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Abstract. We present several rigidity results for Riemannian manifolds (M, g)
with scalar curvature S ≥ −n(n− 1) (or S ≥ 0), and having compact bound-
ary N satisfying a related mean curvature inequality. The proofs make use of
results on marginally outer trapped surfaces applied to appropriate initial data
sets. One of the results involves an analysis of Obata’s equation on manifolds
with boundary. This result is relevant to recent work of Lan-Hsuan Huang and
the second author concerning the rigidity of asymptotically locally hyperbolic
manifolds with zero mass.

1. Introduction

In the recent development of differential geometry, it has been of increasing
interest to understand the geometry of Riemannian manifolds with lower bounds
on their scalar curvature. In [27,29], R. Schoen and S. T. Yau proved the milestone
result that the n-dimensional torus Tn for 3 ≤ n ≤ 7 does not admit a metric of
positive scalar curvature by using minimal surface techniques. In more recent work,
Schoen and Yau [31] have been able to use the minimal surface method to prove this
for all dimensions n ≥ 3. This had been proved by M. Gromov and H. B. Lawson
[20] using spinor methods. The key observation made by Schoen and Yau in [29] is
the following.

Proposition 1.1. Let (Mn, g), n ≥ 3 be a Riemannian manifold with positive
scalar curvature, S > 0. If Nn−1 is a stable, two-sided closed minimal hypersurface
in Mn, then Nn−1 admits a metric of positive scalar curvature.

Moreover, by refinements of the arguments in [29], one obtains the rigidity state-
ment that if S ≥ 0, and Nn−1 does not admit a metric of positive scalar curvature,
then Nn−1 is totally geodesic and Ricci flat, and S = 0 along Nn−1 (cf. [15,17]). In
[8], M. Cai proved the following splitting theorem by assuming N is area-minimizing
instead of being only stable (see also [17] for a simplified proof).

Proposition 1.2. Let (Mn, g), n ≥ 3 be a Riemannian manifold with nonnegative
scalar curvature, S ≥ 0, and suppose Nn−1 is a two-sided closed minimal hypersur-
face which locally minimizes area. If N does not admit a metric of positive scalar
curvature, then there exists a neighborhood V of N such that (V, g|V ) is isometric
to (−δ, δ)×N with product metric dt2 +h, where h = g|N , and (N, h) is Ricci flat.
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This result extends to higher dimensions the torus splitting result in [9] for 3-
manifolds of nonnegative scalar curvature. For some related rigidity results in three
dimensions under different assumptions on the ambient scalar curvature and the
topology of the minimal surface, see, for example, [1, 7, 10, 11, 25, 26].

The minimal surface techniques introduced in [27, 29] also played an important
role for the proof of the celebrated positive mass theorem for asymptotically flat
manifolds by Schoen and Yau in [28,30], which they have now extended to arbitrary
dimension n ≥ 3 in [31]. These results include the rigidity statement that the mass
vanishes if and only if the manifold is isometric to Euclidean space. Somewhat
more relevant for the present work are results concerning asymptotically hyperbolic
manifolds. A proof of the positivity of mass in this setting was obtained by X. Wang
[33] for spin manifolds, with improvements by P. Chruściel and M. Herzlich [13].
In the paper [2], L. Andersson, M. Cai, and the first author proved a positive mass
result without spin assumption in dimensions n, 3 ≤ n ≤ 7, for asymptotically
hyperbolic manifolds, assuming a sign on the mass aspect. As an element in the
proof, a splitting result analogous to Proposition 1.2 was obtained in [2, Section
2.2], whereby the “brane” functional takes the place of the area functional and the
scalar curvature satisfies S ≥ −n(n−1). Recently, making use of work of Lohkamp
[24], Chruściel and Delay in [12] have established the nonnegativity of the mass
for asymptotically hyperbolic manifolds, without spin assumption and in arbitrary
dimension n ≥ 3. The rigidity statement, when the mass vanishes, has been proved
by L.-H. Huang, D. Martin, and the second author in [22].

The aim of the present paper is to obtain splitting theorems for manifolds with
compact boundary satisfying the scalar curvature inequality, S ≥ −εn(n−1) (where
ε = 0 or 1). An initial motivation for this paper comes from recent work of
L. H. Huang and the second author [21] concerning the rigidity of asymptotically
locally hyperbolic manifolds of zero mass.

