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Appendix A

1.1 The model without diffusion

dN

dN-

d_152 = Na(p2h(S) — an Ny — anNa), (A1)
dsS Ny
_— = - - S
dt Bog—i_ﬁlk—i—Ngg €

with non-negative initial conditions (Ni(0), N2(0), S(0)) € R = {(z1,22,23) € R® : 2 >
0,29 > 0,23 > 0}. We have the following assumptions:

_ M
1) (8) = A

and h(S) = 1, where u > 0;

(2) all parameters are positive;

(3) 19091 — (V11 Qg > 0.

1.2 Elementary analysis

The Jacobian matrix of (A.1) at (N1, No, S) € R2 is J((N1, No, S)) =

(Plf(s) —an Ny — 0412N2) — oV —a2 Ny Plle/(S)
—a1 Ny (pzh(S) — g Ny — 0422N2) — apa Ny PzNzh,(S) .
0 Bikg/(k + No)? —€
In particular, if f(S5) = iS and h(S) =1, then J((N1, No,S)) =
o
(plf(S> — oV, —0412N2) — oV, —a2V; —PlN1f2(S>/M
—a1 Ny (;02 —ag Ny — 0422N2) — 92Ny 0
0 ﬁlkg/(k+N2)2 —€

Using the theory of monotone dynamical systems (Smith [6]) and an approach similar to
that of Jiang and Tang [3], we prove that

Theorem 1.1. Fach non-negative solution of (A.1) converges to an equilibrium point.



1.3 Equilibria and their stabilities

Direct calculation yields that system (A.1) has three boundary equilibria, namely,

O,%,Eﬂ Pl o D09 and By — (0,22, () + 5 —22—) ),

E = 0, )
0= a1 (i + Bog/e) € Q9o k‘Oé22 + P2 €

Proposition 1.2. Let
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Then
(1) Ey is unstable and W*(Ey) NRY = {(N1, N5, S) € R: : Ny = N, = 0,5 > 0};
(2) Ey is unstable if g > go, stable if g < ga;
(3) Esy is unstable if g < g1, stable if g > g1.

In addition, if Ey is unstable, then W*(E;) NR3 = {(Ny, N2, S) € R : Ny > 0,5 > 0},
if By is unstable, then W5(Ey) NR3 = {(Ny,Ny,S) € R} : Ny > 0,5 > 0}. Here W*(E)
denote the stable manifold of an equilibrium FE.

Proof. The Jacobian matrices at the three boundary equilibria Fy, F, and E, are
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P _ P2012 0 0

fo+ B —2—)2 o
J(Es) = ( ‘ Yk + po ka22 + P2
—P2CY21/0122 —pP2 0
0 Brgk/(k + pa/asn)? —e
The proposition is immediately proved. O
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Remark 1.3. If g5 > 0, that is, proo > 0, then g7 < g5 and M < 0. In fact,
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Let K = {(z1,29,23) € R® : 21 > 0,29 < 0,23 < 0} and IntK = {(z1,79,23) € K :
x1 > 0,29 < 0,23 < 0}. ForxyG]R , we define v <g yify—o € K, v <g y if
y—2z € K\{0}, and 2 <g y if y — 2 € IntK. When z,y € R} and 2 <x (<g)y, let
[z, ylk ={w e R 2 <g w <k y} (z,y)x ={w e R} : 2 <k w Lk y}).

pP1&21 1) € * _

= g, =
92 <P20611

Remark 1.4. Note that Ey <x Ey <k FE; and all orbits starting in Ri are attracted to
the set [Es, E1]k (see [1]). The set of all positive equilibria, denoted by ET, is a subset of
(Ea, Ey)k and it is totally strongly ordered with respect to <k, i.e., either £* < E* or
E* < E* for any two points F* and E* in E* satisfying E* # E*.

Theorem 1.5. For system (A.1), both Ey and E5 are stable if and only if there ezists a
positive equilibrium E*. Moreover, it is unique and unstable when E* exists.

Proof. Suppose that both E; and F, are stable, then g7 < g < g3.
If B = (N{, N3, S*) is a positive equilibrium of (A.1), then it satisfies the following three
equations

0
— aaNy = 0,

S 12V

p2 — 0421N1 — agNy; =0, (A.2)
—eS =0.

509+51k+N €

Let w = ajoan; — agjans > 0. After solving Ny and S in terms of Ny from the last two
equations of (A.2), and substituting them into the first equation, we get

— N
P1 & - allw — 2Ny =0,

+ (g + B g e g

which can be simplified to a quadratic equation

F(Ny) = ANj 4+ BN, + C =0, (A.3)
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where A = (ﬁo -+ ﬁl g )w > 0 B = (ﬁo )kw + (ﬂo + ﬂl :)pgan — ?'upl&zl and

= (b + )k’l)zan - —kp10421
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Since g < g5 implies C' < 0, (A.3) has exactly one positive root, Nj. To establish the
existence of E*, we need verify the positivity of

*

k+ N 29)/e;
respectively. Obviously, it suffices to show that Ni < py/aas or F(py/ass) > 0. In fact,
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is equivalent to g > ¢f. Thus the proof of the necessity is complete.
Conversely, suppose that there is a positive equilibrium E* = (N, N, S*). From the
first two equations of (A.2), we can solve N; and Ny in terms of S, i.e.,

Nik = (,020[12 — p1h<S*>0622)/u) > (0 and N; = (plh(S*)agl — ,020[11)/&) > O,

which imply that P f(S*) < 2912 Note that E* € (Es, Ey)k and therefore S =
P12l P10422

o'

ﬁog <8< S = (Bo+ B —2) %, then f(Sy) < f(S7) < f(S1). Hence f(Sy) < 222
kcvgo + P2 P10v22

and f(Sy) > P01 hich mean that both E, and E, are stable.

