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We propose a simple two-disease epidemic model where one disease exhibits only a drug-sensitive strain,
while the other exhibits both drug-sensitive and drug-resistant strains. Treatment for the first disease may
select for resistance in the other. We model antibiotic use as a mathematical game through the study of
individual incentives and community welfare. The basic reproduction number is derived and the existence and
local stability of the model equilibria are analyzed. When the force of infection of each disease is unaffected by
the presence of the other, we find that there is a conflict of interest between individual and community, known
as a tragedy of the commons, under targeted treatment toward persons infected by the single strain disease,
but there is no conflict under mass treatment. However, we numerically show that individual and social
incentive to use antibiotics may show disaccord under mass treatment if the restriction on the transmission
ability of the dually infected people is removed, or drug resistant infection is worse than drug sensitive

Targeted treatment

infection, or the uninfected state has a comparative disutility over the infected states.

© 2015 The Authors. Published by Elsevier Inc.
This is an open access article under the CC BY-NC-ND license
(http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

In recent years, the problem of bacterial antibiotic resistance has
led to suggestions that antibiotics are overprescribed [8,27], and that
decreasing the use of antibiotics could benefit society as a whole
by minimizing the emergence of drug-resistance [12,36]. It has been
argued that antibiotic efficacy should be considered as a common
good [7], and that collective action may be needed to preserve this
common good against overuse. Some authors believe that individual
incentives may drive overuse of antibiotics, leading to a “tragedy of
the commons” [1]. The concept of the tragedy of the commons origi-
nated from an example on population control proposed by Lloyd [29]
in 1833 and later developed by Hardin [18] in the 1960s. One exam-
ple of this is seen in simple mathematical models of drug resistance,
where increasing treatment of mild or early infection may benefit
the individual, despite the fact that such an outcome may lead to an
increase in drug-resistant bacteria and thus a decrease in the overall
efficacy of antibiotic treatment [38].
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An important example of how drug-resistance occurs is the use
of broad spectrum antibiotics [20]. In this case, treatment of one
infection or disease may select for resistance in other organisms
which are present [50]. This phenomenon has been observed during
the use of mass azithromycin to eliminate trachoma due to Chlamy-
dia trachomatis, a leading cause of infectious blindness in the world
[52]. The World Health Organization promotes antibiotic treatment
for trachoma control, using mass administration of single-dose oral
azithromycin [44,52]. While Chlamydia trachomatis has never exhib-
ited epidemiologically important drug resistance [21,49], the emer-
gence of macrolide-resistant pneumococcus due to mass adminis-
tration of azithromycin has been observed [28,47], though such re-
sistance has declined after cessation of treatment [19,47]. Fears of
increased mortality have proven unfounded, e.g. [17,24,25,39].

In this paper, based on the pattern seen for pneumococcus and
Chlamydia trachomatis, we propose and analyze a simple model of
coinfection and cotransmission of two infectious agents in order to
determine whether antibiotic resistance is a tragedy of the commons
in a two diseases setting. For one infectious agent, we assume that
both sensitive and resistant strains are possible, while for the other,
only drug sensitive strains are present. Both are modeled as simple
SIS (susceptible-infectious-susceptible) processes [23]. Coinfection by
multiple pathogens or diseases is a global challenge for public health.
It has attracted increasing attention in the field of mathematical epi-
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demiology since the pioneering works by Dietz [14], Bremermann
and Thieme [5], and others. For example, a number of mathematical
models for HIV/TB coinfection [2,32,43,45], HIV/malaria coinfection
[34], HIV/gonorrhea coinfection [35], malaria and meningitis coinfec-
tion [26], and CA-MRSA/HA-MRSA co-colonization [11,40] have been
developed in recent years.

Our model assumes that treatment is targeted to the agent that
only has sensitive strains, but can select for resistance in the other
infectious agent (as a type of “collateral damage”). We will assume
that the population as a whole has a particular treatment rate, which
gives rise to an equilibrium prevalence of both infections. A single in-
dividual in the population who changes her or his treatment rate will
then experience either more or less infection. When increasing infec-
tion rate for an individual causes that individual to spend less time
infected, that individual has an incentive to increase treatment. How-
ever, if increasing the population rate of treatment causes a higher
population cost, a tragedy of the commons results. Previously we used
this method to analyze the tragedy of the commons resulting from
incentives to treat early or mild infection (|38]; see [42] for a general
exposition), and in this paper we will apply the same method to a
simple model of cotransmission.

2. The model

We recently analyzed a simple SIS model (susceptible-infective-
susceptible) of drug resistance [38] for one disease, denoted by P. The
state of a single individual may be completely susceptible, infected
with drug-susceptible organisms only, or infected with drug-resistant
organisms only. We consider a single individual i 1r1 a large populatlon
subject to constant forces of infection. Let X®, Y5 ® and Y denote the
probability the individual is susceptible, mfected with the sensitive
strain, or infected w1th the resistant strain, respectively. Treatment,
occurring at rate ¢ o may lead to a new clinical appearance of drug
resistance with probability § € (0, 1). Let pp denote the recovery rate.
Denoting the force of infection (only dependent on the number of
individuals infected, and independent of individual choice of treat-
ment) due to sensitive strains by As and due to resistant strains by
Ag, a single individual follows the Markov chain

ax® A . , . .
- —(hs + ARXD + (,OPYSQ) + /OPY,(;)) + 919)(1 - 8)YS('),
dy® . ‘ o
B X0 ¥ — 69D,

i
avg _ = XO — ppY? + 008YY,

which is Model 1 in the previous paper ([38]).

We now extend this model to include a second disease, denoted
by C. Motivated by the example of Chlamydia, we again assume a sim-
ple SIS process for the second disease, and assume no drug resistance
is possible for this second disease. Nevertheless, treating individuals
with this disease may select for drug resistance in the first disease
(since this first disease might be present). We now denote the re-
covery rate for the second disease by pc, and the force of infection
by Ac. Let XO denote the probability that a single 1nd1v1dual in a
large population is infected with no infectious agent, YS the prob-
ability the individual is infected by the drug- sensmve strain of the
first agent (and not infected with the second agent), Y the probabil-
ity the individual is infected by the drug-re51stant stram of the first
agent (and not infected with the second agent), Y, D the probability
the individual is infected by the second agent (and not infected with
either strain of the first agent), Y. sc ) the probability the individual is
infected by the drug- sensmve strain of the first agent and also by the
second agent, and ﬁnally the probability the individual is infected
by the drug-resistant stram of the first agent and also by the sec-
ond agent. The treatment rate for individuals infected by the second

infectious agent only is Hé’); the treatment rate for individuals infected
simultaneously by both agents is denoted «9,5’2. Here, a susceptible in-
dividual who contacts a dually infected person could become infected
only with the first, the second or both agents as a result of the single
contact; we thus have infection rates of Agc_,s, Asc_.c and Agc_,sc (or
ARCR> Arcoc and Agc_gc), correspondingly. Then, we have

