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Abstract

These are lecture notes for an introductory course on Modern Algebra, originally
taught in the spring semester of 2021 at the University of Miami. The notes were given
some minor updates after I taught the same course in the spring semesters of 2024 and
2026. Each lecture note is a near faithful recording of the content covered in a one
50 minute lecture of the first time the material was taught, and was originally typed
during the week of the given lecture.

The course is designed for students that have a background in basic proofs and
linear algebra, but may not go on to study more advanced mathematics that uses alge-
bra. For this reason, the material, while somewhat systematic, attempts to maximize
the number of interesting topics and applications from abstract algebra. Proofs are
sometimes only sketched, or entirely omitted. There is no claim of originality and most
if not all the material is standard and can be found elsewhere. A (possibly incomplete)
reference list appears at the end of the document.
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Definition of a Group
A group (G,o) is a set G together with a binary operation
0:GxG—G

written (a,b) — a o b, such that the following properties (axioms) hold:
1. (Associativity) For every a,b,c € G we have ao (boc) = (aob)oec.

2. (Identity) There is some e € G such that aoe =eoa =a for all a € G.

3. (Inverses) For every a € G there exists a™! € G such that aca™ =a loa=ce.

Given a group (G, o) we sometimes omit the notation of the operation o and simply write
G. However, keep in mind that the group operation is essential information.

In axiom (2), the element e € G is called an identity element. In axiom (3), the element
a~! € G is called an inverse of the element a.

Examples

1. The pair (Z, +), the integers with the operation of addition, is a group:
G=7Z={..,-3,-2,—-1, 0, 1, 2, 3,...}, “aob” =a+b

Let us check the 3 axioms of a group. Associativity is the familiar identity a + (b + ¢) =
(a+b) 4 c. An identity “e” is given by 0 € Z, as a+0 = 0+ a = a. Finally, given an integer
a € 7, the negative —a € Z serves as “a™!” because a + (—a) = (—a) +a = 0.

In the same way, the rational numbers with addition (Q,+), and the real numbers with
addition (R, +), are both examples of groups.

For each of these examples we sometimes just write Z, @, R to mean the above groups,
where the operation is addition.

2. Consider (Q*, x), the non-zero rational numbers Q* = Q \ {0} with the operation of
multiplication. This is a group. Associativity is the familiar identity a x (bx ¢) = (a X b) X c.
An identity element is given by 1 € Q*, asa x 1 =1 x a = a for any a € Q*. Finally, an
inverse “a™'” of a € Q* is 1/a € Q. Here we see why the element zero had to have been
expelled, as it has no inverse with respect to multiplication. Similarly, the non-zero real

numbers with multiplication (R*, x) is a group.

3. Define GLy(R) to be the set of 2 x 2 matrices with real entries and non-zero determinant:

GLQ(R):{A:(Z Z) a,b,c,d € R, det(A):ad—bc#O}
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Then GLy(R) together with the operation of matrix multiplication is a group. This example
is called the general linear group of degree 2 over R. An inverse of A € GLy(R) is given by

1 d —b
A7l =
ad—bc( —Cc a )

Similarly, we can define GLy(Q) by requiring the entries a, b, ¢, d to be rational.

4. Let G = {e} and defined e o e = e. This is a group, called the trivial group.

5. The subset {1, —1} C Z with the operation of multiplication is a group.

Some terminology

A group (G, o) is abelian (or commutative) if for all a,b € G we have aob = bo a.

The groups (Z,+), (Q,+), (R,+), (Q*, x), (R*, x), ({1,—1}, x) and the trivial group are
all abelian groups.

The general linear group GLy(R) is not abelian. For example, consider

11 10
=(on) =)
Then you can check that A, B € GLy(R) and AB # BA.

The order of a group G is equal to |G|, the cardinality (number of elements) of the set G. G
has infinite order if |G| = oo. If G is a finite set, i.e. |G| < 0o, then G is called a finite group.

All of the examples given above are groups of infinite order, except for the trivial group

(order 1) and ({1, —1}, x) (order 2).

Cayley tables

All of the information of a group (G,o) can be encoded in what’s called the Cayley table.
The Cayley table has columns and rows labelled by the elements of G. Given a,b € G, the
entry in row a and column b is the element a o b. For example, if G = {a, b, ¢}, it looks like:

a b c

a aoa aob aoc

b boa bob boc

c coa cob coc
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Here is the Cayley table for the finite group ({1, —1}, x) of order 2:

1 -1
1 1 -1
-1 | -1 1

¢

If G is not a finite group, the Cayley table will of course be
and columns as the elements of G.

‘infinite”, having as many rows

Whether or not the group is abelian can be read off from the Cayley table: if G is abelian,
the Cayley table is symmetric with respect to reflection across the diagonal line that passes
through the entries aoa, bob, ...

All of the groups we have seen so far are examples of structures you have encountered in
various mathematical settings. Here is an example of an “abstract” group. Let the set G be

G ={e,rbg,y,0}

We define the group operation on this set by writing out the Cayley table:

e r b g y o
ele r b g vy o
rir e o y g b
blb vy e o r g
glg oy e b r
yly b g r o e
olo g r e vy

For example, the table says rob = 0 and y or = b. You can check by brute force that
the operation defined by the table satisfies the axioms of a group. The Cayley table is not
symmetric with respect to the diagonal line, so this group is not abelian. Thus this group is
a non-abelian group of order 6.
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Basic properties of groups

In this lecture we discuss some basic properties of groups which follow directly from the
definition. To begin, a few words on notation. Up to now we have considered a typical
group (G, o) with operation a o b. It is convenient to omit “o” from the notation and write

ab=aob

Although this is a valid convention for any group, we will not always want to use it. For
example, for the group (Z, +), writing “ab” for a o b = a 4 b has the shortcoming of looking
like integer multiplication. But for an arbitrary abstract group it is very convenient.

The associativity property of a group tells us that (ab)c = a(bc). This continues on for more
complicated operations. For example, we have

((ab)e)d = (a(be))d = a((be)d) = a(b(cd)) = (ab)(cd)

Each equality uses one use of the associativity axiom. What associativity is really telling us
is that we can forget about those pesky parantheses: no matter where we put them, we get
the same answer. The above group element can just be written abcd.

For what follows we let G be any group, with the conventions above.

The identity element in G is unique.

Proof. Let e,¢’ € G be two identity elements. Because e is an identity element, ee’ = e.
Because ¢’ is an identity element, ee’ = ¢’. Together we get e = ¢'. O

The inverse of any element in G is unique.

Proof. Let a € G be be any element. Let b and ¢ be two inverses of a. (Let us avoid calling
either one a~! for now.) Because b is an inverse of a we have ba = e. Multiply both sides of
this equation on the right by ¢ to get bac = ¢. Because c¢ is an inverse for a, we have ac = e.
Thus bac = ¢ becomes be = ¢, and finally b = c. O]

For every a € G, we have (a™')™! = a.

1 1

Proof. The element a satisfies aa~* = a~'a = e and thus is an inverse of a~!. It then makes

sense to say a = (a~')~! because inverses are unique. [

For all a,b € G we have (ab)™! =b"'a".

Proof. We only need check that b='a~! satisfies the property of being an inverse for ab. To
this end: (ab)(b™'a™) = abb~'a™! = aea™" = aa™! = e. Similarly (b~'a""')(ab) = e. O
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This last property can be used any number of times to show the following relation:
(arag -+ ap_ray) ' =atat, - aytar?

We introduce some more convenient notation. Suppose n is a positive integer. Then we

define the symbol a™ to mean the element aa---a = aoao---oa formed by applying the

group operation to n copies of the element a. If n is negative, define a® = a~!---a~! for —n

copies of a=t. If n = 0, define a® = e, the identity element. The following is straightforward

to verify:

For all a,b € G and n,m € Z we have the following properties:
aa™ = aner, (an)m — anm, (ab)n — (b71a71>7n

The above discussion shows that in an arbitrary group G, we have all the properties we are
used to with, say, matrix multiplication of invertible matrices. Furthermore:

If G is abelian, then for all a,b € G and n € Z we have (ab)" = a"b".

To see this, write (ab)" = abab - - - ab and use that ab = ba, since G is abelian, to move the
terms past one another, yielding a --- ab --- b = a"b". However, for a general group which
is not necessarily abelian, just like for matrices, we do not always have (ab)” = a"b". To
further illustrate this point:

If a group G has (ab)? = a?V? for all a,b € G then G is abelian.

Proof. Suppose (ab)? = a?b? for all a,b € G, i.e. abab = aabb. Multiply both sides of this
equation by a~! on the left and b=! on the right to obtain ba = ab. Thus G is abelian. [

In the argument just made, we used the following cancellation property, which again follows
by multiplying both sides of the equation on the left or right by the appropriate element:

Let a,b,c € G. If ab = ac then b = c¢. If ba = ca then b = c.

Let us illustrate how to solve equations in an abstract group. Suppose we are given
(rar)* = abx? r?a = (va)™!

where a,b € GG are known and we would like to solve for x € G. We do this as follows:

2

(rar)* = abx?

raxxar = abr?

va(z’a)r = aba?

ra(za) 'z = abx?

x = abx?
e = abx

r=(ab)"' =b"ta"?
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Subgroups

A subset H C G of a group G is called a subgroup if the set H with the group operation
restricted from G makes H a group. If we spell this out, we see that a subset H C G is a
subgroup if and only if the following properties hold:

1. The identity element e is in H.

2. For all a,b € H we have ab € H.

3. For all a € H we have a=' € H.
You might like to verify that these properties imply H is a subgroup. The key point is
that given these properties, the axioms of a group for H are inherited from those of G. A
subgroup H C G is proper if H # G. Another good exercise is to check:

The intersection of two subgroups H, K C G is again a subgroup.
Examples

1. The group (Z, +) is a subgroup of (Q, +) and (R, +), and (Q, +) is a subgroup of (R, +).

2. The group (Q*, x) is a subgroup of (R*, x). Note that (Q*, x) is not a subgroup of
(Q, +), even though Q* C @, because the group operations are not the same.

3. Define SLy(R) to be the set of 2 x 2 matrices with real entries and determinant 1:

SLQ(R)Z{A:(CCL Z) a,b,c,d € R, det(A):ad—bc:l}

This is called the special linear group of degree 2 over R. This is a subgroup of GLy(R).
4. A non-trivial group G has at least two subgroups: G itself and {e} C G.

5. Consider G = {e,r,b,g,y,0} of order 6 from Lecture 1. Then {e,r}, {e, b}, {e, g} are
subgroups of order 2, while {e,y, 0} is a subgroup of order 3. Here are their Cayley tables:

e

e b e
e | e

ele b el e
blb e glg R
oo

o Q|
S W |

< o O |O

®
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Integers modulo n

In this lecture we discuss some of the most important examples of groups: ones which
come from taking certain equivalence classes of integers. To begin, we recall the notion of
equivalence relations. Let S be a set, and R C S x S a subset. Write a ~ b if and only if
(a,b) € R. Then R is an equivalence relation on the set S if the following hold:

1. (Reflexivity) a ~ a for all a € S.
2. (Symmetry) a ~ b implies b ~ a.
3. (Transitivity) a ~ b and b ~ ¢ implies a ~ c.

Given an equivalence relation on S as above, we write [a] = {b € S : b~ a} for the equiva-
lence class of a, which is a subset of S.

A partition of a set S is a collection of non-empty subsets {S;}icr of S such that the union
of all S; over i € I is equal to S, and the subsets are pairwise disjoint: S; N.S; = 0 if i # j.
For example, for a set with 5 elements represented by dots, here are depicted a few different
partitions of S, where the subsets are encoded by colors:

Equivalence relations on sets and partitions of sets are essentially the same thing. Given an
equivalence relation on S, the equivalence classes form a partition of S. Conversely, if we
have a partition {S;};c; of S, then the relation a ~ b if and only if “a and b belong to some
common subset S;” defines an equivalence relation on S.

The group 7%,

Fix a positive integer n. Define a relation on Z as follows: a ~ b if and only if a — b = nk
for some k € Z. We check that this is an equivalence relation:

1. (Reflexivity) a ~ a because a — a = n0.
2. (Symmetry) a ~ b implies @ — b = nk. Then b — a = n(—k), implying b ~ a.

3. (Transitivity) a ~ b and b ~ ¢ imply a — b = nk and b — ¢ = nl. Consequently we have
a—c=(a—0b)+ (b—c)=nk+nl=n(k+1). This implies a ~ c.

This equivalence relation partitions the set Z into n equivalence classes.

Z,, = {equivalence classes of the relation ~ } = {[0],[1],...,[n — 1]}



MTH 461: Survey of Modern Algebra, Spring 2026 Lecture 3

For example, if n = 3, then Z; consists of the equivalence classes [0], [1], [2] where
0] ={0+3k:keZ}
1] ={1+3k: kez}
2] ={2+3k:keZ}
and these partition the integers into 3 subsets. More generally, [0],[1],...,[n — 1] are the

equivalence classes of this relation. The set Z,, is called the integers modulo n or the integers
mod n. Another notation for a ~ b is: a =b (mod n). In summary we have:

la] = [b] = a — b = nk for some k € Z = a=b (modn)
Next, we define a binary operation “4” on the set 7Z,, as follows:
[a] + [b] = [a + ]

We first check this is well-defined. That is, suppose [a'] = [a] and [I'] = [b], i.e. ' —a = nk
and ¥ — b =nl. Then (a' +V) —(a+b) = (¢ —a)+ (b —b) =nk+nl =n(k+1). We
conclude that [a' + V'] = [a + b], and the operation is well-defined.

The set Z, with the operation + is an abelian group.

To verify this we check the group axioms. First, we have associativity:

[a] + ([ + [c]) = [a] + [b+ ] = [a+ (b+ )]
=[(a+b)+c=[a+b+[c] = ([a] +[b]) + [¢].

Note that associativity of (Z,+) was used from one line to the next. Next, e = [0] is an
identity because [a] + [0] = [a 4+ 0] = [a] and similarly [0] 4 [a] = [a]. An inverse for [a] € Z,,
is [—a] because [a] + [—a] = [a + (—a)] = [a — a] = [0] and similarly [—a] + [a] = [0]. Thus
(Zn,+) is a group. It is abelian because [a] + [b] = [a + b] = [b + a] = [b] + [a].

The group Z,, is sometimes written Z/n or Z/nZ. When working in Z,, we often drop the
brackets from the equivalence classes and write “a” instead of “[a]”. The context should
make it clear that “a” means the equivalence class of @ mod n, and not the integer a. Using
this convention, the following is the Cayley table for the group Zg¢ = {0, 1,2, 3,4,5}:

0

T A W N RO
Tt = W N = O
S Ot =W N ==
= O Ot = W NN
= O Ut e W W
W N = O Ot ==
W N = O Ot ot

2 4

For example, in Zg we have 1 +1 = 2,343 =0 and 4+ 4 = 2. We can also write these
relations as 1 +1 =2 (mod 6), 34+ 3 =0 (mod 6) and 4 +4 =2 (mod 6).

10
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Cyclic groups

The group (Z,,+) is a finite abelian group of order n. It is also very special because it is a
cyclic group. An arbitrary group G is called cyclic if there is some a € G such that

G:{ak:kEZ}.

The element a is called a generator of the group G. The group (Z,+) is cyclic with gen-
erator 1 € Z, because any integer a € Z can be written as a = 14---+41. For a similar reason:

The group (Z,,+) is a cyclic group.
To spell this out, take a = [1]. Then “a*” in the group (Z,, +) is none other than [1]+- - -+[1],
where [1] appears k times, which is equal to [k]. Now Z, consists exactly of the classes [k]
as k runs over the integers; in fact, as we saw above, k need only run over 0,1,...,n — 1.

Thus every element of Z, is of the form “a*” and so Z, is cyclic with generator [1].

In turns out the groups (Z, +) and (Z,, +) for positive integers n are essentially the “only”
cyclic groups, in a sense that we will make precise later.

11
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More modular arithmetic

Last time, for any given positive integer n, we introduced the set Z,,, which is obtained from
Z by identifying integers which differ by a multiple of n. We defined a group operation on
Zy, called “+” which is inherited from addition in Z. In this lecture we continue studying
further algebraic properties and structures on Z,.

Another natural operation to consider on Z,, is multiplication: writing a (mod n) for the
equivalence class of a € Z, we define the product of a (mod n) and b (mod n) to be ab
(mod n). Alternatively, if we write [a] for the equivalence class of a € Z, our definition is:

[a][b] = [ab]

This is well-defined: if [a/] = [a] and [I/] = [b], then ¢’ — a = nk and ¥/ — b = nl for some
k,l € Z,so a'tl —ab=da (bl —b) +b(a' —a) = n(la’ + kb), and therefore [a'D] = [ab].

The operations of addition and multiplication on Z, satisfy the properties:

(Associativity for +) | a + (b+¢) = (a 4+ b) + ¢ (mod n)
a(bc) = (ab)e (mod n)

a+0=0+a=a (mod n)

)
(Associativity for x)

(Identity for +)

(Identity for x) | 1-a=a-1=a (mod n)
(Inverses for +) | a+ (—a) = (—a) + a =0 (mod n)

(Distributivity) | a(b+ ¢) = ab+ ac (mod n)
(Commutativity for +) | a+b=0b+a (mod n)
) | ab=ba (mod n)

(Commutativity for x

In short, all the formal properties you are familiar with in Z hold in Z,,. A structure with two
operations (“addition” and “multiplication”) satisfying all of the above formal properties is
called a (commutative) ring. However we will hold off on studying general rings.

Included in the above list are the axioms for (Z,,+) to be an abelian group. However,
except in the degenerate case n = 1 for which 0 = 1 (mod 1), the set Z,, with multiplication
does not form a group. This is because 0 € Z,, does not have a multiplicative inverse. The
problem is not just 0, however. For example, in Zs = {0, 1, 2,3} we have:

2.0=0 (mod4), 2-1=2 (mod4), 2-2=0 (mod4), 2-3=2 (mod 4)

Thus there is no element of Z, which is a multiplicative inverse for 2; such an element x € Z,
would have to have 2.z =1 (mod 4). After reviewing some basic properties of the integers
we will show how to “correct” this problem, by eliminating certain elements from Z,, so that
it becomes a group with multiplication.

12
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The group Z;

An integer d is a divisor of an integer a if a = dk for some k € Z. A positive integer d is a
greatest common divisor of a and b, written d = ged(a, b), if it is a divisor of a and b, and
for any integer d’ dividing both a and b, we have that d' divides d. A good exercise is to
check that there is a unique greatest common divisor for any a,b € Z. As an example, we
have ged(9,24) = 3. The key property we are after is:

Let a,b € Z be non-zero integers. Then there exist integers r, s € Z such that
ged(a,b) = ar + bs
As an illustration, we can see directly that this is true for a = 9,b = 24:
9(3) +24(—1) =3
so upon choosing » = 3, s = —1 we have the desired relation.

To prove the statement in general, we proceed by considering the subset of Z defined by
S={am+bn: m,neZ, am+bn >0}

As a, b are non-zero, the set S is non-empty. For example, with m = a and n = b we have
am +bn = a®> +b*> > 0, so a®> + b? is in S. Let d be the smallest element in S. Then
d = ar + bs for some r, s € Z. The claim is that d = ged(a, ). To prove this we use division
with remainder for integers, applied to a divided by d: that is, we can write

a=dqg+1r
where ¢,7" € Z and 0 < 1’ < d (the remainder). We can then write
r'=a—dq=a— (ar+bs)g = a(l —rq) — b(sq)

If ¥ > 0 then ' € S and is less than d, a contradiction to our minimality assumption on d.
Thus " = 0, and a = dg, so d divides a. A similar argument shows d divides b. Thus d divides
both a and b. Finally, we must show that if d’ divides both a and b then it divides d. If d’ di-
vides a then a = d'k and if d’ divides b then b = d'l. So d = ar+bs = d'kr+d'ls = d'(kr+Is),
and thus d’ divides d. Therefore d = ged(a, b). This completes the proof.

