STEADY STATE AND SCALING LIMIT FOR A TRAFFIC
CONGESTION MODEL
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ABSTRACT. In a general model (AIMD) of transmission control protocol (TCP) used in
internet traffic congestion management, the time dependent data flow vector x(¢) > 0
undergoes a biased random walk on two distinct scales. The amount of data of each
component x;(t) goes up to z;(t) + a with probability 1 — (;(x) on a unit scale or down
to yxi(t), 0 < v < 1 with probability {;(x) on a logarithmic scale, where (; depends on
the joint state of the system x. We investigate the long time behavior, mean field limit,
and the one particle case. According to ¢ = liminf|x|— o [X|¢i(x), the process drifts to
oo in the subcritical ¢ < cy(n,7) case and has an invariant probability measure in the
supercritical case ¢ > cy(n,v). Additionally, a scaling limit is proved when (;(x) and a

are of order N™! and ¢ — Nt, in the form of a continuum model with jump rate a(x).

1. Introduction

In a general model used in internet congestion control [8, 9, 2, 14, 17, 19], related to
classical autoregressive models [18, 7], the time dependent data flow z(t) undergoes a biased
random walk with linear steps in one direction (z moves to z+a, a > 0) and on a logarithmic
scale in the other (z moves to vz, where 0 < v < 1), belonging to a class of dynamics known
in the literature [14] as AIMD (additive increase multiplicative decrease). In the present
paper, we concentrate on one standard model, defined rigorously as the solution to the
martingale problem given by (2.3), which we shall call the v - process.

More precisely, assume (€2, X, P) is a probability space, {F}+>0 is a filtration on (€, X).
Let n be a positive integer and ¢; : [0,00) x (0,00)" — [0,1], 1 < i < n be continuous
functions. In addition, we consider a family of n independent Poisson processes {m;(t) }1<i<n

with rate A > 0, adapted to the filtration {F; }+>0.
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For any starting point xg with components xg;, 1 < i < n, let x(¢) denote the pure
jump Markov process on (0,00)" with components (z1(t), z2(t), ..., z,(t)), constructed as
follows. A Poisson clock 7;(¢) with intensity A > 0 is attached to each particle x;(t),
1 <i¢ < n, with all clocks mutually independent. When the Poisson clock m;, associated to
the particle z;(t), rings at time 7, x; moves to x;(7—) 4+ a with probability 1 — {;(7,x(7—))
and to yz;(7—) with probability (;(7,x(7—)). In this standard construction of a pure jump
process, there are no simultaneous jumps.

This is a multiple particle process x(t), to be introduced rigorously in Section 2, where
particles z; (or different server rates) interact through their jump probabilities (;(¢,x). It
can be regarded as a generalization of a continuous time linear state space model LSS(F, G)
(page 9 in [18]) with driving matrices F' and G depending on the trajectory of the process.
The only case when the autoregressive models (see extensive references in [7]) coincide with
a skeleton of the Markovian process given here is when the jump rates (; are constant.

We are exploring the model in the following directions:

1) Theorem 1 in Section 2 gives sufficient bounds on the rates (; assuring the existence
of an invariant probability measure of the system while not assuming any particular nature
of the interaction (mean-field or otherwise), of the form (;(¢,x) ~ ¢/|x| when x is large
and (;(t,x) ~ O(1) (bounded away from zero) when x is small. The theorem provides
sharp bounds (see the discussion thereafter). Most importantly, it establishes a phase
transition according to ¢ > liminfiy . [x|¢i(t,x) = c4(n,y) > 0, when there exists an
invariant measure, and ¢ < ¢4 (n,), when the particles drift to infinity in mean value. As
different orders of magnitude lead to transient behavior of the process (see remarks after
the theorem), the bounds are optimal.

Various orders of magnitude of the jump size are considered in recent papers [19, 14, 17]
under constant ¢ but this is the first instance to our knowledge where the rates themselves
are analyzed and the natural scale and criticality are identified. This approach is particu-
larly important and the natural one since in the main application of the model, in which
¢ represents the probability of loss of packets of information x, one expects non-increasing
behavior in each component of x (or, in other models, the “average” level of congestion ).
In this case the assumptions (C+) and (C'—) of Theorem 1 are immediately satisfied with

the exception of the trivial case ¢ = 0.



It is useful to note in the discrete setting, where a = 1, the left side jump is z; — [ya,]
and a lower bound away from zero on z is imposed, the irreducibility of the process is
immediate and Theorem 1 implies the existence of an unique invariant measure - see [19]
for related models.

2) The mean-field case from Section 3 appears in the engineering literature [1, 6, 8, 9, 10],
studied via simulations in [1, 6] and considered in [2, 3] with a related but different model.
Here (;(t,x) = p(t,7) depends on t and the average Z = n~!> z;. This arises as the
simplest interactive setup in which the data flows x; depend on the total transmission rate.
Mean field traffic control protocols may be used when a large number of individual flows
are present. In case of large data loads, it would be ideal to identify the main individual
contributors and control those specific flows with large loads. However, in reality, it may
be difficult to identify those main contributors and an “average”-dependent protocol is
appropriate. One could consider the representation of the effects of TCP on a large space-
time scale as a processor sharing queue where every flow receives the same share of the
total capacity of the link. Then, under homogenization as in Theorem 2, the bulk behavior
can be analyzed via a differential equation (3.8). Mathematically, the mean field model is
important because it is closable: as n — oo, the differential equation (3.9) governing the
limit of the empirical process (3.1) emerges in explicit, closed form. Section 4 looks at the
one particle process (n = 1). Proposition 1 establishes the uniqueness of the solution to the
fluid limit equation (3.1) and Theorem 4 gives the explicit form of the invariant measure
in the simplest case (n = 1, { = const).