dx®
i = —(As + AR + Ac + Ascos + Ascosc + Ascc
+ ARCoR + ArCRC 4 AR )X®
+ (,Opy(i) + ,OPY(D + pcy(i))
+ (00Y + 6020 - Y2+ 601 - o)),
dy® ,
5 — (ks + Ascug)X®
dt (As + Ascos)
— (Ac + Ascc + Ascosc + Arcsc + )\fRCﬁRC)Y;l)
(oot ) 009
dy(i) )
—R = (Ar+ )»RcﬁR)X(')
dt
— (Ac + Ascoc + Ascosc + Arcc + )\'RC—>RC)Y(1)
+ (ch,g'g — YD) + Op¢ (’)Y(’) + 9(’)6Y(’) + 9(‘)5Y(l)>
dy(i) )
TE = (Ac + Ascoc + Areoo)X®
- (As+ )»R + hscs + Ascsc + ARcR + ARcorC)YY
dYg :
= AscoscX®
it SCSC
+ (Ac + Ascoc + Ascosc + Arcc + )»RcﬁRc)Ys(l)
+ (s + Ascos + )»scﬁsc)Yg) —(op + ,Oc)Ys(ic) — 0¥,
dYy :
= ArcoreX?
it RC—RC

+ (he + Ascoc + Ascosc + Arcoc + Arcoro)Yy)
+ (AR + ARcor + ArcorO)YY
— (op + pO)YE — 90y (2.1)

We omit human migration, birth, natural and disease-induced
death; the total probability satisfies X® + YO 4+ y® 4y 4 y@
Y(’) = 1. For any given set of forces of infection, these linear equa-
tlons can be solved for the equilibrium values of the probabili-
ties of being in each state. We denote the equilibrium by E® =
(X(l) y(l) Y(l) Y(l) Y(l) y( )

As mdlcated above we wish to consider a particular individual
who chooses treatment rates OIS’), Gé') or 915‘3 faced by a unanimous
choice 6p, O¢ or Opc made by all other individuals. The following
system of equations describing the corresponding community-level
transmission dynamics:

dX
Vi —(As + AR+ Ac + Ascos + Ascosc + Ascc
+ ARcR 4+ ARcRC + Arc— o)X
+ (opYs + ppYr + pcYc)
+ (OcYc + Opc (1 — 8)Ysc + Op(1 — §)Ys),
dYs
— = (As + Ascs)X
dr (As + Ascos)

— (Ac + Ascoc + Ascosc + Arc—c + Arc—rc)Ys
+ (ocYsc — ppYs) — OpYs,
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Fig. 1. Flow diagram of the model. Infection process: (a) encounter Ys, Yz and Yc, respectively, and get infected; (b) encounter Ysc and get infected; (c) encounter Ygc and get
infected. (d) Recovery process. (e) Treatment process.

dy; day,
(T: = (AR + Arcp)X TI;C = ArcreX
— (Ac + Ascoc + Ascosc + Arcoc + Arc—ro)YR + (Ac 4+ Ascoc + Ascosc + Arc—c + Arc—ro)YR
+ (ocYre — ppYR) 4+ (OpcYre + OpcdYsc + Op6Ys), + (AR 4+ Arc—R + Arc—ro)Yc
dYc _ Ovc + Ascoc + Area o)X — (pp + pc)Yre — OpcYre, (2.2)
dt ” - . .
where X, Ys, Yg, Y¢, Ysc, and Ygc are the proportion of each disease state
= (s 4 AR + Ascos + Ascsc + Areor + Are—ro)Ye in the whole population; X + Ys + Yg + Yc + Ysc + Yge = 1. A state
+ (opYsc + ppYre — pc¥Ye) — OcYe, transition diagram for the disease transmission is shown in Fig. 1.
dYsc We assume that the forces of infection are proportional to the preva-
a Asc—scX lence fractions and the force of infection of one agent is not affected
+ (Ac + Ascoc + Ascosc + Arc—c + Arcrc)Ys by the presence of the other:

+ (As + Ascos + Ascosc)Ye — (op + pc)Ysc — OpcYsc, (A1) As = BsYs, Ag = BrYr where Br < Bs; Ac = BcYes
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(A2) Ascsc = Bi1Ysc. Ascos = BroYsc. Asc—c = Bo1Ysc,
Arc—RC = Bi1Yre, ArcR = BigYre, Arcc = Bg; Yres

(A3) B11+ B1o = Bs and B11 + Bo1 = Bc, By + Bio = Br and B +
ﬁ(/n = ,BC-

Here fBs, Br, and B¢ are transmission coefficients of the drug-
sensitive strain of the first agent, drug-resistant strain of the first
agent, and the second agent, respectively. Note that an individual
in a large population is subject to constant exogenous forces of in-
fection (unaffected by the decision of that single individual), while
the forces of infection at the population level are determined by the
overall disease prevalence in the community. In many cases the emer-
gence of drug resistance is indeed associated with a fitness cost [31],
i.e, Br < Bs, but a fitness cost of resistance may not be universally
exhibited (e.g. [13]). Also, we do not assume that both infections
in dually infected people are simply transmitted independently. Co-
transmission from dually infected people is assumed possible, as a
single infectious contact could contain a sufficient dose of both in-
fectious agents. It is assumed that all model parameters are positive,
with the exception of treatment rates 9;'), 95'), 9,52 Op, Oc, Opc and parts
of transmission coefficients B11, B10. Bo1. B1;- Big: By, Which can be
zero.

In general, we let Dp and D¢ be an average health state disutility of
infection or colonization by the first or second agent, respectively; we
assume no difference in disutility between drug susceptible and drug
resistant strains. Rather, individuals who are infected with a drug re-
sistant strain are at a disadvantage because we assume treatment will
be less effective (leading to longer mean durations of infection). We
also assume no interaction between the agents, so that the disutility
of being infected by both agents is the sum of the separate disutilities.
Thus, for a single individual we wish to minimize

JO = D] + DJ?,

where jl(,i) = }_’s(i) + Y,gi) + YS(IC) + \_’gg and ]g) = Yg) + Ys(? + Y9 represent
the probabilities being infected by the first or second agent, respec-
tively, and E® = (X, YS('), Y}g’), Yé’), YS(’C) Ylg’g) is the stable equilibrium
of the individual equations (2.1). Analogously, for a community we

can define its average disutility as

J=DrJp +DdJc,

where Jp = Ys + Yz + Ysc + Yrc and Jc = Y¢ + Ysc + Yrc represent the
fractions being infected by the first or second agent, respectively, and
E= (X, Ys, Y. Yc, Ysc, Yre) is the stable steady state of the community
equations (2.2).

We will examine these equations under two treatment strategies:
(a) mass treatment, and (b) treatment targeted toward persons in-
fected by disease C. In the first case, we assume 6p = 0 = pc = 0, s0
that all individuals are equally likely to be treated, regardless of their
infection status, as would be the case during mass administration of
azithromycin to eliminate trachoma. In the second case, we assume
6p =0 and O¢ = Opc = 0. Here, targeting infectives with the second
agent may select for drug resistance in the first agent. Similarly, we
assume 6\ =09 =9® =9, and § =0 and HY = L = 6D, re-
spectively, for an individual under the two treatment strategies.