In Z,, a (mod n) has a multiplicative inverse if and only if gcd(a,n) = 1.

To see this, first suppose a (mod n) has a multiplicative inverse, i.e. there is some integer b
such that ab =1 (mod n), or equivalently ab— 1 = nk for some integer k. Thus ab—nk = 1.
If d divides a and n, it divides ab — nk = 1, so d divides 1. Thus ged(a,n) = 1. Con-
versely, suppose gcd(a,n) = 1. There exists r, s € Z such that ged(a,n) = ar + ns. Then
ar—1 = —ns,soar =1 (mod n). Thus r (mod n) is a multiplicative inverse for a (mod n).

13
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If ged(a,b) = 1 then a,b are said to be relatively prime. This motivates the following
definition: we let Z) denote the subset of Z,, consisting of elements relatively prime to n:

2 ={a (modn): ged(a,n)=1}
Z) equipped with the operation of multiplication defines an abelian group.

Let us look at some examples. First, consider the integers mod 4, i.e. Z,. Then we have
7y ={1,3} cZ,=1{0,1,2,3}

As is often done, we have just written “1” etc. for the equivalence class “1 (mod 4)” which
we also previously wrote as “[1]”. In conclusion, Zj is a finite abelian group of order 2.

Next, consider Zg, the integers modulo 10. In this case we find:
Zyy =41,3,7,9} C Z1p ={0,1,2,3,4,5,6,7,8,9}

Thus Zj, is a finite abelian group of order 4. For example, 3-7 =21 =1 (mod 10), so the
inverse of 3 (mod 10) is 7 (mod 10), and conversely. Here is the Cayley table for (Z7, x):

© N W

© g W = |
~N = O W W
W © = |
— W g O ©o

When 7 is a prime number p, then ZX = {1,...,p — 1}. For example, Z; = {1,2,3,4,5,6}.
Suppose ged(a,n) =1 and b any integer. Then the equation in Z, given by
ar =b (mod n)
can always be solved for x, and the solution z is unique as an element of Z,.

To see that this statement is true, we use the fact that a (mod n) has an inverse in Z) and
multiply both sides of the equation by this inverse.

For example, consider the equation 7z = 6 (mod 10) in Z;o. Then multiply both sides by

3 (mod 10) to get = 18 = 8 (mod 10). On the other hand, we saw earlier that 2z = 1
(mod 4) has no solutions, but in this case ged(2,4) = 2 # 1.

14
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Euclidean Algorithm

Above we have seen that a (mod n) is invertible in Z, if and only if ged(a,n) = 1. In
practice, how can we find the inverse? We use the Euclidean algorithm.

The algorithm takes two integers a, b and computes ged(a, b). By recording each step of the
algorithm one has the information to find r, s € Z such that

ar + bs = ged(a, b).
In the case that b = n and ged(a,n) = 1, the inverse of a (mod n) is given by r (mod n).

The algorithm is as follows. Assume a > b > 0. Set r; = a, 7o = b. Divide a by b to obtain
T =T2q1 + 73

where 0 < r3 < ry is the remainder. Continue in this fashion to obtain a sequence of
non-negative integers ry, o, 3, ...: if one has computed up to rg, then divide r;_; by r; to
obtain

Th—1 = TkQk—1 T Tkt1
where 0 < 711 < 1 is the remainder. As each r is non-negative and smaller than the pre-
vious entry r_1, this process must eventually stop. The last non-zero r; obtained is ged(a, b)!

Let us do a simple example: a = 17, b = 11. We compute:

17=11-1+6 6=17—-11
11=6-14+5 o=11-6
6=5-1+1 1=6-5

The left column shows the algorithm as described; it terminates at “1” which is ged(17,11).
But we can say more! In the right column we have rearranged each equation to solve for the
remainder. Now starting from “1” (the ged) we continually substitute the expressions in the
right column to obtain an end result in terms of the original a = 17 and b = 11:

ged(17,11) =1=6—5
= (17— 11) — (11— 6)
—17—2(11) +6
=17 —2(11) + (17 — 11)
= 2(17) — 3(11)

In particular, we see that —3(11) = 1 (mod 17), and so —3 (mod 17), which is the same as
14 (mod 17), is the inverse of 11 (mod 17).

15
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Orders of group elements

Let G be an arbitrary group, and let a € G be an element. The order of a, written ord(a),
is the smallest positive integer k such that a* is the identity:

ord(a) =min{k €Z: k>0, a" = ¢}

Our convention is that if the set appearing in this definition is empty, in other words if a* is
never the identity, then ord(a) = oc.

If « € G and G is a finite group, then ord(a) < |G|.
To prove this, consider the sequence a,a?,a®,.... Because this is a sequence of elements in
G and G has |G| elements, after |G| + 1 terms in this sequence we must have a repeated
entry. In other words, there are positive integers i, j such that i < j, and j < |G| + 1, and
a'=a’. Then e = a’a™" = a’~" and therefore ord(a) < j —i < |G|.

Let’s consider some examples. First, note if ord(a) = 1, then a = a' = e, so a is the identity.

k

Consider the group (Z,, +). If a € Z, is equal to m (mod n), then “a” = a---a” is given by

m+---+m=km (mod n)

In this case |G| = n and n-m = 0 (mod n), which exhibits ord(a) < |G|. Let us consider
the case n = 8. The element 6 (mod 8) has 4-6 = 24 = 0 (mod &), while 3-6 = 18 = 2
(mod 8),2-6 =12 =4 (mod 8). Thus the order of 6 (mod 8) in the group Zs is equal to 4.

The order of m (mod n) in the group (Z,,+) is equal to n/ged(n,m).

Let us prove this. Note n/gcd(n, m) and m/ged(n, m) are integers. Then we have

n m
ged(n, m) m=n ged(n, m) 0 (modn)

Therefore ord(m) < n/ged(n, m). On the other hand, letting ord(m) = k, we have km =0
(mod n), i.e. km = nl for some [ € Z. Then we have the following relation:

" ged(n, m) a ged(n, m)

Each factor is an integer. From the definition of the greatest common divisor it follows that
n/ged(n, m) and m/ged(n, m) are relatively prime. From this it follows that k is divisible
by n/ged(n, m), and in particular ord(m) = k > n/ged(n, m). Thus ord(m) = n/ged(n, m).

For example, 8/ gcd(8,6) = 8/2 = 4 and this agrees with our previous determination of the
order of 6 (mod 8) inside (Zg, +) from above.

16
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If gcd(n,m) = 1, then m (mod n) generates the group (Z,,+).

This follows from the fact that ged(n,m) = 1 implies m has order n = |Z,|. (See also the
next proposition below.) Recall that in general a € G generates G if all elements in G can
be written as a* for some k € Z. To illustrate this for 3 € (Zyg, +), we compute in Zyq:

1-3=3, 2-3=06, 3-3=09, 4-3=2, 5-3=75,

6-3 =28, 7-3=1, 8-3 =4, 9-3=T1, 10-3 =0.
Thus we get all of the group (Z0, +) by successively adding 3 to itself.

We next turn to the group (Z), x). Unlike the previous examples, the notation in this group
agrees nicely with the general notation a* = a---a for the k& power of an element.

Suppose n = 10. Then Zj, = {1,3,7,9}. We have 3> = 9 (mod 10) and 3*> = 27 = 7
(mod 10) while 3* =3-7 =21 =1 (mod 10). Thus the order of 3 € Z]; is equal to 4. On
the other hand, 9> = 81 = 1 (mod 10) so the order of 9 is equal to 2.

It is important, as always, to know what group we are working in and what the group oper-
ation is. For example, 3 (mod 10) can also be viewed as an element of the group (Zo, +),
but in this case it has order 10/gcd(10,3) = 10 as we saw above.

Given a € G, let (a) = {a*: k€ Z} C G. Then (a) is a subgroup, and ord(a) =
|(a)|. If ord(a) is finite, then (a) consists of the distinct elements

ezao’ al’ a2’ a3’ . aord(a)—l

If ord(a) = oo then a* = d' for k,l € Z if and only if k = .

The verification that (a) is a subgroup is straightforward and left as an exercise. So let us
suppose ord(a) is finite. Let m € Z. We aim to show that a™ € (a) is among the list of
elements shown above. For this we use division with remainder: write

m=ord(a)-q+7
where ¢, € Z and 0 < r < ord(a), the remainder. Then we compute

a™ = aord(a)~q+r — aord(a)~qa7" — (aord(a))qar —ela” = a”

Furthermore, a” is on the list, because 0 < r < ord(a). This shows (a) consists of the
elements in the list given, and in particular |{(a)| < ord(a). Finally, we know ord(a) < [(a)|,
and so |(a)| = ord(a), and consequently the elements in the list must all be distinct. The
case in which ord(a) = oo is left as an exercise.

Recall that a group G is cyclic if there is an a € G such that (a) = G. Thus G is cyclic if
and only if there is an element of order |G|. Recall (Z,+) and (Z,, +) are cyclic.

17
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Let us illustrate these concepts with a few more examples. Consider Z2 = {1,2,3,4}. This
is a group of order 4 and we display its Cayley table below. Note 20 = 1, 2! = 2, 22 = 4,
23 = 3, where of course all operations are modulo 5. Thus 2 € ZZ generates the group. The
same is true for 3 (but not for 1 or 4). Thus Z; is cyclic.

=~ W N~ |~
W = = NN
N B~ /) W W
— N W |

N R

Next, consider the group (Zg , x). We have Z§ = {1, 3,5, 7} and so like the previous example,
this is a group of order 4. Its Cayley table is displayed below.

N Ot W

N Ot W |~
Tl g = W W
W = .3 Ot ot
= W Ot 3|3

However we see that every element squares to the identity. In particular, no element is of
order 4. Therefore Zg§ is not cyclic.

Finally, consider the following element of the general linear group GLy(RR):

0 —1
(1)
A short computation shows A% = —I, A> = —A, A* = ] where I is the 2 x 2 identity matrix.
Thus ord(A) = 4. This is an example of an element of finite order in an infinite group.

18
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Symmetries

A symmetry of an object is a rearrangement of the object such that its geometric properties
are preserved. If the object is a subset X of points in space, then a symmetry is a 1-1
map f : X — X that preserves distances and angles. For example, consider an equilateral
triangle X C R? in 2-dimensional space. A symmetry maps the triangle to itself in a way
which sends vertices to vertices, and edges to edges. All symmetries of the triangle are as
follows:

RPN

Let us give each such symmetry the name as indicated in the figure. Thus R; is “reflection
across the vertical line” and so on. We use the notation

RioTy

to mean “first 7} then R;.” In this case this means “rotate 120° counter-clockwise, then
reflect across the vertical line.” (The order is just as for functions, or maps.) We see that

RyoT) = Rs
We also have Ry o Ry = e, Ry o Ry =15, T} o T, = e. Eventually we obtain a Cayley table:

e Ry Ry Rs T\ 1Ty
e | e R Ry Ry T\ T,
Ri|R e T, Ti R3 Ry
Ry | Ry T7 e Ty Ry R;s
Ry | Ry Th Ty e Ry Ry
T |Ty Ry Ry Ry Tp e
T3 |1, Ry Ri Ry e 1Tj

This should look familiar: it is exactly the Cayley table for the non-abelian group of order
6 that we discussed in Lecture 1 (after renaming symbols).
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The symmetries of an object forms a group.

This can be seen explicitly in the example above, but the general case is also straightforward.
The key is to think of symmetries as 1-1 maps from a set X to itself which satisfy certain
properties (the maps preserve distances and angles, for example).

Let us consider other objects. Take an isosceles triangle in the plane. Then apart from the
identity symmetry e, there is only one symmetry R, which is a reflection across the line
indicated in the figure below on the left. Further, R o R = e. Thus the group of symmetries
of an isosceles triangle is {e, R} with R? = e. This is a cylic group of order 2.

On the other hand, if we take an arbitrary triangle with 3 different angles, so that no two
sides are the same length, then there are no symmetries apart from the identity. See the
figure above on the right. The group of symmetries of such a triangle is {e}, a trivial group.

Permutations

Let X be a finite non-empty set. Suppose |X| = n. We think of X as an abstract collection
of n points, with no geometric information regarding the points. In this case the “symmetries
of X7 are simply the 1-1 maps ¢ : X — X, i.e. the ways of rearranging the points in the
set. These are called permutations of the set X. We will not care about the names of the

elements of X, so we may as well let X = {1,... n}.
P The group of permutations on {1,...,n} is called S,, the n*® symmetric group.
An element of S,,, which is a map from {1,...,n} to itself, may be represented as:

B 1 2 e n
77 o) o) - o)
We also write ¢ — j to mean o sends i to j, i.e. o(i) = j. For example, let 0 € Sg map
1—2,2—3,3—5 46,5+ 1,6+ 4. Then we write this permutation as

(123456
“\2356 14
Let us consider another permutation 7 € Sy, given as follows:
(1 23 456
T 314256
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Let us compute 7 o 0. Note that the notation means “do o, then 7.” We find:
(too)(l) = (To0)(2) =

T T 1 T T
(to0)3)=71(c(3)) =7(5) =5 (Too)4)=71(c(4)) =71
(troo)(®) =71 T 3 (Too)(6) =71 T

Writing the result in our notation introduced above we then have:

(1 6
70'—1 9

There is a more compact notation, called cycle notation. We illustrate this notation in the
current example, and also comment on the general case in the next lecture. Starting with
the element “1” we can successively apply the permutation o until we get back to “1”:

3
3

w ot

4
6

~ DN

122+ 3255251

This forms a cycle and is denoted (1235). The notation is meant to be cyclic, and can be
written also as (2351), (3512) or (5123). To describe the rest of the permutation ¢ we must
also know what it does to “4” and “6”. Note that

464
and this forms another cycle (46) = (64). We then write o in cycle notation as follows:
o = (1235)(46) = (46)(1235)

We can also write 7 in cycle notation, as 7 = (1342). Note that “5” and “6” are fixed by 7
and they do not appear in the notation, by convention. We then compute

T oo = (1342)(1235)(46) = (246)(35)
by reading cycles from right to left, and this is the same answer we obtained above.
The n** symmetric group S, is non-abelian if n > 3.
Note S; = {e} is the trivial group, and Sy = {e, (12)} is cyclic of order 2. For n = 3 we have
S ={e, (12),(23), (31),(123), (132)}

This is a non-abelian group of order 6. In fact if you write out its Cayley table you may
notice it looks just like the symmetries of an equilateral triangle. This is no accident, for
S5 is essentially the same group: any symmetry of the triangle is determined by how the
3 vertices are permuted. To see that S, is non-abelian for n > 4, note that we can view
S3 C S, as the subgroup which fixes the last n — 3 elements.
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Symmetric groups

In this lecture we continue our study of the symmetric groups .S,, introduced last lecture,
and we then introduce the notion of even and odd permutations.

The order of the group S, is given by |S,| = nl.

This is a basic counting exercise. Each permutation ¢ is a way of rearranging the elements
{1,...,n}. There are n possibilities for (1) € {1,...,n}. Once the value of o(1) is fixed,
there are n — 1 possibilities left for o(2), since it can be anything except for o(1). Continuing
in this fashion, we see that the number of possibilities for the permutation o € S,, is equal
ton(n—1)(n—2)---2-1=nl.

For example, we have seen that |S;| = 1 = 11, |Ss| = 2 = 2! and |S3] = 6 = 3!. Recall that
Ss is essentially the symmetries of an equilateral triangle, and there are 6 such symmetries.

A cycle is a permutation o € S, such that there exists an ¢ € {1,...,n} with the property
that for each j € {1,...,n} either o(j) = j or j = o¥(i) for some k € Z. In other words,
every element of {1,...,n} is either fixed by ¢ or can be obtained from i by successively
applying o. Our notation for such a cycle, which we introduced last lecture, is as follows:

(i o) o) - o 70)
Here [ is the smallest positive integer such that o!(i) = i.

Every o € S,, can be written as a product of disjoint cycles.

Two cycles are disjoint if they share no common elements in their cycle notations. For
example, (13) and (246) are disjoint cycles, while (12) and (254) are not. To prove the

statement, define a relation on the set {1,...,n} as follows: i ~ j if and only if 0% (i) = j for
some k € Z. You can check that this defines an equivalence relation, and hence partitions
the set {1,...,n}, and each equivalence class forms a cycle with respect to o.

N

2—4—5 1—6
The content of the above is that any permutation o € S, partitions the set {1,2,...,n} into

subsets each of which ¢ permutes in a cyclic fashion. For example, ¢ = (245)(16) € Sg is
depicted above. Note that o fixes “3” and this does not appear in cycle notation.

Disjoint cycles in S,, commute.
The length of a cycle is the number of elements appearing in it: (146) is a cycle of length 3,

and (4263) is length 4. A transposition is a cycle of length 2, such as (12).
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For n > 2, every o € 5, is a product of transpositions.
We first note that an arbitrary cycle (ajas - - - ay) can be written

(aras - - - ag—rax) = (azas)(asasz) - - - (arar—1)(a1ax)

For example, (245) = (45)(24). The general case follows from the case of cycles, because any
o €5, is a product of cycles.

The way in which a cycle is written as a product of transpositions is not unique. As an
example, we have (12)(13) = (132) = (23)(12) in the group Ss. In fact, another formula for

writing an arbitrary cycle as a product of transpositions is as follows:

(arasg - - - ap—1ax) = (a1a;)(arap—1) - - - (ar1a3)(ara2)

Even and odd permutations

Let f = f(x1,...,z,) be a polynomial in n variables. Given a permutation o € S,, define a
new polynomial o(f) to be f(zo(1), ..., %o@m)). Define the special polynomial

1<i<j<n
to be the product of all factors (x; — x;) where 7, j range over elements of {1,...,n} with

i < j. Then we may apply any permutation ¢ to this to obtain a new polynomial o(A,). It
turns out that this new polynomial is always either A, or —A,,. This lets us divide permu-
tations into two types, as follows:

» If 6(A,) = A, then o is called even. If 0(A,) = —A, then o is called odd.
For example, consider o = (12) € S3. Note Az = (7 — x2)(2z1 — x3) (22 — z3). Then

0(A3) = (To1) = To))(To(1) = Lo(3))(Ta(2) = To(3))
= ($2 - xl)(«fl - $3)($2 - $3)

—(z1 — 22) (22 — 73) (71 — 73)

—Aj3

Thus ¢ = (12) is odd. In the next lecture we will show that the even permutations form a
subgroup of S,, called the alternating group A,.
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Alternating groups

In this lecture we continue studying even and odd permutations. We introduce and study the
alternating groups A, which consist of even permutations. We then consider the rotational
symmetries of the tetrahedron, which are closely related the group Ajy.

Recall that a permutation o € S, is even if 0(A,) = A, and odd if 0(A,) = —A,,. Here A,
is the polynomial [],,_;c,(zi — x;) introduced last lecture. Define

A, ={0 €S, :0iseven} C S,
The subset A, C S, is a subgroup, called the n'® alternating group.
To prove this we first record a useful relation. Given any permutations o, o’ € .S,, we have
(00")(An) = 0(0'(An))

This just follows by writing out what each side means explicitly:

(00) (D) = [ @eori) = 20ne) = ] @otort) — Totoriy)

1<i<g<n 1<i<gsn
=0 ( II @ow- fcaf(ﬂ)) = o(0'(An))
1<i<j<n

Similarly, o(—A,) = —a(A,). Now suppose ¢(4,) = (=1)*A, and o'(4A,) = (=1)!A,.
Then

I
Q

(00)(An) = 5(0'(A,)) = o((~1)!A,)
—1)lo(A,) = (DH(=D*A,

_1)l+kAn

o~~~

From this computation we see the same rules as for adding even and odd integers:

o o’ oo’

even even | even
odd even | odd
even odd | odd
odd odd | odd

In particular, if 0,0 € A, (0,0’ are both even) then oo’ € A, (00’ is even). Also the
identity is even, so it is in A,. Further, if 0 € A, (o is even), then since co™! = e € A,
(00! is even) we must have 0! € A, (67! is even). Thus A, is a subgroup of S,,.
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An alternative characterization of the parity of a permutation is as follows:
If o =7, --- 7, where 7; are transpositions, then ¢ is odd if and only if & is odd.