For our splitting results, we will use a condition that replaces the least area
(or brane minimization) assumption. Let (M, g) be a Riemannian manifold with
compact boundary N having mean curvature HN ≤ H0, H0 ∈ R.1 To set sign
conventions, the mean curvature HN is defined as the divergence of the inward
pointing unit normal. We say that N is weakly outermost if there does not exist
a compact hypersurface Σ ⊂ M \N homologous to N satisfying the (strict) mean
curvature inequality, HΣ < H0. We further define, in order to state the local
version of our results, that N is locally weakly outermost provided that there is a
neighborhood U of N such that N is weakly outermost in (U, g|U ). In our results,
in addition to a weakly outermost condition, we will also require that the boundary
N not admit a metric of positive scalar curvature, as in Proposition 1.2. We will
discuss the necessity of these assumptions in Remark 1.

We now state our main result.

Theorem 1.3. Let (M, g) be an n-dimensional (n ≥ 3) Riemannian manifold with
compact boundary N . Assume:

(1) M has scalar curvature S ≥ −εn(n− 1), where ε = 0 or 1.
(2) N has mean curvature HN ≤ ε(n− 1).
(3) N does not carry a metric of positive scalar curvature and is locally weakly

outermost.

1For simplicity we always assume M and N are connected.
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Then there exists a neighborhood V of N such that (V, g|V ) is isometric to [0, δ)×N ,
with (warped) product metric dt2 + e2εth, where (N, h) is Ricci flat.

If we assume N is (globally) weakly outermost, one can obtain the global splitting
result, as stated in Theorem 3.1. In the case ε = 0, the conclusion is that a
neighborhood V of N splits as a product, which can be viewed as a variation of
Proposition 1.2. On the other hand, in the case ε = 1, V splits as a warped
product. Note that if h is flat, the manifold ([0,∞)×N, dt2 + e2th) is of constant
sectional curvature −1, and serves as a model space to define an asymptotically
locally hyperbolic manifold.

Remark 1. The assumption in point (3) that the boundary N is weakly outermost
is not sufficient to obtain the desired rigidity. For the case ε = 0, consider the

spatial Schwarzschild manifold: M = R
n \ {r < (m2 )

1
n−2 }, with metric (in isotropic

coordinates),

g =
(
1 +

m

2rn−2

) 4
n−2

gE ,

where gE is the Euclidean metric and r =
√∑n

i=1 x
2
i . M has vanishing scalar cur-

vature, S = 0, and the boundary N : r = (m2 )
1

n−2 is minimal, HN = 0. Moreover, it
follows from the maximum principle for hypersurfaces that N is weakly outermost.
However, the conclusion of Theorem 1.3 does not hold.

For the case ε = 1, the AdS Schwarzschild manifold is a further example illus-
trating the need for the scalar curvature assumption on N : M = [rm,∞) × Sn−1

with metric

g =

(
1 + r2 − 2m

rn−2

)−1

dr2 + r2gSn−1 ,

where rm = (2m)
1

n−2 and gSn−1 is the standard unit sphere metric. In this case,
(M, g) has constant scalar curvature S = −n(n− 1) and the mean curvature of its
boundary N = {rm} × Sn−1 is equal to n− 1. Also, N is weakly outermost but N
carries a metric of positive scalar curvature.

As a final example, consider the toroidal Kottler metrics with m > 0: M =
[r0,∞)× Tn−1 with metric

g =

(
r2 − 2m

rn−2

)−1

dr2 + r2h,

where r0 = (2m)
1
n and h is a flat metric on Tn−1. One can easily check this

example satisfies the conditions (1), (2) (with ε = 1). Tn−1 does not carry a metric
of positive scalar curvature, but the boundary N = {r0} × Tn−1 is not weakly
outermost. This example shows that the boundary N being weakly outermost is
needed as well, in addition to N not admitting a metric of positive scalar curvature.

By similar arguments one also obtains the following variation of Theorem 1.3.