The disutility to each individual is determined not only by that
individual’s choice of treatment, but also by all other individuals’ av-
erage choice. We followed standard methods ([38,42]) to calculate the
disutility of an individual, and determined whether individual incen-
tives always parallel to community outcomes. To analyze individual
incentives for treatment, we first determined the equilibrium dynam-
ics of infection. We then examined a single individual whose forces
of infection (for each agent that is circulating) are determined by the
overall treatment rate in the entire population, and determined the
expected amount of time that would be spent infected in each dis-
ease if this individual chose a different treatment rate rather than the
population as a whole.

3. Main results

In this section, we derive the basic reproduction number for the
population-level model, and then study the existence and local stabil-
ity of feasible equilibria. The possibility of the occurrence of a tragedy
of the commons under mass treatment or targeted treatment is ana-
lytically investigated.

3.1. The basic reproduction number

We consider the community equations (2.2) in which the forces
of infection are not exogenous, but determined by the disease preva-
lence. It is clear that Eg = (1,0, 0,0, 0, 0) is the unique disease free
equilibrium of system (2.2). Following the method and notations of
van den Driessche and Watmough [51], we find

Bs 0 0 Bs— B 0

0B 0 0 fBr-py
F=10 0 B¢ Bc— B Bc— By
000 fu 0
000 0 B,
and
pp+6p 0 0 —pc 0
—-6p8 pp O —0pcé —pc — Opc
V= 0 0 pc+6c —pp —pPp
0 O 0  pp+ pc+6pc 0
0o O 0 0 pr + pc + Opc

The basic reproduction number Ry of model (2.2) is defined as
the spectral radius of the next generation matrix F- V-1, ie,, Ry =
max Riy where

1<i<5
S R c
Rio = P , R20=E, Rs30 = P ,
J op pc+0c
Rao = 7ﬂ“ and Rsg = 7’3“ .
pp + pc + Opc pp+ pc + Opc
Fori=1,...,5, Rj is the reproduction number corresponding to

epidemiological classes Ys, Yg, Y¢, Ysc, and Yge, respectively. In
case of mass treatment or targeted treatment, we know R4y <
min{R1p, R30}, Rs0 < Min{Ryg, R30}, and hence R = max Rjo.

1<i<3
Moreover, Eg is locally asymptotically stable if Rg < 1 and unstable if
otherwise.

3.2. The equilibria

For an individual subject to constant exogenous forces of infection
(unaffected by the treatment strategy that person chooses), the
coefficient matrix of its individual equations (2.1), denoted by
A = (ajj)sxe. is (or can be reduced to) a constant irreducible matrix (or
submatrix) with nonnegative off-diagonal entries and zero column
sums. It follows from Corollary 4.3.2 in Smith [48] or Lemma 1
in Cosner et al. [10] that (2.1) has a unique nonnegative equilibrium
EO = X0, Y9 vP 7O, v& vy which is globally stable in the
hyperplane
(O, YO v v@ vQ. vR) e RS

i (@) (i) (U] (i) (i)
XO 4 v® v + Y0+ YR+ v =1}

Direct computations find that the community model equations
(2.2) can have up to four types of steady states as follows. The detailed
derivation and stability analysis appear in Appendix A.

Theorem 3.1. Let i (z) be the real part of a complex number z. For system
(2.2) under mass treatment or targeted treatment, we have
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(i) The no-disease or disease free equilibrium Eq = (1,0, 0, 0, 0, 0) al-
ways exists and it is stable if Rg < 1 and unstable otherwise.

(ii) One-strain equilibrium:
(@) E; = (%m, 1- %m 0.0,0,0) exists if and only if R > 1 and
Op = 0 (targeted treatment). Ey is stable if and only if Ry >
max{1, Ryg. Rso} and R3g < 1.

(b) E; = (%20, 0,1- %20 0,0, 0) exists if and only if Ryg > 1. E»
is stable if and only if Rog > max{1, R1g, Ra4o} and R3g < 1.

(c) E3 = %30 0,0,1— %0 0, 0) exists ifand only if R39 > 1. Tar-
geted treatment: Es is stable if and only if R3g > 1, Ry < 1,
SR)L; < 0and %A5 < 0. Mass treatment: E is stable if and only
if Rig < 1, Ryo < 1, and R3g > 1. Here A3i denote the roots of
A% + M A + My = 0 with

Rao

Mi = (1 —Rio0)pr + (1 - @>

x(pp+pc+9)+ﬁc(1—Ri),

30
Mo = (1 — R10)pr <<1 — @)

R30
X @P+pc+9)+ﬁc<l—%0)>
+6(Bc + Bs) (1 - %)

(iii) Two-strain equilibrium:
(@) Eq3 = (%m, Yi2,1— %m —Y12,0,0,0) exists if and only if
R1io0 > R0, R10 > 1, and 6p > 0. Eq is stable if and only if
Rs3o < 1. Here

(1/Ra0 — 1/R10)(1 — 1/R10) 1
Yio = 0,—).
1/R20 — 1/R10 + 86p/Br Ri1o
1 x.)(=l__x
(b) Eys=(Xi3. 7_X13 0 X3, Bs+B0) (5 —*13) (g 13),0)

’ Rw (Bs+Bc—P11)X3
exists if and only Rio0>1, R3g>1 and Op=0c =6pc =0

(no treatment). Eq3 is stable if and only if Bs > Pg. Here
X13 € [1/(R10R30), min{1/R19, 1/R30}) is the smaller root to

B1iX> — ((L % - 1) B + (ﬂs-&-ﬂc))

R1o

+(Bs + Bc) =0

R oRao
if B11 > 0 and equals 1/(R19R30) if B11 = 0.

+B0) (o —X53) (- —X:
(€) Ez3=(X23.0, Rfm—xza TM_X23 0, P 5cg;ggc_;?])§€;0 23))
exists if and only if Ryo > 1 and R3¢ > 1. Mass treatment:
E3 is stable if and only if Rqig < Ryo. Targeted treatment:
E,3 is stable if and only if ‘h)\* <0 and %RA5; <0. Here

Xo3 € [1/(R20R30). min{1/Ry0. 1/R30}) is the smaller root to
, 1 1 ,
i = (o + 7 —1) Bir + B o)) X

+ + Pc

P+ P )R207230

if B, > 0 and equals 1/(R0R30) if B1; = 0. Here );3 are solu-
tions to A2 + H; A + Hp = 0 with

R
H; = (1 - Rflo> pr + (Bc+ pp — B11X23).

Ho = (1 - %) pr(Bc+ pp — P11X23) + 6 ((Bc — pc — 0)

il w2

(iv) Coexistence equilibrium of the form E = (X, Ys, Vg, Yc. Ysc. Yre) in
which all the components are positive. E exists only if Rig >
1,R30 > 1,R10 > R0 and@c > 0.