3) Section 5 pursues the multi-particle case (n = N) when p(t, Nz) ~ N~ 'a(t,x) under
time speed up t — Nt for a large scaling factor N (consistent with the analysis in Theorem
1), proving a full hydrodynamic limit for the empirical measure (5.1) in Theorem 5. The
result relates partially to the limiting process from eq. (2.1) in [19] (o =constant, n = 1,
non-interactive dynamics) and the convergence to the process given by eq. (2.7) quoted
in [14] from [5] (a(x) = x, n = 1, non-interactive dynamics). Recurrence issues and the
ergodic properties of the one-particle scaling limit process with rate a(z) are analyzed in

greater detail in [13].



2. The general model

2.1. Martingale problem and a class of test functions. Due to the natural bounds

zoiy™ ) < x4(t) < o +ami(t), 1 <i<mandt >0,

(2.1) Elexp(nz;(t))] < exp(nzo; + At(e™ — 1)), 0<n<oo
additionally, all negative moments are finite and

(2.2) El(zi()™] < afreM0™ D oo <m <0.

The process {x(t)} can be seen as the solution to a martingale problem. Denote R;x =
(r1,22,..., @i +a,...,xy) and L;x = (z1,x2,...,7%;,...,x,). For a test function f €
Cp([0,00) x (0,00)") - the space of continuous bounded functions in (t,x) - let M¢(t) be
defined by the stochastic differential formula

(2.3)  My(t) = f(t,x(t)) — f(0,%(0))
/0 {8 f(s,x(s=)) + )\Z [(1 — i, x( ))) (f(s,Rix(s—)) - f(s,x(s_))>
+ Q(s,x(s—))(f(s,Lix(s—)) - f(s,x(s—)))} } ds.

Then, M¢(t) is a martingale with quadratic variation

(24) [ Z 1 Gl x(5-))) (F(s, Rex(s=)) = Flsx(5-)))

Gl x(5-)) (£(s Lix(s-)) = flsx(5-))) ] s,

The martingale problem (2.3)-(2.4) can be formulated with functions in a larger space,

including exponentials and, in particular, polynomial functions, that will be used repeatedly.

Definition 1. Given 1 > 0, let ¢ € Cy*([0,00) x (0,00)") be functions in C2([0,00) x
(0, 00)") with partial derivatives 9f02¢, 0 < a < 1, 0 < |b| < 2 having exponential moments
up to n as |x| — oo and negative moments as |x| — 0. More precisely, there exists k > 0
and a positive constant Ky (k) such that

(2.5) sup sup |x[Fe x| 920l ¢ (t, x) | = Ky4(k) < 00.
0<a<1,0<[b|<2 (t,%)€[0,00) % (0,00)"



Here b = (by,...,by) is a multi-index with nonnegative integer entries and |b| = Z?:l b;.

. a Qb bn . . .
The notation stands for Of02 = % and a = 0, b; = 0 means no deriwative is
Btaﬁwll..ﬂxn"
taken.

Remark. Power functions and exponential functions obviously belong to C%’z([(), 00) X
(0,00)™) for some i > 0. Due to the integrability conditions (2.1) and (2.2), the stochastic

differential formulas (2.3)-(2.4) can be extended to test functions in the class C’%’Q([O, 00) X

(0,00)").

2.2. Existence of invariant measures. A Poisson process escapes towards infinity as
t — oo. However, lower and upper bounds on the rate {; of moving backwards z — ~x
ensure that the process has at least one invariant probability measure on the interval (0, c0).

In the following theorem, we shall take a = 1, A = 1 without any loss of generality.

Theorem 1. Let ¢ (n,vy) = % Assume that, uniformly int > 0, the jump rates satisfy
(C+) for alli, 1 <i < n, liminfy_ [X]¢(t,%) > ci(n,7), and
(C-) there exists an index i, 1 <14 <n such that limsup) o Gi(t,x) < 1.
Then, the process defined by (2.3)-(2.4) has tight average occupation measures (2.8).
In the time-homogeneous case the process has at least one invariant probability measure

concentrated on (0, 00).

Remark 1. A simple sufficient condition for (C+) is lim inf o [%|°¢i(t, %) > 0 for some
b € [0,1). The bound cy(n,~) is nontrivial when b = 1, and reflects the critical nature of
Ci(t,x) ~ O(|x|™1), present in the scaled model from Section 5, where ((t, Nx) ~ const N~1.
More precisely, t fg E|x(s)|ds ~ O(1) when ¢ > c4(n,v) and ~ O(t) (transient case) when
c < cy(n,7). For example, take n = 1 and ((t,z) = ¢(1 + x)~! for small c. Alternatively,
if (t,z) = (1 + (1 —7)x)~! the process x(t) is a martingale. One can interpret (C—) as a
condition on the support of the invariant measure.

Remark 2. Conditions (C+) and (C'—) do not guarantee the uniqueness of the invariant
measure. Set (; = 0 for some intermediate regime x in a finite box in R™ away from the
origin. The state space breaks down into incommunicable classes and evidently there will
be more than one invariant probability measures. One can strengthen the conditions with

bounds over all x, but this weakens the result; as mentioned earlier, see [13] for the detailed



treatment of an AIMD model in one dimension (the proof in higher dimensions is essentially
the same), including ergodicity on a general state space (continuum).

Remark 3. The two m in Part 1 (m > 0) and Part 2 (m < 0) of the proof are obviously
not the same (they have opposite signs). In Part 1, the constant ¢y must exceed c4(n,7)
which is achieved at m = 1. On the other hand, for any c¢_ > 0, there exists m < 0 to
satisfy ¢ > 4™ — 1, which makes c_ arbitrary; in other words c_(n,~y) = 0, by analogy
with the notation for the upper bound cy(n, 7).

