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ABSTRACT. In this paper, a model composed of two Lotka-Volterra patches
is considered. The system consists of two competing species X,Y and only
species Y can diffuse between patches. It is proved that the system has at
most two positive equilibria and then that permanence implies global stability.
Furthermore, to answer the question whether the refuge is effective to protect
Y, the properties of positive equilibria and the dynamics of the system are
studied when X is a much stronger competitor.

1. Introduction. In the study of ecology, we know that all species live in certain
environments, where they spread out in space. Since the pioneering work of Skellam
[13], spatial ecology has developed rapidly. Different diffusion modes correspond
to different systems, that is, continuous diffusion corresponds to reaction-diffusion
equations, while discrete diffusion corresponds to discrete diffusion equations. For
the discrete systems with diffusion, many works considered the effect of diffusion on
realizing system persistence and permanence. Among these, we mention Levin [IT],
Freedman and Waltman [5]. We point out especially that Takeuchi had many works
in this field. Actually, his works include [19-24], Takeuchi and Lu [26], Freedman
and Takeuchi [3, 4], Kuang and Takeuchi [I0], and so forth. Also one can refer to
his monograph [25] where part of his works are collected.

To save or protect certain species, a natural idea is to set up some refuges so
that the protected species can enter or leave the refuges freely but its predators
and competitors are kept out. Several biologically related questions then arise. Are
such refuges effective to save certain species? Is there any better idea to protect the
species? These questions are considered in [2] via a predator-prey reaction-diffusion
model with two species and in [I] via a competitive reaction-diffusion model with
two species.

In this paper, we will consider the following discrete diffusion model containing
of two species with a refuge for one of them

dx
d—tl =rz(l — 21 —a1yn),
(1.1)

d
% =y1(1 —y1 — pxr) + 0(y2 — 1),
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d _
ﬂ = Sgyg(l — L2 1y2) + 5(3/1 - y2)7

dt
where 1 > 0 and y; > 0 are the densities of species X and Y in patch 1; yo > 0 is
the density of species Y in patch 2; a; and p represent the effects of species Y on
species X (and vice versa); 4 is the diffusion rate for species Y. All coefficients are
positive.

This system describes an ecological model with two competing species, where Y
can diffuse between patches while X is confined to one of the patches. It is easy to
see that the system has exactly three boundary equilibria, i.e., E, := (0,0,0), E, :=
(1,0,0) and E, := (0,91, J2). This model has been discussed by Takeuchi [22] and
Takeuchi and Lu [26]. They gave some sufficient conditions for the permanence of
the system, where permanence means there is a compact set S in the interior of the
positive orthant such that the w-limit set of any orbit with a positive initial value
is contained in S. By constructing appropriate Liapunov functions they proved
that () is globally stable if the competition in the two-species patch is weak
enough. Their proof is somewhat technical. Still in [26], the authors pointed out
” Unfortunately, we do not know in this case (¢gr > 1) if permanence implies global
stability in general”, where ¢ and r describe the effects of competition in patch 1.

In this paper, we first prove that ([LI]) has at most two positive equilibria. Then,
using the method of monotone dynamical systems, we can prove that the system
has a globally stable positive equilibrium if both E, and E, are linearly unstable.
In other words, permanence implies global stability. This gives a positive answer
to the question of [26]. To answer the biological questions whether the refuge is
effective and whether there is some simpler idea to protect Y, regarding the effect
of species X on species Y with p as a parameter, we consider the properties of
positive equilibria and the dynamics of the system for sufficiently large u. We show
that the stabilities of £, and E, are independent of sufficiently large p and give the
following conclusions.

Case 1. E; is linearly stable and F, is linearly unstable. In this case, £ is globally
stable.

Case 2. Both F, and E, are linearly stable. In this case, the attracting region of
E, increases in u. Moreover, for any positive initial value v, there is some u(v) such
that v belongs to the attracting region of E, for any u > u(v).

Furthermore, we summarize an ecological conclusion, that is, the refuge is inef-
fective for Y in these two cases when species X is a much stronger competitor.
Case 3. E is linearly unstable and E, is linearly stable. In this case, there are two
positive equilibria, one linearly stable and one linearly unstable. The stable one,
denoted by E,, converges to (1,0, stng) as u — o0o. Moreover, the attracting
region of E,, increases in p; For any positive initial value v, there is some p(v) such
that v belongs to the attracting region of E,, for any u > p(v).

Case 4. Both E, and F, are linearly unstable. In this case, it is shown that there is
a globally stable positive equilibrium E,,. Moreover, E,, converges to (1,0, 525;‘;L2)
as [t — o0.

In addition, we conclude that in cases 3 and 4 the refuge is effective for Y, that
is, Y always can survive in the second patch. But it is interesting that in these two
cases, the density of Y in patch 2, yo = 525;5L2 at the stable coexistence, is less
than the carrying capacity of Y in patch 2. This means that X affects the density
of Y not only in patch 1 but also in patch 2. It is easy to see that to survive more
species Y (and more species X), a simpler idea is to restrict not only the living
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region of X but also the living region of Y. In other words, through restricting the
living region of X in patch 1 and the living region of Y in patch 2, both the density
of X in patch 1 and the density of Y in patch 2 can attain their carrying capacities.

2. Model description and preliminaries. We begin this section with some no-
tations and definitions which will be used throughout this paper. Define the set
R}? ={z € R": 2 > 0for 1 >4 > n}and IntR} = {z € R" : 2; > 0 for
1 >4 >mn}. Let K be an orthant of R™. For any two points x,y € R}, we write
x <g y whenever y —x € K, x <i y whenever z <y y and x # y, and z <k y
when y —x €lntK. If z,y € R and v <g (<x)y, define [z,y]x = {z € R} : x <k
2 <k y}(z,9)k ={z € R} : 2 <k 2 <K y}).

Let s(A) = max{®\ : A € 0(A4)}, where A is a square matrix and o(A) is the
set of eigenvalues of A. We denote the Jacobian matrix of a system of ordinary
differential equations evaluated at an equilibrium P by J(P). A semiflow ¢ is said
to be type-K monotone provided

Pi(z) <k :(y) whenever < y and ¢t > 0.

The semiflow 7 is said to be strongly type-K monotone if ¢ is type-K monotone
and Y (z) < P:(y) whenever z <g y and ¢ > 0. An n xn A is called a coop-
erative matrix provided all off-diagonal entries of A are nonnegative, and a type-K
cooperative matrix provided A has the form

A —A
(5 )
in which A; is a k x k cooperative matrix, As is a k X (n — k) nonnegative matrix,
Ag is an (n — k) x k nonnegative matrix, A4 is an (n — k) x (n — k) cooperative
matrix. A is said to be competitive (type-K competitive) provided —A is coop-
erative (type-K cooperative). A system of differential equations & = f(x) on R’
is called a type-K monotone (competitive) system if the Jacobian Df(x) of f is
type-K cooperative (competitive) at any x € R’}. Smith[I7] showed that the flow
generated by a type-K monotone system is type-K monotone. Furthermore, if
Df(x) is irreducible in some open set  C R}, then the flow is strongly type-K
monotone on €. Given any z € R, an orbit 1;(2) is said to be K-monotonic
nondecreasing (or nonincreasing), if ¥y, (2) >k ¥, (z) whenever t; > (or <)ts.
For simplicity, we call ¢;(z) increasing (decreasing) to an equilibrium, when ;(z)
K-monotonic nondecreasingly (nonincreasingly) converges to it as ¢ — oo. Con-
textually, no confusion should result. In this paper, the important cones used are
Ri’r and K = {(x1,y1,y2) € R® : 21 > 0,91 < 0,52 < 0}. We reserve the symbol
K for this latter one. If the cone is R"} , we drop the K and write ” < 7,7 <7,7 < 7.