To prove this we first show that every transposition is odd. First consider the transposition
o = (12) € S,,. There are four kinds of factors in A,:

(21 — 22), (1 — ;) (> 2), (z2 — ;) (> 2), (i — ;) (j>i>2)

Now o = (12) only swaps 1 and 2. So it sends the first type of factor to its negative
(xg —x1) = — (w9 — 7). It interchanges the second and third types (preserving signs), and
fixes all factors of the fourth type. Taking the product we conclude o(A,) = —A,,, where
the sign comes from the effect of o = (12) on the factor (z; — x5). Next, we use:

Let 0 = (a; as -+ ax) € S, be a cycle and 7 € S, any other permutation. Then

ror ' = (1(a1) 7(az) - 7(ax))

A special case is when 0 = (ij) a transposition different from (12) with j > i. Setting
7= (i1)(j 2) we get 77tor = (12). If i = 1, interpret (i 1) as e.

Now let o be any transposition and choose 7 as above such that 707! = (12). Then
o=71"112)7. Let 7(A,) = (=1)*A,. Note also 77}(A,) = (=1)*A,,. We then compute

This completes our claim that every transposition is odd. Then to prove the claim about
o = 11T for a product of transpositions, we use the rules of the table we determined
above.

Let us look at some examples. AsS; = {e} we of course have A; = {e}. Next, Sy = {e, (12)},
and (12) is odd, so in fact Ay = {e} as well. The 3rd symmetric group is

Sy = {e, (12), (23), (31), (123), (132)}

The three transpositions (12), (23), (31) are odd, so they are not in As. On the other hand
(123) = (13)(12) and (132) = (12)(13), so these are even. Thus

As = {e, (123), (132)}
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Lecture 8

Note that (123)? = (132) and (123)® = e, so A3 is a cyclic (hence abelian) group of order 3.
This is in contrast to S3. However:

The alternating group A, is non-abelian if and only if n > 4.

Symmetries of the tetrahedron

The first non-abelian alternating group, Ay, is closely related to the rotational symmetries

of the tetrahedron in 3-dimensional space.

A tetrahedron is a solid in 3-dimensional Euclidean space which has 4 vertices and 4 sides,
each an equilateral triangle. On the next page we list the symmetries of the tetrahedron.
There are 2 types of non-identity symmetries. The first type (Ri', Ry, R3', RT") fixes a
vertex and rotates the tetrahedron around an axis passing through the fixed vertex by 120°
in one of two directions. The second kind of symmetry (A, B, C') is a 180° rotation through
an axis which passes through the centers of two opposite edges.

If we label the vertices of the tetrahedron by {1,2,3,4} we can associate a permutation
to each symmetry. Magically, the subgroup of S; corresponding to the symmetries of the
tetrahedron is A4! Below we include the Cayley table.

e R R' R R' Rs R;' R4 Ri' A B C
e e R R' R R' Rs R;' R4 Ri' A B C
Rh | RR R e A R, B | R C Ry R;' R;' Ry’
Ri‘'\R' e R R'* C R' A R' B 'Ry, Rs R,
R, R, C R R' e R B Ry' A R' Ry | Rs
RB'IR' Rs A e |Rp C R, B R*' R' R' R
Rs R3s A R Ri' B R' e R C Ry R'PR;
R3'\R;' Ry B C R' e R A | R R R' R
R, | R4 B R;y'* Ri A R' C R' e | R3s Ry | R
R R'FPRBg C B 'Rs A R' e R, Ry' R R;'
A| A R' RR R, R R' R'' 'R RZ' ¢ C B
B | B R' R, R3s R;''Rg R R'! RR' C e A
C | C R''R | R' R Ry R;' R3 R, B A e
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Cosets and Lagrange’s Theorem

In this lecture we introduce the notion of a coset and prove the famous result of Lagrange
regarding the divisibility of the order of a group by the orders of its subgroups.

Fix a group G and a subgroup H C G. Define a relation ~ on the set GG such that for
a,b e G:
a~b <= ab'cH

Keep in mind that ~ depends on H. We show that this is an equivalence relation.

1

1. (Reflexivity) a ~ a because aa~" = e and the identity is in any subgroup.

2. (Symmetry) a ~ b implies ab~! € H. Since H is a subgroup, the inverse of this element
is also in H: we have (ab™')"! = ba~! € H. Thus b ~ a.

3. (Transitivity) a ~ b and b ~ ¢ imply ab~! € H and be™' € H. Since H is a subgroup,
it is closed under the group operation. Thus (ab™!)(bc™') = ac™' € H, and a ~ c.

We have seen this construction before in a special case. Let G = (Z,+) and for a fixed
positive integer n take the subgroup H = nZ = {nk : k € Z} C Z. Then a ~ b if and only
if “ab™” =a—be€nZ,ie a=0> (modn). This motivates the following general notation:

an~b = a=b (mod H)

» For a € G, let Ha ={ha:h € H}. Then Ha is called a right coset of H in G.

The right cosets of H in G are the equivalence classes of the above relation:
Ha={beG: a=b (mod H)}

To see this, consider some b € Ha. Then b = ha where h € H. From this we then find
ab™' =h™' € H and so a = b (mod H). Thus Ha is a subset of the equivalence class of a.
Conversely consider any b € G such that a = b (mod H). Then ab™* € H, so ab™! = h for
some h € H, and so b= h"'a € Ha.

There is a 1-1 correspondence between any two right cosets of H in G.

Let Ha be a right coset. It suffices to show that Ha is in 1-1 correspondence with H itself.
For this, we note that each h € H determines the element ha € Ha, and every element in
Ha is of this form. Thus the only thing to check is that if ha = h'a then h = h’, and this
just follows from multiplying by a~! on the right.

We define the indez of a subgroup H in G, written [G : H], as follows:
|G : H] = #{distinct right cosets of H in G}

Of course it is possible that [G : H] is infinite.
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(Lagrange’s Theorem) If G is a finite group, and H is a subgroup of G, then
(G H] = |G|/|H]

In particular, if G is finite, the order of any subgroup H divides the order of the group G.
The proof follows from our discussion above: the right cosets in GG are equivalence classes,
and partition the set G into [G : H| distinct subsets, each of which has size |H|. From this
it follows that |G| =[G : H] - |H|.

Let’s see all of this in action. Take the symmetric group Ss of orer 6:
Ss = {e, (12),(23), (31), (123), (132)}
Let H be the order 2 cyclic subgroup {e, (12)}. Then the right cosets are
He = {e, (12)}, H(23) = {(23), (123)}, H(31) ={(31),(132)}

Any other right coset is one of the above 3: we have H(12) = He = H, H(123) = H(23) and
H(132) = H(31). The number of distinct right cosets is [S3 : H| = 3. We directly observe
Lagrange’s Theorem: 6/2 = |S;|/|H| = [S3 : H] = 3.

For another example, consider the symmetric group Sy. This has order |Sy| = 4! = 24. We
saw last lecture that the alternating group A4 C S4 has order 12. Thus

In particular, there are exactly two right cosets: Ay = Aje and Ayo where o is any odd
permutation, say, a transposition.

Assume n > 2. For the symmetric group 5, and the subgroup A, C S, there are exactly
two right cosets. To see this, we note that a = b (mod A,,) if and only if ab™! is even. Thus
the two equivalence classes, i.e. right cosets, are the sets of even and odd permutations.
(Assuming n > 2 ensures that these two cosets are both nonempty.) We conclude

|An| = |Snl/[Sn + An] = nl/2.

Thus the alternating group A, has order n!/2.
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Consequences of Lagrange’s Theorem

Last lecture we discussed Lagrange’s Theorem: for any finite group G, and subgroup H C G,
we have [G : H|] = |G|/|H|. Recall here that [G : H] is the number of right cosets of H in
GG. The most useful consequence of this theorem is the following:

If G is a finite group, and H is a subgroup of G, then |H| divides |G|.
This of course greatly constrains the possibilities for which subsets of G can be subgroups.
A particular case is the following. Let a € G and consider the cyclic subgroup (a) C G
generated by a. Recall that ord(a) is equal to the size of this subgroup. We obtain:

If G is a finite group and a € G then ord(a) divides |G|.
For example, S3 can only have elements of orders {1, 2, 3,6}, and 6 does not occur because S3
is not cyclic. In fact, we know all of this from direct computation. But now we understand
more about why the orders of elements are constrained to these numbers.

If G is a finite group and « € G then /% = e.
Indeed, writing |G| = ord(a) - n, we have a/¢l = 4@ = (gord@)n = e = ¢ as claimed.
Next, we apply this last result to the group (Z), x) where n is a positive integer. Define

on)=2;|=#{k€Z :1<k<n,gcdk,n)=1}

The function ¢(n) is called Euler’s ¢-function, and sometimes Fuler’s totient function. For

example, Z- = {1,2,3,4,5,6} so ¢(7) = 6, while Z7, = {1,3,7,9} and so ¢(10) = 4. Below
we show a graph of Euler’s ¢-function.
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20 40 60 80 100

Euler’s ¢-function
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(Euler’s Theorem) For any integer k relatively prime to n, we have
k™ =1 (mod n)

This result follows from the previous one: just view k (mod n) as an element of ZX, and
note that the order of the group is by definition ¢(n).

For example, let n = 30. We list the integers from 1 to 30 which are relatively prime to 30:
Zy ={1,7,11,13,17,19,23,29}

Thus ¢(30) = |Z3,| = 8. Furthermore, Euler’s Theorem tells us that for any one of the above
8 integers k (and their congruence classes mod 30) we have k* =1 (mod 30).

A special case of Euler’s Theorem is when n is a prime number p. For in this case we have
Z; :{1727 7p_1}
so in particular ¢(p) = p — 1. Therefore we obtain:

(Fermat’s Little Theorem) For a prime p and integer k relatively prime to p:
E~1=1 (mod p)

The conclusion of this result is often written as k¥ = k (mod p).

For example, 97 is a prime number. Let’s compute 5% (mod 97). Fermat’s Little Theorem
tells us that 5°° =1 (mod 97). Using this we compute:

5% = 5013 = 553 = 1.5 =125 =28  (mod 97)

Without the help of Fermat’s Little Theorem, this would have taken much longer!
Another important consequence of Lagrange’s Theorem is the following.
Suppose G is a finite group of prime order. Then G is cyclic.

Let H C G be a subgroup of G. Then Lagrange’s Theorem tells us that |H| divides |G]|.
Since |G| is prime, |H| must be 1 or |G|. In the first case, we must have H = {e}, and in
the latter case, H = GG. In particular, G has no non-trivial proper subgroups. Let a € G be
a non-identity element. Then (a) is a non-trivial subgroup and thus must be all of G. In
particular, G = (a) and so G is cyclic and generated by a.

We make two important remarks about Lagrange’s Theorem. First, we could have used
the notion of a left coset instead of a right coset: these are subsets aH = {ah : h € H}.
Lagrange’s Theorem holds for left cosets, by the same arguments. A consequence is that the
number of left cosets is equal to [G : H], the number of right cosets.
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Second, the converse to Lagrange’s Theorem is false: if a positive integer d divides |G|, then
it is not necessarily true that there is a subgroup of order d within GG. The first instance of
this phenomenon is the following:

In the alternating group A, of order 12, there is no subgroup of order 6.

Let us prove this. First we write out the 12 elements of Ay:
Ay = {e,(123), (132), (124), (142), (134), (143), (234), (243), (12)(34), (13)(24), (14)(23)}

Note we have 8 cycles of length 3, which have order 3, and 3 elements which are pairs of
disjoint transpositions, each of order 2. Now suppose there is a subgroup H C A4 of order
6. Let 0 € A4 be a cycle of length 3. Consider the right cosets

H, Ho, Ho?

Lagrange’s Theorem tells us that [Ay : H] = |A4|/|H| = 12/6 = 2, so there are exactly
2 right cosets. So two of the cosets above must be equal. If H = Ho, then ¢ € H, and
similarly if H = Ho? then 0? € H. But since 0> = o¢~! and H is a subgroup, we must
have o € H. The other possibility is that Ho = Ho?. Multiplying on the right by o gives
Ho? = H, and again we conclude o € H. In conclusion, every length 3 cycle in A4 must be
in H. But there are 8 such cycles. Thus 6 = |H| > 8, which is a contradiction. Thus Ay
cannot have a subgroup of order 6, as we claimed.
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Applications to cryptography

In this lecture we apply some of the theory we have developed to Cryptography, which is
the subject of sending secret messages. Our main application is to describe the RSA cryp-
tosystem, a widely used method for secure data transmission.

We begin with a simple example of a private key cryptosystem, which most people are familiar
with in some form. Let us write each letter from A to Z as a number in Zyg. For convenience
we also write each number with 2 digits. We have the following correspondence:

AAB C D E F G H I J K L M
00 01 02 03 04 05 06 07 08 09 10 11 12

N O P Q R S T U V W X Y Z
13 14 15 16 17 18 19 20 21 22 23 24 25

Now, suppose we have a message we would like to send in secret: ALGEBRA. We first
write this in numbers as 00110604011700, by replacing A with 00, and so on. Now we
encrypt the message using our private encryption key: the function f : Zys — Zog given by
f(k) =k +10 (mod 26), say. Thus 00 gets sent to f(0) =0+ 10 = 10 (mod 26), 11 is sent
to f(11) =114 10 = 21 (mod 26), and so on. Our message 00110604011700 transforms to

10211614110110

We may write this in letters as KVQOLBK. We send the message in this form to a friend.

Once our friend receives the message, to decode it they only need apply f~!, i.e. the function
on Zgg which is k (mod 26) — k£ — 10 (mod 26).

The above cryptosystem, which is ancient and used for example by Caesar, is called a private
key cryptosystem because the key (in this case the function f or its inverse) must be kept
private for the system to work effectively. This scheme also has the property that anyone who
has the key, i.e. knowledge of the function f, can easily encode and also decode messages.
This is because the function f~!is easy to find if f is known, and vice versa. In particular,
anyone who can encode messages can also decode messages.

We now describe a more sophisticated cryptosystem which is used in the modern world and
relies on some of the algebra we have developed thus far. It is called RSA, named after
Rivest, Shamir, and Adleman, who described the method in 1978. The algorithm was ac-
tually discovered earlier in 1973 by Clifford Cocks working for British intelligence, but this
information was only declassified in 1997.

To begin, choose two large distinct prime numbers at random, say p and ¢q. These numbers
are meant to be kept secret from the public. Let n = pg and N = (p — 1)(¢ — 1). Choose an
integer e which satisfies 1 < e < N and ged(e, N) = 1. We know that there exists an integer
d that satisfies ed =1 (mod N), and we compute this. The scheme is as follows:
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Public information (encryption key): the number n = pq and integer e.
Private information (decryption key): the prime numbers p, ¢ and the integer d.

Note that although n = pq is known to the public, the factorization of n into the prime
numbers p and ¢ is private information. The robustness of RSA is based on the principle
that factoring numbers is hard!

Now we describe the simplest version of the algorithm. Suppose someone from the public,
“Bob”, wants to send an encrypted message to “Alice”, who holds the private information
of the decryption key. Bob knows only the information n,e while Alice knows p,q and d.
Assume Bob’s message is in the format of a number m € Z*. The algorithm is as follows:

1. Bob encodes his message m € Z by computing ¢ = m® (mod n).
2. Bob sends his encrypted message ¢ € Z to Alice.

3. Alice then uses d to compute ¢! (mod n), which recovers m € Z>X.

Why does this work? First, we should check that ¢? = m (mod n), i.e. that Alice’s decryp-
tion actually recovers the original message. We need the following:

Let a,b be relatively prime. Then ¢(ab) = ¢(a)p(h).

To see this, recall that ¢(a) = |Z)|. We define a map from Z}, to the Cartesian product
Z) % Zy be sending k (mod ab) to the pair (k (mod a), k (mod b)). This is well-defined: if
k is relatively prime to ab it is then certainly relatively prime to each of a and b. It is a 1-1
map: if k, k' € Z, are sent to the same pairs, then k = &’ (mod ) and k = k' (mod b), and
so k — k' is divisible by both a and b. Since ged(a,b) = 1, it follows that & — k' is divisible
by ab, and so k = k' (mod ab). It is onto: let r, s be such that ar =1 (mod b) and bs = 1
(mod a). Then for any pair (k; (mod a), ks (mod b)) € ZX x Z; consider

k = kibs + kqar

This gives an element of Z), and it reduces mod a to ki, and reduces mod b to ky. Thus the
map is onto. We have thus produced a 1-1 onto map from Z), to Z) x Z; . In particular
these sets have the same size. Thus ¢(ab) = |Z),| = |2} % Z;' | = ¢(a)p(b).

Now return to the RSA algorithm. Note that N = (p—1)(¢—1) = ¢(p)d(q) = ¢(pq) = ¢(n).
Recall that Alice has Bob’s encrypted message ¢ € ZX and she computed ¢? € Z*. Since
ed =1 (mod N) we have ed — 1 = kN for some k € Z. Then

A=ml=md=m N =m.- M =m- (m*r=m-1=m (mod n)

which is of course Bob’s original message m € Z). Note that in this computation we used
the fact that m?™ =1 (mod n), which is Euler’s Theorem!
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Example: Suppose p = 43 and ¢ = 97. Then n = pg = (43)(97) = 4171. Note here
N = ¢(n) = (43 —1)(97 — 1) = 4032. Alice chooses the encryption number e = 13, which is
relatively prime to N = 4032. Alice releases the encryption key information

n=4171, e=13

to the public. However, only she knows p = 43 and ¢ = 97. Alice needs to compute her
private decryption key: this is a number d such that ed = 1 (mod 4171). She computes
d = 1861 using the Euclidean algorithm.

Next, Bob wants to send the message m = 3161 to Alice. He wants to compute m¢ = 31613
(mod 4171). To do this he first writes 13 = 2% + 22 + 1 and then

c=me = 3161" = 3161+ = ((3161%)%)% - (3161%)2 - 3161 (mod 4171)

Then 3161% = 9991921 = 2376 (mod 4171). Next, (3161%)% = 2376 = 5645376 = 2013
(mod 4171), and ((3161%)?)% = 2013% = 4052169 = 2128 (mod 4171). He finally computes

c=m® = (2128)(2013)(3161) = 2582 (mod 4171)

Thus ¢ = 2582 is the encrypted message, and Bob sends this to Alice. She can then decipher
the message by using d = 1861 to compute 2582¢ = m (mod 4171). To do this she can write
1861 in binary as 1861 = 219 4 29 4- 28 426 + 22 + 1 and proceed as above:

25822 = 1466, 2582% = 1091, 25822° = 1456, 25822" =133, 2582% = 1005,

25822 = 643, 25822 =520, 25822° =4356, 25822 =2363, 25822 =2971.
Thus ¢t = 2582861 = (2971)(2363)(3456)(643)(1091)(2582) = 3161 (mod 4171), which is

exactly Bob’s original message m.

How can someone intercept the message and decipher it? They would have to know d
(mod N). You can compute d (mod N) from the knowledge of e and N using the Euclidean
algorithm, and of course N = (p — 1)(¢ — 1). So knowing the prime numbers p and ¢ will
allow for anyone to decipher encrypted messages. However, the public only knows e and
n = pq. And it is very difficult to factor large numbers! So if p and ¢ (and hence n) are very
large, it will be very difficult for people to decipher intercepted messages.
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Normal subgroups and quotient groups

In this lecture we discuss an important class of subgroups called normal subgroups. Given
a normal subgroup N in a group G, we then construct the quotient group G/N. The con-
struction is a generalization of our construction of the groups (Z,, +).

