Chapter 4. The First Fundamental Form (Induced Metric)

We begin with some definitions from linear algebra.

Def. Let V be a vector space (over IR). A bilinear form on V is a map of the form
B :V xV — IR which is bilinear, i.e. linear in each “slot”,

B(aX +0bY,Z) = aB(X,Z)+bB(Y,Z2),
B(X,cY +dZ) = ¢B(X,Y)+dB(X,Z2).

A bilinear form B is symmetric provided B(X,Y) = B(Y, X) for all X, Y € V.

Def. Let V be a vector space. An inner product on V' is a bilinear form
(,):V xV — IR which is symmetric and positive definite.

1. bilinear: linear in each slot,
2. symmetric: (X,Y) = (Y, X) for all X,Y.
3. positive definite: (X, X) > 0 V X, and =0 iff X = 0.

Ex. (, ):T,R*xT,R*— R,
(X,Y)=X-Y (usual Euclidean dot product).

Exercise 4.1 Verify carefully that the Euclidean dot product is indeed an inner
product.

Def. Let M be a surface. A metric on M is an assignment, to each point p € M,
of an inner product ( , ) : T,M x T,M — IR.

Because our surfaces sit in Euclidean space, they inherit in a natural way, a metric
called the induced metric or first fundamental form.

Def. Let M be a surface. The induced metric (or first fundamental form) of M is
the assignment to each p € M of the inner product,
(, ):TL,M x T,M— IR,
(X,Y) = X.Y (ordinary scalar product of X and Y

viewed as vectors in IR? at p)



L.e., the induced metric is just the Euclidean dot product, restricted to the tangent
spaces of M.

We will only consider surfaces in the induced metric. Just as the Euclidean dot
product contains all geometric information about IR3, the induced metric contains all
geometric information about M, as we shall see.

The Metric in a Coordinate Patch.
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Let x: U C IR?> — M C IR? be a proper patch in M. Let p € x(U) be any point
in x(U), p=x(u',u?), and let X,Y € T,M. Then,
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:X1X1+X2X2,

X = ZXixi, x; = x;(u', u?),
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Y =) Vix;.
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and similarly,

Then,

(X,Y) = <inxi,2w‘xj>
— ZXin(xi,xj>.

The metric components are the functions g;; : U — IR, 1 < 1,5 < 2, defined by
9i5 = (X, %), 9ij = gij<u1au2) :
Thus, in coordinates,

2
(X,Y) = Z g XY

ij=1
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Note that the metric in x(U) is completely determined by the g;;’s. The metric
components may be displayed by a 2 x 2 matrix,

g11 Y12
[gz'j] = )
g21 Gg22

Note: ¢;; = (x;,%;) = (Xj,%;) = gj;- Hence, the matrix of metric components is
symmetric; and there are only three distinct components,

g = (X1,X1), g2 = (X1,Xa) = (X0, X1) = go1, Go2 = (X2,Xa)
Notation:
1. Gauss: gn=FE, gu=ga1=1F, goo=0G.
2. x(u,v) = (z(u,v),y(u,v), z(u,v)). Then one writes:
Guu = (Xuy Xu)s Juv = (Xu, X0), Gov = (Xu, Xo) -
Ex. Consider the parameterization of S? in terms of geographic coordinates,
x(0,¢) = (rsinf cos ¢, rsinfsin @, r cos ) ,

0<0<m 0<¢<2m. We compute the metric components in these coordinates.
We have,

0
Xy = o _ 7(cos 0 cos ¢, cos Osin ¢, — sin 0),

06
X, =r(—sinfsing,sinf cose,0),
9oo = (X0, %)
= r2[cos? § cos?® ¢ + cos? O sin® ¢ + sin? 0]
= r?(cos? 0 + sin® ) = r?
goo = (X0, %)
= 1?[— cos f cos ¢ sin O sin ¢ + cos 6 sin ¢ sin 0 cos @]
=0 (geometric significance?)
Jos = r?[sin® fsin® ¢ + sin” 6 cos? ¢

= r2sin%0.



Thus,
[g:] = 9o  9oo | _ r? 0
9ij 9o Goo 0 r? SiIl2 0

Length and Angle Measurement in M.