Theorem 1.4. Let (M, g) be an n-dimensional (n ≥ 3) Riemannian manifold with
compact boundary N . Assume:

(1) M has scalar curvature S ≥ −εn(n− 1), where ε = 0 or 1.
(2) N has mean curvature HN ≤ −ε(n− 1).
(3) N does not carry a metric of positive scalar curvature and is locally weakly

outermost.
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Then there exists a neighborhood V of N such that (V, g|V ) is isometric to [0, δ)×N ,
with (warped) product metric dt2 + e−2εth, where (N, h) is Ricci flat.

The above variation can be roughly regarded as a scalar curvature version of a
(warped product) splitting theorem proved by Croke and Kleiner in [14], in which
they assume the corresponding lower bound on Ricci curvature, but do not require
a scalar curvature condition on the boundary N . In this Ricci curvature case, the
condition of being weakly outermost is implicit in their assumptions.

In addition to the above mentioned results, we prove a global splitting result by
using Obata’s equation, ∇2f = fg.

Theorem 1.5. Let (M, g) be an n-dimensional (n ≥ 3) complete, noncompact
Riemannian manifold with compact boundary N . Let h = g|N . Suppose that

(1) S ≥ −n(n− 1) in a neighborhood of N .
(2) N has mean curvature HN ≤ δ(n− 1), where δ = 1 or −1.
(3) N does not carry a metric of positive scalar curvature and is locally weakly

outermost.
(4) There exists a nonzero function f satisfying ∇2f = fg.

Then (M, g) is isometric to [0,∞) × N , with warped product metric dt2 + e2δth,
where (N, h) is Ricci flat.

Here we only require N to be locally weakly outermost. Instead, we can extend
the local splitting result globally by assuming the existence of a nontrivial solution
to Obata’s equation. Note that the resulting warped product corresponds to an
unbounded portion of the hyperbolic cusp: it contains either an expanding end
when δ = 1 or a shrinking end when δ = −1. This result plays a role in the recent
work of Lan-Hsuan Huang and the second author [21] mentioned above.

As discussed in the next section, which includes relevant background, the proofs
of Theorems 1.3 and 1.4 make use of results on marginally outer trapped surfaces,
applied to specific initial data sets. The proof of Theorem 1.3, and its globalization
are presented in Section 3. The proof of Theorem 1.5 is presented in Section 4.

2. Marginally outer trapped surfaces

For the proof of Theorem 1.3, we will make use of the theory of marginally outer
trapped surfaces. Such surfaces play an important role in the theory of black holes,
and, as indicated below, may be viewed as spacetime analogues of minimal surfaces
in Riemannian geometry. For further background on marginally trapped surfaces,
including their connection to minimal surfaces, we refer the reader to the survey
article [3].

We begin by recalling some basic definitions and properties. By an initial data
set, we mean a triple (M, g,K), where M is a smooth manifold, g is a Riemannian
metric on M , and K is a symmetric covariant 2-tensor on M . In general relatvity,
an initial data set (M, g,K) corresponds to a spacelike hypersurfaceM with induced
metric g and second fundamental form K, embedded in a spacetime (time-oriented
Lorenzian manifold) (M̄, ḡ).

Let (M, g,K) be an initial data set. For convenience, we may assume, without
loss of generality, that this initial data set is embedded in a spacetime (M̄, ḡ) (see,
e.g., [5, Section 3.2]). While the definition of various quantities is more natural
when expressed with respect to an ambient spacetime, all the relevant quantities
we introduce depend solely on the initial data set. With respect to the spacetime
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(M̄, ḡ), the tensor K becomes the second fundamental form of M : K(X,Y ) =
ḡ(∇̄Xu, Y ) for all X,Y ∈ TpM , where u is the future directed unit normal field to
M in M̄ .

Let Σ be a closed (compact without boundary) two-sided hypersurface in M .
Then Σ admits a smooth unit normal field ν inM , unique up to sign. By convention,
refer to such a choice as outward pointing. Then � = u + ν is a future directed
outward pointing null normal vector field along Σ. Associated to � is the null second
fundamental form, χ defined as,

(2.1) χ : TpΣ× TpΣ → R, χ(X,Y ) = ḡ(∇̄X�, Y ).

In terms of the intial data,

(2.2) χ = K|TΣ +A,

where A is the second fundamental form of Σ ⊂ M with respect to the outward unit
normal ν. The null expansion scalar (or null mean curvature) θ of Σ is obtained by
tracing χ with respect to the induced metric h on Σ,

(2.3) θ = trhχ = hABχAB = div Σ� .