In the spatial ecology, the following system:

dX1 Xl }/1

M _ex (1 - 2L a2t

o~ el M, 1MJ

dY1 Yl Xl

— =mYi(l— — — B1— d(Ys — Y] 2.1
e m 1( N 1Nl)+ (Ya 1) (2.1)
dYs

Y,
2 Ya(l— 22 1 d(Y: - Y
> 2 ( N2)+ (1 2),
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describes a model of competition-diffusion with a refuge for one species, where
X7 > 0,Y7 > 0 are the population densities of competitors X and Y in patch 1;
Y5 > 0 is the population density of species Y in patch 2; A1, By describe the effects
of competition in patch 1; N;, i = 1,2, (or My) are the carrying capacities for
species Y (or X) in patch ¢ (or 1); n;,4 = 1,2, (or &) are the per capita growth
rates for species Y (or X) in patch i (or 1); d is the per capita diffusion rate between
two patches for species Y. Since species X is confined in patch 1 and only species
Y can diffuse between the patches, patch 2 can be regarded as a refuge for species
Y. Suppose all coefficients are positive.

We nondimensionalize equation ([ZTI) in order to describe the system in terms of
a minimal set of parameters [I2]. The following transformations:

X1 Y Y,

1
= — = — = = t= = 2
Z1 Ml , Y1 Nl , Y2 Nl ) mt, T1 ™ )
72 d Ny N My
* m’ m 2 Nl’al 1M17u "Ny
yield the nondimensional system
d
% =rizi(l — 21 —a1y),
d
% =y1(1 =y — px1) +0(y2 — y1), (2.2)
d _
% = soya(1 — Ly y2) + 6(y1 — v2).

The quantities 1 > 0 and y; > 0 represent the densities of species X and Y in
patch 1 scaled by their respective carrying capacities; y» > 0 represents the density
of species Y in patch 2 scaled by the carrying capacity of Y in patch 1; a1 and p
represent the per capita effect of species Y on species X (and vice versa) scaled
by the ratio of respective carrying capacities; § is the species specific diffusion rate
scaled by the growth rate of species Y in patch 1; r; is the ratio of per capita
growth rates of the two species in patch 1; a quantity Lo represents the ratio of
carrying capacities in the two patches for species Y'; so represents the ratio of per
capita growth rates of species Y in the two patches; and ¢ is a time metric that is
a composite of 7 and 7;. Here all coefficients are positive.

In order to obtain conditions for permanence, it is necessary to discuss the fol-
lowing subsystem:
1 =y1(1=y1) +0(y2 — v1),
g2 = s2ya(1 — Ly 'yo) + 0(y1 — 42).
The following lemma has been proved many times: see for example [5] and [I'7].

(2.3)

Lemma 2.1. For system (Z3)), there is a unique non-zero equilibrium, denoted by
9= (91,92). §>>0 and it is globally stable with respect to RL\{(0,0)}.

Remark 2.1. If .J denotes the Jacobian matrix of 3) at y = , then s(.J) < 0.
It is based on the equality

- (=041 -25 5 1 — 62 5
J = —1~ = Y1 —1~ 1 .
1) —0 + 89 — 282L2 ) 1) —52L2 Y2 — 5;—;
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Obviously, J is a negative definite quadratic form. Hence s(.J) < 0.

It is easy to see that ([Z2) has exactly three boundary equilibria, i.e., (0, 0,0), (1,0,
0) and (0, §1,32), denoted by E,, E, and E,, respectively. Hereafter we consider
only the generic case where the Jacobian matrices evaluated at E,, F; and E, are
hyperbolic; that is, no eigenvalue of the matrices has its real part equals to zero.
By the Butler-McGehee lemma in [6], Takeuchi[22] gave the following lemma.

Lemma 2.2. For system [Z32), we have the following properties:
(i) E, is linearly unstable and W*(E,) N (R3\{E,}) = 0;
(ii) If E, is linearly unstable, then W*(E,) NRY = {(z1,y1,92) € R3 : 27 >
0,y1 =0,y2 = 0};
(iii) If E, is linearly unstable, then W*(E,) NR3 = {(x1,y1,42) € R} : 21 =
0,y1 > 0,92 > 0,y1 +y2 > 0}.
Here W#(P) denote the strong stable manifold of an equilibrium P.

The Jacobian matrix of the right-hand side of Z3) is:

r1 — 2rx1 — r161 —ria1T1 0
— iy 1—2y; —pxy —0 0
0 0 S9 — 282L2_1y2 )

It is apparent that [2) is cooperative with respect to K where
K ={(z1,y1,52) €R® : 21 > 0,51 < 0,52 < 0}.

Furthermore, the Jacobian matrix is irreducible in IntRﬁ_. Let F denote the vector
field described by [Z3), ¢; the corresponding flow. Therefore, the flow ) of (22)
is type-K monotone in Ri and strongly type-K monotone in IntRi.

Lemma T and monotonicity imply that Z2) is dissipative. In fact, if z =
(z,y) € R3 and # = x1 > 0,y = (y1,y2) > 0, then (0,y) <g z <k (z,0) and
therefore,

¥e((0,y)) <k ¥e(2) <k ¥i((,0)),¢ > 0.
Since ¢¥,((0,y)) — E, and ¥;((z,0)) — E, as t — oo, it follows that all positive
orbits are attracted to the set [E,, Ey]x. If z = (x,y) satisfies z,y > 0, then
() > 0 for t > 0. Define E and ET to be the sets of all nonnegative equilibria
and all positive equilibria for v, respectively. Obviously, [Ey, E;|x contains E and
E, € (Ey,E;)k for any E, € Et. We can find the following results in [26], [15]
and [I8], respectively.

Lemma 2.3. If E, and E, are both linearly unstable, then system &2 is perma-
nent, or more precisely, there exist positive equilibria E, and E., with F, < F,,
such that the w-limit set of any solution initiating in {z = (z,y) : z,y > 0} is
contained in [Ey, Ev]k. Furthermore, if E, = E.., then E, is globally stable.

Lemma 2.4. Let 2 = G(2) be type-K monotone system on R’ and suppose G(z) >k
(<k) 0 for some z € Ry, If Wy(z) is defined for all t > 0, then W(z) is K-
monotonic nondecreasing(nonincreasing) for t > 0, where ¥, is the flow corre-
sponding to ¢ = G(z). If, in addition, O(z) has compact closure in R}, then w(z)
is precisely one equilibrium, where O(z) = {W4(z) : t > 0}.

Lemma 2.5. Let 2 = Gi(z),i = 1,2 be type-K monotone systems on R’} and satisfy
Gl(Z) >K GQ(Z), Vz € Ri
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Let W be the flow corresponding to 2 = Gi(z),i = 1,2. If 21,22 € R and 21 >k 22,
t >0 and Vi(z),i = 1,2 are defined, then U} (21) >k V(z2).

Note that the Jacobian of (ZZ) is a tridiagonal matrix. By the theory of
Smillie[T4], we have the following result.

; ~ 3
Theorem 2.1. For system [Z32), w(z) is a singleton for any z € R7.

Corollary 2.1. Suppose [Z2) has no positive equilibrium. Then either E, or E,
is globally stable.