P12y
When E* exists, the Jacobian matrix of (A.1) at E* = (N, N5, S*) is
—aq Ny —aa NY —p1NY f2(S%) /1
J(E*) = —OéglNQ* —OéQQN; 0
0 Bikg/(k + Nj)? —e€

and its determinant det(J(E*)) > e(aiaqo — aq1a2) Nf Ny = ewN{ Ny > 0. Therefore, E*
must have a positive eigenvalue and it is unstable. By the theory of connecting orbits in
2], system (A.1) can have at most one positive equilibrium. Otherwise, there must exist a
further positive equilibrium which contradicts to (A.3). O

Remark 1.6. From (A.3), we can obtain an explicit expression for the positive equilibrium
when it exists. Since tr(J(E*)) = —(a11 Ny + a2Ns +¢€) < 0, J(E*) has one positive
eigenvalue and two eigenvalues with negative real parts. Therefore, the stable manifold
W#(E*) of E* is a two-dimensional smooth surface which separates IntR? into two parts:
the lower one in the order <[ is the basin of attraction for Ey and the upper one is the basin
of attraction for Fj.



Remark 1.7. In case there is no positive equilibrium, either £y or Fs is globally globally
asymptotically stable in IntR?. More precisely, if ¢ > max{g;, g5}, then E; is globally
asymptotically stable in IntR? ; if g < min{g{, g5}, then Ej is globally asymptotically stable
in IntR?. The scenario g5 < g < g} is impossible, if otherwise, this means that g5 < 0 <
P1021 <1< P1C22

P2011 P2012
dynamical behavior of system (A.1) is consistent with the competition exclusion principle in

two-species Lotka-Volterra competition model.

iR which contradicts to the assumption aja; — aij1iay > 0. Thus the

1.4 The model with diffusion

Now, we develop a spatial model for the interaction between salt-tolerant and salt-intolerant
vegetation types by including species diffusion and salt distribution. Thus, we have the
following reaction-diffusion equations (Murray [5]),

ON *N .

a_tl = Nl(plf(S) —ap Ny — OélgNg) + Dy az; n (O,L) X (0, OO),

ON: O N.

(‘3_752 = Na(pah(S) — agi N1 — anNa) + Dy 8222 in (0, L) x (0, 00),

6’5 N, 025 (A.4)
—ﬁog( )+ﬂlk—|—N g(z )_€S+DSW in (0, L) x (0, 00),

8N1 0N, 0S

= o an—Oon {0, L} x (0,00),

with nonnegative initial conditions. Here N;j(z,t), Na(z,t) and S(z,t) are the population

density/concentration of Ny, Ny and S in altitude z at time ¢. The diffusion rates Dy, Dy

and Dg are assumed to be positive constants and g(z) is a positive decreasing function of z.
For mathematical tractability, we discretize (A.4) to a two-patch model

dN- _

dtl Ni(p1f(S) — annNy — a1aNs) + Dy (N — Ny),
dN, _

7 = Na(p2h(S) — aa1 N1 — aaNy) + Do(Ny — Ny),

dS _

dt—ﬁog-i”ﬂl +N g—eS+Dg(S—09), N
AN ¢ _ _ (A.5)
o = Ni(; f(5) — a1 Ny — 0612N2) + Dy (N, — Ny),
dN, _ _ _ _ _

7 = Na(p2h(S) — aa1 N1 — aaNs) + Do(Ny — Ny),

ds Ny _ _

u ﬁog—l—ﬁlk ]\72 g—eS+ Dg(S—29),

with nonnegative initial conditions. We assume that o001 — 1092 > 0 and g] < 9,9 < g5.

. From above analysis, we know each isolated patch has four equilibria, i.e., Ey (unstable),
E (stable), B, (stable), E* (unstable) for patch 1 and Ej (unstable), E; (stable), F, (stable),
E* (unstable) for patch 2. Moreover, almost all orbits converges to either £, or E, in patch
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1, and E; or E, in patch 2. The system (A.5) admits two stable equilibria (E;, F5) and
(E,, Ey) when the two patches are disconnected.

Similar to Levin [4], for small diffusion rates Dy, D, and Dg, the equilibria (E;, Ey) and
(E,, Ey) do not disappear but move slightly off the boundary. By a perturbation theorem
[4], (Ey, Ey) and (Es, Ey) remain stable for sufficiently small diffusion rates. When the
diffusion rates are high, the two patches model are approximate to a single patch model,
thus coexistence is again impossible. These indicate that it is possible that one species
persists in one patch to exclude the other and regime shifts still present for system with
diffusion.
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