Proof. Condition (C+) implies that there exist ky > 1, ¢; > ¢4 (n,7y) such that, uniformly
in (¢,x)

(2.6) Gt,x) > epx|7h, x| > ky

Similarly, for at least one index 4, there exist 0 < k_ < 1, c— > 0 such that, uniformly in

(t. )
(2.7) - Gtx) >, x| <k .

Fix xo = (210,...,2Zno) € (0,00)"™. Our goal is to prove the tightness of the family of

probability measures on (0, c0)"™
¢
(2.8) vi(dx) = t_l/ Py, (s,dx)ds, t>0
0

where Py, (s,dx) = P(x(s) € dx|x(0) = xq).
The family of probability measures {v;}¢~q is tight if there exists M > 1 such that

(2.9) im limsup Vt({M_l <|x| <M} =0.

l
M—© t—eco

We shall break down the proof into two parts, showing respectively

(2.10) m limsup({|x| > M}) =0, im limsup v ({|x| < M~1})=0.

li 1
M—oo oo M—oo oo

We shall denote by d; and D; the positive constants such that for all x € R”

n
(2.11) dx' <> i <Dix/',  1>0.

i=1
The moments E[z]"(t)], 1 <i < n are finite for both m positive and negative due to the
bounds (2.1)-(2.2) and the stochastic differential formulas (2.3)-(2.4) are valid for power

functions as mentioned in the remark following Definition 1.



We apply the expected value in (2.3) to the function f(x) =Y 7 | 2" on a time interval
0 < s <t to obtain

(2.12) Zx = Zx{”(@)

m2m—

Part 1: the upper bound in (2.10). Since cy(n,vy) = limy,|; = m, whenever (2.6)

holds, there exists m > 1 satisfying ¢, > %. Using the bounds (;(s,x(s—)) >

c]x(s—)|7! as well as the trivial bound 1 — (;(s,x(s—)) < 1, we have an upper bound

(2.13) E[iﬂf?(t)] = im;”(()) + I+ Iz,
where o -
ne= [l Ki}[m@w 1) (=™ TS e (s ds,
and
e[ E{(g[mm(s—) 17 1) g (x5 s < w1 4+ )™

The terms (z;(s—) 4+ 1)™ ! in integral I; are bounded above by 2™ !|x(s—)|™~! and
Yo % > dyp|x(s—)|[™"1 from (2.11). Re-writing the inequality after we move I to
the left hand side, we find

Doy 2jg +nm(l 4+ ky )™
dmey (1 — ™) —nm2m=1 ~

(2.14) /0 Ell(s—)I™ s, o0y (1(5—))ds <

where the coefficient d,,c4 (1 —~™) —nm2™~! from I is positive by construction. Denote
C4(t,x0) the right side of (2.14).

Let M > 0 be a large number, M > ki + 1 without loss of generality. Since either
xi(s) = xi(s—), xi(s) = x;(s—) + 1 or x;(s) = ya;(s—), then z;(s—) > z;(s) — 1 and also
|x(s—)| > |x(s)| — 1. For v; defined in (2.8),

Jy B{(s)Im i, o (x(s-)) b
t(M — 1)m—1

(2.15) n({|x| > M}) = / Py, (|x(s)| > M)ds <
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showing that

(2.16) lim limsup v ({|x] < M}°) < lim limsup C(t, %0) —0

M—oo t—oo M—0o {00 t(M_l)m—l

which proves the upper bound for our claim.
Part 2: the lower bound in (2.10). Without loss of generality we take i = 1. Pick m < 0
fixed but arbitrary and the test function f(x) = (3 7, i)™

(2.17) E[f(x(t))] = f(x(0)) + Y (Ji1 + Jia + Ty + J3) ,
=1

where

(218) i) = /0 B{[(1— Gl x(s-0)F (Rex(s-)) — (5] Loy (x(5-)]) Y,

(219)  Jhp= /0 B G x(s N (Lix(s-)) — FOx(s—]] o (x(s-)D s

and

(220) J3 = /0 B{[(1 = Gl x(s))F (Rex(s-)) = (5] Lo (Ix(5]) s,

(221) = /0 B G x(smN(Lix(s-)) = £l 1o (x()) .

We look for an upper bound for the right hand side. For all i, the terms J%; and J&, are less
or equal to zero. All Ji; will be ignored, together with all Ji;, except Ji; for i = 1. In J{,
we have (1—Gi(s,x(s—))) f (Rix(s—)) < 1 and —(1—Gi(s,x(s—))) f(x(s—)) < —c_ f(x(s—)).
In all Ji,, J& we use the inequality f(L;x(s—)) — f(x(s—)) < (v™ — 1) f(x(s—)). For J,

we have the bound f(x(s—)) < d{"k™. We put together the upper bounds obtained for the
terms multiplied by 1 ;_j([x(s—)])

(e =t = 1) [ B{exlm 0 (s s

and the upper bounds for the terms multiplied by 1¢_ )(|x(s—)|), which are less or equal
to n(y™ — 1)d{"k™t. Based on (2.17), we move the term with factor —(c_ — n(y™ — 1))
to the left hand side of the inequality and E[f(x(t))] to the right hand side; since the

8



latter is nonnegative, it will be ignored. Choosing m sufficiently close to zero, the factor
c— —n(y™ — 1) becomes positive. We have proven the inequality
! fx(0)) + 1 +n(y™ — 1)d" k™t
2.22 E{ N - }d < 15—
e2) [ B tu(x(s-) fas < et
We denote C_(t,x0) the constant on the right hand side of (2.22).