Note that system [Z2) is also type-K competitive when we consider the cone
K1 = {(x1,y1,92) € R : 27 > 0,91 > 0,y2 < 0}. The dynamics of both the
type-K monotone systems and the type-K competitive systems is 1-codimensional.
Thus we prove the dynamics of 2-species competition-diffusion system with a refuge
is 1-dimensional (see [9]) and give a different proof of Theorem T

3. Main results. Let E,, = (z1(t0),y1(t0), y2(1o)) be a positive equilibrium of
system (Z2) when it has at least one at u = po. Let F'#0 denote the vector field of
F at p = pg, ¥ the corresponding flow. If the field is at u, we drop the pu and
write F' and ;. First, let us calculate the Jacobian matrices at the three boundary
equilibria.

0

180 = (3 ) e = (150 ,0,)

_ 1—p—20 0
IE) = (T3 Ty ) where s = (rian0 e = (Th 00 ),
_[(r1 —Tman 0 _ (—nn
J(Ey)—< . Jy(E;j’))’Where *2_< 0 )

1—23,—0 5
2\
Jy(EU) o ( 1) S9 — 282L2_1g2 )

Remark 3.1. Since J,(E?) is a symmetric matrix, its eigenvalues are both real
numbers. It is easy to check that s(J,(E?)) > 0. Therefore E, has at least two
positive eigenvalues and it is linearly unstable. According to Remark X1l we know
that s(J,(E})) < 0.

Remark 3.2. Note that J(E,) is a tridiagonal, quasi-symmetric matrix (i.e., all
nonzero off-diagonal entries a; ;11 and a;41,; have the same sign). Hence all eigen-
values of J(E,,) are real (see [27]).

Remark 3.3. E7 is totally strongly ordered with respect to <, that is, E(Y) <

E® or EM > E® for any pair of points E() = (xgi),ygi),yéi)) e ET,i=1,2

with E) # E®). Without loss of generality, we suppose that argl) > 1{2)

11— xgz) = alyy),i =1,2, yil) < y§2). Assume to the contrary, yél) > y§2). Then

So — 52L2_1y2 — 9 < 0 for any yo > yf). Define g(y2) = say2(1 — Lz_lyg) — dyo.

Therefore,

. Since

9" = g(ws”) = oyt — 3y <0,
which contradicts to the fact that g(ys) = s2 — 2s9L5 “ya — & < 0 for any yp > y§2).
525
5—82
(i) E, is linearly unstable if p > 0 and s3 > 0, or p < p* and sy < &; moreover,
E, is linearly stable if so < 0 and p > p*.

Proposition 3.1. Let p* =1+ when sy < 6. We have
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(i) By is linearly unstable (linearly stable) if 1 —a1g1 >0 (< 0).

Proof. Since (ii) is obvious, we only prove (i). Let o = 1 —p. E, is linearly unstable
if and only if s(J,(E2)) > 0. If ¢ > 0, then clearly s(J,(E2)) > 0;

If 0 <0 and sy — & >0, then det J,(E?) < 0, therefore s(J,(E?)) > 0;

If o < 0and sy — & < 0, then trJ,(E?) < 0. Hence, s(J.(E2?)) > 0 implies
det J,(E?) = psa — pd — 526 < 0. Thus ¢ > 522:;5' Substituting ¢ = 1 — p into it

yields the result. O

Theorem 3.1. For any p > 0, @2) has at most two positive equilibria.

To prove this theorem, we first prove the following three weaker propositions.
Proposition 3.2. For any pu > 0, system ([Z2) has at most three positive equilibria.
Proof. Let (z1,y1,y2) be a positive equilibrium of ([Z2). Then it satisfies

-z —a1y1 =0,
yi(l —y1 — pe1) +6(y2 —y1) =0, (3.1)
say2(1 — Ly 'y2) + 6(y1 — y2) = 0.

Solve x1,y2 in terms of yq, i.e., z1 = 1 —a1y1,y2 = (dy1 —y1(1—y1 — (1l —a11))) /9,
and substitute these into the third equation. After some algebraic manipulations it
can be reduced to

0=0(y1 — y2) + saya(l — 9oLy ') = 6~ '(— Ay + 2By} + Cyi + Dy1),  (3.2)

where
A— (=1 + pai)?ss B_ (=14 par)(d — 14 p)s
0Lo ’ 0Lo ’
_ _ s 2
026( 1+ua1)(6 S;)LLQ (5 1+/L) 82, D:—(—1+u)(6—82)+682.
2

For the sake of contradiction, assume ([ZZ) has more than three positive equilibria.
Then all coefficients of (B2) must equal zero. From the coefficients of y{ and y?, we
have u =1/a; =1 -6 > 0. However, the constant term equals (52_5)(1_56_1)+652 =

0 # 0, giving a contradiction. O

Proposition 3.3. For any p > p**, system Z2) has at most two positive equilibria,
where W** = 1/a;.

Proof. Deduce by contradiction, we assume that ([Z2) has three positive equilibria.
From (B, we have

(1= myr — (1= par)y? +6(y2 — y1) =0,
sayz — s2Ly Y3 + 3(y1 —y2) = 0.
Direct calculations yield
(pay — yy = —(1—p) — d(u™' = 1) >0, (33)
52L51y2 =59+ d(u—1)>0, '

where u = y1 /y2 and u satisfies

(pay — 1)ou® — (pay — 1)(6 — so)u? + soLy (1 — 6 — p)u — (—s2Ly10) = 0. (3.4)
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Any positive equilibrium of ([22) corresponds a positive root of B4). If u;,i =1,2,3
denote the roots of (B, then

—52L515

(pay —1)8°
From the third equation of @), if (z1,y1,y2) is a positive equilibrium of (Z2),
then (1—a1ky1, ky1, ky2), k > 0 is a positive equilibrium of Z2) if and only if &k = 1.
Therefore different positive equilibria of [32) correspond to different positive roots

of B4l). Hence BA) must have three different positive roots, this contradicts to
uiugug < 0. Thus the proposition is proved. O

Uiru2u3 =

Proposition 3.4. Let p < p** = 1/ay. If system [Z2) has a positive equilibrium
E,, then it is linearly stable.

Proof. Let E,, be a positive equilibrium of ([Z2). The Jacobian matrix of the vector
field at E, is given by J(E,), that is,

r1 = 2r1z1(p) — riaay (p) —ria121(p) 0
—py1 () 1—2y1(p) — pa(p) — 6 §
0 ) 89 — 282L2_1y2(u) -9
—rzi(p)  —raiz(p) 0
= | —mn)  —mn(p) - 62 5
0 s —saLy o) — 013

By Theorem 2.7 in [T6], for a type-K matrix J(E,), s(J(E,)) < 0 if and only if the
following three inequalities are satisfied, that is,

(=1) |=riz1 ()| > 0,

o|—mwa(p)  marza(p) . 1 oya(p)
_ >0,ie, p—— < —FS—+,

( pyr(p)  —y(p) — 02 TS a()

—ri121(u) riayxy (@) 0
(—1)3| mn(p)  —y(p) — 62244 6 >0,
0 5 —saLy "y () — 24
2

ie., - i < 5y2(ﬂ) _ 572/2(/1) = K(M)

ar  aryi(u)  ary(p)(s2Ly '3 (1) + Syr ()
Obviously, we have K (p) > 0. It follows that E, is linearly stable if and only if
pu<1/ay+ K(p). In particular, E,, is linearly stable provided p < 1/a;. O

By Theorem ] together with Theorem 3.7 in [T5], [2) has no more than one
positive equilibrium when p < p**. Combining with Proposition B33 we complete
the proof of Theorem Bl

Remark 3.4. Proposition B4 provides us a criterion to determine whether a pos-
itive equilibrium is linearly stable or not, i.e., E, is linearly stable if and only if
i(l/al + K(u)) > 1, which will be frequently used throughout this paper.