Remark 3.2. Note that if Rig <1 and R3¢ > 1 then My > 0 and
My > 0. Thus Ej is stable if R3g > 1, Ry9 <1 and Rq¢ < 1. In par-
ticular, when 6 = 0, E3 is stable if and only if R3g > 1, Ry < 1 and
R0 < 1. However, for a non-zero targeted treatment rate 6, E3 can
remain stable even if Rq9 > 1. For example, given Bs = 1.1, fg =
0.5, IBC =3, pp = 1,,0C = 05,9 = 1,ﬁ11 =0.5, we have R3p = 2>
1,Ry0=05<1,R0=1.1>1, but M; =3.65 and My = 1.675. In
addition, if 811 = 0 then My > 0 implies M; > 0.

Remark 3.3. Under targeted treatment, E,3 is stable if Rig < Ro.
However, it is possible that E»3 remains stable even if R1g > Ryg. For
example, given s =2, Br=1.5,8c =3, pp=1,pc=1,0 =1,811 =
0,B8}; =0,wehave Rjp =2 >Ry =15>Tand R3g =15 > 1, but
Hy =11/3 and Hy = 1/9. In addition, if 811 = B}, =0 then Hy > 0
implies H; > 0.

Remark 3.4. By comparing the existence and stability condition of
equilibria, we find that there exists at most one stable equilibrium
under mass treatment, or under targeted treatment if Ri9 <1 or
Rio < Rao- In particular, when the coexistence equilibrium exists
under mass treatment, it is the only possibly stable equilibrium.

Moreover, numerical calculations suggest that there exists exactly
one stable equilibrium for any parameter setting and the coexistence
equilibrium is stable whenever it exists.

3.3. The tragedy of the commons

Given a set of parameter values, we first solve for the stationary
solutions of (2.2) and substitute the stable solution into the exogenous
forces of infection of the individual model (2.1), and then find the
proportion in each infected state. From these proportions, we can
then compute the disutility of an individual. An individual has an
incentive to increase antibiotic treatment if the individual disutility
J® is decreasing in terms of @, i.e., more treatment produces less
disutility. A community benefits from treatment if the community
disutility J is decreasing in 6. Locally, a tragedy of the commons occurs
when the goal of the individual conflicts with that of the community.
Mathematically, this means that for a fixed parameter set, we have

L)
900 96

Let Af = As + Ascos + Ascosc = Bs(Ys + Ysc), Ay = Ar + Arcor +
Arcore = Pr(Yr+ Yre)  and A% = Agcre + Arcoc + Ascosc +
Ascc +Ac = Bc(Yc + Ysc + Yre). Recall that under mass treat-
ment, we assume all mfected people are treated at the same
rate (Bp =6Opc =60c =6 and 9 Y (') 9(') /®), while under
targeted treatment, that 1nd1v1duals w1th C are treated, whether

< 0 for some 6y > 0.
00=0=0,

or not they exhibit the other infection (6p =0, Opc =0 =6 and
615’) =0, GIS'C = Gé’) = 6®), The proof of the following is postponed to
Appendix B.

Theorem 3.5. Modeling a single individual according to (2.1) implies
W Ai(op +0©) + 1 (pp + 860 D)
P Aop +090) + Az (op + 80©) + pp(op + D)

under mass treatment, and

oo e
T A+ pc+00

under mass treatment or targeted treatment, respectively.
The community model (2.2) implies that

p‘°+9,0}=max{1—i,o}
Bs Rio

]p:max{l —
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under mass treatment, and
pc+6 1 0}

Bc ;e
under mass treatment or targeted treatment, respectively.

In addition, under targeted treatment, there exist some parameter
sets such thatjl(,’) (or Jp) is increasing in 0© (or 0).

]c=max{1f ,0}=max{1f

Thus, under mass treatment, both J& = Dp],(,i) + chg) and | =
DpJp + DcJc are decreasing in 9@ and 6, respectively, for any Dp > 0
and D¢ > 0. This indicates that increasing mass treatment increases
the utility of both the individual and community, and there is no
tragedy of the commons in two diseases setting under mass treat-
ment.

However, | = DpJp + DcJc can increase in 6 for some Dp > 0 and
D¢ > 0 (e.g. Dp > D¢) under targeted treatment. For this reason, the
incentives for the individual and community do not always coincide,
and a tragedy of the commons may occur provided that only infectives
with the second agent receive treatment.

Theorem 3.6. For system (2.2) under targeted treatment, assume that
there always exists a globally stable equilibrium. If R1g > 1, R19 > R0
and R3g > 1 at 0 =0, then Jp <1 —1/Rqg for 6 € (0, Bc — pc), and
Jp=1-1/Rqq for 6 € {0} U[Bc — pc. o0).

Proof. No treatment (6 = 0): Ey3 is the unique stable equilibrium and
Jp=1-1/Rqo. B

Small treatment (0 < 6 < B¢ — pc): one of E3, E>3 and E is stable.
If E3 is stable, then Jp = 0; else if E»3 is stable, then Jp =1 — (Xo3 +
1/Ry0 —X23) =1—1/Ry0 < 1= 1/Ryo; else if E is stable then, Jp <
1—1/Rqp due to (op — Bs(X + Yc))(Ys + Ysc) = —0Ysc < 0.

High values for the treatment rate (0 > B¢ — pc): disease C disap-
pears. Ey isstableand Jp =1 —-1/Rq19. O

Remark 3.7. Under targeted treatment, we define Q (@) = 0Ysc/(Ys +
Ysc) as the treatment rate for the sensitive strain of disease P at a
stable equilibrium E(@). Assume that there always exists a globally
stable equilibrium, it follows from the proof of Theorem 3.6 that

dQ __, di
o~ "de
which implies that maxy. Q (@) = ming. Jp, namely, the fraction of
population being infected with the first agent is minimized (or max-
imized) whenever the treatment rate for the first infectious agent
reaches its maximum (or minimum).

However, if there is no cotransmission from Ygc, i.e., 1, = 0, then
],(f) is decreasing in 6®, which implies that J@ is decreasing in 0@ for
any Dp > 0 and D¢ > 0 (see Appendix B). In addition, if disease C has
higher disutility than disease P, i.e., Dc > Dp, then J® is constantly
decreasing in 0. We omit the straightforward but tedious proof.

4. Numerical simulations

The above analysis shows that a tragedy of the commons does not
exist under mass treatment. However, as defined above, a tragedy
of the commons can appear for the case of targeted treatment. In
this case, individuals who choose treatment rates which are larger
than those adopted by the community achieve lower disutility, even
though the entire community will experience more disease if ev-
eryone increases their treatment rates in the same way. But in this
case—targeted treatment—the treatment rates apply only to dual in-
fection; as the treatment rate increases, eventually the second disease
is completely eliminated, and with it, all opportunity to treat the first
infection. In a sense, this is not a classical tragedy of the commons,
because it is removable after a change of treatment strategy from tar-
geted treatment to mass treatment. However, the same two-disease
model can exhibit a conflict of interest between individual and society

under mass treatment if (i) assumption (A3) is not required, namely,
the force of infection of dually infected hosts is different from singly
infected hosts, or (ii) drug sensitive and drug resistant strains of the
first disease have different disutility, or (iii) the uninfected has signif-
icant disutility.