Physically, θ measures the divergence of the outgoing light rays emanating from Σ.
In terms of the initial data (M, g,K),

(2.4) θ = trhK +H ,

whereH is the mean curvature of Σ withinM (given by the divergence of ν along Σ).
We say that Σ is outer trapped (resp., weakly outer trapped) if θ < 0 (resp., θ ≤

0) on Σ. If θ vanishes identically along Σ, then we say that Σ is a marginally outer
trapped surface, or MOTS for short. Note that in the so-called time-symmetric
case, in which K = 0, a MOTS is simply a minimal (H = 0) surface in M , as
follows from (2.4). It is in this sense that MOTS are a spacetime generalization of
minimal surfaces in Riemannian geometry.

2.1. Stability of MOTS. Unlike minimal surfaces, MOTS in general do not admit
a variational characterization. Nevertheless, they admit an important notion of
stability which we now describe; cf., [3, 4]. Let Σ be a MOTS in the initial data
set (M, g,K) with outward unit normal ν. Consider a normal variation of Σ in M ,
i.e., a variation t → Σt of Σ = Σ0 with variation vector field V = ∂

∂t |t=0 = φν, φ ∈
C∞(Σ). Let θ(t) denote the null expansion of Σt with respect to lt = u+ νt, where
u is the future directed timelike unit normal to M and νt is the outer unit normal
to Σt in M . A computation shows,

(2.5)
∂θ

∂t

∣∣∣∣
t=0

= L(φ) ,

where L : C∞(Σ) → C∞(Σ) is the operator [4],

(2.6) L(φ) = −Δφ+ 2〈X,∇φ〉+
(
1

2
SΣ − (μ+ J(ν))− 1

2
|χ|2 + divX − |X|2

)
φ .

In the above, Δ, ∇, and div are the Laplacian, gradient, and divergence operator,
respectively, on Σ, SΣ is the scalar curvature of Σ, X is the vector field on Σ dual
to the one form X� = K(ν, ·)|Σ, 〈 , 〉 = h is the induced metric on Σ, and μ and
J are defined in terms of the Einstein tensor G = RicM̄ − 1

2RM̄ ḡ : μ = G(u, u),
J = G(u, ·). When the Einstein equations are assumed to hold, μ and J represent
the energy density and linear momentum density along M . As a consequence of the
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Gauss-Codazzi equations, the quantities μ and J can be expressed solely in terms
of initial data,

(2.7) μ =
1

2

(
S + (trK)2 − |K|2

)
and J = divK − d(trK) ,

where S is the scalar curvature on M .
An initial data set (M, g,K) is said to satisfy the dominant energy condition,

provided the inequality,

(2.8) μ ≥ |J |
holds along M . When one assumes the Einstein equations hold, this leads to
an inequality on the energy-momentum tensor that is satisfied by most classical
matter fields. Note that in the time-symmetric case (K = 0), the dominant energy
condition reduces to S ≥ 0, and hence the importance of manifolds of nonnegative
curvature in general relativity.

In the time-symmetric case, the operator L reduces to the classical stability (or
Jacobi) operator of minimal surface theory. As shown in [4], although L is not in
general self-adjoint, the eigenvalue λ1(L) of L with the smallest real part, which
is referred to as the principal eigenvalue of L, is necessarily real. Moreover, there
exists an associated eigenfunction φ which is strictly positive. The MOTS Σ is then
said to be stable if λ1(L) ≥ 0.

A basic criterion for stability is the following. We say that a MOTS Σ is weakly
outermost provided there are no outer trapped (θ < 0) surfaces outside of, and
homologous to, Σ. Weakly outermost MOTS are necessarily stable. Indeed, if
λ1(L) < 0, equation (2.5), with φ a positive eigenfunction (L(φ) = λ1(L)φ) would
then imply that Σ could be deformed outward to an outer trapped surface.

2.2. Rigidity of MOTS. The proof of Theorem 1.3 will be based on two rigidity
results for MOTS. The following result was proved by R. Schoen and the first author
in [19].

