the Laplace transform of the tail Py(Tep > t) =1 — v,(t)

— 1. 11— fp(a,
(4.9) Py(Togt > (@) = = — () = 11-Jpley)
@ al— pr(a7 f)/)
with a pole at o*. In this case o < 0 In the same way as in Theorem 1| for (3.6)), we apply

Lemma [T] showing that

(4.10) P (Toyy > t) ~ et
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If, in addition, 7 is chosen among the quasi-stationary distributions, we have 77 ~

exp(d), then T,y ~ exp((1 — p)d), the thinned exponential. In the Brownian motion case

0 = |a|, & the first eigenvalue and we can obtain a* = (1 — p)|al.

5. THE BRANCHING PROCESS ((;) AND ITS SEMIGROUP

The process ((;) in is now well defined for any distribution of the branching number
K. When E[K] < o0, it is not explosive, with a precise exponential bound on the expected
number of particles. In the case pg > 0, the probability of extinction is positive, and
if in addition K < 1, then it is equal to one. We are now interested in the semigroup
properties induced by the Markov property structure of the process. In the first subsection

we summarize the construction given in [16].

5.1. The Semigroup. The process ((;) in (2.1) is constructed on the state space of finite
configurations D, denoted by My(D). This space is embedded in the Polish space Mg(D).
Define the space of test functions as continuous, bounded functions F' € Cy(Mp (D)) of the

form

(5.1) p€ Mp(D) = F(p) =, ¢1)s -, (1)), LEN

where (¢i)1<i<i € Cyp(D) and ¢ € Cp(R?). A class with smooth components ¢;, e.g.
belonging to C2°(D) of such test functions is sufficient to determine the law of the process
as the solution to the martingale problem, see [11].

Due to Proposition [3| we can extend ¢ to polynomial growth functions (and more). In
fact, we shall be only interested in the functionals y — F(u) = (i, ¢), for some test function
¢, in other words a linear functional, when ¢(u) = v and [ = 1. In that sense we refer to
the restriction of the semigroup as the marginal transition semigroup, formally defined in
, as already mentioned in Subsection

For a test function F' and p = Zf\il 0z, € Mo(D), N positive integer (with the convention
that we represented the space of finite configurations as sums of delta functions) we define
the semigroup on My (D)

N N

(5.2) 1= SUF) () = BP0 = S BRG] = 3 BalF(G)]
=1 =1
— (0, E[F(G)]) = /D EL[F(¢)]u(dz).
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The relation is a consequence of the construction of the process. Particles independent
at time s > 0 remain independent forever. The only dependence is through the ancestry

tree. Particles distributed deterministically at time ¢ = 0 are independent.
Definition 3. For ¢ € Cy(D), we define So¢p = ¢ and fort >0

(5.3) Si6(z) = Ey[(Ct, )], z€D.

We now show that S; is a continuous semigroup in the sense of (6.2) in the Appendix.
Theorem [2|is an extension of Proposition 4 in [I6]. Recall that SP is the semigroup with
transition kernel p” (¢, z,y) defined in (1.2)).

Theorem 2. The mapping defines a continuous (but not strongly continuous, in
general) semigroup on Cy(D) with St € C(D) C Cy(D), t > 0 satisfying

t
(5.4)  Sip(x) = SPop(x) + I_(/O (7, St—sp) dFp(s,x), $£%1D Sip(x) = K (v, Si¢) .
The semigroup has resolvent Ro¢(x) = [~ eS¢ (x) di

f(fD(a,J:)

. Ro¢(x) = RPp(z) + — 20—
(5.5) o) = RRo(w) + =0

(1, R39), R(a)>a”,
where a* is defined in @

Remarks.

1) Boundedness. The result is based on a renewal equation essentially the same as ,
which is the special case of when ¢(z) = 1(z). In this case we write S;1(x) =
E.[ (¢, 1)]. The proof is done in Proposition 4, [16]. In short
(5.6)  [Sid(@)] = [Bal (G d)| < |lgl[Se1(x) = [[0]] sup EINT] = [[¢]| sup nf < Ce™,

z€D zeD
showing that S; is a bounded operator.