Let M > 0 be a large number, k_ > D(d;yM)~! without loss of generality. Since
either z;(s) = x;(s—), x;(s) = z;(s—) + 1 or x;(s) = yx;(s—), then |x(s)] < M~! implies
|x(s—)] <y M~ and then f(x(s—)) > D (yM)™™

For v; defined in (2.8),

(2.23) vl{bd < M) = /0 Pry(Ix(s)| < M~1)ds <

N fg E{f(X(S—))]—(D;”(fyM)*m),oo)(f(X(S_))>}dS
t [ Palrts=) > Dran s < DRI ’

using Chebyshev’s inequality on the last line. The indicator function in the last integral is

less than 1o ;_j(|x(s—)[) from (2.22), showing that

(2.24) hm limsup v ({|x| > M~1}¢) < lim limsup C_(t,xo) =0

—00  t—00 M—co t—o00 tDm —mpN—™
which proves the lower bound for our claim.

We put together (2.15)-(2.16) and (2.23)-(2.24), finishing the proof of (2.10).

3. The fluid limit for the mean-field model

Let M;(R) denote the space of probability measures on the set R. We start the investi-

gation by considering the empirical measure of the n particle y-process

(31) Pt dz) = 36, (dr) € My(R)

=1

with initial distribution
(3.2) p™(0, dz) = 725 )(dz) € My(R).

Remark. The measures (3.1)-(3.2) are concentrated on (0,00) € R. We shall write

M;((0,00)), M1([0,00)), M;(R) when we want to emphasize the set where the probability

measure under consideration is concentrated.



Definition 2. The average of the positions x; of the particles will be denoted by T. In the
special case when (;(t,x) = p(t,z) for all particles 1 < i < n, where p(t,x) is a continuous

function p : [0,00) x (0,00) — [0,1], {x(t) }+>0 shall be called a mean field y-process.

Throughout this section we assume that p(¢, x) is differentiable with bounded derivatives

in both variables, @ =1 and A = 1 and there exist constants p_, p4 such that
(3.3) 0<p_<p(tz)<py<l.

We now state the general conditions for tightness on the Skorohod space of right-
continuous left-limit functions (rcll), which will be needed several times throughout the
paper. The parameter N > 0 eventually converges to infinity; in Sections 3 and 4, N =n
(the number of particles in the system), while in Section 5 the scaling factor N appears in
the space and time coordinates in a nontrivial way.

Let {YN(#)}i>0 be a family of continuous time rcll random process on R?, indexed by
N > 0. For a fixed N, the trajectories of the process are elements of the Skorohod space
D([0,00), R?%) with the space of continuous paths C ([0, 00),RY) as a subset. If

(3.4) lim lim P(|[YY(0) > K)=0

K—00 N—oo
and for any 7" > 0 and € > 0
(3.5) lim lim sup P( sup YN@#) —YN(s)| >e) =0,
-0 N—oo 0<t—s<8,0<s<t<T
then {YN(t)};>0 is tight in D([0, 00), RY) and any limit point is in C([0, 0o), R?). The reader
is referred to [4] for the convergence theorems in the Skorohod space.

The fluid limit can be described in closed form by a weak differential-difference equation
(3.9) by setting n = N as scaling constant from (3.4)-(3.5). No other quantity, including
time t, is scaled.

The first assumption (Al) stipulates that the initial mass distribution has a Laplace
transform (positive exponential moments). It is trivially satisfied when xq is deterministic
and allows the use of the generalized test functions introduced in Definition 1. Assumption
(A2) is needed to ensure the convergence to an initial mass profile.

Assumption (A1l). There exists ng > 0 such that

(3.6) lim sup E[(e™*, " (0,dx))] < oo

n—oo

10



Assumption (A2). The initial distribution is said to have an initial deterministic profile
po(dz) € M1((0,00)) if limp oo (0, dx) = po(dzx) in probability in the sense of the weak

convergence of finite measures.

Remark. The convergence in probability from (A2) is relevant when the initial configura-

tion is random: in that case, for any ¢ € Cy,((0,00)) and € > 0,

(3.7) i P(|(, p"(0. d)) — (6. po(d))]| > €) = 0.

Combining (3.7) with (A1) we obtain easily that uo necessarily has exponential moments
up to np and satisfies the bound (3.6). The next assumption (A3) ensures the de-coupling
of individual particles as n — oo stated in Theorem 3.
Assumption (A3). We choose a finite collection of particles {z7}(-)}, 1 < j <, withl a
positive integer fized for all n. Since the limit is considered as n — oo the condition n > 1
is trivial. We assume that for all 1 < j <, the initial point ;U;L(O) has a deterministic limit
xj.

In the following, we shall denote (¢(s), u(s)) = [ ¢(s,x)u(s, dz) for a test function ¢ and
a time-indexed family of measures {u(t, dz)}i>0. The test functions defined in Definition 1
include the set of C'12 functions continuous up to the origin in the space variable X, which

allows without any loss of generality to prove tightness in the sense of (3.4)-(3.5) on [0, c0).

Theorem 2. Under (3.3), (A1) and (A2), the average process "(+) is tight in the Skorohod
space D([0,00),[0,00)) and any limit point Z(-) is the unique deterministic solution of the
ordinary differential equation

B8) Y =0-pt) - -y, 0) = [anoldr) > 0.

The empirical measure process (3.1) is tight in the Skorohod space of time-indexed measure-
valued paths D([0,00), M1([0,00))) and any limit point is the unique solution that verifies

the equation

(39) (6(0) 1(1)) — (6(0), 1(0) —
[ @661+ (1=l 7060 005+ 1) = 66, 2)
o5, 2(5)) (6(5,72) — 6(s, ), () ds = 0,
for any ¢ € C2([0,00) (0, 00)).

11



Remark 1. Equation (3.9) is (4.2) in the special case when A; has p(t,z) = p(t,z(t)). We
postpone until Proposition 1 in Section 4 to show that the solution in weak sense is unique.
Remark 2. Equation (3.8) has unique global solutions (affine ordinary differential equa-

tion). Since the right hand side is negative for y > ((1 p) ) , the solution is bounded above.