Fix a group G and a subgroup H. If we have a Cayley table for G, then it is easy to find the
right and left cosets of H in G. Let us illustrate this with an example we have encountered
before. Consider the group Ss, and choose the subgroup H = {e, (12)}. To find the right
cosets of H in the Cayley table, first find H in the left column. It’s shaded gray below.

e (12) (23) (31) (132) (123)
¢ e (12) (23) (31) (132) (123)

(12) | (12) e (123) (132) (31) (23)
(23) | (23) (132) e  (123) (12) (31)
(31) | (31) (123) (132) e  (23) (12)

(132) | (132) (23) (31) (12) (123) e
(123) | (123)  (31) (12) (23) e  (132)

Each column, restricted to the rows determined by H, gives a right coset. In our example
above, each such column has 2 elements. Equal cosets are given the same color. We see in
our example we have 3 distinct right cosets, compatible with Lagrange’s Theorem.

The description of left cosets from the Cayley table is similar, except the roles of column
and row are switched. We illustrate this for our example:

e (12) (23) (31) (132) (123)
e e (12) (23) (31) (132) (123)

(12) | (12) e (123) (132) (31) (23)
(23) | (23) (132) e (123) (12) (31)
(31) | 31) (123) (132) e  (23) (12

(132) | (132) (23) (31) (12) (123) e
(123) | (123) (31) (12) (23) e  (132)

We see in this example that the right cosets and left cosets are not the same.

For another example, consider the subgroup H = {e, (123), (132)} in S5. The same procedure
above carried out for H shows that in this case, the right cosets and left cosets are actually
the same. More precisely, aH = Ha for each group element a. This is illustrated in the
tables below, where right and left cosets are shown.
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e (12) (23) (31) (132) (123) e (12) (23) (31) (132) (123)

e e (12) (23) (31) (132) (123) c e (12) (23) (31) (132) (123)

(12) | (12) e (123) (132) (31) (23) (12) | (12) e (123) (132)  (31) (23)

(23) | (23) (132) e (123) (12) (31 (23) | (23) (132) e (123)  (12) (31

(31) | (31) (123) (132) e  (23) (12) (31) | (31) (123) (132) e (23)  (12)
(132) | (132) (23) (31) (12) (123) e (132) | (132) (23) (31) (12) (123) e

(123) | (123) (31) (12) (23) e (132) (123) | (123) (31) (12) (23) e (132)

This latter kind of subgroup is called a normal subgroup and is defined as follows.
P A subgroup N in a group G is normal if for all a € G we have aN = Na.

The first example H = {e, (12)} in S3 from above is not normal, while the second example
H = {e,(123),(132)} C S5 is normal. Note that if G is abelian, every subgroup is normal.
The following gives alternative characterizations for a subgroup to be normal.

Let G be a group and N C G a subgroup. The following are equivalent:
(i) N is a normal subgroup.
(ii) aNa™* C N for all a € G.
(iii) aNa™' = N for all a € G.
Proof. (i)=-(ii): Assume N is normal, i.e. aN = Na for all a € G. Let ana™ € aNa™*

where n € N. Since aN = Na, we have an € Na, i.e. an = n’a for some n’ € N. Then
ana~ ! =n'aa"! =n' € N. Thus aNa=! C N.

(ii)=-(iii): Assume aNa™! C N for all @ € G. Let n € N. Then (ii) with a~! in place of a
says a"'Na C N. (Note (ii) holds for all a € G.) Thus a 'na = n’ for some n’ € N. Then
n=an'a' €aNa', so N CaNa'. It follows that N = aNa~!.

(iii)=(i): Assume aNa™!' = N for all a € G. Let an € aN where n € N. Our assumption
implies ana™! = n’ for some n/. Then an = n'a. Thus aN C Na. Similar reasoning shows
Na C aN, and thus aN = Na. O

Now fix a normal subgroup N within any group G. Define G/N to be:
G/N = {right cosets of N in G} = {left cosets of N in G}
We define a binary operation on G/N as follows: for alN,bN € G/N we set
(aN)(bN) = abN

Of course we could have also written (Na)(Nb) = Nab, and the fact that it doesn’t matter
if we use right or left cosets is thanks to the normality of N.
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Let G be a group and N C G a normal subgroup. Then the set of cosets G/N
endowed with the above binary operation satisfies the axioms of a group.

To see this we first check that the binary operation is well-defined. More precisely, suppose
aN = a'N and bN = b'N. Then a = a’n, and b = b'ny for some ny,ny € N. Since ¥ N = NV
we have nib’ = b'ns for some ng € N. We compute

ab = (a'ny)(b'ng) = a'(n1b")ny = ' (b'ns)ny = a’b'(n3ny)
Thus ab = d't/ (mod N), or in other words abN = a’b'N.

Next, it is easy to see that N = eN = Ne is an identity. Associativity follows because
(aNbN)cN = (abN)cN = abcN = aN(beN) = aN(bNcN). Finally, the inverse of aN is
given by the coset a ' N. Thus G/N is a group.

We call the group G/N from the above construction the quotient group of G by N. The
construction crucially depends on N being a normal subgroup, and does not work for sub-
groups that are not normal.

The order of the group G/N is equal to [G : NJ.
This is just from the definitions. Note that if G is finite, Lagrange’s Theorem implies

|G/N| =[G : N] = |G|/IN|

Examples
1. For the normal subgroup N = {e, (123), (132)} C S3 we have |S3/N| = |S3|/|N| =6/3 =
2. Thus the quotient group is of order 2. Note S3/N = {N, (12)N}.

2. Let G = (Z,+) and consider the subgroup N = nZ C G for any positive integer n. Then
N is a normal subgroup, as G is abelian, and G/N is exactly the group (Z,, +).

3. Consider the alternating group A, as a subgroup of S,. Using the properties of even

and odd permutations, we have that A, is a normal subgroup. Then |S,/A,| = 2 and
Sn/A, = {FE,O} where E = {even permutations}, O = {odd permutations}.
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Homomorphisms and Isomorphisms

When are two groups “the same”? We have implicitly answered this question in our earlier
investigations. Namely, we have seen several different incarnations of a certain non-abelian
group of order 6. First, we abstractly defined a group

G ={e,r,b,9,y,0}

in Lecture 1, by writing out its Cayley table. We saw later that the group formed by the
symmetries of an equilateral triangle, and also the symmetric group

Sy = {e, (12), (23), (31), (123), (132)}

have the same Cayley table when the elements are matched up appropriately. The Cayley
tables of G and S3 are shown below, and we see that they are essentially the same.

e r b gy o e (12) (23) (31) (132) (123)
ele r b g y o e e (12) (23) (31) (132) (123)
rir e oy g b (12) | (12) e (123) (132) (31)  (23)
blb y e o r g (23) | (23) (132) e (123) (12) (31)
glg oy e b r (31) | (31) (123) (132) e (23) (12)
yly b g r o e (132) | (132)  (23) (31) (12) (123) e
olo g r e y (123) | (123) (31) (12) (23) e (132)

Let us formalize what we mean by the same. What we really have is a map ¢ : G — S3, that
is, an assignment to each element of G' some element of S3. This assignment is a 1-to-1 and
onto map, which means that every element of S3 is mapped to by something in GG, and that
no two elements of G are mapped to the same element of S3. In our example this map is:

ole) =e, o(r)=(12), o(b) =(23), ¢(g)=B1), ¢y) =(132), ¢(o) = (123)

Furthermore, this map preserves the group structures, or equivalently, it maps the Cayley
table of G in the correct way to the Cayley table of S3. What this really means is that
for any a;,as € G the product ajas € G is mapped to the product ¢(a;)¢(az) € Ss. For
example,

(123) = ¢(0) = ¢(rb) = ¢(r)¢(b) = (12)(23) = (123)

We formalize the kind of map that is appearing here into a definition.

» A homomorphism from a group G to a group G’ is a map ¢ : G — G’ such that
o(ab) = ¢(a)p(b) for all a,b € G.

A homomorphism ¢ is an isomorphism if the map ¢ is 1-to-1 and onto.
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Therefore, two groups are the “same” if there is an isomorphism ¢ : G — G'.

The only difference between a homomorphism and an isomorphism is that the map ¢ does
not need to be 1-to-1 and onto for a homomorphism. Every isomorphism is of course a homo-
morphism, and so for the moment we will develop some properties of this more general notion.

Examples

1. Let G and G’ be groups. Define ¢ : G — G’ defined by ¢(a) = €' for all a € G, where ¢
is the identity of G'. For any a,b € G, we have ¢(ab) = ¢ = e'¢’ = ¢(a)p(b), and so ¢ is a
homomorphism. This is the trivial homomorphism from G to G'.

2. Consider the groups GLy(R) and (R*, x). Define a map ¢ : GLy(R) — R* by setting
¢(A) = det(A) for each matrix A € GLy(R). Then

$(A)d(B) = det(A) det(B) = det(AB) = ¢(AB)

Thus ¢ is a homomorphism.

3. The map ¢ : (R, +) — (R, x) defined by ¢(a) = |a| + 1 is not a group homomorphism.
For example, the following is a failure of the homomorphism property:

3=12[+1=002)=¢(1+1) # (L)1) = (11| + (1] +1) = 4

4. Define a map ¢ : (R, +) — (R*, x) by ¢(z) = 27 for each x € R. Then
Pl +y) =27 =272 = ¢(z)¢(y)

for all z,y € R. Therefore ¢ is a homomorphism of groups.

5. Let G be a subgroup and H C G a subgroup. Define ¢ : H — G by ¢(a) = a for all
a € H. In other words, ¢ is the “inclusion map” which simply sends H to itself viewed
as a subset of GG. Clearly ¢ is a homomorphism. For example, we have a homomorphism
(Z,+) — (Q,+), and a homomorphism (Q*, x) — (R*, x).

6. The map ¢ : GLy(R) — GLy(R) defined by ¢(A) = A? is not a homomorphism.

7. Consider the symmetric group S,,, and the additive group Zs. Define ¢ : S,, — Z, by:

0 (mod2) if oiseven
¢(0) = ( ) o
1 (mod 2) ifoisodd

Then ¢ is a homomorphism, thanks to our understanding of how even and odd permutations
compose. For example, if o is even and ¢’ is odd, we know oo’ is odd, and thus

¢(coc)=1=0+1=¢(0) +0(do)

40



MTH 461: Survey of Modern Algebra, Spring 2026 Lecture 13
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8. The map ¢ : (Z,+) — GLy(R) defined by ¢(n) = ( 0

T ) is a homomorphism.

The following gives another source of many group homomorphisms, and is related to our
construction of quotient groups from last lecture.

Let G be a group and N C G a normal subgroup. Define ¢ : G — G/N by
¢(a) = aN for all a € G. Then ¢ is a group homomorphism which is onto.

To see this, we simply compute ¢(a)p(b) = (aN)(bN) = abN = ¢(ab). This shows that ¢
is a homomorphism. The homomorphism ¢ is onto because given a coset aN € G/N the
element a € G satisfies ¢(a) = aN.

As an example, we have onto homomorphisms Z — Z,, for every positive integer n, defined
by sending an integer k to its congruence class & (mod n).

Let ¢ : G — G’ be a homomorphism of groups. Then ¢ maps the identity e € G
to the identity ¢’ € G’. Further, for all a € G we have ¢(a™') = ¢(a)'.

To prove the first part, we compute
¢(e) = d(ee) = ¢(e)o(e)
Multiply both sides by ¢(e)~! to obtain ¢’ = ¢(e). Next, for a € G we compute

¢la)g(a™") = ¢laa™") = ¢(e) = ¢

and similarly ¢(a~')¢(a) = €. Thus the inverse of ¢(a) € G’ is given by ¢(a™').

41



MTH 461: Survey of Modern Algebra, Spring 2026 Lecture 14

Complex numbers

The use of complex numbers historically emerged as a way of dealing with the problem that
some simple polynomial equations, such as

?+1=0,
have no solutions in the real numbers. It then became apparent over time that complex

numbers are much more than just an invention of this necessity.

Formally, a complex number is a pair (a,b) € R x R, which we often write as a + ib:
C={a+ib: a,beR}
The symbol i satisfies i = —1, and we write ¢ = v/—1. The operations + and x on C are:
(a+bi)+ (c+di)=(a+c)+ (b+d)i
(a+bi) X (c+di) = (ac — bd) + (ad + bc)i
As usual we often omit the symbol x. These operations satisfy the usual distributive law.
Following earlier notation we write C* for the non-zero complex numbers.

(C,+) and (C*, x) are abelian groups.

The claim for (C,+) is straightforward. For (C*, x), associativity, identity (e = 1), and
commutativity are clear. To show inverses exist, consider z = a + bi € C*. We write

2_1_1_ L1 a—bi  a—bi a (- b ;
2z a+bi o oat+bi oa—bi a?+02  \a®+b? a? + b?
This is an element of C*, and is an inverse to z. A priori “1/z” (and the symbols in red)

does not make sense, because we only defined multiplication above: but the expression on
the right of the equation can be taken as definition for 1/z and justifies the notation.

The order of i € C* is equal to 4.
This is immediate from the computations i = —1, % =% - i = —i, i' = ()2 = (—-1)? = 1.

One of the most important functions of complex numbers is the exponential function. This

can be defined in several ways. One way is to use power series:
. e 2" 2223
n! 20 3!
n=0

If we plug z = 16 into this formula, where 6 is a real number, we get:

0 _ oy, (@0)2 (i0)°
e —1+(Z9)+T+T

2 4 3 5
_ (1_%+%—-..)+¢<9—9—+9——.~> — cos(6) + isin(9)
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The remarkable formula ¢ = cos(#) + isin(6) is usually called Euler’s Formula.

The norm of z = a+ bi € C is the non-negative real number defined by |z| = v/a? + b2. The
conjugate of z = a + bi is the complex number defined by Z = a — bi. We have

12|> = a* + b* = 27,

which gives the expression 1/z = z/|z|?, and expands to our previous expression for 1/z.
Note that [e?] = y/cos(f)2 +sin(f)2 = 1. A general property is that |22/| = |z]|2/| for
z,72 € C.

Every complex number z can be written in polar form z = re?® where r is a non-negative
real number, and 6 is some real number. Note |z| = |re?| = |r||e??| = r. The number r = |2|
is sometimes also called the amplitude, and 0 the phase of z.

4 z=re

~

cos(#)

The complex plane is the usual zy-plane, where the point (z,y) represents the complex num-
ber z = x + yi. Above we show how in polar form, z = re? is determined by locating the
position of € = cos(f) + isin(f) on the unit circle (it forms angle 6 with the z-axis) and
then scales according to its amplitude r.

The exponential law e*** = e?e¢* holds for complex numbers z, 2’ € C. This can be proved
in any number of ways. When z = i and 2’ = i’ for real numbers 6, 0’ this law is equivalent
to the trigonometric identities for angle addition:

e9e = (cos(f) + isin(f))(cos(8') + isin(f'))
= (cos(f) cos(8') — sin(0) sin(8')) + i(cos(#) sin(8') + sin(6) cos(8'))
=cos(0 +0") +isin(0 + 6')
_ i(0+0)

The exponential law can be phrased in terms of group theory as follows:
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Exponentiation gives an onto homomorphism (C,+) — (C*, x).

The geometric way of multiplying z = re? and 2z’ = r’e?® now emerges: you multiply ¢ and

e to get e (so the phases add) and then scale this by r7/, the new amplitude.
We now give a group-theoretic interpretation of polar decomposition multiplication.

Let U(1) ={2€ C:|z] =1} = {¢¥ : § € R}. Then with the operation of multi-
plication, this is a subgroup of (C*, x), and is in particular an abelian group.

This is straightforward to prove. The group U(1) is called the circle group. Geometrically,
it is the group of rotational symmetries of the complex plane which fix the origin. It is one
of the most important and fundamental examples of a group. We have:

Exponentiation gives an onto homomorphism (R, +) — (U(1), x).
For the next statement we let RZ be the subgroup of (R*, x) containing the positive reals.

The map ¢ : R, x U(1) — C* given by ¢(r,e") = re? is an isomorphism of
groups.

In other words, polar decomposition of complex numbers helps us understand how the group
C* is really a product of two simpler groups we already understand.

To prove the statement, first we see that ¢ is 1-1 and onto: it is 1-1 because if re?? = r/e?’

then r = ¢/ and € = ¢ (here it is important that r,7" # 0). It is onto because every
non-zero complex number has a polar representation. Finally, ¢ is a homomorphism because

Qb(r, ew)d)(r/,ew') _ (Teie)(r/ew') _ rrlewei@’ _ gzﬁ(rr’,ew z‘@’) _ gb((?”, €i0)<rl7€z‘9/))

It follows that ¢ is an isomorphism as claimed.
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More isomorphisms, and kernels

In this lecture we continue our study of homomorphisms and isomorphisms and also intro-
duce the important notion of the kernel of an homomorphism.

Recall that an isomorphism is a 1-1 and onto homomorphism ¢ : G — G’. The homomor-
phism property says that ¢(ab) = ¢(a)@(b) for all a,b € G. Define a relation on groups:
write G = G’ if there is an isomorphism ¢ : G — G'.

The relation G = (' is an equivalence relation on the collection of all groups.
In proving this we will introduce a number of important properties of isomorphisms.

First, given any group G, consider the map ¢ : G — G given by ¢(a) = a, the “identity”
homomorphism. This is clearly an isomorphism, so G = G, i.e. the relation is reflexive. The
identity homomorphism is sometimes written idg = ¢ : G — G.

Next, suppose G = @, i.e. there is an isomorphism ¢ : G — G’. Consider the inverse map
of ¢, denoted ¢’ : G' — G. This is defined as follows. Let o’ € G'. We would like to desribe
¢'(a'). Because ¢ is onto, there is an a € G with ¢(a) = d/, and this a is unique as ¢ is
1-1. Then we define ¢/(a’) by ¢'(a’) = a. We see that ¢ is characterized by the relation
¢ (p(a)) = a for all @ € G. You can check that ¢’ is 1-1 and onto, and also ¢(¢'(a")) = @’ for
all @’ € G'. Next, given o/, b’ € G', let a,b € G such that ¢(a) = d’, ¢p(b) = b'. Then

¢'(a't) = ¢'(¢(a)p(b)) = ¢'(¢(ab)) = ab = ¢'(a")¢' (V')

Therefore ¢’ : G’ — G is an isomorphism, and so G’ = G. The map ¢’ is called the inverse
isomorphism of ¢. The inverse isomorphism is sometimes written ¢=* : G’ — G. This estab-
lishes symmetry of the relation =.

In general, if ¢ : G — G’ and ¢' : G — G” are homomorphisms, the composition map
¢ o¢: G — G is also a homomorphism. Indeed, if a,b € G then we compute

(¢ 0 ¢)(ab) = ¢'(¢(ab)) = ¢'(¢(a)d(b)) = ¢'(d(a))d(¢(b)) = (¢ © ¢)(a)(¢' © §)(D)

If G2 G and G’ = G” by isomorphisms ¢ : G — G’ and ¢’ : G' — G” then ¢’ o ¢ is an iso-
morphism, as you may check. This establishes transitivity. Thus = is an equivalence relation.

We say two groups G and G’ are isomorphic if G = G’. A useful criterion for ¢ : G — G’ to
be an isomorphism is as follows.

Let ¢ : G — G' be a homomorphism. Then ¢ is an isomorphism if and only if
there exists a homomorphism ¢’ : G’ — G such that

¢I o ¢ = idG and gb o (b/ = idG/
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Indeed if ¢ is an isomorphism, then the inverse isomorphism considered above provides such
a map ¢'. Conversely, if ¢ is a homomorphism and such a ¢ in the statement exists, let
us check that ¢ is 1-1 and onto. First, let @’ € G’. Then o' = (¢ o ¢')(d') = ¢(¢'(d’)).
Thus ¢ is onto. Second, suppose a,b € G and ¢(a) = ¢(b). Then applying ¢’ we get
a=¢(¢p(a)) = ¢ (p(b)) = b and thus ¢ is 1-1. We conclude that ¢ is an isomorphism.

In fact in the above statement, ¢’ is always uniquely determined as being the inverse iso-
morphism of ¢ that we considered earlier.