Theorem 2.1 (Infinitesimal rigidity). Let (M, g,K) be an initial data set that
satisfies the dominant energy condition (DEC ) (2.8), μ ≥ |J |. If Σ is a stable
MOTS in M that does not admit a metric of positive scalar curvature, then

(1) Σ is Ricci flat.
(2) χ = 0 and μ+ J(ν) = 0 along Σ.

By strengthening the stability assumption, namely by requiring the MOTS Σ
to be weakly outermost, as defined at the end of Section 2.1, we obtain additional
rigidity. The following was proved in [18].

Theorem 2.2. Let (M, g,K) be an initial data set satisfying the DEC. Suppose Σ
is a weakly outermost MOTS in M that does not admit a metric of positive scalar
curvature. Then there exists an outer neighborhood U ≈ [0, δ)× Σ of Σ in M such
that each slice Σt = {t} × Σ, t ∈ [0, δ) is a MOTS.

Remark 2. It follows again from the discussion at the end of Section 2.1 that, in
the theorem above, each MOTS Σt is stable, as otherwise Σ would not be weakly
outermost.

The proofs of both rigidity results rely on the MOTS stability inequality obtained
in [19] (see Equation 2.12). To prove Theorem 1.3, we will apply these results to
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the initial data set (M, g,K = −εg). The proof of Theorem 1.4 is quite similar,
where now one uses the initial data set (M, g,K = εg).

3. Proof of Theorem 1.3

Proof of Theorem 1.3. Let (M, g) satisfy the assumptions of the theorem, and con-
sider the initial data set (M, g,K) where K = −εg.

We first observe that, with respect to this initial data set, the DEC (2.8) holds.
Inserting K = −εg into the expression for μ in (2.7) leads to

(3.9) μ =
1

2
(S + ε2n(n− 1)) =

1

2
(S + εn(n− 1)) .

Hence, by property (1) of Theorem 1.3, μ ≥ 0. Further, K = −εg implies J = 0,
so that μ+ |J | ≥ 0, and the DEC is satisfied.

Next, let’s consider the null expansion of N . Equation (2.4) implies that N has
null expansion,

θ = −ε(n− 1) +HN .(3.10)

Hence by property (2) of Theorem 1.3, θ ≤ 0, i.e., N is weakly outer trapped. In
fact one must have θ ≡ 0. Otherwise, it follows from [5, Lemma 5.2], that, by a
small perturbation of N , there would exist a strictly outer trapped (θ < 0) compact
hypersurface N ′ ⊂ U outside of, and homologous to N , thereby contradicting the
assumption that N is weakly outermost in U .

Hence, N is a weakly outermost MOTS in U . So, by Theorem 2.2, we can
introduce coordinates (t, xi) on a neighborhood V = [0, δ)×N of N in U , so that
g in these coordinates may be written as

(3.11) g = ψ2dt2 + hijdx
idxj ,

where ψ = ψ(t, xi) is positive, ht = hij(t, x
i)dxidxj is the induced metric on Nt =

{t} ×N , and Nt is a MOTS, θ(t) = 0.
A computation similar to that leading to (2.5) (but where for the moment we

do not assume θ = θ(t) vanishes) leads to the following “evolution equation” for
θ = θ(t, xi) ([6, 16]):

∂θ

∂t
= −Δψ + 2〈Xt,∇ψ〉+

(
Qt −

1

2
θ2 + θ trK + divXt − |Xt|2

)
φ ,(3.12)

Qt =
1

2
SNt

− (μ+ J(ν))− 1

2
|χt|2 ,(3.13)

where it is understood that, for each t, the above terms live on Σt, e.g., Δ = Δt is
the Laplacian on Nt, 〈, 〉 = ht, X

�
t = K(νt, ·)|Nt

, etc.
Note from the form of K, Xt = 0. Setting θ = 0 and Xt = 0 in (3.12), and using

(3.13), we obtain,

(3.14) Δψ + ((μ+ J(ν)) +
1

2
|χt|2 −

1

2
SNt

)ψ = 0 .

By Remark 2, each Nt is a stable MOTS. Hence, by Theorem 2.1,

(3.15) Nt is Ricci flat, χt = 0, and μ+ J(ν) = 0 .

Equation (3.14) then becomes,

Δψ = 0 ,
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and, hence, ψ is constant along each Nt, ψ = ψ(t). By a simple change of variable,
we thus may assume ψ = 1, and so (3.11) becomes

(3.16) g = dt2 + hijdx
idxj .