In general, the relationship between antimicrobial resistance and
virulence is not straightforward (e.g. [6]). While in some cases, a clear
fitness cost of resistance is believed to apply, it cannot be assumed
that drug resistant strains are less virulent (e.g. [13], but see [15]).
In some cases, drug resistance genes are present on a plasmid which
also includes virulence factors (e.g. [33]), but in other cases evolution
of drug resistance may simply alter expression of virulence factors
[22]. To explore this possibility in our model, we assume the resistant
infection could have higher disutility than the sensitive infection. One
disadvantage of the use of broad-spectrum antibiotics in general, in-
cluding azithromycin, is the disruptive effect such treatments have on
the normal microbiome, which may permit the overgrowth of other
harmful organisms [3]. This is particularly true in the case of Clostrid-
ium difficile in the gastrointestinal tract for example (e.g. [37]). Could
colonization (though of course not infection) by pneumococcus have
benefits in preventing the growth of other organisms? While some
literature supports the notion that pneumococcal colonization is not
beneficial [46], we explore the consequences of assuming that indi-
viduals in the susceptible state for pneumococcus have a comparative
disutility over the colonized (infectious) states. In these two cases, we
can define the individual and community disutility as

JO = Dyx© -+ Ds (V9 + ¥2) + De (V9 + 72)
+Dc (YO + Y2+ Y0)
and

J = DuX + Ds(¥s + Ysc) + Dr(Yr + Yrc)
+Dc(Ye + Ysc + Yre),

respectively, where Dy, Ds, Dg and D¢ are, respectively, the average
disutility of the uninfected, the sensitive and resistant infections of
the first disease, and the infections of the second disease. In what
follows, we will give numerical examples to consolidate our analytical
arguments.

Example 4.1. The tragedy of the commons under targeted treat-
ment. Consider community model (2.2) with fBs=3,8r=1.2,
Bc=18.B11=1,B8;;=138=03,0p=1,0c=1, and 6|0, 1]
B1o. Bot1. Byg- By can be determined accordingly by (A3). Fig. 2a
shows the probability of an individual being infected by agent P and
Fig. 2b represents the individual disutility under targeted treatment
with Dp =1 and D¢ = 0.05. Here an individual gets better if s/he
departs from the community strategy and treats more, but things
are worse if everyone does that. For the same parameter values, the
tragedy of the commons under targeted treatment remains even if
there is no cotransmission, i.e., 811 = 1, = 0. However, the tragedy
of the commons disappears when the ratio Dp : D¢ decreases below a
certain threshold value.

Example 4.2. The tragedy of the commons under mass treatment
without (A3). The values of parameters are fs=2.1, g =2,
Bc=12,B11=06, 1o =14, =06, B;; =0.1, 1, = 0.1, Bj; =
1.1,§=05,pp=1,pc =04, and 6 €[0,1]. Fig. 3a shows the
probability of an individual being infected by agent P and Fig. 3b
represents the individual disutility under mass treatment with
Dp =1 and D¢ = 0.25. Here disease C is assumed to differentially
suppress the resistant strain of disease P, namely, the transmission
of the resistant strain of disease P from Ygc is much lower than
the transmission of the sensitive strain of disease P from Y
(Br/Bs > (Bi; + Bip)/(B11 + B1o)). Note that the formulae for ]g

and ],(,i) are the same as the case of mass treatment with assumption
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Fig. 2. The tragedy of the commons under targeted treatment. (a) The probability of an individual being infected by agent P - J%, (b) the individual disutility due to both
diseases—J® = Dp],(,') + Dc]g). The parameter values are as in the text. The horizontal axis is the community level of targeted treatment rate and the vertical axis is the level of

targeted treatment rate chosen by an individual within the community.
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Fig. 3. The tragedy of the commons under mass treatment without assumption (A3). (a) The probability of an individual being infected by agent P —]I(f), (b) the individual disutility
due to both diseases—]© = Dp]f,” + Dd‘ci). Parameters are as in the text. The horizontal axis is community level of mass treatment rate and the vertical axis is the level of mass

treatment rate chosen by an individual within the community.

(A3) (see Theorem 3.5). As 6 > 0.43, the sensitive strain of disease
P goes extinct in the community which leads to A& = 0. Thus

]I(,') = Ap/(Ay+pp) and it is independent of personal choice of
treatment when 6 > 0.43. In this scenario, a higher treatment rate
for the sensitive strain of the first infectious agent, Q (@) = 6, could
cause a larger proportion of people being infected with the first

agent, Jp.

Example 4.3. The tragedy of the commons under mass treatment
with Ds # Dg or Dy > 0. Choose the same parameter as in Example 4.1
except that Bg=1.5,6 =0.1, and the average disutility of infec-
tion/noninfection are different. Fig. 4a and b represent the individual
disutility under mass treatment with Dy =0,Ds =1 < Dg =2 and
D¢ =0.05,and Dy = 0.7, Ds = Dg = 1 and D¢ = 0.05, respectively. In
both cases there is a conflict of interest between individual and soci-
ety: good for individual but bad for community.

It is worth noting that under certain circumstance individual
incentives may favor undertreatment while increasing treatment
will benefit community. Again choose the same parameter as in

Example 4.1 except the average disutility of infection/noninfection.
Fig. 5a and b represent the individual disutility under mass treatment
with DU = 0, DS =1< DR =2.5 and DC = 005, and DU = ].2, DS =
Dg = 1and D¢ = 0.5, respectively. In both cases an increasing in treat-
ment rate could be bad for individual but good for community.

5. Discussion

Rational antibiotic policy must consider the possibility that indi-
vidual incentives to use antibiotics may drive overtreatment. Such
overtreatment may lead to increasing drug resistance in other organ-
isms, yielding a tragedy of the commons [1]. In a previous paper [38],
we studied two single disease models of drug resistance: a simple
SIS model and a two-stage (mild and severe) model, and found that a
conflict of interest between individual and society does not occur for
the former but is possible for the later under certain circumstances—
individual incentives can favor overtreatment of mild infection lead-
ing to a worse outcome for society. However, mass administra-
tion of azithromycin during trachoma control provides a possible
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Fig. 4. The tragedy of the commons under mass treatment with Ds # D or Dy > 0. (a) The individual disutility J© when resistant infection has higher disutility than sensitive
infection, (b) the individual disutility J© when the uninfected has significant disutility. Parameters are as in the text. The horizontal axis is community level of mass treatment rate
and the vertical axis is the level of mass treatment rate chosen by an individual within the community.
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Fig. 5. Individual incentives which may favor undertreatment in case of mass treatment with Ds # D or Dy > 0. (a) The individual disutility J® when resistant infection has higher
disutility than sensitive infection, (b) the individual disutility J© when the uninfected state has a lower utility than the infected states. Parameters are as in the text. The horizontal
axis is community level of mass treatment rate and the vertical axis is the level of mass treatment rate chosen by an individual within the community.

example of second mechanism for a conflict of interest between in-
dividual and society: treatment of one disease can lead to drug resis-
tance in another organism.