From Proposition B4, we can obtain the following three corollaries about the
global dynamics of the system for small  which were given in [22].
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Corollary 3.1. Suppose 1 —a1y1 < 0. Then for sufficiently small u > 0, especially,
foru < p** =1/a1, E, is globally stable with respect to {(x1,11,y2) € Ri Y1 +y2 >

0}.

Remark 3.5. It is worth noting that, E, is linearly unstable under the condition
p< p** and 1 —a191 < 0. In fact, by Proposition Bl if s3 > ¢, then E, is linearly
unstable; else if so < 4, then to show that FE, is linearly unstable it suffices to

prove p** < p*, or, equivalently, a% <1+ %. Since g1 > a_11= it suffices to prove
71 <1+ %
_ 0(92 — s20 . _ _
g — 1= ( — ) < implies §(g2 — 1) < 202
(0 0 — s2

Since §(§2 — 1) — s292 = —s2Ly '93 < 0, we prove the linear instability of E,.

Corollary 3.2. Suppose sa < & and p* < p < p**. Then E, is globally stable with
respect to {(z1,y1,y2) € RY 11 > 0,1 > 0,92 > 0}.

Remark 3.6. Similar to Remark B3 we can prove the linear instability of Ej
under the condition se < § and p* < p < p**.

Corollary 3.3. Let 1 —a1g1 > 0. Then system [Z2) has a unique positive equilib-
rium for sufficiently small p > 0. In particular, permanence implies global stability

if pp < min{p*, ™}
More general than Corollary B3 we have the following theorem:

Theorem 3.2. Suppose E, and E, are both linearly unstable. Then system (Z2)
has a unique positive equilibrium for any p > 0. In other words, permanence implies
global stability.

Proof. Suppose, on the contrary, that there exists some pg such that ([Z2) has two
positive equilibria ! and E}. satisfying E, < E . Clearly, we have 1o > 1/a;.
We claim that E and E}. are both non-hyperbolic equilibria.

We argue by contradiction to prove the claim. By Theorem Bl one of E}LO and
EZO must be non-hyperbolic. If the other is hyperbolic, then it must be linearly
stable. Without loss of generality, suppose E}LO is linearly stable and EZO is non-
hyperbolic, the other case can be proved similarly. Since E;lm is linearly stable, we
can find € > 0 which is small so that for u = po + € system (2 has a linearly stable
positive equilibrium, denoted by E}L, satisfying E}L <LK Eﬁo. Since E, is linearly
unstable and F(E}, ) >k 0, (E, ) increases to a positive equilibrium, denoted by
E?, satisfying E7. <k E.. Hence E}, and E, are both stable in [E}, E.| k. By the
theory of connecting orbits in [7], there must exist a further positive equilibrium, a
contradiction.

Since both E, and E?  are non-hyperbolic, according to Remark B2 E/, must

satisfy B) and det J(E}, ) =0, i = 1,2. Direct calculations yield
82rixy + (—rizy + orpay + ,w"l:z:f +2rx1yr — parriziyr ) (—0 + s2 — 2s2ya/La) = 0.

Substituting ©1 = 1 — a1y1 and y2 = (dy1 — y1(1 — y1 — u(l — a1y1)))/d into the
above equation produces

— 44y} + 6By} +2Cy; + D = 0, (3.5)
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where A, B, C, D are defined as in Proposition B2 Multiplying [B2) by 46/y1 and
then subtracting it from (B3H), there hold

2By} +2Cy; +3D = 0. (3.6)

Therefore, B0) has two different positive roots. If B = 0, i.e., p = 1 — ¢, then
C =D =0. We have s3 = § from C = 0, then D = §sy > 0, a contradiction. Thus
B # 0. Substituting D = —(2By} + 2Cy1)/3 into () produces

—3Ay? + 4By, + C = 0. (3.7)
Therefore, (B) also has two different positive roots. Hence, we have
2B 2C 3D

—34 4B C
and C # 0, D # 0. It follows that C? = 6BD. Since ([E0) has two different positive
roots, 4C? — 24BD > 0, a contradiction. The theorem is proved. o

Note that the proof of Theorem B2 tells us that system ([Z2) cannot have two non-
hyperbolic positive equilibria simultaneously. To answer the biological questions
that whether the refuge is effective and whether there is some better idea to protect
species Y, in the rest of this section we focus on the properties of positive equilibria
and the dynamics of ([Z2) for sufficiently large p.

Proposition 3.5. If there exists a sequence {,} with p, — oo as n — oo, cor-
responding to a convergent sequence of positive equilibria {E,,, }, then precisely one
of the three alternatives holds:

(i) E,, — E., which holds only if sy < 3. In this case, ya(tin) ~ pny1(tn)d~1;
(i) E., — (1,0, 52555[,2), denoted by E,, which holds only if so > 0. In this case,
Y2(tin) ~ pnds ()1, ya(pn) > 2= Ly;

—1 -1
(iil) E,, — (0, (52200 4/ (522002 Hdsaly Ty 5), denoted by Ey, which holds only

> ay’ 2s2L5 "

Zfl —algl S 0.

Proof. Let E,,, — (z7,y7,y5) as n — oo. Claim z7 = 0 or 1. If not, then y; =
(1 —z7)/a1 > 0. Passing to the limit n — oo of the following equation

1 () Y1 (pn) = (Y2 (pin) — Y1 (pn)) + Y1 (n) (1 — y1(pn)),

we obtain that Iy — 6("12 U1)+U1(1 "Jl)

as n — 0o, which contradicts to p, — oo.
If 27 =1, then y§ = 0. Takmg the limit n — oo of the following equation

say2(n) (1 = Ly g2 () + 0(y1.(n) — y2(p1n)) = 0, (3:8)
we get (so — & — s2Ly'y3)ys = 0. If y3 = 0, then E,, — E,; else if y5 > 0, then
ys = 220 Ly, that is, E,,, — E,.

If 2 = 0, then y; = 1/a;. Limiting @) as n — oo yields

52L51y§2 — (82 = d)y; — /a1 = 0.

This equation has two roots, one positive and one negative. We choose the positive
one, i.e., Ep. Because of z1(un) =1 —a1y1(n) > 1 —a191, we infer that 1 —a197 <
0. O

Remark 3.7. Actually from the discussion below we know that there exists a
sequence {E,,, } with E,,, — E, as j,, — oo if and only if s = § and 1 —a; 91 # 0.
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We will examine in detail the properties of positive equilibria and the dynamical
behavior of [ZZ). Our analysis will be carried out according to the following four
cases:

1. s >6,1—a191 > 0, namely E, and E, are both linearly unstable.

2. 59 <4,1—a191 > 0, so Ey is linearly unstable, E, is linearly stable if p > p*
and linearly unstable if p < p*.

3. 59 < 0,1 —a1y1 <0, so £y is linearly stable, E, is linearly stable if p > p*
and linearly unstable if p < p*.

4. s3> 9,1 —a1y1 <0, namely E, is linearly unstable, E, is linearly stable.

Case 1: s3> 6,1 — a1y > 0.
In this case, E; and E, are both linearly unstable. It follows from Theorem
that Z2Z) has a unique positive equilibrium E,, for any p > 0.

Theorem 3.3. Let so > 6. Then
(i) E, — E, as p — o0, and y1 (@) ~ 525—;6L25-% as p — 0o; moreover, r1(p) < 1,

ya(p) > 2=2Ly;
(i) E, is linearly stable for sufficiently large p.