2) Sy is point-wise continuous but not a Cy semigroup. The semigroup S; is not strongly
continuous, because the limit lim;_o[S;¢(x) — ¢(z)| = 0 is not uniform in x € D. As
x — 0D, the limit approaches K (v, ¢) # 0, in general.

3) Boundary conditions. In [16], the forward and backward equations satisfied by the
kernel of the semigroup are investigated from an analytic point of view (solution of a

parabolic PDE). The second relation from (/5.4)) is a boundary condition (BC) that defines
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the solution (¢,x) — v(t,z), v(0+,x) = ¢(x) of dv = Lv, where L is the same operator as
the generator of the semigroup (SP), only with new domain given by (BC).

4) The resolvent. Formula is immediately obtained by integration against e~ over
time. Its extension to R(a) > a* is valid because all functions involved are holomorphic on

the half-plane since o* > & by construction.

Proof. Semigroup property. The semigroup property is simply the Chapman-Kolmogorov
relation for (¢;), which is standard in the theory of Markov processes. The proof follows
closely Proposition 4, [16].

When G is linear, i.e. G(u) = (¢, 1), ¢ € Cp(D). We can apply the Markov property to
(¢t) to have

(5.7) Strs®() = Exl(Grrs, )] = Ex[Ex[(Crs: 0) | Gl = Ex[(E¢,[(G: d)]]
= Ex[(G, E[(Gt )])] = Exl(Cs, S1¢(-)]
Continuity at the boundary of x — Syp(x). When = € D, the strong Feller property of
SP and the regularity of = — fp(s, ) show that © — S;¢(x) is continuous on D.
For the next step, it is convenient to write dFp(s,z) = fp(s,x)ds in the integrand of the

convolution formula. For z — 0D we use convergence in distribution for Fp(s,z) since

we know that 77 has distribution delta at time zero. The value of the limit is equal to

K(W) St¢> .
The resolvent. The resolvent formula is proven in Proposition 4, [16] and is almost
identical to Step 2 of Theorem [1]in this paper. O

5.2. Quasi-stationarity. Quasi stationarity and Yaglom limits are defined in the Ap-
pendix, eq. (6.5)), generalizing in a natural form the classical concepts for a dissipative
semigroup S;. Instead of S;1 < 1, we now consider a non-conservative semigroup where

Si1 # 1, including both the super-critical S;1 — oo and sub-critical evolution S;1 — 0.

Theorem 3. Assume C’ondition is satisfied. Then, for any x € D, ¢ € Cy(D), the strong
Yaglom limat exists

. Sip(x)
(58) A S ~ o)
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and v € M1(D) is equal to
(5.9) vde) = Cla”) [ i) BR (o), €)™ = (. RE)
D

and o > & solves @) When K # 1, we can write C(a*) = o* /(1 —

a* =0 and v is proportional to the Green function.

L) and when K =1

=i

Proof. Step 1. The pole at o*. Formula ({5.5)) for the resolvent of the semigroup S; can be
extended to a meromorphic function on («) > & with one simple pole at @ = o*. First,

we calculate the value of the pole

(5.10) ali}rg*(a —a")Ryd(z) = Clylf(g (o — a*)RD p()

. (a —a”)
(5.11) +K£ghimw)M$LEM@hﬂ%ﬂ
(5.12) = B(z, K) m gD ﬁ .

Here (o — o*)RPp(z) — 0 as a — «o*. The last line is due to the identity (1.7) 1 —
alvy, RP1) = fp(a,~) and the fact that 1 — K fp(a*,~) = 0.

Step 2. The limit of e~ 'Syp(x). The proof follows nearly identically Step 4 of the
proof of Theorem First, we show directly that lim;_ . e_o‘*tStD ¢(x) = 0. The bound
le=@tSPo(x)| < ||¢|le=*"tPe(rP > t) proves the limit because of .

A Tauberian theorem is needed, in the form of Lemma ] followed by Proposition[8] First,
without loss of generality we assume ¢ > 0, otherwise ¢ = ¢4 — ¢_ by decomposing in
positive and negative parts. The limit is linear in ¢ via the factor (v, R2.¢) so we obtain
the exact limit as a difference of the two functions ¢.