In this paper, we extend previous game theory models of antibiotic
policy to a setting of two infectious diseases which are cocirculating.
In this model, treatment of one disease selects for resistance in the
other, mimicking the behavior of induced resistance in pneumococ-
cus caused by treatment of chlamydia. Mass antibiotic distributions
for trachoma elimination are known to select for macrolide resistance
in pneumococcus [47], although the prevalence of such resistance has
been seen to rapidly decline after cessation of mass distribution [19].
Our model was designed to reflect specific features of chlamydia and
pneumococcus in this setting, but we did not restrict the analysis
to parameters reflecting the biology of pneumococcus and chlamy-
dia. In this specific setting, for a base case scenario, we assumed that
the two infections do not interact competitively (the presence of one
organism does not reduce transmission of the other). In our model,
treatment induces drug resistance in one organism (pneumococcus)
but not in the other. We examined two scenarios: mass treatment, in

which individual treatment is not based on knowledge of chlamydial
infection status, and targeted treatment, in which individuals without
chlamydia are not treated. The occurrence of a tragedy of the com-
mons resulting from individual incentives to be treated is strongly
influenced by the choice of mass versus targeted treatment, as well
as by the health state utility of the various epidemiological states of
individuals.

More specifically, we find that the model can imply conflicting
individual and social incentives to use antibiotics. Such discord arises
foragiven population rate of treatment when individuals who diverge
from it do better (or worse), while if all individuals make the same
choice, all do worse (or better). Moreover, for a given parameter set,
such discord may arise for some treatment values but not others.
Also, individual incentives can favor underuse as well as overuse. We
identified four different examples of discord between the individual
and the community in our model.

First, suppose that infection or colonization by drug resistant
pneumococcus is worse than infection or colonization by drug sensi-
tive pneumococcus (the health state utility is lower for drug resistant
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infection or colonization). For specific parameter values, it is possible
that individuals who choose rates higher than the population lower
their health state utility because of the acquisition of drug resistance
during treatment. Yet if the entire population chooses this new, higher
treatment rate, the overall prevalence of infection is lower and the
population benefits.

However, this example is far from the only way that individual in-
centives can lead to socially undesirable outcomes. Suppose now that
the uninfected state has a lower utility than the infected states, be-
cause pneumococcal colonization is protecting the individual against
infection by a third organism (whose presence is not explicitly mod-
eled). Numerical scenarios reveal that for low treatment rates, the
individual and community incentives can favor increased treatment,
due to the benefits of curing chlamydia. But for higher treatment
rates, individuals who choose higher rates than the community begin
to experience worse outcomes, because the assumed disadvantage of
curing pneumococcal colonization outweighs the benefits of clearing
chlamydial infection. It is possible for individual incentives to favor
lower treatment rates despite the fact that the population as a whole
could continue to benefit from higher treatment, leading to another
example of individual incentives leading to underuse of antibiotics.

These examples aside, in our model, a true tragedy of the commons
can arise in which individual incentives can drive overuse of antibi-
otics. In our base case scenario, we assumed that for pneumococcus,
drug susceptible and drug resistant infection (or colonization) have
the same health state utility, and that it is better to be uninfected or
uncolonized. While pneumococcus and chlamydia themselves are un-
likely to interact competitively—each is unlikely to reduce the trans-
mission of the other—infectious agents of course can be in compe-
tition, and we considered the following example in which the drug
resistant strain of pneumococcus is less fit in the presence of chlamy-
dia than the drug sensitive strain of pneumococcus. In other words,
a fitness cost of drug resistance in pneumococcus is manifested by
reduced ability to spread in the presence of chlamydia. Under these
assumptions, under mass treatment, a tragedy of the commons may
arise. Population level treatment rates can be found for which indi-
viduals do better if they exceed the population treatment rate. If the
entire population, however, chooses a higher rate of treatment, the
resulting reduction in chlamydia leads to an overcompensating de-
gree of drug resistant pneumococcus, because (in this hypothetical
scenario) chlamydia is no longer inhibiting drug resistant pneumo-
coccus to the same degree. We found that for mass treatment, such
a tragedy of the commons is impossible if the two organisms do not
interact competitively.

If we depart from the assumption of mass treatment and allow
targeted treatment, individual incentives can again drive socially dis-
advantageous treatment rates, but for a different reason. Under this
assumption, individuals are only treated if they show signs of chlamy-
dia (unlike in a mass administration campaign). Pneumococcus is
only treated for individuals who are coinfected with chlamydia, so
that the effective rate of pneumococcal treatment becomes smaller
as the prevalence of chlamydia drops. Even when we assume identical
health utility of drug sensitive and drug resistant pneumococcal col-
onization and infection, that either is worse than being uncolonized
or uninfected, and that chlamydia and pneumococcus do not interact
competitively, a kind of tragedy of the commons arises. Here, indi-
vidual incentives favor increased treatment, but if the population as a
whole chooses a larger rate of treatment, the declining prevalence of
chlamydia reduces opportunities to treat pneumococcus. Individual
incentives drive overuse, but this mathematical tragedy of the com-
mons is unrelated to drug resistance and can be avoided by a different
choice of antibiotic policy.

Our model does not reflect all features of trachoma mass drug ad-
ministration in practice. Specifically, we did not include cocirculation
of multiple pneumococcal strains, the role of strain-specificimmunity
in pneumococcus [9], the presence of pneumococcal vaccination, or

the timing of mass drug administration. We only included a single or-
ganism for which resistance can be induced, and we have ignored age
structure, demography, latency, multiple chlamydial strains, chlamy-
dial cross immunity, and network effects. We also observe that the
mathematical analysis of the current model has not revealed explicit
criteria for the existence, uniqueness, and stability of the coexistence
equilibrium. Numerical simulations suggest that under the base sce-
nario there always exists exactly one (globally) stable equilibrium and
the coexistence equilibrium is (globally) stable whenever it exists. Fi-
nally, the relationship between antibiotic use and drug resistance may
be more complex than simple selection models would imply [30]. We
cannot conclude that a tragedy of the commons is impossible in a
more general setting.

Recent recommendations to improve antibiotic stewardship in-
clude efforts to avoid overuse of broad spectrum antibiotics (e.g. [4]),
in part because of a belief that broad spectrum antibiotic use promotes
drug resistance [41]. Simple game theory models as we present here
can be our first step in understanding the forces which shape the
epidemiology of drug resistance. If antibiotic use exceeds the socially
optimal level, it is important to understand whether such excessive
antibiotic use really benefits the individuals who use them. Overuse
of antibiotics based on a mistaken belief that they are helpful does not
reflect a true conflict of interest between the individual and society,
but a true conflict of interest does arise if individuals have genuine
health incentives to use antibiotics at a level exceeding the socially
optimal value. This work suggests that a tragedy of the commons
does not arise in simple models of trachoma control through the use
of mass treatment. More realistic models of the population biology
of drug resistant strains may provide examples of the tragedy of the
commons due to treatment of unrelated organisms.
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Appendix A. Proof of Theorem 3.1

The calculation of boundary equilibria for the community equa-
tions (2.2) is straightforward and simple except that of E3 and E»3
which can be found in Gao et al. [16]. So we will only focus on the
stability analysis. By substituting X =1 — (Ys + Yg + Y¢ + Ysc + Ygre)
into the last five equations of (2.2), we obtain a qualitatively equiv-
alent five-dimensional ODEs system, denoted by (2.2), with re-
spect to Ys, Yg, Yc, Ysc, and Ygc. We represent the equilibria corre-
sponding to the reduced system by Ej, E}, E,, E5, E},. E{5, E/23,~and £,
where the first component of Eg, E1, E5, E3, E12, E13, E23, and E is re-
moved, respectively. The Jacobian matrix of (2.2)" at an equilibrium
E e (Ey. E|. E). E5. E),, Eq5. E)s, £’} and that 0f(2.~2)at the correspond-
ing equilibrium E € {Eg, E1, E>, E3, E12, E13. E23, E} have the same set
of nonzero eigenvalues.