Most of the properties of groups that we are interested in are preserved under isomorphisms.

Let G and G’ be isomorphic groups. Then:
(i) If G is abelian, then G’ is abelian.
(ii) If G is cyclic, then G’ is cyclic.
(iii) If G is finite, then so is G’ and |G| = |G'|.

The verification is left as an exercise.

Let ¢ : G — G’ be a homomorphism. We define the kernel of ¢ to be
ker(¢) ={a € G: p(a) =€} C G
Let ¢ : G — G’ be a homomorphism. Then ker(¢) is a normal subgroup of G.

To see this, first note ¢(e) = €', so e € ker(¢). Next, let a,b € ker(¢). This means ¢(a) = €’
and ¢(b) = ¢ where ¢ € G’ is the identity. Then

6(ab) = d(a)p(b) = e = ¢

and so ab € ker(¢). Similarly, ¢(a™!) = ¢(a)™! = (¢/)™' = ¢’ and so a™! € ker(¢). Therefore
ker(¢) is a subgroup of G. Next, let a € ker(¢), and let g € G be any element. Then

d(gag™") = d(g9)d(a)p(g™") = d(g)e'd(g) ™" = ¢
This shows g - ker(¢) - g7! C ker(¢). Therefore ker(¢) is normal.

The following is a sort of converse to the above result:

Let G be a group and N C G a normal subgroup. Then there is a homomor-
phism ¢ from G to some other group such that ker(¢) = N.

In fact we can take the homomorphism ¢ to be one that we have seen before:
¢:G—G/N
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defined by ¢(a) = aN for each a € G. The kernel of this homomorphism is the set of a € G
such that ¢(a) = N, i.e. aN = N. But these are exactly the a that are in the coset N. Thus
ker(¢) = N. This proves what we claimed.

Finally, the following shows that kernels are useful for understanding isomorphisms.

An onto homomorphism ¢ : G — G’ is an isomorphism if and only if ker(¢) =

{e}.

First, suppose ¢ is an isomorphism. If a € ker(¢) then ¢(a) = €¢’. But ¢(e) = €’ also, so
o(e) = ¢(a) implies e = a, as ¢ is 1-1. This shows ker(¢) = {e}.

Conversely, suppose ker(¢) = {e}. We aim to show ¢ is 1-1. Suppose ¢(a) = ¢(b). Then

¢ = ¢(a)p(0)™" = ¢(a)p(b™") = p(ab~")

and in particular ab™! € ker(¢). Since ker(¢) = {e} we must have ab~! = e, or equivalently
a =b. Thus ¢ is 1-1. By assumption ¢ is onto, and thus it is an isomorphism.
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First isomorphism theorem, and symmetries of a cube

In this lecture we prove the “lst Isomorphism Theorem” and discuss some consequences.
We also explore the rotational symmetries of a cube in 3-dimensional Euclidean space.

1st Isomorphism Theorem: Let ¢ : G — G’ be an onto homomorphism. Then
there is a naturally induced map which we write as

Y : G/ker(¢) — G
and this map ¢ is an isomorphism of groups.
Proof. Write N = ker(¢). Define the map ¢ as follows: for any coset aN € G/N we let

¥(aN) = ¢(a). Let us check this is well-defined. Suppose aN = bN. This means ab™' € N,
ie. € =¢(ab™') = ¢(a)p(b)~. Thus ¢(a) = ¢(b). In particular,

¢(a) = Y(alN) = (bN) = ¢(b)
This tells us ¢ is well-defined map, independent of how the coset aN is written.

Next, we check 1 is a homomorphism. For aN,bN € G /N we simply compute

P(aN)Y(bN) = ¢(a)¢(b) = ¢(ab) = 1(abN) = 1p(aNON)

and thus v is a homomorphism.

Finally, we check that v is 1-1 and onto. Let a’ € G’. Because ¢ is onto, there is some a € G
such that ¢(a) = @’. Then also ¥(aN) = ¢(a) = a’. Therefore v is onto. Finally, suppose
aN,bN € G/N are such that ¥)(aN) = ¢(bN). This implies ¢(a) = ¢(b), or ¢p(ab™t) = €,
implying ab~! € N. In particular, aN = bN. Thus 1 is 1-1, and 1 is an isomorphism.  [J

Examples

1. Let ¢ : Zoy — Zs be the homomorphism given by ¢(k (mod 20)) = k (mod 5). Then
ker(¢) = (5) C Zgg. The 1st Isomorphism Theorem gives

Zoo/(5) = Zs

2. Consider the exponential map ¢ : (R,+) — (U(1), x), where U(1) C C* is the circle
group, defined by ¢(#) = €. This is an onto homomorphism. The kernel is

ker(¢p) = {0 cR: e =1} =Z CR
By the 1st isomorphism theorem we conclude we have an isomorphism
R/Z=U(1)
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3. Consider the group of upper triangular matrices in GLy(R) given by

Gz{Az(S i) a,b,ceR, ac;éO}

Define a map ¢ : G — R* x R* by ¢(A) = (a,c). This is easily checked to be an onto
homomorphism. The kernel of ¢ is given by the subgroup H C G of upper triangular
matrices with a = ¢ = 1. Thus H is normal. The 1st Isomorphism Theorem gives

G/H = R* x R*

In particular, G/H is abelian.
Let G be cyclic. If |G| = co then G = Z. If |G| is finite then G = Z,, where n = |G|.

Proof. Since G is cyclic, G = (a) = {a* : k € Z} for some a € G. Define a map
07 —G

by setting ¢(k) = a*. Then this is onto, since a generates G. The kernel of ¢ consists of
m € Z such that ™ = e in G. There are two cases. If G is finite, then |G| = n is the order
of a and ker(¢) = nZ C Z. The 1st Isomorphism Theorem gives

L, = 707 = L[ker(¢) = G

In the other case, GG is infinite, and there are no m aside from m = 0 such that a™ = e, and
thus the kernel of ¢ is trivial. Then G = Z. O]

Symmetries of a cube

Now let us turn to the group G which consists of the rotational symmetries of a cube situated
in 3-dimensional Euclidean space. This group has 24 elements, as shown on the next page.
We first follow a familiar strategy of describing this group: label the vertices 1 to 8, and
associate to each rotation a € G a corresponding permutation ¢(a) € Sg based on how the
vertices are moved around. This gives a homomorphism

qbiG—)Sg

This homomorphism ¢ is 1-1, but it is not onto: indeed, |G| = 24 but the target group S
has 8! = 40320 elements.
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Mapping G into Sg is not the most ideal scenario. After all, |Sg| = 40320 whereas G has
order only 24. A better way of representing G as a group of permutations is as follows.

There are 4 diagonal axes that pass through the cube; each one goes through two vertices
that are as far apart as possible. Label these 4 diagonal axes 1, 2, 3, 4. Then for a rotation
a € G we define 1(a) € Sy to be the permutation determined by how the diagonal axes are
moved around by the rotation a. This gives a homomomorphism

wZG—>S4

It is straightforward to verify that v is 1-1, i.e. that a rotation of the cube is entirely deter-
mined by how these 4 diagonal axes are permuted. Then, since |G| = 24 = |5y, we know
1 must also be onto. Therefore v is an isomorphism! The construction of the map 1 is
illustrated on the next page.

Finally, let us return to the 1st Isomorphism Theorem. To this end, we define a map
i Sy — S

as follows. Let o0 € Sy. Then a = ¢~!(0) € G is a rotational symmetry of the cube. Consider
the six pictures of the cube below, each with a distinguished pair of diagonal axes chosen.
These six pictures of the cube are divided into 3 columns labelled 1,2, 3.

l

You may verify that the rotation a takes the two pictures in column 1 to either the two
pictures in column 2, or the two pictures in column 3, and so on. Thus the columns 1,2, 3
above are permuted. We obtain a permutation of {1, 2,3} which we call u(o) € S3. Further,

ker(u) = H = {e, (12)(34), (13)(24), (14)(23)},
is a normal subgroup, and y is onto. The 1st Isomorphism Theorem then tells us that
Sy/H = S3

This example is actually rare: there are no homomorphisms S,, — S,,_; when n > 4!
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More isomorphism theorems

Last lecture we learned about the 1st Isomorphism Theorem. As its name suggests, it has a
few sequels, whose names are just as imaginative!

For subsets H and N of a group GG we define the subset HN C G to be:
HN ={ab: a€ H,be N}

2nd Isomorphism Theorem: Let H, N be subgroups a group G with N normal.
Then HN is a subgroup of G, HN N is a normal subgroup of H, and

H _ HN
HNN N
Proof. Let us first show HN is a subgroup of G. Clearly e € HN, since e = ee and e € H,

e € N. Let ab,a’) € HN where a,a’ € H, b,b/ € N. Then Na’ = @' N since N is normal,
and this implies ba’ = a'b” for some 0’ € N. Thus

(ab)(a'b") = a(ba")b' = (ad")(V'b") € HN.

Next, let ab € HN. Then Na™' = a !N implies b~'a™! = a1V’ for some v/ € N. Thus
(ab)t =b"la ' =a ' € HN. Thus HN is a subgroup of G.

The argument that H N N is a normal subgroup of H is also straightforward, and is omitted.

To prove the isomorphism, we construct a homomorphism
¢: H— HN/N

by setting, for each a € H, ¢(a) = aN. Any coset in HN/N is of the form abN = aN for
ab € HN, and ¢(a) = aN, so ¢ is onto. The map ¢ is a homomorphism:

#(ad’) = ad’N = aNa'N = ¢(a)p(a’)

Now let us compute ker(¢). Suppose a € H and ¢(a) = aN = N. This means a € N. Thus
ker(¢) = H N N. The 1st Isomorphism Theorem then gives

HN/N = H/ker(¢) = H/HN N [
Example: Let m,n be positive integers. Let G = Z and H = mZ, N = nZ. Recall that
ged(m, n) is characterized as being the smallest positive integer contained in the set
mZ+nZ ={am+bn: a,be L}

This subset of Z is the subgroup “HN” in this example. We see that mZ+nZ = ged(m,n)Z.
On the other hand, the subset corresponding to H N N is given by

mZNnZ ={k € Z : k = am = an for some a,b € Z}
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Noting that the smallest positive integer in this subset is the lem of m and n, we obtain
mZ N nZ = lem(m,n)Z. The 2nd Isomorphism Theorem gives us

mZ H _ HN  ged(m,n)Z

lem(m, n)Z T HAN N nZ

If k divides [, then |kZ/IZ| = I/k. (This can be shown explicitly, but is also deduced as a
consequence of the 3rd Isomorphism Theorem below.) By comparing orders of groups,

lem(m,n)/m =n/ged(m,n) = lem(m,n)ged(m,n) =mn.

Example: Consider G = S, and the normal subgroup N = {e, (12)(34), (13)(24), (14)(23)}
of order 4 inside of Sy. Then we saw from last lecture that S;/N = S3 by constructing an
onto homomorphism ¢ : .Sy — S3, recognizing its kernel to be N, and using the 1st Isomor-
phism Theorem. Let us give a different method for showing S;/N = Ss.

Take H = S3 C S4. This is a (non-normal) subgroup. Then we first claim
HN = 5,.

To see this, we proceed as follows. First, S3 = Sse C HN, so in particular (12),(23), (31) €
HN. Next, as (12),(23),(31) € Ss and (12)(34), (23)(14), (31)(24) € N we get the products

(12) ((12)(34)) = (34),  (23)((23)(14)) = (14),  (31)((31)(24)) = (24)

also as elements of HN. Thus every transposition (12), (13), (14), (23), (24), (34) in S, is in
HN. Every permutation in Sy is a product of transpositions, and therefore S, = HN. Next
note that H N N = {e} by direct inspection. Finally, the 2nd Isomorphism Theorem gives

S4/N:HN/NgSgJ,/ngN:Sg/{e}gSg

3rd Isomorphism Theorem: Let G be a group and suppose H,N C G are
normal subgroups with N C H. Then we have an isomorphism

G G/N
H  H/N
Proof. We define a map ¢ : G/N — G/H by setting ¢(aN) = aH. Note that if aN = bN,

then ab™' € N C H, and thus aH = bH. Thus ¢(aN) = aH = bH = ¢(bN), and ¢ is
well-defined. Furthermore, ¢ is an onto homomorphism, by repeating earlier arguments.

The kernel of ¢ is given by aN € G/N such that ¢(aN) = aH = H, which is true if and
only if « € H. Thus ker(¢) = {aN : a € H} = H/N. The 1st Isomorphism Theorem gives

G/N  G/N

ker(¢p) H/N -

G/H =~
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Example: Consider Z,, = Z/nZ. Note that mnZ C nZ for any integer m. With G = Z,
H =nZ and N = mnZ we obtain from the 3rd Isomorphism Theorem:

Z _ Z/mnZ

7, = = o S/MNE
nZ — nZ/mnZ

Taking orders, we get n = |Z,| = |Z/mnZ|/|nZ/mnZ| = mn/|nZ/mnZ|. In particular,
|nZ/mnZ| = m.

Setting [ = mn and k = n we deduce in general that if k divides [ then |kZ/IZ| = /k.
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Cayley’s Theorem

How can we understand all finite groups? One way, which we return to later, is to try and
classify, i.e. list, all groups up to isomorphism. Here is another way to “understand all finite
groups”: show that all such groups are isomorphic to subgroups of groups we understand.
This can be done using the following theorem.

Cayley’s Theorem: Let G be a finite group, and |G| = n. Then there is a 1-1
homomorphism ¢ : G — S,. In particular, G is isomorphic to a subgroup of 5,,.

Before proving this theorem, let’s see why it does what we want. Given any homomorphism
¢ : G — G" we can define a new homomorphism ¢ : G — im(¢) by setting ¥(a) = ¢(a)
for all a € GG; we have only changed the definition of the target group. The homomorphism
Y G — im(¢) has the advantage that it is onto. The 1st Isomorphism Theorem for 1 yields

G /ker(¢) = im(¢)

In particular, when ¢ is 1-1, we have G = im(¢). Now return to the statement of Cayley’s
Theorem, which gives a 1-1 homomorphism ¢ : G — S,,. Then G = im(¢), and im(¢) C S,
is a subgroup of S,,. Thus G is isomorphic to a subgroup of S,,.

Proof. Label elements of G as ay,as,...,a,. Let a € G. (This a is among the a;, but we
will just write a for it.) Define a function o, : {1,...,n} — {1,...,n} as follows:

aa; = Qg, (4)

In other words, given ¢ € {1,...,n}, we take the product aa; € G, and it is equal to some
ap where k € {1,...,n}; we let 0,(:) = k. The map o, is 1-1: suppose 0,(i) = 0,(j). Then

aq; = aa; = a; =a; = 1=7
The map o, is onto: suppose k € {1,...,n}. Let a; be such that a = aza; '. Then
aa; = aga; ta; = ap = o,(i) =k

Thus o, is 1-1 and onto, and therefore a permutation, i.e. o, € .S,,.

Now we are in a position to define the sought after homomorphism:
¢o:G— 9,

For a € G we declare ¢(a) = o,. We check this is a homomorphism. Let a,b € G. We must
compare ¢(a)p(b) = g, o o, with ¢(ab) = g,,. We compute

o) = (ab)a; = a(ba;) = atg, (i) = Go, (o, (i)

for any ¢ € {1,...,n}, which shows that o, = 0, 0 g;. To show ¢ is 1-1, we compute its
kernel. Suppose ¢(a) = e, i.e. 04(i) =1 for all i € {1,...,n}. This means

aa; = aaa(i) = Q;

which implies @ = e. Thus ker(¢) = {e} and therefore ¢ is 1-1. O

55}



MTH 461: Survey of Modern Algebra, Spring 2026 Lecture 18

Let us see Cayley’s Theorem in action. To clarify the main point, take GG to be an interesting
group which is not defined using permutations. Let us introduce the quaternion group

QS = { 17_17 iv _ia jv_ja ka _k}

of order 8, with the relations that —1 commutes with everything, (—1)° = 1, and also
i2 =j? = k2 = —1, and ij = k. These relations generate the Cayley table of Qg as follows:

2

1 -1 i —i j —-j k -k

k | k -k j —j —i i 1 -1
k| -k k —j j i —i -1 1

Cayley’s Theorem gives us a way to realize (Js as a subgroup of the symmetric group Ss.
The construction is as follows. First we label the elements of Qg as aq, ..., as. For example,
we may use the following labelling (although any labelling will do):

a=1, a=-1, a=1i, a=-1, a=], a=-]j ar=k ag=-k
Next, given an element a € (Jg we define the associated permuation o, € Sg by the relation
aa; = a, = o.(i) =17

Let us spell this out for the element a =i € (Jg. We have

aa; = (i)(1) = aay = (i)(=1)=—-i=qy

aaz = (1)(i) = =1 = ay aay = (A)(-i)=1=a
= (1)) =k= aag = (i)(=J) = —k = as

aar = (i)(k) = —j = ag aag = (i)(=k) =j = as

0u(5) =7, 0a(6) =8, 0u(T)=6, 0.(8)=5

All together we may write our permutation o, = 0; in cycle notation as

= (1324)(5768) € S
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We may proceed to do this for each element a € Q5. We get the following subgroup of Sg:

{e, (12)(34)(56)(78), (1324)(5768), (1423)(5867),
(1526)(3847), (1625)(3748), (1728)(3546), (1827)(3645)}

The elements are listed in the order corresponding to the above ordering of the elements of
(@s. In summary, (Jg is isomorphic to the subgroup of Sg displayed above.

Cayley’s Theorem is conceptually very important: it says that every finite group, however
abstractly defined, is isomorphic to a subgroup of some symmetric group, a very concrete
type of group that we understand how to work with. On the other hand, Cayley’s Theorem
is often not practical: it realizes our group as a subgroup of a generally very large group.
For example, in the example above, (Jg has order 8 and we realized it as a subgroup of Sy
which is of order 8! = 40320.

The following is a generalization of Cayley’s Theorem.

Let G be a group, H C G a subgroup, and suppose [G : H| = n is finite. Then
there is a homomorphism ¢ : G — S,,. Furthermore, ker(¢) is equal to the largest
normal subgroup of G which is contained in H.

To obtain Cayley’s Theorem as a special case, let H = {e}. Then n =[G : {e}] = |G|. The
largest normal subgroup contained in {e} is of course {e}, and so ker(¢) = {e}, i.e. ¢ is 1-1.

The proof of this generalization is similar to that of Cayley’s Theorem. We list the distinct
cosets in G/H as a1H,...,a,H. Then define ¢ : G — S, by ¢(a) = o, where o, € S, is
determined by the relation: o,(i) = j if and only if aa,H = a;H, where i,j € {1,...,n}.
The details for the rest of the proof are left as an exercise.

Let G be a finite group, H C G a proper subgroup, and suppose |G| does not
divide [G : H]!. Then H contains a non-trivial normal subgroup of G.

This is a corollary of the above theorem. Suppose H does mot contain a non-trivial normal
subgroup. Then the homomorphism ¢ : G — S, from the above theorem, where n = [G : H],
must have ker(¢) = {e}. Thus G = im(¢) is isomorphic to a subgroup of S,,. By Lagrange’s
Theorem, we must have that |G| divides |S,| =n! =[G : H]|\.
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Classification of finite groups

A main goal of group theory is the classification of groups. That is, we would like to under-
stand what all the possible groups are. If we can achieve this goal, then we understand all
groups! Let us focus today on the case of finite groups.

When finding all possible finite groups, we want to avoid duplicates. For example, we know
that the symmetric group Ss is isomorphic to the group of symmetries of an equilateral
triangle. As another example, we know Zj, is isomorphic to Zs. We only want to list one
such group for each isomorphism type. So we only write S3 and Z,4 for the above examples,
and forget about the others, because they are isomorphic to one of these groups.

Thus our goal is narrowed down to the classification of finite groups up to isomorphism.
Below is a table which classifies groups up to isomorphism up to order 14.