From (2.2), χt = K|TNt
+ At = −εht + At where At is the second fundamental

form of Nt. Then, from the second equation in (3.15), At = εht, which becomes,

in the coordinate expression (3.16),
∂hij

∂t = 2εhij . Integrating gives hij(t, x) =

e2εthij(0, x). Thus, up to isometry, we have V = [0, δ)×N , g|V = dt2 + e2εth. �
Remark 3. Theorem 1.3 has the following consequence. Let (M, g) be an n-
dimensional, 3 ≤ n ≤ 7, asymptotically flat manifold with compact minimal bound-
ary N , and with nonnegative scalar curvature, S ≥ 0. Suppose, further, that N
is an outermost minimal surface, i.e., suppose that there are no minimal surfaces
in M \N homologous to N . Then N necessarily carries a metric of positive scalar
curvature. For, suppose not. To apply Theorem 1.3 in the case ε = 0, it is sufficient
to show that N is locally weakly outermost. If that were not the case, there would
exist a compact hypersurface N1 homologous to N with mean curvature H1 < 0.
On the other hand, sufficient far out on the asymptotically flat end there exists
a compact hypersurface N2 homologous to N1 with mean curvature H2 > 0. N1

and N2 bound a region W . Basic existence results for minimal surfaces (or for
MOTS [3]), guarantee the existence of a minimal surface in W homologous to N ,
contrary to assumption. Hence N is weakly outermost. Theorem 1.3 then implies
that (M, g) locally splits near N , contrary to N being an outermost minimal sur-
face. The same consequence holds for an n-dimensional, 3 ≤ n ≤ 7, asymptotically
hyperbolic manifold (M, g) with compact boundary N of constant mean curvature
n − 1, and with scalar curvature S ≥ −n(n − 1) in the following sense: Consider
the initial data set (M, g,−g), with (M, g) as just described, and suppose N is an
outermost MOTS. Then N necessarily carries a metric of positive scalar curvature.

Theorem 1.3 globalizes in a straightforward way as follows.

Theorem 3.1. Let (M, g) be a complete, noncompact n-dimensional (n ≥ 3) Rie-
mannian manifold with compact boundary N . Assume:

(1) M has scalar curvature S ≥ −εn(n− 1), where ε = 0 or 1.
(2) N has mean curvature HN ≤ ε(n− 1).
(3) N does not carry a metric of positive scalar curvature and is weakly outer-

most.

Then (M, g) is isometric to [0,∞)×N , with (warped) product metric dt2 + e2εth,
where (N, h) is Ricci flat.

Proof of Theorem 3.1. By Theorem 1.3, there exists a neighborhood V of N such
that (V, g|V ) is isometric to ([0, δ)×N, dt2+e2εth). By the completeness assumption,
it is clear that this warped product structure extends to t = δ. From the fact that
N is weakly outermost, it follows that Nδ = {δ}×N is weakly outermost. Theorem
1.3 then implies that the warped product structure extends beyond t = δ. By a
continuation argument, it follows that the warped product structure exists for all
t ∈ [0,∞). �
Proof of Theorem 1.4. The proof of Theorem 1.4 is very similar to the proof of
Theorem 1.3, except that now one works with the initial data set (M, g,K = εg).
We leave the details to the interested reader.



This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.

SOME SCALAR CURVATURE WARPED PRODUCT SPLITTING THEOREMS 2625

Similar to Theorem 1.3, Theorem 1.4 implies the following global result.

Theorem 3.2. Let (M, g) be a complete, noncompact n-dimensional (n ≥ 3) Rie-
mannian manifold with compact boundary N . Assume:

(1) M has scalar curvature S ≥ −εn(n− 1), where ε = 0 or 1.
(2) N has mean curvature HN ≤ −ε(n− 1).
(3) N does not carry a metric of positive scalar curvature and is weakly outer-

most.

Then (M, g) is isometric to [0,∞)×N , with (warped) product metric dt2+ e−2εth,
where (N, h) is Ricci flat.

4. Warped product splitting and Obata’s equation

The main aim of this section is to prove Theorem 1.5 stated in the introduc-
tion. Obata’s equation in the form ∇2f = fg has been studied previously in the
literature; see, e.g., [23, 32]. In addition to Theorems 1.3 and 1.4, the proof of
Theorem 1.5 will make use of the following result, which extends to manifolds with
boundary certain results in [23].