We want to ensure that ¢ — [, S;¢(2')y(dz’) in the convolution from is non-
negative (which we explained) and that there exists ay > 0 such that t — e+ fp(t,z) is
non-negative and non-decreasing. The second condition is in the hypothesis (Condition .
These prove the limit equals the value of the pole at o*

(v, RY. ¢>] ‘

(5.13) lim e_a*t5t¢($):B($vK)|:< RD.1)

t—o0

We already know that e~®'S;1(x) — B(x,K) > 0 from (3.6) in Theorem Since
B(z,K) > 0 we divide the two and obtain (6.7)). 0
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In the absence of Condition [1} a slightly weaker result is available. This is the usual
Cesar6 limit Tauberian theorem. It is important to mention that no assumption except

K < oo is necessary.

Corollary 3. Let v be the gsd from (@) With no assumption on the monotonicity of
t = fp(t,z), for any Cyp(D)

t
_ b(x)d
(5.14) § R>1 lm JoS0@ds

t —a*s
i Rl lim 0 S0
t—o0 fO e—oa*snga’cds

= (v,¢) and

= (v, 9).

Proof. We split, as in the proof of Theorem [3| ¢ = ¢4 — ¢_, and apply Lemma (1] (ii) for
the first limit, respectively (iii), for the second limit. Corollary (1| calculates the same limit

for nf. The ratio of the two limits proves ([5.14)). O

The last result is more general as shown in Theorem |5, Part 2). We include the direct

calculations as well as the identification of the eigenvalue.

Corollary 4. Under the same conditions as in Theorem[d, the probability measure v from
is a left-side eigenfunction of the resolvent R, with eigenvalue (o — o)=L, If, in
addition, the Yaglom limit @ holds, then v is the left-side eigenfunction of S¢, t > 0 with

. *
eigenvalue e .

Proof. We start with the resolvent. Recall that C(a*)~! = (v, R2.1). We want to show

VR = (o — a*) 1y, and more explicitly

(5.15) (v,RD.Ry¢) = (a — ") Yy, RE.¢), a>a*.
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To see this, first we calculate, in view of (5.5 and ([1.7))

(5.16)

(v, R2 fp(a,)) = (v,R2.1) — —— (RP.1— RP1))  (resolvent identity)

(517 = (1, (= fola® D)~ —— (3 (o1 fola®,)) ~ 2~ fo(o, )
(51 = (@) = —— (aC() ™ = (1 - fola)

(519 = (- 0= )+ 1= fola))

(5.20) = K(alm (1 - f(fD(oz,v)) :

Using the resolvent identity once more for the first term of (5.5)), after simplification, we
proved (j5.15)).
Choosing ¢ = 1 we obtain vR,1 = (a —a*)™' so A = vS;1 = ¢!, Since any strong

Yaglom limit is a gsd (Theorem , we obtained that A is the exact eigenvalue for S;. [

6. APPENDIX

In this section we present some technical results and give some background on quasi-

stationary distributions and Yaglom limits.

6.1. Exponential monotonicity. The first section explores when exponential monotonic-

ity - Condition [1] - is satisfied.

Proposition 7. Let f € C([0,00);R) be positive with continuous derivative on (0,00) and
non-decreasing on some interval (0,to], to > 0. If liminf,_, f'(t)/f(t) > —c0, then f has

exponential monotonicity.

Proof. At t — oo, there exist My > —oo and £; > 0 such that if ¢ > ¢;, then % > — M.
/(t

m . Flnally, let O[+ =

My V My > —o0, then Vt > 0, % > —a and e+ f(t) is non-decreasing. O

If #1 > to we take My the maximum between zero and sup;cjy, 4]

Proof of Proposition [2 For the distribution of 77, being unimodal means that the den-
sity fp(t,z) has a non-negative derivative on some (0, ¢p]. It is known that one-dimensional
general diffusions have unimodal exit times ([26] - Rosler 1980, Annals of Prob), also more

recently [20]. This takes care of the condition at ¢ — 0.
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For t — oo, we use the formulas in Serafin [27]. More generally, this proof can be
extended to other operators in higher dimensions using the classical theory of compact
operators. The Dirichlet Laplacian on the unit ball gives a Bessel-Fourier series expansion
for Fp(t) with eigenvalues A, = —j‘%” where jz,n in decreasing order, with 0 > Ay > Ao,
where )\ is simple.