Let o : [a,b] — M C IR® be a smooth curve in a surface M. Viewed as a curve in
R, o(t) = (z(t),y(t), 2(t)), we can compute its length by the formula,

do

b
Length of =
ength of o /(z i

ACRONOE

But this formula does not make sense to creatures living in the surface: z,y, z are Eu-
clidean space coordinates. Creatures living in the surface must use surface coordinates
—i.e., we must express ¢ in terms of surface coordinates.

dt

Let x : U — M C IR? be a proper patch in M and suppose ¢ is contained in this
patch, o C x(U) :

1% , u ;
Za ——
’ V%ﬁzb
__! u 1

We express o in terms of coordinates: ¢ = x
(W' (t),u%(t)), i.e,

By the chain rule,

do  0Ox du'  Ox du®
a T ouldt | owrdt
du! du?
= Exl + %XQ,



or,

do du’

— = —X; .

s
uw
This shows that TR 1 = 1,2, are the components of the velocity vector with respect
to the basis {x1,xs}.
Computing the dot product,

(o doy_dul e
dt’ dt’ V= dt UL gt

Hence, for the speed in surface coordinates, we have,

> du' du?
22957 T
4,7=1

do| _
dt|

For length, we then have,
dt dt
B /b du’ +2 dutdu* C
-/ g11 di 912 di dt 922 di

Arc length. Let s denote arc length along o, s can be computed in terms of ¢ as
follows. s =s(t), a <t <b,

. —
du' du?
Length of o :/ Zgijii dt
@ i3

s(t) = length of o from time a to time ¢

/ Z du’ duj
Y ar “dr



Arc length element:

dt — dt dt
In terms of differentials,
du® du?
ds =2 95 g
Z7j
du® du’
ds® = <Zgij It E) 2
2,7

du’ du?

2
ds? = Zgijduiduj .

4,j=1

Heuristics: element of arc length

ds® = Zgijduiduj

i,J

Traditionally, one displays the metric (or, metric components g;;) by writing out
the arc length element.

Notations:
ds®> = gy (du')? + 2g19dutdu® + goo(du?)?

ds? = guudu® + 2gu,dudv + gy,dv?

ds* = Edu*+ 2Fdudv + Gdv?  (Gauss).
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Remark. These expressions for arc length element of a surface M generalize the
expression for the arc length element in the Euclidean u-v plane we encounter in

calculus,
ds? = du® + dv?

(16 Quu = 1’ Juv = 07 oy = 1)

Ex. Write out the arc length element for the sphere S? parameterized in terms of
geographic coordinates,

x(0,¢) = (rsinf cos ¢, rsinfsin ¢, r cos ) .

We previously computed the g;;’s,
[9:5] = 9o Gos | _ | T 2 0
g” g(w g¢¢ O ’1“2 sin2 9

i.e., Joo = TZ, gg¢ = g¢9 = 0, g¢¢ = 7"2 SiIl2 9 SO,

ds® = gead® + 2gpsd0de + gysdd®
ds® = 12df* + r?sin® 0do? .

But this expression is familiar from calculus as the arc length element which can be
derived from heuristic geometric considerations.

ds? = di3 + di3.
dly =rdf, dly =rsinfdo

ds® = r2d6?* + r? sin® 0dp>.

Exercise 4.2. Consider the parameterization of the z-y plane in terms of polar
coordinates,

xr =rcosf
x: y=rsingd ,0<r<oo, 0<60<2rm,
z=20

ie., x(r,0) = (rcosf,rsinf,0), 0 < r < oo, 0 < § < 27. Compute the g;;’s
with respect to these coordinates. Show that the arc length element in this case is:
ds?* = dr? + r?d6?.



Angle Measurement.

X=> Xix,

B > g XYY
V2o 9 XIXT /Y7 giYY
ox ox

Ex. Determine the angle between the coordinate vectors x; = — and x; = —
oul ou?

in terms of the g;;’s
(x1,%3) i g12

|x1| X2 B v 911+/922

cosf =

(|Ix1] = v/(x1,%x1) = /011, etc.)