Proposition 4.1. Let (Mn, g) be a complete connected Riemannian manifold with
compact connected boundary N (n ≥ 3). Suppose there exists a nonzero function f
that satisfies

(4.17) ∇2f = fg,

and N is a regular hypersurface f−1(a) for a ∈ R. Then the following hold:

(1) If M is compact, then (M, g) is isometric to a hyperbolic cap [0, R]× S
n−1

equipped with the metric

dt2 + (sinh t)2gSn−1 ,

where gSn−1 is the standard unit sphere metric and R = dg(p,N) for p ∈
M \N which is a critical point of f .

(2) If M is noncompact, then (M, g) is isometric to a manifold [0,∞)×N with
(warped) product metric of the form

dt2 + ξ(t)2g|N ,

where ξ : [0,∞) → R is the solution to the following ODE:

(4.18)

⎧⎨
⎩
ξ′′ − ξ = 0 on [0,∞),

ξ(0) = 1 and ξ′(0) =
a

|∇f |N
.

(We note, as follows from (4.17), that |∇f |N is constant.)

Proof of Proposition 4.1. First we claim that f has a critical point on the interior
of M if and only if M is compact (with boundary).

Suppose that f has a critical point p in M . Consider a unit speed geodesic
γ : [0,∞) → M emanating from p. It follows that

d2

dr2
f(γ(r))− f(γ(r)) = 0

thus f(γ(r)) = c(er + e−r) and d
drf(γ(r)) = c(er − e−r), where c 
= 0 (as otherwise

f would vanish identically). Observe that f depends only on the geodesic distance
from the point p, which implies that γ′ is parallel to ∇f . Moreover, there cannot be
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any other critical point of f . Let R = dg(p,N). Then it follows that N = expp(SR),

and from this that expp : BR → M is bijective. By continuity of the exponential
map, this implies that M must be compact.

Suppose, conversely, M is compact. For contradiction, suppose also that f has
no critical points. Without loss of generality, we may assume that ∇f points inward
on N . Let ν = ∇f/|∇f |, and consider the integral curve γ of ν emanating from a
point p ∈ N , i.e., γ(0) = p. It is straightforward that γ is a geodesic parametrized
by arc length, and we also have

f ◦ γ(t) = c1e
t + c2e

−t

as we observed before. Since f has no critical point, γ can be extended to [0,∞),
which implies that γ is an injective infinite length geodesic. This contradicts the
condition that M is compact, hence f must have a critical point on the interior of
M .

We now show the first case of the proposition: assume that M is compact. From
the previous argument, there is a critical point p such that expp : BR → M is
bijective where R = dg(p,N). Now we show that it is a diffeomorphism. Let J be
a Jacobi field along γ such that J(0) = 0 and |J ′(0)| = 1 and g(J ′, γ′) = 0. Then
we have for r > 0,

1

2

d

dt

∣∣∣∣
t=r

g(J, J) = g(J,∇γ′J)|t=r

= A(J, J)|t=r =
f

|∇f |g(J, J)
∣∣∣∣
t=r

,

where A = ∇2f/|∇f | is the second fundamental form of the geodesic spheres. Thus
for r > r0 > 0,

|J |2(r) =
(

er − e−r

er0 − e−r0

)2

|J |2(r0) 
= 0,

where r0 is sufficiently small that |J(r0)| 
= 0. This implies that there is no conjugate
point from p thus expp : BR → M is a diffeomorphism. Furthermore, by using
geodesic polar coordinates, we can write the metric g on M diffeomorphic to [0, R]×
S
n−1 as

g = dt2 + (sinh t)2gSn−1 .

We turn to the second case: assume that M is noncompact. Let h = g|N . We
will construct an isometry between (M, g) and the manifold

([0,∞)×N, dt2 + ξ2h),

where ξ is given in (4.18). Without loss of generality, we may assume that ∇f
points inward on N .

Let ϕ be the flow generated by ν = ∇f/|∇f |, and define the map ψ : [0,∞) ×
N → M by

ψ(t, p̄) = ϕt(p̄)

for p̄ ∈ N and t ∈ [0,∞). Since f has no critical points, it is clear that ψ is a
diffeomorphism.