Proof. (i) Since so > § and 1 — a19g; > 0, by Proposition BH we directly get the
result; (ii) Applying (i), then, we have

1.1 4 3 5
lim —(—-l—ﬁ' . 292(/‘) )= lim 982 ngu)
p—oopioar  ar yi(p)(s2ys(p) +6Layi(p))”  w—oo par  sayi(p)
5276L
— lim isﬂ—2_ lim — 2 o

H—00 L] (525;61;25- %)2 N H—00 a15L2(SQ — 5)

According to Remark B4 E,, is linearly stable for sufficiently large p . O

Remark 3.8. When sy = §, by Proposition B3 we can easily prove E, — E, and
Y2(tin) ~ tny1(pn)d~" as p — oo. Since

. 1,1 . 55293(.[%)
lim —(— + K(uyn)) = lim
i ) = e T o) s20ain) + 2601 (n) — 592 (sin)
. 0so 3 (tn) . 2 3
= lim . = lim ————— - (=—=)° = oo,
n—oo finay  20Lay}(ptn)  n—o0 2a1 Loy ( 0 )

it follows that F, is linearly stable for sufficiently large p.

Case 2: s5 < 9,1 — a1 > 0.
In this case, E, is linearly unstable, F, is linearly stable if ; > p* and linearly
unstable if p < p*.

Proposition 3.6. E, is globally stable as p is sufficiently large. In particular, if
w* < p** =1/ay, then E, is globally stable for any p > p*.

Proof. Suppose by contradiction that there exists a sequence {u,} with p, — oo
such that FE, is not globally stable. Then it corresponds to a sequence of pos-
itive equilibria {E,,, }. By Proposition B we have E,, — E, and ya(pn) ~
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Uyt (pn)6 ™1 as n — oo.

. 1,1 . 55293(.[%)
lim —(— + K(up)) = lim
e o Gy ) = e oG (5202 () + 26591 Gn) — 92 7n))
3
> lim 05 . vitn) im % 'u—")gzoo.

T n—oo pinar  20Loyi () n—oo 2a1Lopn, 6

Hence E,,, is linearly stable when n is sufficiently large. This contradicts to the
linear stability of E, when p > p*. If p* < p**, suppose by contradiction that
there exists i > p** such that ([Z2) has a positive equilibrium E,, at g = p.
So F#1(E,,) = 0. Since B, is linearly unstable and F*""(E,,) <x 0, ¥!" (E,,)
decreases to a positive equilibrium, which contradicts to Corollary o

Corollary 3.4. Suppose p > p*. Then

(i) there exists ' > p* such that Z2) has a positive equilibrium for any p €
(u*, 1), and it has no positive equilibrium and E, is globally stable for p > p';

(il) furthermore, if p' > p*, then system Z2) has exactly two positive equilibria
for any p € (p*, pt').

Proof. We only prove (ii) since the proof of (i) is obvious. First, we claim that
(EZ2) has a positive equilibrium E,, at p = p/. Indeed, by definition, we can find
fn € (u*, '], corresponding to a positive equilibrium E,, , such that p, — '
Hence by passing to a subsequence we may assume that £, — E,. It is then
easily seen that E, is a nonnegative equilibrium of (Z2) at 1 = p/. We show that
it is a positive equilibrium. Otherwise we have either E,, = E,, or E,, or E,. We
can easily exclude the possibility that £,/ can equal F, or E, according to the first
equation of (BI]). Deducing by contradiction, we assume that E, — E,. Dividing
the second equation of Bl by y; and taking the limit n — oo yields

Tim o (pn) /1 (pn) = 1+ (W' = 1)/6 > 1+ (" = 1)/6 = 6/(6 = s2).
Similarly, according to the third equation of @Il we have
Jim g1 () /y2(pn) = (8 = 52) /9,

a contradiction. Therefore E,/ is a positive equilibrium of 2) at p = p'. Since
for any p € (u*, 1), we have F(E,/) <k 0. There exists a positive equilibrium E:L
for system () which is contained in (E,, E,/) k. Since E, and E}L are both stable
in [E}, E;]x, there must exist a further positive equilibrium E? € (E}, E;)x. O

Case 3: s5 < 9,1 —a171 <0.
In this case, E, is linearly stable for y > p* and is linearly unstable for p < p*,
E, is linearly stable.

Proposition 3.7. If u > u*, then system Z2) has a unique positive equilibrium
E,. Moreover, E,, is linearly unstable for sufficiently large u and converges to Ey
as p — oco. In addition, pu* > p**.

Proof. Since E, and E, are both linearly stable, we conclude that there exist a
positive equilibrium for any g > p*. Similar to Theorem B2 we can prove the
uniqueness of the positive equilibrium. Arguing by contradiction, assume that there
exists a sequence of positive equilibria {E,,, } with E,,, — E,, where y,, — co. We
prove that the attracting region of E, is nondecreasing in y. In other words, for
any pe > py > p*, if E, attracts z € Ri at 4 = p1, so does pu = py. Since
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Fr2(z) > Fr(z) for any z € R, by Lemma 5 we have ¢}?(z) > 9} (z) for
any t > 0. Hence for sufficiently large n, E,,, are attracted by E,, a contradiction.
By Proposition B3, we conclude that E, — Ej as p — co. A simple calculation
shows

y2 (1) 1 y1(p)
det J(E,) = —r1x1(u)[(y1(p) + 6 SoLo “yo () + 6
(Ew) 121 (1) [y (1) y1(u))( 2Ly Y2 (1) yz(u))
_82_ g 5o L1 _|_5yl(ﬂ) '
1y (p) (s2Ly y2 (1) yz(u))]
Thus det J(E,,) > 0 as 4 — oo. Hence E,, is linearly unstable for sufficiently large
b O

Let A, be the attracting region of E,, that is, A, consists of all z € Ri such
that w(z) = {E;}. In Proposition BZl we prove A, is nondecreasing in p. In fact,
we have a much stronger result.

Proposition 3.8. If u > p*, then for any (by,c1,c2) € R with by > 0 and
c1 + ¢ > 0, there is some i such that (b1, c1,c2) € A, whenever u > fi.

Before proving this proposition, we need to analyze the following system:
Y1 =y1 — Y3 — 1 + 0(y2 — 1),

- 19 (3.9)
Yo = S2yz — s2Ly Y3 +6(y1 — y2)-

Let x(uo) = (k1(po), k2(po)) be a positive equilibrium of system [BH) when it
has at least one at p = pg. Let f#° denote the vector field described by BH) at
w = po, ¢4° the corresponding flow. If the field is at u, then we drop the p and
write f and ¢;.

Lemma 3.1. (i) If 0 < sy < 6, then system [BH) has no positive equilibrium
and (0,0) attracts all solutions for u > p*, and has a unique positive equilibrium
for 0 < p < p* which attracts all non-trivial solutions and py > pe > 0 implies
K(u2) > k(1) > 0; (i) If so > 0, then B3) has a unique positive equilibrium
for any p > 0 which attracts all non-trivial solutions and p; > ps > 0 implies
K(u2) > k(1) > k= (0, 528—;6.[/2) . Furthermore, k(u) — & as p — oo.

Proof. The Jacobian matrix of f at (0,0) is

l—pu—9 1)
5 82—5 ’

By Proposition Bl we know that (0,0) is linearly unstable if x> 0 and sy > 4, or
u < p* and sy < 8, where p* =1+ %. Suppose for some p there exists a positive
equilibrium k(p), the Jacobian matrix of f at k(u) is

() = 3 )
5 —s2Ly () — 67k )

ra(p)

Hence k() is linearly stable when it exists. It is easy to show that [B3) has finite
positive equilibria. Therefore, (B) has no positive equilibrium if (0,0) is linearly
stable.