The values A, are given by the n-th nonzero roots of J,,, u = %— 1, J,, the Bessel function
of first type. The exact form of the series implies lim; o, e~ fp(t, ) is positive as well

as limg ;o0 e M0, fp(t, x) is finite negative and thus we obtain

. ath(t,ZE)
tlirgo fD(t, a:)

This implies the conditions of Proposition [7] are satisfied and Condition [I]is proven. O

:)\1<0.

6.2. Conditions for the Tauberian Theorem. We shall use the Wiener-Tkehara The-
orem for the density a(t) of a Lebesgue-Stieltjes measure A(t fo s)ds on the positive

axis ([7], Theorem I-W, p.5). For a more general version, see [21] , Theorem 4.2 p. 124.

Theorem 4 (Wiener-lIkehara). Suppose that the function F has the following properties:
(i) For R(a) > 1, F(a) = [;~ e *a(t)dt, where a(t) is a non-decreasing function with
a(0) > 0.
(ii) For R(a) > 1, a # 1, F(a) = G(a)+=15, where G(«) is continuous on the half-plane
R(a) > 1.

Then e ta(t) — 1 as t — co.

The next lemma will explain how we apply the Wiener-lIkehara theorem for the density
a(t) when it is not non-decreasing. The key ingredient is the exponential monotonicity
property from Condition When a(t) is just non-negative, the Karamata Tauberian
Theorem provides a limit at ¢ — oo in the Cesaré limit sense. This is used in the next

lemma, part (iii).

Lemma 1. Let a; < o be two real numbers and g : [0,00) — [0 00) a continuous function
with g(0) > 0 such that its Laplace transform §(o fo e g(t)dt is holomorphzc on the
half-plane {a|R(a) > a1, a # a*} and has a pole at o equal to q. Denote G(t fo

(i) If there exists ay > 0 such that t — e“+tg(t) is non-decreasing (g is exponentzally
monotone), then limy . e~ tg(t) = q.

(1) If o > 0, then limy o e~ fgg(s)ds =q/a* and

23



(iii) If o* <0, then limy oot~ ! fot e~ %g(s)ds = q.

Remark. Independently from our work, a more general variant of part (i) of the Lemma,
appears in a recent preprint ([I4], Theorem 2). We note that (ii) is not true when o* < 0.
On the other hand, if o* > 0, the limit in (ii) implies the limit in (iii), so the statements

cannot be improved with the same assumptions.

Proof. Part (i). For A, B real and B > 0, denote

1 t
ga.B(t) = Ee%tg(g) with Laplace transform g4 p(a) = §(Ba — A).

We choose A > max{—a1, a4} and then B = a* + A > 0 such that

af*+ A ar +A
1= 0.
B ~ B °

Since A > oy, ga,B(t) is non-decreasing and g4 g(«) is holomorphic except the pole at
a =1 in the half-space R(a) > 1 — (a* — a)/B which includes R(«) = 1. Calculating that
q = % is the pole of ga () at a = 1, we verified that the new function ga p(t) satisfies
the conditions of Wiener-Tkehara Theorem [4]

Then lim;_,o e 'ga p(t) = G, which is equivalent to the limit in Part (i).

Part (ii). Unless g = 0, the Laplace transform of fot g(s)ds will have a pole at o = 0.
Adopt ag := 0, o remaining the same in Part (i), this time applied to the integral, which
is non-decreasing. This obtains the limit.

Part (ii1). Part (i) cannot be applied even after a shift as done in the proof of Part (i).
The function t — e~ ‘g(t) is non-negative and its Laplace transform exists for real a > 0.
At a — 07, the transform has a limit. The Karamata Tauberian Theorem [21], Theorem

8.1) implies the exact limit at (iii). O

Proposition 8. Let h, f : [0,00) — R be continuous non-negative and there exists ay > 0

such that t — e“+' f(t) is non-decreasing. Then

(6.1) Eo e (hx f)(t) = e+t /0 h(s)f(t — 5)ds

s non-decreasing.