The Metric is intrinsic:

This discussion is somewhat heuristic. We claim that the g;;’s are intrinsic, i.e.
in principle they can be determined by measurements made in the surface.
Let x : U — M be a proper patch in M; x = x(u!,u?) = x(u,v) (i.e., u! = u,

u? = v. Consider the coordinate curve u —— x(u, vy) passing through x(ug, v).




Let s = s(u) be the arc length function along o, i.e.,

s(u) = length of o from wug to u
“1o
= / P du
wo | OU

“ ox
:/ \/guudu (‘%‘ = \/guu> .

By making length measurements in the surface the function s = s(u) is known. Then
by calculus, the derivative,

ds
du
is known. Therefore g;1 = gyu, and similarly gso = g, can in principal be determined
by measurements made in the surface.
The metric component gi» can then be determined by angle measurement,

= vV uu -

gJi2 = <X1,X2> = ’X1HX2’ COSQ

= \/G11+/922 - cos(angle between x1, Xs) .

Hence g5 is also measurable. Thus all metric components can be determined by
measurements made in the surface, i.e.

the metric components and all quantities determined from them are intrinsic.

Surface Area.

Let M be a surface, and let x : U — M be a proper patch in M. Consider a
bounded region R contained in x(U); we have R = x(W) for some bounded region
Win U:

We want to obtain (i.e. heuristically motivate) a formula for the area of R =
x(W). Restrict attention to R = x(W); partition W into small rectangles:



fU})VJ'bV (utset, R: ;(/u'_’v,}.bv)

P=2tu,v)

Q= Zlursuy)

@y arenV!

R~ = ()

Let AS = area of the small patch corresponding to the coordinate rectangle. Then,

But,

and thus,

AS = area of the parallelogram spanned by P() and PR,
AS =~ |PQ x PR|.

P_\Q = x(u+ Au,v) — x(u,v) = g—zAu :
PR = x(u, v+ Av) — x(u,v) & ?Av :
v
ox ox
AS = %AU X %AU
ox 0Ox
=~ % X % AulAv .

The smaller the increments Au and Av, the better the approximation.

dS = the area element of the surface corresponding to the
coordinate increments du, dv,
ox 0x
dS = |— X —|dudv.
ou v

To obtain the total area of R, we must sum up all these area elements - but the
summing up process is integration:

Area of R = / / as,
Area of R = / /
1%




where R = x(WW).

This is a perfectly reasonable formula for computing surface area - but not for
2-dimensional creatures living in the surface. It involves the cross product which is
an IR? concept. We now show how this area formula can be expressed in an intrinsic
way (i.e. involving the g;;’s ).

Using generic notation, u! = u, u* = v, x = x(u', u?) we write,

Area of R // %xw

:/ ‘Xl X XQ‘duldUQ
w

Now introduce the notation,

g =detlg;;], gij = (xi,%;).
Lemma. ¢ =|x; X Xy|?
Proof.  Recall the vector identity,

la x b|* = [a*[b[* — (a-b)*.

Hence,
xi X X2? = xifPxal® — (x1, %2)?
= <X1,X1><X2,X2> - <X1,X2>2
= g11922 — G2 = 0,
g1 912
g = det[gij} = det = g11922 — 9%2 )

g21 922
where we have used go; = g12. Thus, the surface area formula may be expressed as,

Area of R = //W\/ﬁduldu2 (R =x(W))

- )

ds =./g dutdu?.

where,
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Ex. Compute the area of the sphere of radius r.

Sf:x2+y2+22:r2.

Parameterize with respect to geographical coordinates, x : U — S2,

x(0, ) = (rsinf cos ¢, rsinfsin ¢, r cos ),
U:0<0<m0<o¢<22rm.

We have,
Area of S? = //U dS, where dS = ./gd0d¢.
Now,
g detlgy] = det { o }
= det [ 82 r? s(i)n20 ]
g =r*sin’4
Thus,

dS = V' r*sin? 0 dfd¢ = r* sin 0dfde

Remark: This expression for the surface area element of a sphere is familiar from
calculus or physics where it is usually derived by heuristic considerations:
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dS = d,dls, dé
dty =rdf, dly = rsinfdeo

dS = (rdf)(rsin fdep) de

= 72 sin 0dldé. /
Continuing the computation of the surface area of S,Q,,

Area of S? = // r°sin 6dfdo = // r* sin 0dfdeo

= / / r* sin 0dOd¢ = / —cos 0|5 do

= / 2r’dp = 2r*¢|3™ = 4mr?.