(1-py)
(1-v)p+>

from zero. This shows that the solution p(¢,dx) does not degenerate.

Similarly ¥’ > 0 when y < meaning that the solution is also bounded below away
Remark 3. In the case p(t,z) = p(z) (the equation is autonomous) the solution is bounded
and monotonic, thus has a limit as ¢ — co. The convergence holds for p(t,z) = p(t) as well
when lim;_,o, p(t) = p exists. When p = lim;_. p(¢, y(¢)), the particles are approaching a
steady state corresponding to the equilibrium distribution of the process. This corresponds
to p is constant, a case studied in more detail in the next section.

Remark 4. It is rather straightforward to get solutions to certain choices of p(t,y). (i) In
the case of time homogeneous p(t,y) = p(y), the equation becomes separable and easy
to solve. The equilibrium state ye, = lim;.o y(f) can be obtained by solving y., =
(1 — p(Yeq))/(P(yeq)(1 —)). For instance, in case p(y) = y/(1 + y), the equilibrium so-
lution is ye, = (1 —)~2 and p(yeq) = (1 ++/T =)7L, (ii) In the case of state indepen-
dent p(t,y) = p(t), the explicit solution to the ode is y(t) = y(0)e= =) Jopludu fot(l —
p(s))e= (=N J p@dugg,

Remark 5. Similar results to Theorem 2 can be obtained for (;(¢,x) = py(¢, T, x), where
pn(+, -, ) approaches a function p(-,-) as in Definition 2 with some degree of uniformity in

the first two arguments.

Proof. The average process. In this subsection, we apply (3.4)-(3.5) to N = n, YN(t) =
Zn(t). We recall the coupling between x(t) and a family of Poisson processes, as in (2.1)-
(2.2). We arrange the particles, including the Poisson points, in a set of n pairs (x;(t), m;(t)),
1 <4 < n. The Poisson processes are the clocks that trigger the jumps of the particles x;,
and they only move forward. We then have inequality x;(t) < z;(0) 4+ m;(¢) and (2.1) for all

1, and
(3.10) (1) < 3(0) + % znj ()
=1

The differential equations (2.3)-(2.4) are valid for f(x) € Cp((0,00)"). Here we are in-
terested in f(x) = n71Y " ¢(x;), with ¢(z) € C?((0,00)). Tt is easy to see that we

12



can extend (2.3)-(2.4) to the class of test functions from Definition 1, and implicitly to
polynomials, due to the exponential bounds (2.1).

Let T > 0 be fixed but arbitrary and ¢(x) = z. At time t = 0, the average process T (0)
is tight (3.6). Then, (2.3)-(2.4) show that for 0 <¢; <ty <T,

E [ sup  |Zn(t) — Zp(s)|?| < Clta —t1),
11 <s<t<to

with C = C(T) independent of n, showing that {Z,(-)}n>1 is tight in D([0,T7, [0, c0)),
and any limit point Z(-) is continuous. Moreover, the tight family of processes {Z () }n>1
satisfy, due to Doob’s maximal inequality applied to (2.3)-(2.4)

(3.11) lim E[ Sup | Zn(t) — Zn(0) —
n—oo 0<t<T

[ 0= pls.30(5-) = (1=l (5Nt ] = 0.

Assumption (A2) and (A1) imply that Z,,(0) converges in distribution to the deterministic
point yo = [ zuo(dx). Since p is continuous and bounded, and using once more fact that
the expected values of the polynomials ¢(z) have uniform bounds over n and ¢t < T, we have
shown that any limit point Z(-) solves (3.8). We note that (3.8) has unique local solutions

since p is smooth, and since it has an affine bound, it also has global solutions [15].

The fluid limit. The proof of (3.9) follows the same steps as the proof for the average
process. One has to prove tightness for {j,(-,dz)},>1, which means that, for any test
function ¢ € CZ((0,00)), the processes Y,(-) = (¢, u,(-)) satisfy both (3.4) and (3.5).
The first bound is given by (A1), and the second is a consequence of the Doob’s maximal
inequality applied to the martingale (2.3). Any limit point of the tight family of measure
valued processes (indexed by n) satisfies equation (3.9) modulo an error term of order 1/n.
To close the argument, we only need the uniqueness of the solution to the pde (4.2), proven
in Proposition 1. The details of the proof are standard in any hydrodynamic limit [16], also
in a more similar context in [11]. In addition, the proof of Theorem 5 in the present paper

outlines the main steps of essentially the same argument. ([

Theorem 3. Under assumptions (A1), (A2), (A3), each particle {7} (-)}n>1 is tight and
its limit point is equal in law to the one particle v - process defined by equation (2.3)

with n = 1 and ((t,x) = p(t,z(t)), independent of the space variable x, where T(-) is the
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solution of (3.8). Moreover, the joint system of | tagged particles converges to a collection

of independent one particle processes starting at xj, 1 < j < 1.

Proof. Under (A1), (A2), the average process Z,(-) converges to the solution of the ordinary
differential equation (3.8). It is easy to see that under (A3), that takes care of the initial
point, each individual particle is tight. In the Skorohod space D([0,T], (0,00)"), consider
the joint I - dimensional limit point {z;(-)}1<j< of the tagged particle collection z7(-),
1 < j <, obtained as n — oo. Taking into account the continuity of the coefficients p(s, -)
(to prove that p(s,Z,(s)) — p(s,Z(s))), we see that the I dimensional process {z;(-) }1<j<
solves the martingale problem (2.3)-(2.4) with n = [, indices i — j, 1 < j < [, identical
Ci(s,x) = p(t,z(t)) and x(0) = (x1,x2,...,2;) (see [12] for details in a similar derivation).
Naturally, in this setting the ! components are independent since no coefficient of the