Local stability of Eg

The Jacobian matrix of (2.2) at EjisJ(Ep) = F — V and the set of its

eigenvalues is

{Bs — op — Op, Br — pp. Bc — pc — Oc, Bi1 — pp — pc — Orc,
Bi1 — pp — pc — Orc).

The no-disease equilibrium Ej is stable if Ry < 1 and unstable other-
wise.
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Local stability of E;
The Jacobian matrix of system (2.2) at E| is J(E} ) and the set of its
eigenvalues is

:(1 — R10)Lp, (% - 1) pp, (R30 — 1)(pc +0),

<@—1>(/OP+,06+9)+,35(L—1>,

Rio Rio

(2—?2—1)(}0;’4-,%4-9)}.

under targeted treatment. Recall that E; (or Eq) exists if and only if
R1o > 1and 6p = 0 which means that E (or E1) does not exist under
mass treatment.

Targeted treatment: since Rqp > 1 and R19 > R4o, the first and
fourth eigenvalues of J(E}) are negative. E; is stable if and only if
Rio > max{1, Ryg, Rs0} and R3g < 1.

Local stability of E;

The Jacobian matrix of system (2.2) at E}, is J(E,) and the set of its

eigenvalues is

1 1
- - ,l—’R, (R -1 9’
:(Rzo R10>‘Bs( 20)0p, (R30 — 1)(pc +0)
Rao Rso
1 0). (B0 _ 4
(R )om e (221

(op+pc+0)+ (1 - Rzo)pp} :

under either targeted treatment or mass treatment.

Since Ryp > 1 and Ryp > Rsp, the second and last eigenvalues of
J(E,) are negative. E; is stable if and only if Ryp > max{1, R0, Rao}
and R3p < 1.

Local stability of E3

The Jacobian matrix of system (2.2) at Ej is J(E3) and the set of its

eigenvalues is

:)»;, (Ra0 — Dpp. (1 — R3o)(pc +0). A3,

(%—1) (pP+Pc+9)+ﬂc(%m—l>}

under targeted treatment, where )Lgr and )L; denote the roots of A2 +
MiA + My =0, or

{(Rm “1)(op +6). (Rao — Dpp. (1 - Rao)(pe + 6).

<@—1>(,0P+,0c+9)+,3c(%30—1>,

R30

<@—1> (pp+;0c+9)+,3c<%30—1>}

R30

under mass treatment.

Targeted treatment: E3 is stable if and only if R3p > 1, Ry < 1,
NAT <O0and %irg <O.

Mass treatment: E3 is stable if and only if R1p < 1, Ry9 < 1, and
Rsp > 1.
Local stability of E,

Recall that Eq, exists if and only if R1g > R0, R10 > 1,and 6p > 0
(mass treatment). The Jacobian matrix of system (2.2)' at E;, is J(E},)
and the set of its eigenvalues is

{(R3o — 1)(pc +0), AT, AL, XT27 5‘1_2}’
where A%, and 15, are solutions to

M+ KiA+Ko=0and A2+ LiA+Lo=0,

respectively. Here

_ Br(op + 0)(R10 — 1) + pp(pp + 0)(R10 — Rao)

K
! Bs

+ (Bs — Br)Y12 > 0,
Ko = (op(pp + 0)(R10 — R20) + Bsd0)Y12 > 0,
Ly = (pp + pc + 0)(R10 — Rao) + (R10 — Rs0))/R10
+ Br(R10 — 1)/R10 + (Bs — Br)Y12 > 0,
Lo = Brpp + pc + 0)(R1o0 — Rao)(1 — 1/R10 — Y12)/R10
+ (o + pc + 0)(R1o — Rs0)(op + pc + 0)(R1o — Rao)/R7g
+ (op +0)Y12) > 0,
which imply that Ej is stable if and only if R3¢ < 1.
Local stability of E13
Recall that Eq3 exists if and only if R1g > 1, R3¢g > 1and 8 = 0 (no

treatment). The Jacobian matrix of system (2.2) at E}; is J(E;5) and
the set of its eigenvalues is

{=Bs + pp, (Br — Bs)or/Bs, —Bc + pc. —(Bc — B11X13) — or.)
—(Bs + Bc — B11) — Bu1(op/Bs + pc/ Bc — 2X13).}

It follows from X3 < min{pp/Bs., pc/Pc} and Bs > Bgthat Eq3 is stable
when it exists.
Local stability of E3

Recall that Ep3 exists if and only if Ryg > 1 and R3g > 1. The Jaco-
bian matrix of system (2.2)’ at E} isJ(E,5) and the set of its eigenvalues
is

{(R10/R20 — 1)(op + 6), —Br + pp. —Bc + pc + 6, —(Bc — P11X23)
—pop. —(Br + Bc — B11) — B (or/Br + (oc + 6)/Bc — 2X23)}

under mass treatment or

{233 =Br + pp. —Bc + pc + 0, Ay3. —(Br + Bc — B11)
—B11(op/Br + (oc + 0)/Bc — 2X23)}

under targeted treatment where )L2i3 are solutions to A%+ HjA +
Hp =0.

Mass treatment: E»3 is stable if and only if R19 < Ro.

Targeted treatment: E»3 is stable if and only if 5“)‘3:3 <0.
Existence of £

It follows from (2.2) that the equilibrium E satisfies

(pc +0 — BcX + ¥s + Vo)) (Ve + Ysc + Yre) = 0,
(op +6 — BsK + Yo) (Vs + Ysc) = 0,

(op — Br(X + Yo)) (Y + Yre) = 86 (Vs + Ysc) > 0
under mass treatment or

(pc + 6 — BcX + Ys + Yr) (Ve + Ysc + Yre) = 0,
(pp — BsKX + Yo) (Vs + Ysc) = —0Y¥sc < 0,
(op — BRX + Y0)(Yr + Yre) = 80 Ysc > 0.

under targeted treatment. Hence, in both cases, a necessary condition
for the existence of £ is that: R1g > 1, R3g > 1, R1g > Rapand @ > 0.
For a simple case: 811 = 8, = 0 under mass treatment, we can solve
the equilibrium equations by substitution and rigorously prove that
there exists at most one positive equilibrium. In addition, pc + 6 — B¢
is an eigenvalue of the Jacobian J(E") (or J(E)).