Order Groups Order Groups
1 {e} 8 Zg, Ly X Ly, Ly X Ly X Zig, Dy, Qg
2 Zs 9 Ly, L x L
3 Zs 10 Zno, Ds
4 Ly, Lo X Lo 11 VAR
5 Zs, 12 Zng, Lg X Lo, Ay, Dg, T
6 Zg, S5 13 L3
7 Z7 14 Ly, Dy

Let us explain some of what is in this table. Recall we proved that every group of prime
order is cyclic, and further that every finite cyclic group is isomorphic to some 7Z,. This
covers the cases 2,3,5,7,11,13 in the table.

Let G be a group of order 4. Suppose G is not cyclic, i.e. G 2% Z4. Let a,b € G be
distinct non-identity elements. Then ab must have order dividing |G| = 4. We cannot have
ord(ab) = 4 for otherwise G is cyclic. Suppose ord(ab) = 1. Then ab = e, or a = b, and
b* = e implies a = b~ = b, contradiction. Thus ord(ab) = 2. Further, ab is distinct from
a,b. To see this, note that if ab = a then b = e, and if ab = b then a = e. We may thus write

G ={e,a,b,ab}

Further, (ab)? = abab = ¢ = a*b* implies ba = ab. This determines the group operation on
all elements of GG, and in particular the Cayley table for G. Now we define a map

(b:G—)ZgXZQ
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by setting ¢(e) = 0, ¢(a) = (1,0), ¢(b) = (0,1) and ¢(ab) = (1,1). It is straightforward to
verify that ¢ is an isomorphism. Thus we have shown that a group of order 4 which is not
isomorphic to Z, is in fact isomorphic to Zsy X Zo.

You have seen most of the groups in the above table: the exceptions are perhaps D, and
T. The group D, is the Dihedral group of order 2n, and for n > 3 is non-abelian. It can be
defined as the symmetries of a regular n-gon in the plane.

The group T of order 12 may be described in quaternion notation as follows:

NEH

_ 1 V3; L V3
T—{l, —1, §+—l, _5_‘_717 — 5 L

_ 3
2 2

1 .1
2 L 3

I A e R A R 3
As in the quaterion group Qg, the quaternions i, j, k satisfy i? = j> = k? = —1, and ij = k.

You can continue with the brute force reasoning we used above for |G| = 4 and show that
every non-abelian group of order 6 is isomorphic to S3. But continuing in this fashion will
only get you so far.

The first measure we can take to narrow our scope is to separate the abelian and non-abelian
finite groups. The non-abelian entries in the above table are in red. Classifying finite abelian
groups is a problem that can be solved, and the answer is rather simple:

Classification of finite abelian groups: Any finite abelian group is isomorphic
to a product of cyclic groups of the following form, where the p;’s are primes:

szlzl X Zpgg X o+ X Zp%n

In this classification, note that the primes p; need not be distinct. For example, Zy X Zsg is
the case where n =2, p; = py =2 and a1 = ay = 1.

Example: Consider the group Z,. This is a finite abelian group, so it must be isomorphic
to a group as described above. We first write out

7%, = {1,5,7,11,13,17,19, 23}

where each integer is understood (mod 24). Thus |Z3,| = 8 and so by the Classification
Theorem of finite abelian groups, Z3, must be isomorphic to one of

Z8:Z23 ZQ2XZ2:Z4XZ2 ZQXZQXZQ

Note that 52 =25 =1 (mod 24), 72 = 49 = 1 (mod 24), and so on — every element of Z5,
apart from the identity has order 2. The only of the above 3 groups that shares this property
is Zy X Zo X Zy. We conclude that Z5, = Zy X Zy X Zs.
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After classifying abelian finite groups, we may restrict our attention to non-abelian finite
groups. Another way to narrow our scope is to focus only on simple groups.

P A group G is simple if G # {e} and its only normal subgroups are {e¢} and G.

Finite simple groups are thought of as the “building blocks” for all finite groups. If a finite
group G is not simple, it has a non-trivial proper normal subgroup N C G. We obtain an
onto homomorphism G — G/N to a smaller group G/N. Then G is to be thought of as
decomposed into the smaller parts of N and G/N. If on the other hand G is simple, there
is no homomorphism to a smaller non-trivial group, and G' cannot be “decomposed”.

Classification of finite simple groups: A finite simple group is isomorphic to:
(1) A cyclic group Z, of prime order.
(2) An alternating group A, where n > 5.
(3) A finite non-abelian group of “Lie Type”.
(4) A “Sporadic” finite non-abelian group, of which there are 26.

This classification theorem is one of the most important results in the history of mathematics.
Its proof originally rested on tens of thousands of pages of work due to many mathemati-
cians, although the proof has been simplified over the years. The classification was stated in
the 1980’s by Gorenstein, although the proof was finished years later.

What are the groups on this list? We know all about the cases (1) Z, and (2) A,. The
groups in (3), of “Lie Type”, fall into a list of infinite families of systematically constructed
groups. To give one family in this type, for each prime p consider:

SLz(Zp):{<CCL g) a,b,c,d € Z,, ad —bc=1 (modp)}
This group is generally not simple, because it has a normal subgroup of order 2 consisting
of {I,—1} where [ is the identity matrix (modulo p). However, the quotient group
PSLy(Z,) = SLs(Z,) /{1, —1}
1s simple when p > 5. In fact, the first few of these are isomorphic to groups you know:
PSLy(Zs) = S5 PSLy(Zs) = Ay PSLy(Zs) = As

But for higher primes p these are genuinely new groups. Other groups of “Lie type” are of
a similar flavor, in a broad sense.

The final category (4) of “Sporadic” finite simple groups are a list of 26 groups that do not
follow a systematic pattern. They all have order well over 1000. The largest of these, called
the Monster Group, has order about 8 x 10%, and was constructed by Richard Griess in
1982 as a group of rotational symmetries in 196883-dimensional space.
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The Rubik’s cube group

Today we will study the Rubik’s cube using some of the group theory we have developed.
During lecture, I’ll hand out Rubik’s cubes and you should play along. If you don’t know
how to solve the cube, however, be careful not to scramble it!

Let’s begin with a top (on the left) and bottom (on the right) view of the Rubik’s cube:

We label the 6 faces of the cube F' (front), B ( ), U (up), D ( ), L (left), R (right).
To each face we associate a symmetry of the cube which is a 90° clockwise rotation of that
face, if you are facing the face. For example, we have the moves R and U~

And R?, for example, is 180° rotation of the right face. We write G for the Rubik’s cube
group, which is the group of symmetries generated by the moves F, B,U, D, L, R.

Our convention is that the expression LU 'RD means: first do D, then do R, then U1,
and then L. Warning: This is opposite the order in which Rubik’s cube enthusiasts write
moves, but it goes better with our conventions in group theory.

Let us try to understand the group GG. First, compare the following two sequences of moves:
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R o'
@ : @
This shows that U"'R # RU~!. In particular G is non-abelian.

R
s S

However we can find non-trivial abelian subgroups. Here’s an example. Consider the sub-
group generated by R. This is clearly (R) = {e, R, R*, R*} as R is a 90° rotation of a face.
So we get a cyclic subgroup of order 4, which is isomorphic to Z,. Similarly, (L) = Z,. Note
also that L and R commute as these two faces are not sharing any part of the cube. From
this we get a subgroup (R, L) C G isomorphic to Z4 X Z,.

Let’s look at the orders of some elements in G. Check with your cube the following:
ord(R™'UR) = 4, ord(URT'UR) =5

As another example, you can check (after a few minutes!) that ord(UR) = 105. For a more
extravagant example, one can check that

ord(B'UB ' F?R) = 1260,

although I suggest you don’t waste your time doing it! This order, 1260, is in fact the highest
possible order of any element in G.

How should we better understand G?7 One way to is map it into a symmetric group, just as
we’ve done for the triangle and the tetrahedron. Label the “sticker positions” of the cube:

In the picture we labelled one face, but continuing in this fashion we will get (9)(6) = 54
labels. Each move a € GG is determined by how these sticker positions are permuted, and to
each such a we get permutation in Ss,. This gives a 1-1 homomorphism G — S3g4.
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But we can do better! Note each a € G fixes the middle sticker position on each face.

So forget about these. We only label the other sticker positions, of which there are 48.
This gives a homomorphism G — S;5. Note that 48! ~ 10%". However it turns out
|G| = 8112121937 ~ 4 x 10", which is very large but much smaller than |S;s| = 48!.

How can you solve the Rubik’s cube? The basic strategy is as follows: (1) first, come up with
some basic moves that permute only a few parts of the cube; (2) use these basic moves to
progressively solve parts of the cube. (In reality it is best to just learn one of the algorithms

that solves it.) We won'’t solve the cube but rather aim to understand G better.

But let’s focus on (1) for a moment. Here is a “basic move” called an edge 3-cycle:

Both top and bottom views are shown. It is called an edge 3-cycle because exactly 3 pieces
(subcubes) are permuted. A representation of a € G is given by a = F2UL'RF*LR™'UF?.

Having shown that we can permute 3 edge cubes as above, we might suspect we can permute
any given set of subcubes as we like. Not true! For example, consider the configuration:

63



MTH 461: Survey of Modern Algebra, Spring 2026 Lecture 20

This configuration has exactly 2 corner cubes swapped. To show this is impossible, we in-
troduce another homomorphism. Consider subcube positions which are not in the middles
of faces. You can count there are 20 such non-middle subcube positions in the cube.

Next, label these subcube positions 1,...,20 in any fashion. By seeing how a symmetry
a € G permutes these 20 subcube positions, we obtain a homomorphism

¢ : G —> Sy

For example, take the subcubes starting on the right face at a corner and label them 1,...,8
in a clockwise fashion (and label the others arbitrarily) then ¢(R) = (1357)(2468). Note this
permutation is even. A similar computation shows ¢(a) is even for F, B, U, D, L. But every
element in GG can be written as a composition of these moves, so we have shown:

The homomorphism ¢ : G — Sy has im(¢) C Ay.

In other words, for any symmetry a € G, the permutation ¢(a) is even. Now the proof
of why the configuration drawn previously is impossible is easy! Just note that it swaps
exactly 2 subcubes, so the picture corresponds to a transposition in Ssy, which is odd, and
this contradicts what we have just found.

We can also prove that the following configuration is impossible:

Note that this configuration does not swap any subcubes; it only changes the “orientation”
of exactly one subcube. It is in fact in the kernel of the homomorphism ¢, so that homo-
morphism will not help us here.

We can define another homomorphism as follows. Notice that each edge piece (not a corner)
has 2 stickers. Collecting all such pairs of stickers, there are 24. Labelling these 1,...,24
and seeing how each a € GG permutes these, we obtain a homomorphism ¢ : G — Sy4. Again,
it is not hard to show that ¢)(R) is even, and the same is true for F, B,U, D, L, and thus for
all @ € G. On the other hand, the above drawn configuration corresponds to a transposition
which swaps exactly 2 of these edge stickers, which is impossible!
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Definition of a ring

A ring R is a set, with elements 0,1 € R, together with two binary operations + (addition)
and x (multiplication, often written - or omitted) such that the following properties hold:

(Associativity for +) a+ (b+c)=(a+b)+c

(Associativity for x) a(bc) = (ab)c

(Identity for +) a+0=0+a=a

(Identity for x) lra=a-1=a

(Inverses for +) a+(—a)=(—a)+a=0
(Distributivity) a(b+c)=ab+ac, (a+b)c=ac+bc
(Commutativity for +) | a+b=0b+a

These properties are for all a,b,c € R. The “Inverses for +” property should be understood
as: for each a € R, there is an element called —a € R such that a + (—a) = (—a) + a = 0.
We abbreviate a + (—a) as a — a. A ring is commutative if ab = ba for all a,b € R.

Examples of rings include Z, Q, R, C and Z,, all with the usual operations of addition and
multiplication. Note these are all commutative rings.

A “shorter” definition of a ring is as follows: a ring R is a set with binary operations + and
x such that (R, +) is an abelian group with identity 0 € R; and x is associative and has an
identity 1 € R; and the distributivity properties hold.

We remark that the axiom that “4” is commutative is implied by the other axioms. To see
this we compute (14 1)(a + b) in two different ways:

1+1D)(a+b)=1a+b)+1(a+b)=a+b+a+b

1+D(a+b)=(1+1la+(1+1)b=a+a+b+Db

We have used distributivity and also that 1 is a multiplicative identity. Then we can add
—a to the left sides and —b to the right sides of these equations to get b+ a = a + b.

Let R be a ring and a,b € R. Then:
(i) a0 =0a =0
(i) a(—b) = —ab=(—a)b
(iii) (—a)(—b) = ab

Proof. To prove (i), using 0 = —0, we compute a0 = a(0 — 0) = a0 — a0 = 0, and similarly
Oa = 0. For (ii), use distributivity: ab + a(—=b) = a(b + (—b)) = a0 = 0; this implies
a(—b) = —ab. Similarly (—a)b = —ab. For (iii): from (ii), (—a)(=b) = —(a(=b)) =
—(—(ab)) = ab. O
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Suppose 0 =1 in a ring R. Then R = {0}.

To see this, we compute for any a € R: a = al = a0 = 0. Thus every element in R is equal
to 0, and this proves the claim. We call R = {0}, with the operations + and x defined in
the only possible way, the zero ring.

For a ring R # {0}, (R, x) is not a group. To see this, note that R # {0} implies 0 # 1.
Then a0 = 0 for all @ € R. Thus there is no a € R such that a0 = 1. This means 0 does not
have a multiplicative inverse. So (R, X) is not a group.

P Let R be a ring. We make the following definitions:
(i) a € R is a unit if there is a b € R such that ab= 1. We write b = a™.

(ii) a € R is a zero divisor if there is a non-zero b € R such that ab = 0.
The following is a straightforward verification from the definitions.
Let R be a ring and define R* = {a € R: a is a unit}. Then (R*, x) is a group.
Note this notation agrees with our earlier notations for C*, Q*, R* and Z.

Here is an example of a non-commutative ring. Consider the set of 2 x 2 real matrices:

M,(R) = {A: <i Z) : a,b,c,deR}

Then we define + to be addition of matrices and x to be multiplication of matrices. Then,
not surprisingly, Ms(R) is a ring with additive and multiplicative identities given by:

1 00 w1y L0
r=(0) ()

An example of a zero divisor in My(R) (which is not 0) is the following matrix:

0 1
=00
In fact AA = A% = 0. Finally, we note that A € My(R) is a unit if and only if A € GLy(R).
We conclude My(R)* = GLy(R).

P Let R be a ring. We make the following definitions:

(i) R is an integral domain if it is commutative and ab = 0 implies a = 0 or
= 0.

(ii) R is a division ring if every non-zero a € R is a unit.
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(iii) R is a field if it is a commutative division ring.

Note a commutative ring R is an integral domain if and only if the only zero divisor in R is
0. Also, every field is an integral domain. Note also that R is a division ring if and only if
the group of units R* is exactly R\ {0}.

Examples of fields are Q, R and C. The ring Z is an integral domain but not a division ring
or a field. The ring My(R) is not commutative (hence not an integral domain or a field) and
also not a division ring, because it has non-zero zero divisors.

Let’s look at some other examples. Consider Z3; = {0,1,2}. Note 1-1=1and 2-2 = 1.
Thus Zs is an integral domain, and even a field. For another example, consider Z,. Note
that 2 -2 = 0, so this ring has a non-zero zero divisor, and is not an integral domain.

Now consider Z, for n a general positive integer n > 1. We know that
Z) = {units in Z,} = {a(mod n) : ged(a,n) =1}

The only case in which Z* = Z, \ {0} is when n is a prime. Thus the commutative ring Z,,
is a field if and only if n is prime.

Furthermore, suppose n is not prime, and write n = ab for some positive integers a, b less
than n. Then a,b (mod n) are non-zero, but ab = n = 0 (mod n). Thus a,b (mod n) are

zero divisors in Z,. Thus Z,, is not even an integral domain when n is not prime. Thus:

If n > 1 is prime, the ring Z, is a field. If n is not prime, Z, has (non-zero)
zero divisors and so is not an integral domain.
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More ring basics

In this lecture we continue our study of the basic properties of rings.

Let us begin with an example. The ring of quaternions H is the set of expressions
r=a+bi+cj+dk

where a,b,c,d € R, and where addition and multiplication are done in a similar fashion to
the complex numbers, but where we have the relations i?> = j2 = k? = —1 and ij = k. Note a
consequence is that ij = —ji, jk = —kj, ki = —ik. In particular, H is not a commutative ring.

For another example, consider the quaternions x = 1 + 2j and y =i — k. Then
ry=01+2))i-k=@1-k +2j(i-k)=i—k—-2k—2i=—-i—-3k
yr=(G1—-k)(1+2j)=i(142j) —k(1+2j)=i+2k—k+2i=3i+k

The norm of a quaternion x = a + bi + ¢j + dk is given by the non-negative real number

7| =Va® + 0+ + &

The conjugate of x € H is defined by T = a — bi — ¢j — dk. We compute
2T = (a + bi + ¢j + dk)(a — bi — ¢j — dk) = a® + b* + 2 + d* = |z|?

As a consequence, if x # 0 (so that |z| # 0), we have ry = 1 where y = (Z/|z|*). Clearly y
is a quaternion, and we have found a multiplicative inverse for every nonzero x € H. Thus:

The ring of quaternions H is a non-commutative division ring.

Another example of a non-commutative ring that we saw earlier was the ring of 2 x 2 ma-
trices. In fact the quaternions fit into this framework as we will see shortly. For now we
continue to introduce fundamental notions in ring theory.

A subring of a ring R is a subset S C R which contains 0,1 and with the operations + and
X inherited from R is a ring in its own right. Note that a subring must be closed under the
operations + and x. The following is a simple test of whether a subset is a subring.

S C R is a subring if and only if the multiplicative identity 1 is in S and for
all a,b € S we have abe€ S and a — b € S.

The proof is straightforward and omitted. For example, the inclusions Z C Q C R Cc C C H
exhibit a chain of subrings, each one contained in the next.

A homomorphism ¢ : R — R’ is a map of sets which satisfies ¢(1) = 1! and for all a,b € R:
¢(ab) = ¢(a)o(b), ¢la+b) = ¢(a) + ¢(b)

!Some references do not require this condition.
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A homomorphism of rings is an isomorphism if it is 1-1 and onto.

The map ¢ : R — R given by ¢(a) = a for all a € R is a homomorphism, called the identity
homomorphism. The map ¢ : Z — 7, which is reduction mod n is an onto ring homomor-
phism.

For a more interesting example, let us define a map

¢H—)M2(C)

where the ring on the right consists of 2 x 2 complex matrices. We define ¢ by

¢(i):(é _OZ> cb(j):(_ol (1)) Wk)z(? (Z))

and of course ¢(1) is the identity matrix. These relations determine ¢ completely if extend
linearly over the real numbers. Explicitly, this means that for a general quaternion,

a -+ bi c+dz’)

$(a + bi + cj + dk) = ag(1) + bo(i) + co(j) + dp(k) = ( BT

From this we have ¢(z + y) = ¢(x) + ¢(y) for all z,y € H. To show ¢(zy) = ¢(z)d(y)
is a straightforward computation. Note that special cases of this include the fact that the
matrices ¢(i)?, ¢(j)?, ¢(k)? are minus the identity matrix, and also

i) =ot0= (0 0 )= (5 &) (L) =eew
You can check that ¢ is 1-1, but it is not onto.

Let ¢ : R — S be a ring homomorphism. Then
1. The map ¢ restricts to a group homomorphism ¢* : (R*, x) — (5%, x).
2. If ¢ is an isomorphism then ¢* is an isomorphism of groups.

3. If ¢ is an isomorphism, and R is commutative, then so is 5.

It also easily follows that if ¢ is an isomorphism and R is an integral domain (resp. division
ring, field) then S is an integral domain (resp. division ring, field).