infinitesimal generator depends on more than one component. O

4. The one particle process

As in Section 3, a = 1 and A = 1 and condition (3.3) are in force. We want to investigate
the dynamics of the process governed by (2.3)-(2.4) in the special case n = 1. In view
of Definition 2, for consistency with Section 3, we denote the jump probabilities ((¢,x) =

p(t,x). Denote by A; the operator

(4.1) Ap(t, 2) = (1= p(t, 2)) (ot & + 1) = (¢, 2)) + p(t, 2)(o(t, v2) — 6(t, 7)),

applied to ¢ € C}]’Z([O,oo) x (0,00)). For a probability measure po(dx) on (0,00), we
say that the time indexed family of measures p(¢,dx) is a weak solution to the evolution
equation p; = Afp with initial condition p(0,z) = po(dx), where the star indicates the

formal adjoint of A; in the space variable, if

(4'2) <¢(tv :C)v :u(t7 d$)> - <¢(Oa .T), MO(dx» = /0 <8S¢(Sa .T) + AS¢(Sa :E), M(Sv d$)> ds.

4.1. The forward equation. The next proposition looks at the situation when p(t, )
depends only on time. We write p(t,z) = p(t) for simplicity. On one hand, this is a special
case of the one particle process, and Proposition 1 applies in particular to the case (Theorem
4) when the jump rates (; are constant. On the other hand, the interest for this setting
comes from the fluid limit in Section 3. By a law of large numbers effect, the average Z(t)

approaches a deterministic limit, as in (3.8). Then, p(¢,Z(t)) = p(t) becomes a function of
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t only. Uniqueness of the pde (4.2) is essential for closing the argument of the fluid limit

from Theorem 2.

Proposition 1. The solution in weak sense to equation (4.2) exists and is unique and
corresponds to the forward equation of the one particle v - process with jump rates ((t,z) =

p(t) depending continuously of time.

Proof. Existence. The transition probability u(t,dz) = PHo(x(t) € dx) of the (nonexplo-
sive) process defined by (2.3)-(2.4) for n = 1 satisfies the desired equation by taking the
expected value in (2.3), which is exactly the forward equation of this particular case of the

7 - process.

Uniqueness. The forward equation in integral form reads
(4.3) (@(t,2), 1(1)) = (6(0,2), 1(0)) =
[ {06052+ (0=l 605.2-+ 1) — 605,
+p(s)(6(s,72) = 9(s,2)) , ju(s)) | ds,

and is valid for test functions ¢(t,z) € C%’2([0, o0) X (0,00)). The bound (2.1) shows that
7 can be arbitrarily large. All we need is that the moment generating functions of all u(t)
exist on an interval including the origin. Next, let ¢(¢,2) = a™ for integers m > 0. We
can see that {(z™, u(t)) }m>0 are defined recursively by a system of affine ode’s (2.12); such
equations have global existence and uniqueness of solutions (see [15]). The induction step
uses essentially that p depends on time only. Two solutions will have equal moments for
any fixed ¢, so will have equal moment generating functions, thus the measures are the

salne. 0

4.2. The case of constant jump probabilities. The next theorem gives the exact in-
variant measure when ¢ = p(t) = p is constant. The particles are trivially independent and

it is sufficient to study one individual label ¢, thus n = 1.

Theorem 4. In the case when the jump probabilities are constant with ((t,x) =p > 0 for

all (t,x), the invariant measure p(dx) is unique and has characteristic function

1
@y Q=B =T (1- 2 o) L er.
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Alternatively, let {Wy}r>o be i.i.d. geometric random variables with parameter p, that is
P(W,, =j) = (1—p)p, j > 0. Then, the probability measure u(dx) on (0,00) defined in
(4.4) is the distribution of the random variable

00
(4'5) X = Z ’}/ka .
k=0

Remark. The form of the invariant measure is essentially the same as in Theorem 2.3.18
(yet the ‘noise’ does not have mean zero) and (4.5) is in the form of a random geometric
series as in 2.3.3, both in [7]. Theorem 4 is a continuous time result and cannot be directly
derived from Theorem 2.3.18 even after shifting the process by a constant to compensate
for the mean value of the noise. It can be used to obtain the invariant measure for the

chain given by the position right before each jump.

Proof. The existence and uniqueness of the invariant measure u(dz) is proven in Theorem
1 and Proposition 1. The functions © — exp(i{z) are bounded and continuous; the passage
from real-valued to complex-valued functions is elementary. The series (4.5) is convergent
in distribution (also almost surely) as long as 0 < v < 1, so the distribution of X is well
defined. We also notice that the infinite product in (4.4) is convergent due to the inequality
e — 1] < 2| sin%] < [¢]. The invariant measure has to satisfy (A¢,u) = 0 for A the
operator (4.1), which is independent of ¢ in this case. Naturally, this is the operator from
(2.3) whenn =1, A=1,a =1 and = p is constant. For ¢(z) = exp(iz), we verify that
the characteristic function (&) has to satisfy the equation

(1.6) (1- (oD =) i = 6o, a0 =1,

The infinite product from (4.4) is the only solution of this recursive equation. O

5. Scaling limit

In this section, we recall the definition of the - process (2.3)-(2.4) with nontrivial
choices of intensity A and jump size a. Let N be a positive integer. We consider the
mean field v - process with scaling given by n = N, a time speed up t — Nt given by
A = N, and the shrinking of the forward jump size a = N~'. In addition, we shall assume
pN(t,z) = N"la(t,z), with o € Cg’l([O, o0) % (0,00)), the space of functions with bounded

continuous derivatives up to the multi-index (0, 1). Finally, the backward jump size has no
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scaling on v € (0,1). The scaled process considered is x™¥ () = x(Nt). Denote the empirical

measure by

(5.1) pN (¢, do) = N7V 6, vey(dw) € Mi((0,00)) .