Obviously, ) is cooperative and irreducible in IntR? . Therefore, ¢; is strongly
monotone in IntR?. Then for all large positive k, f(k1) < 0, where k1 = (k, k).
Consequently ¢;(k1) decreasingly converges to an equilibrium for such k as t — oc.
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Therefore for ¢ > 0 such that (0,0) is linearly unstable, there is a unique positive
equilibrium (u).

Let us prove the monotonicity of x(u) in p. For any g1 > pe > 0 such that (0,0) is
linearly unstable at u = p1, we have f#(k(u2)) < f*2(k(p2)) = 0. Hence, £(u1) <
k(p2). So strong monotonicity implies x(u1) < k(p2). Since every trajectory is
bounded and the system has a unique positive equilibrium, the proof of global
stability is completed by Corollary 2.8 in [§]. We omit the proof of the last part
which is similar to the arguments in Proposition A O

Proof of Proposition[Z8 Let (z1(t),y1(t),y2(t)) be the unique solution of system
22 initiating in (b1, c1,c2). Choose py > p* and let @ > max{1, Lo, ¢1,c2}. By
Lemma Bl we know that the unique solution y°(t) of the following problem

g1=y1 —yi —my +(y2 — 1),
Yo = s2y2 — s2Ly Y3 +8(y1 — ya) 1 > 1,
(y1(1),92(1)) = a1, where al = (a, ),
converges to (0,0) as t — oo. Since f*(al) < 0, y°(t) < al for all ¢ > 1.
Define 7°(t) = (§9(t), 5(t)) such that it is continuous on (0, 00) and 7° = a1 for

te[0,1], 5° > y° for t € [1,2], §° = ¢° for t > 2. Let 2° denote the unique solution
of

.fl = ’I”l.Il(l — X — algj?(t)), xl(O) = bl.
Since §9(t) — 0 as t — oo, it is easily shown that z°(t) > 0 for ¢ > 0 and 2°(t) — 1
as t — oo. Let z! be the unique solution of the following auxiliary problem
i?l = T1I1(1 — T — ala), Il(O) = bl.

Obviously, we have z'(t) > 0 for all ¢ > 0. For any p > u1/z*(1), we can find
t, > 1 such that '(t) > py/u for t € [1,t,]. Moreover, we can choose t, — oo as
U — 0.

By the definition of o, we know that y(¢) < ol for all ¢ > 0 and hence 1 (¢) >
z(t) for all ¢ > 0. We claim that y(t) < g°(t) for t € [0,t,]. Indeed, since
y(t) < al for all t > 0, we obviously have y(t) < §°(¢) for ¢ € [0,1]. For ¢ € [1,¢,],
from 1 > 2! > p1/p we deduce

< y1—yi — v +6(y2 — y1),
Y2 = say2 — s2L3 Y5 + 6(y1 — y2).

Since y(1) < al, by Lemma B8 we have y(t) < y°(t) < g°(t) for t € [1,¢,].

Let us fix T > 2 such that z%(t) > 1/2 for t > T. Then choose i large so that
ty>T and 1/2 > py/p for p > fi. We claim that whenever p > i, y(t) < g°(t) for
all ¢ > 0. Otherwise, for some fixed ;1 > fi, we can find ¢* > ¢,, such that

y(t) < g°(t), for t € [0,¢%), and y1(t*) = §7(t*) or y2(t*) = o (t").
We show next that this is impossible. First, the above inequality implies x1(t) >
20(t) for t € [0,t*]. Since 2°(t) > 1/2, for t € [T,t*], by continuity, we can find
v > 0 small so that x1(¢) > 1/2 for ¢t € [T, t* 4+ ~]. It follows that, for ¢ € [T, ¢*+ 7],
Y1 <y —yi — myr +6(y2 — yu),
Yo = say2 — saLy 'y3 + 0(y1 — ).

Therefore, y(T) < §°(T) = y°(T) implies that y(t) < y°(t) for t € [T, t*+~], which
is a contradiction to the definition of t*. Hence we have 0 < y(t) < 7°(t) for all
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t > 0. Since §°(t) = y°(¢) for t > 2 and y°(t) — 0 as t — oo, we easily deduce
y(t) — 0 as t — oo. Since y1(t) < g9(¢) for all t > 0, we have 2°(¢) < z1(t) — 1 as
t — o0. (|

Case 4: s3> 6,1 —a151 <O.
In this case, we know FE, is linearly unstable and FEj is linearly stable. We first
have the following theorem about the positive equilibria of (2).

Theorem 3.4. (i) There exists some p. > 0 such that Z2) has no positive equi-
librium for p < p., has at least one positive equilibria for p = p. and has exactly
two positive equilibria for p > p.; (i) Given any p € (0,1), there exists fi, > 0
such that for p > fi,, @2) has a unique positive equilibrium E,, with the property
z1(p) > p. Moreover, E,, is linearly stable for sufficiently large p and converges to
E,, while the other cluster of positive equilibria is linearly unstable for sufficiently
large p and converges to Ey as p — 00.

Proof. (i) For any p € (0,1), consider the equations

Y1 — i — pupyr + 0(y2 — y1) =0,
say2 — s2L3 Y3 + 8(y1 — y2) = 0.

By Lemma Bl this system has a positive solution x(pu) = (k1(pp), k2(pp)) and
k(pp) — K as u — oo. Therefore, there exists some p/ > 0 such that p — p? —
a1pk1(pu) > 0 for any p > p'. Now we fix p > /. Then F(E;) >k 0 and
E. € (BEy, E;)k, where E,, = (p, s(pp)). Since E, is linearly unstable, we conclude
that ¢, (E.) increases to a positive equilibrium E,, satistying E,, € (Ex, E;) k-

Define p, = inf{u > 0 : (Z2) has a positive equilibrium}. Then from Corollary
B p** < ps < oo, and there is p,, > ps with g, — p. as n — oo such that for
each pi,, system (Z2) has a positive equilibrium E,,,. We can choose a subsequence
{E,, } (still denoted by {E,,}) such that {E,,} — E.. = (@1 (), y1 (1), y2 ().
Moreover, E,,, is a nonnegative equilibrium of {32) with ¢ = p.. We can easily
prove that E,,  can be none of the three boundary equilibria F,, E, and E,. Ev-
idently, E,, is not E, or E,. Similar to Corollary B4l suppose to the contrary, if
E,, = E;, then we have

Jimyo(pn) /Y1 (pn) = 14+ (pe=1) /6 < 0o and - lim 1 (1) /y2(pn) = (9—52)/8 <0,

a contradiction. Hence E,, is a positive equilibrium with p = p.. Obviously, we
have F(E,,) >k 0 for any p > p.. Therefore, similar to Corollary B4l there exist
two positive equilibria E}, € (E,,, E;)k and E;, € (E,, E})k for any p > p..

(i) We have shown in (i) that for any p € (0, 1), we can find a positive equilibrium
E,, with z1(u) > p for sufficiently large . Since f#1(W) (yy (1), y2(1)) = 0, k(p) <
(y1 (1), y2(p)) < K(up). By Lemma B (y1(p), y2(r)) — & as p — oo. Therefore,
E,, converges to E, as ;t — oco. Similar to Theorem B3 we can prove that E, is
linearly stable for sufficiently large p . Therefore, we prove the uniqueness and the
other cluster of positive equilibria, denoted by Ej, = (27 (1), y1 (1), y5(1)), satisfies
a2} (u) < p for sufficiently large p. Hence, EL converges to Fy. Similar to Proposition
B E;/L is linearly unstable for sufficiently large p. This complete the proof of
theorem. O
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In the above discussion, we have proved that for any p € (0,1), there is i, > 0
such that for any p > fi,, E}L is the unique positive equilibrium of 2 satisfying
x1(p) > p, and it is linearly stable. Let B,, be the attracting region of E}L, we have

Corollary 3.5. For any p1 > po > fiy, By, D B,.