Consider the ring homomorphism ¢ : H — My(C) from above. We obtain a homomorphism
of groups ¢* : H* — GLy(C). It is instructive to consider the subgroup

G={rel*: |z|=1}

of unit quaternions, with quaternion multiplication. Note that this group G C H* is in 1-1
correspondence with the 3-dimensional sphere

S3={(a,b,c,d) eR*: >+ 0*+ P+ d*> =1} CR?
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Indeed, the quaternion x € G where x = a + bi + ¢j + dk corresponds to the point
(a,b,c,d) € S3. Thus we have defined a group structure on the 3-sphere!

This is analogous to the unit complex numbers U(1) C C* being in 1-1 correspondence with
the unit circle S* in R?, which is defined to be

S'={(z,y) €eR*: 2* +3* =1} C R?

In this case the unit complex number z = x + yi corresponds to (x,y) € S'. Thus complex
multiplication defines a group structure on the “l-sphere” S! in this way.

More generally we can define the n-sphere to be the following subset of points in R"*!:
St ={(1,. . wppr) ER™ 2t 2l =1}
A natural question arises: which spheres S™ have group structures? To put this question on

more firm footing we require that the group operation S™ x S™ — S™ is the restriction of a
differentiable function R"*! x R**! — R+,

We have seen such group structures on S' and S® above, using complex and quaternion
multiplication respectively. A somewhat uninteresting example is that of the 0-sphere:
SY={1,—-1} C R! is a group, in fact a subgroup of R*. Remarkably:

The only spheres that admit (differentiable) group structures are S°, S!, S3.

The proof is outside the scope of this class and is a result in the theory of Lie groups.
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Kernels, ideals and quotient rings

In this lecture we continue our study of rings and homomorphisms, with an emphasis on the
notions of kernel, ideal and quotient ring.

Let ¢ : R — R’ be a ring homomorphism. We define the kernel of ¢ as follows:

ker(¢p) ={a € R: ¢(a) =0}

Note that ker(¢) is a subset of the ring R. However, ¢(1) = 1, so the only way 1 € ker(¢)
isif 1 =01in R, i.e. R = {0}. Thus in general ker(¢) is not a subring of R. However, the
kernel of a homomorphism does have the following kind of structure.

P An ideal in a ring R is a subset [ C R satisfying the following: [ is a subgroup
of R with respect to addition, and for all a € I, r € R we have ra € [ and ar € I.

Note that an ideal is also closed under multiplication. However, it is important to note that
the identity 1 € R may not be in an ideal. In fact, if 1 € I then for every » € R we have
rl=r€l,so RCI. In conclusion, I = R if and only if 1 € I.

In general, to check that a non-empty subset I C R is an ideal, it suffices to show that (i)
for all a,b € I we have a+b € I, and (ii) for all a € I and r € R we have ra € I and ar € I.
Note in (ii) that if R is commutative, you only need to check ra € I since ar = ra.

Let ¢ : R — R’ be a ring homomorphism. Then ker(¢) C R is an ideal.

Proof. As ¢(0) = 0 we have ker(¢) # 0. Let a,b € ker(¢), i.e. #(a) = ¢(b) = 0. Then
dla+0b)=¢(a)+o(b)=0+0=0
and thus a + b € ker(¢). Next, let a € ker(¢) and r € R. Then
¢(ra) = ¢(r)g(a) = ¢(r)0 = 0

and it follows that ra € ker(¢). Similarly ar € ker(¢). Thus ker(¢) is an ideal in R. O

Examples

1. Consider the homomorphism ¢,, : Z — Z, which is reduction mod n. Then ¢, (k) = k
(mod n) is zero in Z, if and only if k is a multiple of n. Thus

ker(¢,) ={an: a € Z} =nZ C Z

In fact every ideal in Z is of the form nZ, which is a good exercise for you to check.
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2. For any ring R, consider the “zero” homomorphism ¢ : R — {0} which sends everything
to 0. Then we have ker(¢) = R.

3. At the other extreme, we remark that a homomorphism ¢ : R — R’ is 1-1 if and only if
ker(¢) = {0}. Indeed, if ¢ is 1-1, then ¢(a) = 0 = ¢(0) implies a = 0, so ker(¢). Conversely,

suppose ker(¢) = {0}. Then ¢(a) = ¢(b) implies 0 = ¢(a) — ¢(b) = ¢(a — b), so that
a—0b € ker(¢) = {0}. We obtain a —b =0, i.e. a = b, and thus ¢ is 1-1.

4. Let us consider a more interesting example. Consider the following set:
R=ZV-3]={a+b/-3: a,beZ} CC

This is a subring of the complex numbers. Indeed, we have 1 € R, and if a + bv/—3 and

¢+ dv/—3 € R, then we have (a + by/—3) — (¢c+dv/-3) = (a —¢) + (b — d)v/—3 € R, and

also
(a+bv—3)(c+ dv—3) = (ac — 3bd) + (ad + bc)v/—3 € R.
Having verified that R is a ring, we now define a map
¢ : Z[\/ —3} — Z4

as follows: ¢(a+by/—3) = a+b (mod 4). We claim this is a homomorphism. First, we note
¢(1) =1 (mod 4). Next, we show ¢(x + y) = ¢(x) + ¢(y) for all x,y € R:

¢ ((a+bV=3)+ (c+dV=3)) =¢((a+c)+ (b+d)vV-3)) = (a+c)+ (b+d)
= (a+0)+ (c+d) = ¢(a+bV/=3) + ¢(c+ dv—-3) (mod 4)
Finally, to verify the property ¢(x)o(y) = ¢(xy) for all x,y € R we compute:
¢ ((a+0vV=3)(c+dv=3)) = ¢ ((ac — 3bd) + (ad + bc)v/—3) = ac — 3bd + ad + bc  (mod 4)
dla+bvV=3)p(c+ dvV=3) = (a + b)(c+ d) = ac+ bd + ad + be  (mod 4)

and they agree modulo 4. Thus ¢ is a ring homomorphism, and it is onto. The kernel is:

ker(¢) = {a+bvV/=3: a+b=0 (mod4)} CR

Quotient rings

Let I C R be an ideal in a ring R. Consider the additive cosets R/I = a+ I for a € R. In
other words, viewing I as a subgroup of the abelian group (R, +) we are taking the quotient
group R/I. We define a multiplication on these cosets: for a + I,b+ I € R/I we define

(a+1)b+I)=ab+1

This is well-defined because [ is an ideal: if ' + 1 =a+ I and b’ + I = b+ I then we have
ad—aecl,bV—bel. Sodl—ab=(ad—a)b+d (b —0>)isin I. Note we are using that
(a' —a)b € I because @’ —a € I and b € R, and similarly for the other term. Thus

(d+DHV+ ) =dV+T=ab+1=(a+1)b+1)
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The additive identity in R/I is the coset I, while the multiplicative identity is 1 + I. The
set R/I with the above described structure satisfies the axioms of a ring, and is called the
quotient ring of R by the ideal I.

Given any ideal I C R in a ring there is a canonical ring homomorphism
¢:R— R/I

This homomorphism is onto, and ker(¢) = I. Conversely, every onto homomorphism can be
viewed as such a homomorphism to a quotient ring. Explicitly:

1st Isomorphism Theorem: Let ¢ : R — R be an onto ring homomorphism.
Then we have an isomorphism of rings R/ker(¢) = R'.

The proof is similar to the proof of the 1st isomorphism theorem for groups.

As an example, consider the homomorphism ¢ : Z[v/—3] — Z4 we defined earlier. This is
onto and its kernel I C Z[v/—3] is the set of a + by/—3 such that a +b =0 (mod 4). We
obtain Z[\/—3]/I = Z, as rings.

We also have analogues of the 2nd and 3rd isomorphism Theorems, now for rings:

2nd Isomorphism Theorem: Let S be a subring of R and [/ C R an ideal of R.
Then SN is an ideal in S and we have an isomorphism of rings:

S _S+I
snIi 1

In this statement, S+ 1 ={a+0b:a € S,b € I} is a subring of R.

3rd Isomorphism Theorem: Let R be a ring and [,/ ideals in R with J C .
Then we have an isomorphism of rings:

R R/J
[~ 1]J

The proofs are similar in spirit to the ones for groups, and we omit them.
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Principal ideals

In this lecture we continue studying ideals, focusing on the new concept of a principal ideal.

First we introduce some notation. Let R be a commutative ring and a € R. We write
aR={ar: re R} CR

Then aR is an ideal in R. To check this, note 0 = a0 € aR; if ar,ar’ € (a) then
ar —ar’ = a(r —r') € aR; and if ar € aR and v € R then 7'(ar) = a(rr’) € aR. The
ideal aR C R is called the principal ideal generated by a € R. Another common notation
for aR is (a).

Example: The ideals (n) = nZ C Z are principal ideals.

Example: Let R be any commutative ring. Then OR = (0) = {0} is the zero ideal, and
1R = (1) = R is the ideal which is the whole ring. These are both principal ideals.

Let R be a commutative ring.
(i) If I C R is an ideal and a € [ then (a) C I.
(ii) If a = ub for u a unit, then (a) = (b).

These are straightforward from the definitions. For example, let us prove (ii). If a = ub
where w is a unit, then if ar € aR we have ar = (ub)r = b(ur) € bR, so (a) C (b). And if
br € (b) then br = (u™ta)r = a(u™'r) € (a), so (b) C (a). We conclude (a) = (b).
Example: Consider the ring R = Z[v/—3|. Last lecture we defined a homomomorphism
(ﬁ R — 74

ola+bvV—=3)=a+0b (mod 4).
Consider the ideal ker(¢). Note that ¢(1 —+/—3) =1—1=0 (mod 4), so 1 —v/—3 € ker(¢).
We obtain an inclusion of ideals (1 —v/—3) C ker(¢).

Is it also true that ker(¢) C (1 — +/—3)? To rephrase this question, let a + by/—3 € ker(¢),
i.e. a+b=0 (mod 4). Then, can we write a + by/—3 as a multiple of 1 — /=3, i.e

a+bv—-3=(1—-+v=-3)(c+dv-3)
for some ¢, d € Z? Note that the right hand side of this last equation becomes
(c+3d)+ (d—c)v—3

and so we must have a = ¢+ 3d and b = d — ¢. Solving for ¢,d we get ¢ = (a — 3b)/4,
d = (a+ b)/4 which are integers because a + b is a multiple of 4. Thus the answer is “yes”,
so that ker(¢) C (1 —+/—3). Consequently we have

ker(¢) = (1 - v=3)
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Thus the kernel of this homomorphism is a principal ideal, generated by 1 — /—3.
The following gives an example of an ideal which is not principal.

Example (non-principal ideal): We modify our homomorphism from above: define
wIR:Z[\/—B] —>Z2

Y(a+bv/=3)=a+b (mod 2).

Note again 1 — /=3 € ker(¢)). We will argue that ker(¢)) is not principal. Suppose for a
contradiction that ker(¢)) is principal, i.e. there is some for some a + bv/—3 € R such that

ker(v)) = (a + bv/—3)

In other words, ker(¢) is the principal ideal generated by a + by/—3. Necessarily a +b =0
(mod 2). Now since 1 — v/—3 € ker(¢)), we must have

1 —+v=3=(a+b/=3)(c+dV-3)

for some ¢,d € 7Z. Note that since v/—3 appears on the left side of this equation we can
assume b and d are not both zero, for if they are both zero then the right hand side is a real
number. Take the squared norms of both sides to obtain

4=1-+v=3)" = |a+bV=3*|c+ dvV—-3]* = (a* + 3b*)(c* + 3d?)

Noting that a,b,c,d € Z, a +b = 0 (mod 2), and one of b,d is non-zero, we must have
a,b,c € {1,—1} and d = 0; or a € {2,—2}, ¢ € {1,—1} and b = d = 0. The only choices
among these possibilities which solve the equation 1 — /=3 = (a + by/=3)(c + d\/—3) are
a=c=1,b=—-1,d=0anda=c=—1,b=1,d = 0. We conclude

a+by—-3==4(1—-+v-3)
Thus under our current assumption that ker(¢)) is principal, we obtain
ker(1) = (1 — v=3) = ker(¢)

However, note that ¢(2) = 0 (mod 2) so that 2 € ker(¢), while ¢(2) = 2 # 0 (mod 4),
so 2 ¢ ker(¢). We conclude that ker(i)) # ker(¢). We have a contradiction. Thus ker(1))
cannot be a not principal ideal.
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Principal ideal domains

Last lecture we introduced the notion of a principal ideal in a commutative ring. These are
ideals in a commutative ring R that take the form

(a) =aR={ar: r € R}

A principal ideal domain (PID) is an integral domain R (a commutative ring such that ab = 0
implies @ = 0 or b = 0) such that every ideal in R is principal.

The ring of integers Z is the most basic example of a PID. The ideals in Z are

PIDS are an important class of rings because they occur frequently and the theory of PIDS
is considerably simpler than that of general (commutative) rings.

Let R be a non-zero commutative ring. The following are equivalent:
(i) R is a field.
(ii) The only ideals in R are (0) = {0} and (1) = R.

(iii) Every homomorphism ¢ : R — R’ where R' # {0} is 1-1.

Proof. We show (i) implies (ii). Assume (i), i.e. R is a division ring. Consider an ideal I C R
with I # (0). Choose a € I, a # 0. Since R is a division ring, a™* € R. Then 1 =a'a € I
asa '€ Rand a € I. Now for any b € R, we have b=5bl € [ asb € R and 1 € I. Thus (ii)
holds.

Next, we show (ii) implies (iii). Assume (ii): the only ideals in R are {0} and R. Consider a
homomorphism ¢ : R — R’ where R’ # {0}. Then ker(¢) C R is a proper ideal as 1 ¢ ker(¢).
By our assumption it must be {0}. This is equivalent to ¢ being 1-1. Thus (iii) holds.

Finally, we show (iii) implies (i). Assume (iii), i.e. every homomorphism ¢ : R — R’
where R’ # {0} is 1-1. Now take a € R with a # 0. Consider the natural homomorphism
¢ : R — R/(a). Suppose R/(a) # {0}, so that ¢ is 1-1. Then ker(¢) = (0). On the other
hand, ker(¢) = (a). Then (a) = (0) implies a = 0, a contradiction. Thus R/(a) = {0},
impying (a) = R = (1). In particular, 1 = ar for some r € R, so a has a multiplicative
inverse. We have shown that every non-zero a € R is invertible, and thus R is a field. O

A corollary of this result is the following:

If R is a field, then R is a PID.
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This holds simply because the only ideals in a field R are the ideals (0) = {0} and (1) = R
which are principal ideals.

Thus the fields Q, R, C are all examples of PIDs.

A more exotic example of a PID is the ring of Gaussian integers
Zi)={a+bi: a,beZ} CcC
We will show this is a PID later.

We saw last lecture that the ring Z[\/—3] is not a PID, because we showed that the ideal
consisting of a + by/—3 with a = b (mod 2) is not principal.
Polynomial rings
Another important example involves the following construction. Let R be any ring. Define
R[z] = {polynomials in = with coefficients in R}
That is, a typical element in R|x] is an expression of the form
f(@) = anz™ + ap 12"+ 4+ arz + ag

where n is a non-negative integer and ag,...,a, are elements of the ring R. The sum
f(z) + g(x) and product f(x)g(z) of two such polynomials are defined in the usual fashion,
and this makes R[x] into a ring. If R is commutative, so is R[z]|. Also, if R is an integral
domain, so too is the polynomial ring R[z].

If R is a field, then R|z] is a PID.
Before explaining the proof, let’s explore the consequences of this result.

The rings Q[z], R[z], C|z] are all PIDS. This means, for example, that for any ideal I C Q|x]
there exists a polynomial f(z) with rational coefficients such that I = (f(z)). The polyno-
mial f(x) is unique up to multiplication by an element in Q*.

Let p be a prime. Then Z, is a field, so Z,[z] is a PID. For example, consider Zs[z],
polynomials with coefficients in Zy. Some elements in this ring are

0, 1, =z, 14z, 2% 1+2% 1+z+2%

For any ideal I C Zy[x] we can find some such element f(z) such that [ = (f(x)).

The condition that R be a field in the result is necessary. For example, consider Z[z]. Of
course Z is not a field, so the result does not apply here. In fact Z[z] is not a PID: the ideal

I'=A{2f(z) +xg(x) : f(z),9(x) € Zz]} C Z[x]
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is not a principal ideal, as you can verify.
Now let us prove the statement. We will need the following:

(Division algorithm for polynomials) Let R be a field. Consider polynomials
f(z) and g(z) # 0 in R[z]. Then there exist unique ¢(z),r(z) € R[z] such that

f(x) = g(x)q(x) + r(z)

and where either deg(r(z)) < deg(g(z)) or r(z) = 0.

Here the degree of f(z) = > a;z' € R[z] is the largest n such that a, # 0. We omit the
proof of the division algorithm and now show that if R is a field then R[z] is a PID.

Let I C R|x] be an ideal. We must show I is principal. If I = {0} then it is the principal
ideal (0), so assume I # (0). Let g(x) € I be non-zero and of minimal possible degree among
all non-zero polynomials in I. Note (g(z)) C I. Now consider any other element f(x) € I.
Then the division algorithm gives us ¢(x),r(z) € R|x] satisyfing

f(x) = g(w)q(x) +r(z)
and deg(r(z)) < deg(g(z)) or r(x) = 0. Suppose r(z) # 0. Then

is in I, because f(x),g(z) € I and ¢(x) € R[z]. Furthermore, deg(r(z)) < deg(g(z)). But
this contradicts our assumption that g(x) has the minimal possible degree among non-zero
polynomials in I. So we must have r(z) = 0. Then

This shows f(z) € (g(x)). Thus I = (¢g(z)), and I is a principal ideal. This completes the
proof that all ideals in R[z] are principal.

Finally, we remark that if you continue to add variables to your ring, and consider polyno-
mials in several variables, you will not get a PID. For example, consider

Q[z][y] = Q[z,y] = {polynomials in z,y with coefficients in Q}

Then the ideal generated by the polynomials x and y, which is given by I = {zf(z,y) +
yg(z,y) + f(z,y),9(z,y) € Q[z]}, is not a principal ideal in Qz, y].
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Rings and geometry

In this lecture we continue studying ideals in rings, and also explain the connection of ring
theory to the geometry of algebraic varieties.

Let R be a commutative ring and consider the ring of polynomials R[z,y]. In fact for the
time being we will take R = R to be the real numbers, so that we may easily draw pictures.

An (algebraic) variety in R? is a set V = V(S) C R? which consists of points (z,y) in the
plane R? that are the common roots of a given collection of polynomials S C R[X]:
V(S) = {(x0,50) € R? : f(x0,40) = 0 for all f € S} CR?

For example, consider the following subsets of R[z, y]:

Sy ={r* +y* -1}

Se={(z+y-D(r—-y-1)}

Sy ={y* —*(z +5)}

Sy = {ZE, Y+ 1}

The corresponding varieties V' (S), V(S2), V(S3) are shown below, while V(S4) = {(0,—1)}:

15

1.0

-1.0

-1.5

Given a subset S C R in any ring, we can also associate an ideal to S, called I(S) C R: it
is the smallest ideal containing S. Explicitly, we can define this ideal as follows:

:{Zrifi: ri € R, f; € S}
i=1

Each of the examples above yields such an ideal:
I(8) = (z* +y* = 1)
I(S) =((z+y—1)(z—y—1))
I(S3) = (y* — 2*(z + 3))
1(S4) = (x,y+1) = (2) + (y + 1)

(See below for the sum of ideals.) We have the following (note the reversal of inclusion!):

For subsets S C T in Rz, y] we have V(T) C V(S).
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Proof. Let (x¢,y0) € V(T). This means f(xg,yo) = 0 for all polynomials f € T. Since
S C T it is then certainly true that f(xg,yo) =0 for all f € S. Thus (x¢,yo) € V(5). O

The next observation is that the variety corresponding to a set S C R[z,y| of polynomials
is the same as the variety associated to the ideal I(.5).

For S C R[z,y] we have V(S) = V(I(9)).
Proof. As S C I(S), the previous result gives us V(I(5)) C V(5S5).