Proof. Step 1. We prove that the result is true for a. = 0. Pick ¢/ > ¢ > 0. Then
t t
(hs F)() — (hx £)(t) = / h(s)F(F — s)ds + / B — ) — f(t— s)]ds > 0.
t 0
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Step 2. It is sufficient to write (6.1))

t t
e (% f)(E) = e+t / h(s)f(t — s)ds — / (5 h(s)] [+ -9 £ (£ — s)]ds
0 0
and then apply Step 1 to e®+!h(t) and e®+! f(t). O

6.3. Yaglom limits and quasi-invariant distributions. For D C R? a bounded do-
main, we shall consider (S¢):>0 will be a continuous semigroup of bounded operators on the
space Cp(D) with the supremum norm, denoted by || - ||, i.e. V¢ € Cy(D)
(6.2) (1) Vt>0, Sip € Cyp(D) and Spp = ¢

(1) Vt,t'>0, St1v¢ = StSy ¢

(1i1) VYx e D, t— Sip(x) is continuous.

Define the resolvent

(6.3) o = Rad(z) = / 1 S0() dit
0
for a € C such that the integral exists. We shall assume that there exists oy < 0 such that
(6.4) Va > aq sup/ e~ Sl (x) dt < +o0.
€D JO

A stronger condition is that there exist o/ > 0, C' > 0 such that ||S|| < Ce®'t. This is
the case of the semigroup in this paper with o/ := o* V 0.

In view of (6.4), the resolvent is holomorphic on R(a) > a.

When v € M;(D) C Mp(D) is positive, then (v,S;1) > 0. A probability measure
v € M;y(D) is said a quasi-stationary distribution (qsd) for the semigroup Sy if

<V, St¢>>

(6.5) 0, 51)

= (v, ), Vit>0.

In the context of this paper, the process we study the the semigroup t — E,[( (i, ¢)] =
Sip(x) formally defined in ([5.3]). Theorem |3| proves it satisfies the definition ([5.2)).
Then, the definition (6.5 of a gqsd v reads explicitly as

Nt
(6.6) E,Y_0(Z)) = EJN]-(v.¢), ¥V t20.
i=1
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A probability measure v € M;(D)D is said a Yaglom limit for the semigroup Sy if there
exists a probability measure v/ such that, for all ¢ € Cy(D)

(6.7) lim ig‘fi — ).

In that case we say v/ is in the domain of attraction of v. If a Yaglom limit has domain of
attraction all delta functions, or equivalently, any probability measure v/ on D, it is said a
strong Yaglom limit.

Theorem [5] is straightforward and well known for dissipative semigroups. See the mono-

graph [9] and [13] for the relation between gsd and eigenfunctions.

Theorem 5. Assume (S;) has the properties (6.9). Then
1) If v is a gsd, then the expected value of the total mass (v, Sil) is exponential;
2) The qsd v is a left side eigenfunction of the semigroup, as well as of the resolvents;
3) Any strong Yaglom limit v is a qsd and is in its own domain of attraction. A strong

Yaglom limit, if it exists, is unique.

Proof. 1) Using ¢ = S5t and ¢(x) = 1(x) we obtain that ¢t — vS;1 = n} is continuous and
satisfies ny, ,, = nyny,, hence is an exponential function. In case the semigroup is dissipative
||S¢]| < 1, the time to extinction is exponentially distributed.

2) For the semigroup, it is due to the definition, and for the resolvent we obtain the
relation directly by integration.

3) Let ¢, t' positive. Then, applying the definition with Sy ¢ in place of ¢,

(6.8) limg &2 5t500)

{00 <I/,, St1> = <V, St/¢> .

V', S1Syd) _ V', Spavd) (V' SiSp1)

V', S¢1) W, Spply  (V,S¢1)
Let ¢ — oco. The first factor converges to (v, ¢) as t +t' — oo and the second factor uses
with Sy1 in place of ¢, to converge to (v, Sy1). The equality of the two limits shows
that v is a gsd. O

(6.9)
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