Appendix B. Proof of Theorem 3.5

Denote the kth equilibrium equation of the individual equa-
tions (2.1) and community equations (2.2) as eq, and EQ,
respectively. Let Af= )\g:i- )»5(_:%5 + Ascosc = ,35(}_'5 + Ys0), Af =
AR+ ArcoR + Arcore = BR(YR + YRe) and  A¢ = Apcrc + Arcoc +
Ascsc + Ascoc +Ac = Bc(Ye + Ysc + Yro).

Community model under mass treatment (6p = 6pc = 0 = 0):
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The sum of EQq4, EQs and EQg gives

—(oc +6 = BcX + Ys + YR)(Yc + Ysc + Yre) = 0
Since X + Ys + Yg + Yc + Ysc + Yge = 1, we have

Je=Ye+Ysc+Yre =1 (oc +0)/Bc =1 - 1/Rao if
R0 > 1or0if R3p < 1.
The sums of EQ, and EQs, and, EQ3 and EQg give
(s + Yso)(op + 6 — Bs(X + Yc)) = 0,
—pp(Yr + Yre) + 860 (Ys + Ysc) + Br(X + Yo)(Yg + Yre) = 0.

Direct calculations yield

S5 pp+0 1
X Yo = = —_—,
e Bs Rio
Vet Voo — (Bs — pp — 0)(Bspp — Br(pp + 0))
Bs(Bs(pp + 60) — Br(pp + 0))
_ (A =1/R10)(A = Ra0/R10)pp
80 + pp(1 — R20/R10)
5w 36 (Bs — pp—0)
Yr + Yre =
RHIRC = B op 1 60) — Pror + 0)
36(1 —1/R10)
_ B.1
80 + pp(1 — Ra0/R10)’ (B.1)
and hence

Jp=1- (,Op—}—@)/ﬂs =1-1/Ryif R1o>1or0if Rg < 1.
Community model under targeted treatment (0p =0,0pc =
Oc=0):

The derivation of J¢ for community model under targeted treat-
ment is exactly the same as that for community model under
mass treatment. Jp is not always a decreasing function of commu-
nity treatment rate 6. For example, given a parameter set under
targeted treatment: s =3, fp=12,8c=18,p;1=1.p};,=1.6=
03,pp=1,pc=1, we have 9Jp/06 ~ 0.121952 > 0 at 8 = 0.7. For
the same parameter values except that 81 = B{; = 0, we still have
dJp/06 ~ 0.113367 > 0at6 =0.7. ) ) .
Individual model under mass treatment (9,5’) = 9152 = 95‘) =00):

The sum of eqq, eqs and eqg gives

AL (5((” +79 4+ ?,g“) — (oc+69) (Yg) +70 4+ \7&) =0.
since X0 + Y& + ¥ 4 ¥9 4 ¥@ 4+ ¥ = 1, we have
JO=YP 470+ ¥ = 2/t + pc +09).
The sums of eq, and eqs, and, eq3 and eqg give
(o +60) (T + Q) 1+ 25 (X0 +70) =0,
—or (V0 + V) +800 (Y + ¥Q) + 33 (X0 +¥0) = 0.
Again since XO + O 4 7O 4 0 4 70 90 _ 1 we get three linear

equations with respect to X® + Y/g), Ys(i) +¥sc and Y9 + Ygg. Direct
calculations yield

X0 4y pr(pp +6D)
c Ai(op +0D) + Az (op + 80D) + pp(op + 00)’
o .
S sc Xz (op +0D) + Az (pp + 80D) + pp(pp + D)
7O 170 = (pp + O D)% + 80D

RE™ Xp(op +00) + Ak (op + 80D) + pp(op +6D)’
and hence
O _ A;(pp+9<i))+xg(pp+89(f)) A
P Miop +00) + A5(op + 80 D) + pp(pp + 0 ©)

Moreover, it follows (B.1) that, ]é’) and ]1(,') canbe explicitly writtenin
terms of model parameters and we can study an individual’s disutility
in community treatment rate. ) )
Individual model under targeted treatment (915') =0, 9152 =

09 =90y
The derivation of ]g) forindividual model under targeted treatment

is exactly the same as that for individual model under mass treatment.

Now we give an outline of the proof to the statement: j,(,i) is not

necessarily decreasing in 6. First, we solve the individual equations
and simplify the derivative of ],(,') with respect to . We find that the

sign of ajg')/ae(") is the same as a polynomial in 8® of the form
h©OD) = —(cax O@D)* + 3% 0D + 2% 0V + 1% 09) + o).
where

€4 = C4(Ascosc, Ascoc, Asc—s, ARcRC: ARc—Cs As, Ac, Pp, OC),
3 = 30(Ascosc, Asc—c. Ascs, ArRc—Re, ARCoC

ARC—R: As. AR, Ac, pp, PC)

—C31(Ascosc, Ascocy Ascos, Arcore, Arcc. As, Ac, Op)S,
€2 = C20(Ascsc. Asc—c. Asc—s, ARC—RCs ARC—C

ARC—R: As. AR, Ac, PP, PC)

—Cho(Asc—s, ARc—RCs ARCRs As, AR, OP)

—C21(Ascosc, Ascocy Ascos, Arc—re, Arcoc,

ARCoR: As, AR, Ac, pp, pC)d,
c1 = C1(Ascosc, Asc—cs Ascoss ARCSRC: ARCCs

ARCR> As, AR, Ac. PP, PC),
o = Co(Ascosc, Ascoc, Asc—s, ARcRC, ARC—C

ARCoR» As, AR, Ac., pp. PC).
and ¢y = Apcorc(hscoss + As)of (hscos + Arcsr + As + Ag + op).
Here cg, c1, C20, C21, C30, €31 and ¢4 are the addition of some positive
terms. Furthermore, we find that ¢yg > ¢ and c3g > c31 which imply
that ¢; > —c,, and c3 > 0. In particular, if cotransmission of R and C
is rare, i.e., B;, = 0, then ¢}y = 0 and h(0?) < 0 for any 6@,

Nevertheless, it is possible that h(@®) > 0 for some 6® when
Bi; > 0. To construct such a counterexample, we observe that
Asc—scs Asc—c» Arc—c» Ac, pc do not appear in ¢, but in other coef-
ficients. Let Asc_.sc = Asc.c = Arc—c = Ac = pc = 0 and then h(0 (i))
takes the form
hOD) = —23 sc@ax OD) + 255 00
+Cy * (G(i))z +Cq * (9(")) + 60),

where
&y = Gy — ¢hg/Arc—rc and
€4 = Asc—s + As + pp(Ascos + As)/Arc—re-

Here €. €1, &20. €3 are polynomials. Thus, ¢, can dominate the sign
of h(0®) as Apc_rc — 0. For example, given a parameter set under
targeted treatment: Agc_.sc = 0.0001, Asc_,c = 0.0001, Asc_.s =
1, Arcore = 0.001, Agc_c = 0.0001, Agcp =1, As =1, Ag =1, Ac =
0.0001, pp = 1, pc = 0.0001, 8 = 0.5, we have 3J /90 ® = 6.55516 x
1077 >0atd®d =1.

However, if D¢ > Dp, then we find that 3J®/36® is constantly
negative and hence an individual always benefits from increasing
his/her treatment.
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