Proof. Suppose 11 > . Then we have F# (E] ) >k 0. Therefore, /" (E},)
increases to Ellt ,ast — oo. Since E}L | is linearly stable, B,,, contains a neighborhood
U of E}Q. Particularly, there is some (hi,g1,92) € By, with 0 < hy < x1(p2)
and (g1,92) > (y1(p2),y2(p2)). If (b1,c1,¢c2) € By,, then there exists some tg
such that (z%(to),y3(to),y3(t0)) >k (h1,01,92), where (z3,y?,y3) is the solution
of ([Z2) initiating in (b1, c1,c2) and p = pa. Moreover, (x1(to), yi(to), v (to)) >k
(22(t0), y2(to), y3(to)) >k (h1,91,92), where (z1,yi,yd) is the solution of ([ZZ) with
initial value (b1, c1,c2) and g = py. This implies that (z](to),y1 (t0), y3(to)) € By, -
It follows that (b1, c1,c2) € B,,. Thus the corollary is proved. o

Furthermore, we have the following result:

Proposition 3.9. For any (b1, c1,c2) € Ri with by > 0 and ¢ + co > 0, there is
some [i such that (b, c1,c2) € B, whenever > [i.

To prove this proposition, we need some preparations. Recall that «(u) is the
unique positive equilibrium of ™) and ¢;(c) denotes the unique solution of (B
initiating in y(0) = ¢, where ¢ = (¢1,¢2) > 0.

Lemma 3.2. Given any positive constants p, 0 satisfying > 6, there is a constant

T, = T,(0) such that ¢(c) < k() for any t > T,. Moreover, T, is nonincreasing

m .

Proof. For any p > 6, by Lemma Bl x(p) < x(0). Still by Lemma Bl ¢:(c) —

k(u) as t — co. Hence there is some T}, such that ¢;(c) < k() for any ¢ > T,,. On

the other hand, f#'(u) < f#2(u) for any pg > p2 and u € R2. Hence ¢} (c) <
+?(c). This implies that T}, can be chosen to be nonincreasing in p. O

Since the equilibrium () of ([BH) converges to x as p — 0o, given any € > 0,
there is some C' > 0 such that for any u > C, x1(p) < e. Fixing € € (0,1/a1), we
have the following lemma.

Lemma 3.3. Let (x1(t),y1(t), y2(t)) be the solution of ) with x1(0) = C/p,
y(0) = k(C). Then there is some pi such that for any p > p7, tliIgo(xl (t),y1(t), y2(t))
=FEL

"
Proof. Due to our choice of €, it is easy to see that for sufficiently large p > C,
1-— % —aie > 0 and therefore F(C/u, k(C)) >k 0. Hence ¢ (C/pu, £(C)) increases
to a positive equilibrium E,, = (z1(p),y1(p), y2(p)). Moreover, yi(t) < y1(0) =
k1(C) < e. It follows that z1(u) > 1 — aje > 0. By Theorem B we know that
E, = E}L provided that p is large enough. This completes the proof. O

Proof of Proposition[Z4 By LemmaB3 we only need to prove that for any (b1, ¢1,
c2) € RY satisfying by > 0 and ¢; + ¢o > 0, there is a constant i such that for any
i > fi, there is some positive number M such that y(M) < x(C) and z1(M) > C/pu,
where (z1,y1,y2) is the solution of ([Z2) with initial value (b1, ¢1, c2).

Choose a constant « such that o > max{1, Lo, ¢1,c2}. Obviously, y(t) < al for
all £ > 0. It follows that

T = 7‘1:101(1 — T — alyl) > T‘1£L‘1(1 — X1 — ala).



A COMPETITION-DIFFUSION SYSTEM WITH A REFUGE 451

Hence x; > x! for all t > 0, where 2! denotes the unique solution of
il = 7‘1$1(1 — 1 — ala), {El(O) = bl.

Obviously, we have z!(t) > 0 for ¢t > 0. Therefore, for each y > (z*(1))~2, there is
a positive number 7, > 1 such that z!(¢) > 1/,/z for t € [1,7,], and we may choose
7, such that 7, — oo as y — 0.

Let pf satisfy \/uf > C. Then by Lemma B there is some M > 1 such that
for any p > uj, qﬁl\ﬁl(al) < k(C). We then choose i sufficiently large such that
Ty > M and 1/\/ > C/pu whenever p > fi. Then for any p > fi and t € [1, M],
z1(t) > 2 (t) > 1//; and y(t) satisfies

U1 —0(y2 —y1) =y1 — yi — poryr <Y1 — i — VL,
g2 — 6(y1 — y2) = sayo — s2L3 '3

It follows that y(t) < qﬁg/_ﬁl (al) for ¢ € [1, M]. In particular, y(M) < qﬁl\ﬁl(al) <
#(C). Moreover, we have x1(M) > 1/\/; > C/p. The proof is complete. O

In [T], similar conclusions to Proposition and Proposition B were obtained
for a reaction-diffusion model. From Theorem B3 Remark B8 and Proposition B0,
BX B3 we summarize a global result:

Theorem 3.5. Suppose both E, and Fy are hyperbolic. Then for any initial value
(b1,c1,c2) € Ri with b1 > 0 and ¢1 +¢c2 > 0, S, — (1,0, max{0, 528;5L2}) as
w— oo, where {S,} = w((b1,c1,¢2)).

The above result shows that when competitor X is much stronger than Y, species
X tends to reach its carrying capacity, while species Y in patch 1 tends to extinction
and in the refuge-patch 2, tends to a value less than its carrying capacity in patch
2. Hence the preceding analysis tells us that when the effect of species X on species
Y is strong enough, it is advisable to protect more species Y by restricting the
diffusion of Y.

Remark 3.9. Let 0; and &2 be the diffusion rates of species Y from patch 1 to
patch 2 (and vice versa). If 1 # d2, then all corresponding results for system (Z2))
still hold by the following transformations:

_ 0 = 0o 02 _ _ 01
Yo 51y2, 2 51 2, 517 S2 52827
which yield
dzr
d—tl =rxzi(l — 21 —a1yr),
d
% =y1(1 —y1 — px1) + 61 (G2 — 1),
dii — _
% = k(5252(1 = Ly 'g2) + 01.(y1 — §2))-

Rewriting the differential equations above, we have

dzx

d—tl = ’I”1I1(1 — X1 — alyl),

d

% =y1(l —y1 — pw1) +6(y2 — Y1),
dy2

pr k(say2(1 — Ly y2) + 6(y1 — y2)).-
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4. Discussion. In this paper we consider a two-competitor system with a refuge
for one species. Based on the specific properties of the system and the method of
monotone dynamical systems, we have solved Takeuchi and Lu’s problem. We have
also shown that establishing a refuge for the weak competitor may be ineffective
when the effect of species X on species Y is strong enough. Figure 1 gives us a clear
illustration of the main results of this paper.

FIGURE 1. Denote s, = s(J(E;)) and s, = s(J(Ey)). The small
disc stands for u < p** and the area out of the big disc stands
for u > fi, i.e., for sufficiently large p, and the annulus stands
for medium p. We divide s, — sy plane into twelve parts. In
part I, there exists a unique positive equilibrium which is linearly
stable and converges to FE, as u — oo; in part II, E, is globally
stable; in part I1I, there exists a unique positive equilibrium which
is linearly unstable and converges to E} as u — oo, the attracting
region of E, can include any given interior point; in part IV, there
exists exactly two positive equilibria, one is linearly stable and
converges to E, as p — oo, the other is linearly unstable and
converges to Ep as i — oo, the attracting region of the linearly
stable equilibrium can include any given interior point; in part V,
there exists a unique positive equilibrium which is linearly stable;
in part VI, E, is globally stable or this part does not exist; in part
VII, this part does not exist; in part VIII, E, is globally stable;
in part IX, there exists a unique positive equilibrium; in part XI,
there exists a unique positive equilibrium.