We recall that for ¢(t,z) € C’%’Q([O, 00) x (0,00)) we use the shorthand (¢(t), u(t)) for the
integral of ¢ against the measure u over the variable x and that M;((0,00)) is the space of

probability measures on (0, 00) with the topology of convergence in distribution.
5.1. Initial profile. We shall assume that there exists 19 > 0, such that
(5.2) lim sup E[(e™, 1V (0, dz))] < +oo.

N—o00

Assume that there exists a deterministic measure ug(dx) € M;((0,00)) such that, for

any € > 0 and any ¢ € C§°((0,00)) we have the limit

(5.3) lim P (|{g(x), 1 (0,de)) — (d(), po(da))| > ¢) = 0.

N—oo
The measure po(dz) is called the initial profile of the particle system. Using (5.2) and
(5.3) we can show immediately that ;o must satisfy the same bounds (5.2) on exponential
moments up to 79 as pV(0,dx). This proves that zV(0) = (x, u™V(0,dx)). Even though
¢(x) = z is unbounded, by truncation with a smooth function and monotone convergence,

we obtain limy o (z, 1™ (0, dz)) = (x, ig(dx)) which implies that 2o = [ zpo(dx).

5.2. The equation satisfied by the average. For a given «a(t,z), zg > 0, let z(t) be the

solution to the ode
(5.4) Zt)=1—(1—7)alt,z(t))z(t), 2(0) = zp.

Remark. The solution has global existence and is unique due to the fact that 1 — (1 —
Y)a(t, z)z is C%! in (t, z) and affine in z. See also the discussion from Remark 3 after Theo-
rem 2. As an illustration, let a be constant. In this case z(t) = r~1[1 — (1 —7z0) exp(—rt)],

where 7 = a(1 — 7) > 0, remains bounded for all ¢ and lim; o 2(¢) = r~ 1.

5.3. The equation satisfied by the macroscopic profile. Starting with the solution
z(t) of equation (5.4), for a given n > 0 we define the operator B; on the space of test
functions ¢ € Cy%([0, 00) x (0, 00))

(5:5) Bio(t,x) = Vo(t, x) + alt, z(1)) (ot v2) — d(t, 7)) -
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For any t > 0, B} denotes the formal adjoint of B; in the space variable. We shall say

that time indexed measures u(t, dx) satisfy the equation
(5.6) i =Biw,  p(0,dz) = po(de)

with initial condition po(dz) in weak sense, if 1(0,dx) = po(dx), and there exists n > 0
such that for any test function ¢ € 071,’2([0, 00) x (0,00)),

(57 (B(0), () — (5(0), u(0)) — /0 (0s0(5) + Bad(s) , u(s) ) ds = 0.

A solution u(t,dz) to (5.7) can be obtained probabilistically as the transition probability
of the inhomogeneous Markov process x(t), t > 0 solving the martingale problem associated
to (5.5). The construction can be done either from a scaled pure jump ~ - process, or directly
as follows. Let x5, n =1,2,... be i.i.d. exponential r.v. of intensity one, independent of the
starting point xg > 0. A particle starts at g and moves at constant speed in the positive
direction of the real line. Define 7{ < oo the first time ¢ > 0 when f(f a(s,x(s—))ds exceeds
x1. If 7{ = oo, the particle moves for all time deterministically at speed one. If 7{ < oo,
x(7{) = yx(1{—). Re-set x9 = x(7{) and continue the construction in the same fashion for
7/, n > 2. Due to the boundedness of a, the process does not end in finite time and the
i.i.d. exponentials guarantee that x(¢) is Markovian. Once we have constructed the solution
u(t, dx), there is only a question about uniqueness, which is shown in Step 4 of the proof

of Theorem 5.

Theorem 5. Assume both (5.2) and (5.3) and choose n € (0,m9). Then, the average 7 (-)
converges in probability to a deterministic continuous function z(t) solving the equation
(5.4). In addition, the measure-valued processes u™ (-, dx) converge weakly in probability to
the unique measure-valued path u(-,dz) € C([0,00), M1([0,00))) solving the equation (5.6)

in weak sense over the space of test functions 05’2([0, 00) % (0,00)).
Proof. We shall prove the theorem on any time interval [0, T'], where T is fixed but arbitrary.

Step 1. We want to show that the bounds (5.2) hold for N (¢,dx), for any T > 0. First,

(5.8) limsup E | sup (™%, N (s,dz))| < +oo
N—o00 0<s<T
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and then, a fortiori, for all positive integer m,

(5.9) limsup F

N—oo

sup ’(wm,,uN(s,dx»‘] < 00.
0<s<T

This is based on the martingale inequality applied to the process x™¥(0) + 7 (¢) coupled
with x(¢). At time ¢ = 0, both processes start from the same points x;(0). Whenever
the exponential clock of intensity N associated to particle ¢ rings, the particle m; simply
jumps forward by N~!'. Since ﬁfv (t) are independent Poisson processes, all bounds are
finite for any ¢ < 7. The uniform integrability from (5.9) follows from (5.8) due to the
independence of 7V and the initial point x™¥(0). The bound (5.9) implies that, for any
t >0, {uN(t,dx)} N0 is a tight family of measures.

Step 2. We prove the limit for the average process. First, assume ¢(z) = z. Denote
(¢, pN(t)) = 2N (t) in this case. The bounds (5.8)-(5.9) are stronger than (3.4). Moreover,
they allow us to apply the differential formulas (2.3)-(2.4) to ¢(x) = x, a polynomial. As
a consequence of the martingale maximal inequality, since the quadratic terms (2.4) are of
order N~1, we obtain (3.5) for 2V (¢).