0

The surface area formula involves a choice of coordinates, i.e. a choice of proper
patch. It is important to recognize that the formula is independent of this choice.

Proposition. The area formula is independent of the choice of coordinate patch.

Let x: U — M, y:V — M be proper patches, and suppose R is contained in
x(U)Nny(V):

Set,

gi; = (xi,Xxj), g=det[g;],

Gij = (yiyj), ¢g=det[g;].
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Then the claim is that,

// Vgdu'du® —/ Vgdvtdv?
x~H(R) y H(R)

Proof.  The proof is an application of the change of variable formula for double
integrals.

Let f: U C IR? — V C IR? be a diffeomorphism, where U, V are bounded regions
in IR

N
|

Then, the change of variable formula for double integrals is as follows,

//h( 2)dv! dv? //ho ul, u?)| det D f|du'du?
.

(vt v?)
— 1,1 22y g, 1 2vy YAV V)
_//Uh(f (u y U )7f (U U ))'a(u1’u2>
or, in briefer notation,

[ ol

lox:x Y (R) — y Y(R), and h = \/g. So, by the

duldu

In the case at hand, f =y~
change of variable formula,

_ —| 0(vt, v?)
17,2 ,
//y_l(R)\/Edv = //x—l(n)\/a‘a(ul»uz)

Thus, to complete the proof, it suffices to establish the following lemma.

dutdu?®

Lemma. ¢ = det[g;;], § = det[g;;]. are related by,

u1 u2
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Proof of the lemma: By the Exercise 3.4 (but with role of x and y reversed),

ox y ox  O0(v',v?) Oy < dy
oul © ou O(ul,u) ovt T dv?

or,

I(vh v?)
X1 X X = a( 1,u2)Y1 X Y2
Hence,
g = det[g;;] = |[x1 X x|
A(vt,v?) 2
= <W |Y1 X Y2‘2

Taking square roots yields the result.

Qr

Exercise 4.3 Consider the torus of large radius R and small radius r described in
Exercise 3.3. Use the intrinsic surface area formula and the parameterization given
in Exercise 3.3 to compute the surface area of the torus. Answer: 472Rr.

Exercise 4.4 Let f : U C IR?> — IR be a smooth function of two variables. Let
M be the graph of f|, = {(z,y,2) € R?®: 2 = f(z,y),(z,y) € W}, where W is a
bounded subset of U. Derive the following standard formula from calculus for the
surface area of M,

AreaofM://W\/l—l—(%) +<%) dxdy ,

by considering the Monge patch associated to f.

More Tensor Analysis

Let x : U —- M, y:V — M be overlapping patches in a surface M, W :=
x(U) N y(V) £ 0. Let f =y~ ox:x 1) —y-i (),

ol = fl(ul,u?)

[ v? = FA(ul, u?)
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be the smooth overlap map, cf., p. 15 of Chapter 3. Introduce the metric components
with respect to each patch,

9ij = (Xi,%;),  Gij = (i, ¥j) -
How are these metric components related on the overlap?

Exercise 4.5 Show that,

2

ov® ov®
= G, =12,

ui ud’
a,b=1
These equations can be expressed as a single matrix equation,
51 = [ 2] 1 [ 22
9ij] = oui YGab ou .
Taking determinants we obtain,
g = detgy;] = det[+]'[«][+]

= det[*]" det[*] det[*]

ov® _ o L0k

our second derivation of this formula.

Remark: Interchanging the roles of x and y above we obtain,

N ou' Ou’
Gab = Zgzj

ove b’

which involves the Jacobian of f~1. Compare this “transformation law” for the metric
components to the transformation law for vector components considered in Exercise
3.8. Vector fields are “contravariant” tensors. The metric ( , ) is a “covariant”
tensor.
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