In part X and XII, we have two questions: (1) In part X, whether the system can
have a positive equilibrium, i.e., whether F, must be globally stable. (2) In part
XII, what the exact number of positive equilibria at g = p.. By Theorem 3.2 and
strong monotonicity of ¢ in IntRﬁ_, obviously, we have the following.

Corollary 4.1. Suppose E,, is linearly unstable. Then for any p1 > pz > 0 such
that B is linearly unstable at p = p1, B, >k Eu, >k (1—a191, §1,72). Moreover,
s(J(Eu)) < 0 for any p > 0 such that E, is linearly unstable. In particular,
s(J(Ey)) <0 as p is sufficiently small or large.



A COMPETITION-DIFFUSION SYSTEM WITH A REFUGE 453

In Corollary EETl we do not know whether the unique positive equilibrium is
linearly stable in general. Suppose E, and E, are both linearly stable. We know
the unique positive equilibrium E,, satisfying s(J(E,)) > 0 for sufficiently large p.
However, similarly, we do not know whether E, is linearly unstable in general.

We close with a modification of system ([ZZ) assuming that the diffusion rates of
species Y between the two patches, denoted by §;(u) (i = 1,2), are dependent of
the effects of species X on species Y. It is probably a more reasonable assumption,
because many species have the ability to choose better habitats. It is natural to
suppose that §;(u) (i = 1,2) are nonnegative and bounded for u € (0, 00).

»

U1 l‘J2

FIGURE 2. 0 < 91(u) < M as u > pq, 02(p) = 0 as p > ug, where
(i =1,2) and M are all positive constants.

Here we consider a special case: 0 < d1(p) < oo and da(p) = 0 for sufficiently
large p (see Figure 2 for example), which can be described as follows:

dx

d—tl =rzi(l — 21 —a1y),

d

% =y1(1 —y1 — pxr) — d1(p)y1, (4.1)
d _

T = sl = Ly ) 4 1),

Similar to the proof of Proposition B8 for system (Il we have the following
result.

Theorem 4.1. For any initial value (b1, c1,c2) € Ri with by > 0 and ¢y +¢co > 0,
then w((b1,c1,¢2)) = {Ey,y, } for sufficiently large p, where Eq,,, = (1,0, La).

Comparing Theorem BXH with the above result, we can see that the latter is more
biologically accepted.

Acknowledgements. Helpful references and suggestions by Dr. Junping Shi and
Dr. Yasuhiro Takeuchi are gratefully acknowledged.

REFERENCES

(1] Yihong Du and Xing Liang, A diffusive competition model with a protect zone, preprint, 2006.

[2] Yihong Du and Junping Shi, A diffusive predator-prey model with a protection zone, J. Dif-
ferential Equations, 229 (2006), 63-91.

(3] H.IFreedman and Y. Takeuchi, Predator survival versus extinction as a function of dispersal
in a predator-prey model with patchy evironment, Appl. Anal., 31 (1989), 247-266.



454 DAOZHOU GAO AND XING LIANG

[4

(5

6
[7
8
9
[10

[11
[12

(13
[14

[15
16

(17

18
[19
20
21
[22
23
[24
[25
26

[27

] H. I. Freedman and Y. Takeuchi, Global stability and predator dynamics in a model of prey
dispersal in a patchy environment, Nonlinear Analysis, TMA., 13 (1989), 993-1002.

| H. I. Freedman and Paul Waltman, Mathematical models of population interactions with
dispersal. I: Stability of two habitats with and without a predator, STAM J. Appl. Math., 32
(1977), 631-648.

| H. I. Freedman and Paul Waltman, Persistence in models of three interacting predator-prey
populations, Math. Biosci., 68 (1984), 213-231.

] P. Hess, “Periodic-Parabolic Boundary Value Problems and Positivity,” Notes in Math 247,
Longman Scientific and Technical, New York., 1991.

| M. W. Hirsch,Systems of differential equations which are competitive or cooperative. II: Con-
vergence almost everywhere, STAM J. Math. Anal., 16 (1985), 423-439.

| Jifa Jiang and Xing Liang, Competitive systems with migration and the Poincaré-Bendizson
theorem for a 4-dimensional case, Quart. Appl. Math., inpress, 2006.

| Yang Kuang and Y. Takeuchi, Predator-prey dynamics in models of prey dispersal in two-
patch environments, Math Biosci., 120 (1994), 77-98.

| S. A. Levin, Dispersion and population interactions, Am. Nat., 108 (1974), 207-228.

| J. D. Murray, “Mathematical Biology. I: An Introduction(Third Edition),” Interdisciplinary
Applied Mathematics, Vol.17, Springer, Berlin., 2002.

| J. D. Skellam, Random dispersal in theoretical populations, Biometrika., 38 (1951), 196-218.

] J. Smillie, Competitive and cooperative tridiagonal systems of differential equations, SIAM J.
Math. Anal., 15 (1984), 530-534.

| HaL. L. Smith, Competing subcommunities of mutualists and a generalized Kamke theorem,
SIAM J. Appl. Math., 46 (1986), 856-874.

| Hal. L. Smith, Systems of ordinary differential equations which generate an order preserving
flow. A survey of results, SIAM Review., 30 (1988), 87-113.

] Hal. L. Smith, “Monotone Dynamical Systems: an Introduction to the Theory of Competitive
and Cooperative Systems,” Mathematical Surveys and Monographs, vol. 41, Amer. Math.
Soc., Providence, RI, 1995.

| Hal. L. Smith and Paul. E. Waltman, “The Theory of the Chemostat: Dynamics of Microbial
Competition,” Cambridge University Press., 1995.

| Y. Takeuchi, Global stability in generalized Lotka-Volterra diffusion systems, J. Math. Anal.
Appl., 116 (1986), 209-221.

| Y. Takeuchi, Diffusion-mediated persistence in two-species competition Lotka- Volterra model,
Math. Biosci., 95 (1989), 65-83.

| Y. Takeuchi, Cooperative systems theory and global stability of diffusion models, Acta. Appl.
Math., 14 (1989), 49-57.

] Y. Takeuchi, Conflict between the need to forage and the need to avoid competition: persis-
tence of two-species model, Math. Biosci., 99 (1990), 181-194.

| Y. Takeuchi, Diffusion-mediated persistence in three-species competition models with hetero-
clinic cycles, Math. Biosci., 106 (1991), 111-128.

] Y. Takeuchi, Refuge-mediated global coexistence of multiple competitors on a single resource,
Recent trends in differential equations., WSSIAA 1 (1992), 531-541.

] Y. Takeuchi, “Global Dynamical Properties of Lotka-Volterra Systems,” World Scientific Pub-
lishing Co., 1996.

] Y. Takeuchi and Zhengyi Lu, Permanence and global stability for competitive Lotka- Volterra
diffusion systems, Nonlinear Analysis, TMA., 24 (1995), 91-104.

] J. H. Wilkinson, “The Algebraic Eigenvalue Problem,” Oxford University Press., 1965.

Received October 2006; 1st revision January 2007; 2nd revision March 2007.

E-mail address: dzgao@mail.ustc.edu.cn
E-mail address: xliang@ustc.edu.cn



	1. Introduction
	2. Model description and preliminaries
	3. Main results
	4. Discussion
	Acknowledgements
	REFERENCES