Let 2(-) be a limit point of 2/V(-). We note that 2o = limy oo (x, #V (0)) = (z, po) exists
and is unique from (5.3) and an application of (5.2). For w € D([0,0), (0,00)), we write
Xi(w) = w(t)—w(O)—fOt(l—(l—*y)a(s,w(s—))w(s—)ds. Let X; ar = | X¢|oar (| X¢|) where ¢y
is a smooth nonnegative version of the indicator function of [-M, M]. Here M > 0 is fixed
but arbitrary. The functional X; on D([0, 00), (0, 00)) is continuous and Xy 5s is continuous
and bounded. We have limy_o E[X; 1 (2Y)] = E[X(2)]. Since Xy ar(2V) < [ X (V)]
and limy_ E[X?(2")] = 0 by Doob’s maximal martingale inequality, we conclude that
E[|X:(2)]] = 0 after M — oo. Finally X;(z) = 0 with probability one. The random
process X;(z), t > 0 is also continuous with probability one. With the exception of a set
of probability zero, X.(z) is continuous on [0, 7] and for all t € QN [0,T], X;(z) = 0. This
implies that supcp 7y |X¢(2)| = 0 with probability one. We want to prove a little more:
(5.10) lim E[ sup |[zV(s) — 2(s)]]=0.

N—oco  sef0,T]
The functional w(-) — F(w) = supyepo,r) lw(s) — go(s)| is continuous on D([0, 7], R) when
go(+) is continuous - from [4]. In this case, set z(s) = go(s) and w(s) = ™ (s). This implies
that Fys(w) = F(w)Y(F(w)) is continuous and bounded. The convergence in distribution,

followed by M — oo concludes the proof.
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Step 3. Let ¢ € C’Tl,’2([0, o0) X (0,00)). For each N, the differential formula corresponding
to (¢(t), ™V (t)) can be obtained directly from (2.3), applied to the function f(¢,x) =
N=1S"¢(t,x;). Formulas (2.3)-(2.4) give (recall n = N and p"(s,z) = N la(s,z), a

continuous in s)

(511) ME (1) = (6(0), 1™ (1)) = (6(0), 5™ (0)) -
(5.12) /Ot N~! Z; {8@(87:65(8—)) +
(6513 N[(1-97 7 (5) (05,2 (5) + 1) — B2 (5-)
(5.14) +pN(s,3 () (85,727 (s-)) = 95,2 (s-)) )| } ds.

(1) The integrands in (5.12)-(5.14) have uniformly bounded moments due to the es-
timates (5.8). This proves that (¢(-), u™(t)), indexed by N, satisfy (3.4)-(3.5), showing
that {1V} y=o are tight processes on D([0,7], M;([0,00)), and any limit point belongs to
C((0, 7], Mi ([0, 50))).

(2) Modulo error terms of order N~1, line (5.13) is equal to Ve(zN(s)). Here we use
that a € C’g ([0, 00) x (0,00)), and then Taylor’s formula with the remainder in integral
form.

(3) Given ¢(t,z), denote ¢(s,z) = ¢(s,vx). For v € D([0,T], M:([0,00))), define

Us(s) = (9s0(s) + Vo(s) + s, 2(5))(dy(s) — ¢(s)), v(s—));

(5.15) X(w) = (9(0)10) = (6(0).0(0)) = [ V(s)ds.

We would like to prove that limy .., E[|X(¢™Y)|] = 0. By Doob’s maximal inequality, we
have limy_, E[| X~ (uV)[?] = 0, where X ~ is the functional identical to X except the factor
a(s, 2(s)) in Ug(s) that is replaced by a(s, 2 (s—)). To evaluate E[| X~ () — X (uV)]], we
shall apply Holder’s inequality inside the time integral containing Uy. Due to the fact that
a(t,z) is bounded and ¢(s, z) has exponential moments for some 7y > 0, it is sufficient to
show that, for a suitable » > 1,

(5.16) A}im E[ sup |a(s,zV(s—)) — a(s, 2(s))["] = 0.
=00 5¢0,T]
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For any r > 1, the limit (5.16) results from (5.10) and dominated convergence. For the
exponential moments (5.2) we need n < no(1 — 1/r), which shows that the only condition
on 7 is n < no.

From here on we proceed like in Step 2, first by truncation with ¢5/(x), a smooth version
of the indicator function of [—M, M]. For ease of notation, we omit the subscript ¢ until the
end of this paragraph. The functional X/ (v) = | X (v)|¢(X(v)), defined in similar fashion
to X; s in Step 2, is continuous and bounded. Since limy_oo E[|X (puV)[?] = 0, we derive
that E[| X (1)]] = 0 for any limit point x € C([0,00) x M;([0,0))), following the reasoning
from Step 2. So X (u) = 0 with probability one. At this point we recall the dependence on
t of the random variable X (v) = X;(v). By continuity, exactly as at Step 2, we conclude
that supcpo 7 |X (1)| = 0 with probability one.

(4) We know that any limit point u(-,dz) of the tight family of empirical measures
{u™N(-,dx)} N0 is continuous in time and satisfies equation (5.6) in weak sense. We only
have to prove that the equation has a unique deterministic solution, completed in the next

step.

Step 4. To prove the uniqueness of the solution to (5.6), for any weak solution of (5.7), we
define the exponential moment (exp(noz, u(t, dx)) and the moments pu,, (t) = (2™, u(t, dz)),
m > 0. The moments are finite for a limit point x due to (5.8) via the same truncation
argument used in Step 2. The existence of a positive exponential moment shows that the
moment generating function is defined on an open interval containing the origin. Hence
the measure p is identified by its moments. The (5.7) applied to ¢(t,z) = =™ gives the

recurrence

(5.17) @ u(0) = Mt a (1) + () ("~ Dpnt) . polt) = 1.

The affine ode’s have unique global solutions since « is bounded (a general result when the
equation has an affine bound [15]). For two limit points p' and p”, the equality of moments

implies ' = p”. O
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