As we observed before, we have the general solution

f ◦ ψ(p̄, t) = c1e
t + c2e

−t, p̄ ∈ N, t ∈ [0,∞) ,
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where the constants c1 and c2 are determined by the conditions on f at N ; specifi-
cally, c1 + c2 = a and c1 − c2 = |∇f |N . In terms of these constants, the solution to

the ODE (4.18) is given by, ξ(t) = c1e
t−c2e

−t

c1−c2
.

Now we prove that ψ is the desired isometry from ([0,∞)×N, dt2+ ξ(t)2h) onto
(M, g). Using ψ as a coordinate chart, we can write the metric

g = dt2 + gij(t, p̄) dx
idxj ,

where {xi}n−1
i=1 are local coordinates near p̄ on N and gij(t, p̄) = g(t,p̄)(∂i, ∂j) for

t ∈ [0,∞). Then we have

1

2

d

dt

∣∣∣∣
t=τ

gij(t, p̄) = g(τ,p̄)(∂i,∇ν∂j) = A(τ,p̄)(∂i, ∂j)

=
f(τ )

|∇f |(τ )gij(τ, p̄) =
c1e

τ + c2e
−τ

c1eτ − c2e−τ
gij(τ, p̄),

where A(τ,p̄) is the second fundamental form of the hypersurface f−1(f ◦ γ(τ )).
Thus we obtain

gij(τ, p̄) = ξ(τ )2gij(0, p̄) = ξ(τ )2hij(p̄) ,

and by varying (τ, p̄) ∈ M it proves that ψ is the desired isometry. �

Proof of Theorem 1.5. We will only prove δ = 1 since the proof of the other case is
almost identical.

By Theorem 1.3 (with ε = 1), we have the local splitting near N , that is, there
exists a neighborhood U of N such that U is isometric to [0, b)×N for some b > 0
with the metric dt2 + e2th. To use Proposition 4.1, we show that N is the level set
f−1(a) for some a ∈ R.

Let {xi}n−1
i=1 be local coordinates on N . This gives rise to local coordinates {t =

x0, x1, . . . , xn−1} on [0, b)×N in the obvious manner. Then, by direct computation,
we have

0 = ∇∂t
∇∂i

f = ∂t∂if −
n−1∑
k=0

Γk
ti∂kf

= ∂t∂if − ∂if,(4.19)

f = ∇∂t
∇∂t

f = ∂2
t f,(4.20)

e2tf hij = ∇∂i
∇∂j

f = ∂i∂jf + e2thij∂tf −
n−1∑
l=1

Γ̄l
ij∂lf,(4.21)

where Γ̄ is the Christoffel symbol with respect to h. Denote f = f(p, t) on U for
p ∈ N and t ∈ [0, b). Then from the above computations we have

∂2
t f − f = 0 ⇒ f(p, t) = c1(p)e

t + c2(p)e
−t,(4.22)

∂t(∂if)− ∂if = 0 ⇒ ∂if(p, t) = c3(p)e
t.(4.23)

It follows from (4.22) and (4.23) that c2(p) is constant on N , hence we can write

f(p, t) = c1(p)e
t + c2e

−t and ∂tf − f = −2c2e
−t.
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Now we shall show that c1(p) is constant on N . By (4.21), we have

∂i∂jf + e2thij(∂tf − f)−
n−1∑
l=1

Γ̄l
ij∂lf = 0

⇒ et

(
∂i∂j(c1(p))− 2c2hij −

n−1∑
l=1

Γ̄l
ij∂lc1(p)

)
= 0

⇒ ∇N
∂i
∇N

∂j
c1 = 2c2hij ⇒ ΔNc1 = 2(n− 1)c2 .(4.24)

Since N is compact without boundary, we have

0 =

∫
N

ΔN c1 = 2(n− 1)c2|N |,

where |N | is the area of N . This implies that c2 = 0, and hence c1(p) is harmonic
on N . Therefore c1(p) is constant on N so N = f−1(c1).

By Proposition 4.1, (M, g) is isometric to [0,∞)×N with the metric dt2+ξ(t)2h.
In particular, one can see that the warping factor is ξ(t) = et. �
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