For the reverse inclusion, suppose (xg,yo) € V(S). Then f(xg,yo) = 0 for all f € S. Let
f€I(S). Then f =737, rf; for some r; € R[z,y] and f; € S. Then

n n

f(%a ?JO) = Zﬁ‘(%; yo)fi(xmyo) = Zn(a?o,yo)() =0

i—1 i=1
Thus f(zg,y0) = 0 for all f € I(S), and (zg,y0) € V(I(S)). Thus V(S) C V(I(9)). O

For example, for the ideals [ = (x +y —1) and I, = I(Sy) = (z +y — 1)(x —y — 1)) we
have Iy, C I and so V(1) C V(I3). On the left below is the variety V (1), on the right is V(I5).

0.5 0.5

15 ~10 05 05 1)\15 -15 -10
05

-1.0

Given ideals I, J C R in a commutative ring, we define the sum, intersection, and product:

I+J={a+b: aclbe J}
InJ={a: ael,ac J}
[J:{Z(lzbl aiE[,bjEJ}

These are again ideals in R, as you can check. If I = (a) and J = (b) are principal, then
in fact IJ = (a)(b) = (ab). We now explore the geometric interpretations of these operations.

For ideals I,J C R[z,y] we have V(I +J)=V(I)NV(J).
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Proof. Let (zo,y0) € V(I)NV(J). Then f(zo,y0) =0forall f € [ and f € J. Let f € I+ J.
Then f = f'+ f” where f' € I, f” € J. We compute

f(-r(), yO) = f,(mOa y()) + f,/(x())yO) =0 -+ 0=0
and therefore (zg,y0) € V(I 4+ J), and we conclude V(I) NV (J) C V(I + J).

For the reverse inclusion, since I C I + J we have V(I + J) C V(I). Similarly, V(I + J) C
V(J). Thus V(I + J) Cc V(I) NV (J). All together we obtain the statement. O

The conclusion we draw from this is that the sum of ideals corresponds to the intersection
of varieties. For example, consider the ideals Iy = I(S1), Iy = 1(S3), Is = 1(S3) from earlier.

Then I, + I is the ideal which is the sum of the principal ideals (z? +y* — 1) and ((z +y —
1)(x —y—1)). It is not a principal ideal itself. However the variety V' (I; 4 I2) is very simple:

V(Il + 12) = V<Il) N V(I2) = {(07 1)7 (07 _1)7 (17 O>} C R?

It consists of the 3 points of intersection between the circle V(I;) and the two lines V' (I3).
Similarly, we see that V' (Iy + I3) is 2 points, and V(I3 + I;) is 4 points.

For ideals I, J C R[z,y] we have V(INJ)=V(I)UV(J).
The proof is similar to the previous one. Thus the variety associated to the intersection
of two ideals is the union of the two varieties of each ideal. As a consequence, V(I3 N Iy),
V(IoN1I3), V(I3N 1) are the three pictures above (not just the intersection points!).
In fact, the same property holds for the product of ideals!

For ideals I, J C R[z,y] we have V(IJ) =V (I)UV(J).

Note in general IJ # I N J. For example, consider I = (z) And J = (zy) in R[z,y]. Then
IJ = (2%y) while I N J = (zy) = J. In general, IJ C I N J, but not the other way around.
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Thus the above two results give instances of the phenomenon that V(I) = V(J) for two
ideals I # J. In other words, the map given by

{ideals in R[z,y]} — {varieties in R?}

I— V()

is not 1-1. (From our earlier discussion, it is onto.) In fact it is very far from being 1-1!
Take any polynomial f € R[z,y| which has no real solutions to f(z,y) = 0. Examples are
f(z,y) =1 and f(x,y) = 2®> + 1. Then for any such polynomial,

V() =90,

since f(zo,yo) = 0 does not hold for any (zg,yo) € R?. However the ideals (1) = R[z, y] and
(1 + 2?%) are not the same.

To fix this last sort of problem, we can work over a field such as C which has more solutions.
Then for the ideal (1 + 2?) C C[z,y] the variety

V(1+2%) = {(z0, ) € C*: 1 +23 =0} = {(4,%) : vo € C} U {(—i,0) : yo € C}

is two disjoint copies of C contained inside C?. Thus it is distinguished from V(1) = 0.

Still, even after replacing R with C, we do not have a 1-1 correspondence between ideals
and varieties. To remedy this, we focus on a particular class of ideals which does make the
assignment [ — V'(I) into a 1-1 correspondence.

P For any ideal I C R in a commutative ring R, the radical of I is defined to be
VI={a€R: a" €I for some positive n € Z}

It is instructive to verify that VI C Ris an ideal. A radical ideal is an ideal of the form v/T.

For example, consider I = (22) C R[z,y]. Then v/I = (z). On the other hand, \/(z) = (z).
A key property is the following: for ideals I, J we have vIJ =+vI1NJ.

The following assignment is a 1-1 and onto correspondence:
{radical ideals in C[z,y]} — {varieties in C*}

I— V()

This sets up a “dictionary” between certain ideals, which are algebraic objects, and vari-
eties, which are geometric objects. The dictionary converts sums of ideals into intersections
of varieties, and intersections of ideals into unions of varieties.

This lecture is essentially an introduction to the subject of Algebraic Geometry, which is the
study of algebraic varieties in a much broader setting.
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Prime and maximal ideals

An ideal I in a commutative ring R is prime if I # R and ab € I implies that either a € [
orb € I. Theideal I C R is mazimal if I # R, and I C J for some ideal J # [ implies J = R.

A maximal ideal is a prime ideal.

Proof. Let I be a maximal ideal, and suppose it is not prime: let ab € I such that a ¢€ I and
b ¢ I. Consider the ideals (a) 4+ I and (b) 4+ I. These both contain I and are not equal to I.
Since [ is maximal, it follows that (a) +/ = R and (b) + I = R. The product ideal of (a) + I
and (b) + I is then on the one hand equal to (1) = R and on the other hand contained in I,
implying R = I, a contradiction. O

The following characterizes prime and maximal ideals in terms of the quotient ring.

Let R be a commutative ring and / C R a proper ideal. Then
(i) [ is prime if and only if the ring R/I is an integral domain.

(ii) 7 is maximal if and only if the ring R/ is a field.

Proof. (i) Suppose [ is prime. Suppose ab+ [ = (a+ I)(b+ 1) = I in R/I. Then ab € I.
Since [ is prime, one of ¢ or b is in I. Then one of a + I or b+ [ is equal to I. This proves
R/I is an integral domain. Conversely, suppose R/I is an integral domain. Now let ab € I.
Then ab+ 1 = (a+I)(b+ 1) = I, and since R/I is an integral domain, one of a+ [ or b+ [
is equal to I. This implies one of a or b is in I. Thus [ is prime.

(ii) Suppose [ is maximal. We claim R/ is a field. This is equivalent to R/l having only
the ideals {1}, R/I. Suppose R/I has a non-zero proper ideal J'. Then J ={a € R:a+1 €
J'} C R is an ideal of R. To verify this: if a,b € J, then a + I,b+ I € J', and

(a+1)—(b+1)=(a—b)+1

is in J’' because J’ is an ideal; thus a — b € J. Similarly, if « € J and b € R then
(a+1)b+1)=ab+ I isin J', hence ab € J. Also, 0 € J. Thus J is an ideal. Next, since
I is maximal and I C J, we must have either J =1 or J = R. If J =1 then J = {[}, a
contradiction. If J = R then J' = R/I, contradicting our assumption that J’ is proper.

Conversely, suppose R/I is a field. Suppose I is not maximal, and let I C J with [ # J and
J # R. Then consider J' = {a+1:a € J} C R/I. This is an ideal of R/I. Since R/I is
a field, it must be either zero or R/I. If J' is zero then a +1 = [ for all a € J ie. a € 1
for all @ € J; but this implies J C I, a contradiction. Thus J" = R/I. Then for all a € R
we have a +1 = b+ I for some b € J, i.e. a+c=0b+d for some c,d € I and b € J. Then
a=0b+d—ceJ. We have shown J = R, a contradiction. n
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Examples

1. Consider an ideal (n) C Z where n > 0. Suppose it is a prime ideal. This means ab € (n)
implies one of a or b is in (n). Note ab € (n) if and only if ab = nk for some k € Z, i.e. n
divides ab. So (n) is prime if and only if “n divides ab” implies “n divides a or b”. For this
to be true n must be a prime number. Thus the prime ideals of Z are

2), ), ), (1), 11,

We recover that Z,, is an integral domain if and only if n is prime.

We also know from earlier lectures that Z, is a field if and only if n is prime. This implies
that the prime ideals in Z are also the maximal ideals.

2. Consider the ring Clz,y]. The ideal I = (2* + y* — 1) is prime, but not maximal. To see
it is prime, suppose f(z,y)g(z,y) = (x®+y? —1)h(x,y). Then since x*+y? — 1 is irreducible
(cannot be factored over C[z,y]) it must divide one of f(z,y) or g(z,y). To see that it is
not a maximal ideal, note that we have an inclusion

(#*+y"—1) C(z—1,y)

because 22 + y> — 1 = (z 4+ 1)(x — 1) + (y)(y). This inclusion is proper since y & I. Also,
(x — 1,y) # Clx,y]. Thus I is not maximal. However, (z — 1,y) is maximal.

3. In the ring Z[z], the ideal (2) is prime but not maximal. To see this, consider
¢ : Llx] — Zs[x]

defined by ¢(f(z)) = f(z) (mod 2), i.e. take the coefficients mod 2. Then ¢ is a homomor-
phism and the kernel is the principal ideal (2) C Z[z]. By the 1st Isomorphism Theorem,

Zlz][ker(¢) = Z[x]/(2) = Zyx]

Now Zs|x] is an integral domain, but not a field (e.g. z is not invertible). Thus (2) is a
prime ideal that is not maximal. On the other hand, we may consider the homomorphism

w : Z[.CE] —>Z2

defined by ¢(f(x)) = f(0) (mod 2). Then you can check that the kernel is the ideal
(2,2) = (2) + (x). Since Zy is a field, this ideal is maximal.
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Euclidean domains and UFDs

In this lecture we take a closer look at the Gaussian integers
Z[i|={a+bv/—-1: a,beZ}

This ring appears to be closely related to the integers Z; after all, we have only thrown in
the element i = v/—1. So how much of what is true for the ring of integers is true for the
Gaussian integers? One of the most important properties of Z is the following:

Fundamental Theorem of Arithmetic (FTA): Let n be a positive integer. Then
there are (not necessarily distinct) prime numbers py,...,p, such that

n=pip2- - Pm

If n=g¢q,---q for other primes ¢; then | = m and ¢; = p; after re-labelling.

Can we obtain a similar statement for Z[i]? One thing to note is the equation
(1+)(1—i)=1"—4*=2

and 1+ are not units in Z[i]. In other words, “2” is not “prime” in this ring. Thus even if
we do have some kind of FTA for Z[i], the factorizations will be different than those of Z.

First we will formalize the kind of structure we are after. An irreducible element a € R in
an integral domain R is an element that is non-zero and not a unit, and such that if a = bc,
then one of b or ¢ is a unit. Heuristically, a cannot be “decomposed” into smaller pieces.
The irreducible elements of Z are exactly the prime numbers and their negatives.

P An integral domain R is a Unique Factorization Domain (UFD) if every
non-zero a € R is the product of (not necessarily distinct) irreducible elements
p; € R:

a=Dpip2- " Pm

This representation of a is unique in the sense that if a = ¢ - - - ¢,, for irreducibles
¢;, then after re-ordering the ¢;’s we have m = n and ¢; = u;p; for some units u;.

Thus a UFD is a ring in which we have a generalized version of the FTA.

Now we can rephrase our above question: is the ring Z[i:] a UFD? This question is closely
related to PID’s because of the following.

If R is a PID then it is a UFD.

For the sake of time we will omit the proof, although it is not beyond the scope of the course.
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To get “unique factorization” for Gaussian integers, we may hope to show Z[i] is a PID.

In search of some inspiration, we return to our proof that for R a field, R[z] is a PID.
How did we accomplish this? The key to the proof was the division algorithm: for any
f(z),g(x) € R[z] with g(x) non-zero, there are q(x),r(x) € R[x] such that

and such that either r(z) = 0 or deg(r(x)) < deg(g(z)). With this, given any non-zero ideal
I C RJz] we saw that for any polynomial f(z) € I that was of minimal degree among all
non-zero elements in I, we have I = (f(x)), and thus [ is principal.

The general structure of this proof can be abstracted. For a general integral domain R, what
we need in order to abstract this proof is an analogue of the “degree” of elements.

» An integral domain R is a Fuclidean Domain if there is a function N : R\ {0} —
Z>, such that for all a,b € R with b # 0 there are ¢, € R such that

a=bq+r

where either » =0 or N(r) < N(b).

In other words, a Euclidean domain is an integral domain where we have an abstracted
version of the division algorithm. The function N replaces “deg” in our example above.

If R is a Euclidean domain then R is a PID.

Proof. As remarked above, the proof is the same as showing that the ring of polynomials
over a field is a PID. First, we take a non-zero ideal I C R in our Euclidean domain R. Then
let a € I be such that N(a) is minimal among all non-zero elements in /. Finally, you can
show that I = (a) just as in the polynomial case, replacing “deg” by “N” throughout. [

The ring of Gaussian integers Z[i] is a Euclidean domain.

Proof. We must find a suitable function N from non-zero elements of Z[i| to the non-negative
integers. For this function we take the complex norm squared:

N(a+ bi) = |a + bi|* = a* + b

Now we must show that given x = a + bi and y = ¢+ di in Z[i] with y # 0 we can find
q,r € Z[i] such that © = yq + r and either » = 0 or N(r) < N(y). This last condition is
equivalent to the condition |r| < |y|.

Thus what we are after is: given z,y € Z[i], find some ¢ € Z][i] such that |yqg — x| < |y|. For
then we can take r = yg — x and we are done.

86



MTH 461: Survey of Modern Algebra, Spring 2026 Lecture 28

Let us consider the principal ideal I = (y) = {yz : z € Z[i]}. Note yi = (¢ + di)i = ci — d
is the point in the complex plane which is y rotated by 90° counter-clockwise. Furthermore,
any other element in [ is of the form my + ny: where n, m € Z. Thus the elements of I form
a square “lattice” in the complex plane.

Now =z is inside one of the squares in this lattice. Note that there is a corner of the square
whose distance from x is at most |y|v/2/2 < |y|. (Here we use that a square of side lengths
R has diagonal of length v/2R.) In particular, the disk of radius |y| centered at x contains
one of the corners of the square. Therefore there is some point qy in I that lies in this disk
around x. Since it is in this disk it satisfies |qy — x| < |y|, which is what we wanted.

The argument is illustrated in the figure above for a specific case, in which y = 2 + ¢ and
x =1+ 1i. The red dots are the ideal I, and the blue dot is x. In fact in this case you can
see that the origin is in the disk around x, and we can take ¢ = 0. O

We have now achieved our original goal, of showing that Z[i] has “unique factorization”:
The ring of Gaussian integers Z[i] is a UFD.
This follows from our result that a Euclidean domain is a UFD.
For example, a factorization of 5 € Z][i] is given as follows:
5=(2+1)(2—1)
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Furthermore, (24 14) and (2 — i) are irreducibles, so this is the “unique factorization” of 5 in
this ring. We also have the factorization

5= (1-2i)(1+ 29)
However the factors are related by units: (2 44) = i(1 — 2i) and (2 — i) = —i(1 + 27).

On the other hand, 3 remains “prime” in this ring, and does not factor into smaller irre-
ducible parts. It can be shown that the only prime numbers p € Z which are still “prime”
(i.e. irreducible) in the ring Z[i] are the primes p such that p =3 (mod 4).

Example: Consider the ring Z[+/—5]. This is not a UFD! In fact we have
6= (2)(3) = (1+ V=B)(1 — v=5)

These are two different factorizations of 6 in this ring. Note that the units of this ring are
{1, —1}, so these factorizations are truly distinct. The failure of Z[\/—5] to be a UFD is
related to (but not implied by) the fact that it is not a PID.
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Primes as the sum of two squares

Last lecture we investigated the Gaussian integers Z[i]. A main result was that this ring is a
UFD, which means that it has a version of the Fundamental Theorem of Arithmetic, where
every element in the ring can be factored in an essentially unique way.

In this lecture we continue this discussion. We begin by taking a step back and asking: why
do we care about factorization in general rings? One reason is that it helps us understand
concrete arithmetic problems in simpler rings like the integers. We illustrate this point with
Fermat’s “Sum of two squares” theorem, which is a statement about the integers, but whose
proof will use factorization in the Gaussian integers.

We ask the following question: which prime numbers p can be written
p=a*+V

where a and b are integers? For example, we have 2 = 12 4+ 12. It is not hard to see that 3
cannot be written as a? + b%. On the other hand, we have

5=1%2+2°
13=12%24+32
17=12+42

whereas 7 and 11 cannot be written as sums of two squares. After writing out enough ex-
amples you may recognize the pattern that the odd primes p that can be written as the sum
of two squares satisfy p =1 (mod 4).

To see why this is indeed true, suppose p is odd and p = a? + b%. Then we consider
p=a*+b*> (mod 4)

Now a (mod 4) and b (mod 4) are elements in Z, = {0, 1,2, 3}. Noting that in Z, we have
02=0,1>=1,2%=0, 32 = 1, we must have a®> (mod 4) and b* (mod 4) each equal to
either 0 or 1 in Z4. Since the sum p mod 4 is odd, we must have one of them equal to 0,
say a® (mod 4), and the other equal to 1, say b* (mod 4). But then

p=a’+b*=0+1=1 (mod 4)

Thus we have shown that if an odd prime p can be written as p = a>+b% then p =1 (mod 4).
This explains why 3,7, 11, ... cannot be written as a sum of two squares. More surprising is
that the converse is true, i.e. if p =1 (mod 4) then p can be written as a sum of two squares.

(Fermat) A prime number p # 2 is the sum of two integer squares, i.e. p = a*+0?
where a,b € Z, if and only if p =1 (mod 4).
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Let us first make the connection to Gaussian integers. For x = a + bi € Z[i] recall that we
have the norm (or rather norm squared) function defined by

N(z) = |z]* = a® + V*
This function is multiplicative in the sense that for all =,y € Z[i] we have
N(zy) = N(z)N(y)

This is just a recasting of the property that |zy| = |z||y| for the usual complex norm.

For any = € Z[i] note that N (x) is a non-negative integer. Furthermore, x is a unit if and only
if N(z) = 1. Indeed, you have already classified the units in this ring: Z[i|* = {1, —1,, —i}.

Next, suppose p = a® + b?. In the ring Z[i] this can be factored as follows:
p=a*+b>= (a+bi)(a— bi)

and each factor is not a unit. In other words, if p = a? + b* then p is no longer “prime”, i.e.
irreducible, in the ring Z[i]. In fact, suppose p € Z is not irreducible in Z[i|. Then p = zy
for some non-units x,y € Zli], because of factorization in the ring Z[i]. Then

p* = N(p) = N(zy) = N(z)N(y)

Since x,y are non-units, N(z), N(y) > 1 and hence N(z) = N(y) = p. Writing z = a + bi
we then have p = N(z) = a® + b?. In other words, we have shown: if a prime p € Z is not
irreducible in the ring Z[i] then p = a® + b? for some integers a,b € Z.

Therefore, to complete the proof of Fermat’s sum of two squares theorem we must show that
primes p = 1 (mod 4) are not irreducible in Z[i].

To prove this last statement we will use the following lemma.

If a prime p satisfies p =1 (mod 4) then there is some m € Z such that
m?>+1=0 (mod p)

Proof. Recall that Z, for p prime has the structure of a field. Note that (p —1)! (mod p) is
the product of all non-zero elements in Z,. For z # 41 in Z, the multiplicative inverse of x
is not equal to z. Thus apart from +1 mod p, elements in Z; pair off as inverses. Thus

p—=1-2---(p—1)=1-(-1)=—-1 (mod p)

This holds for any prime p. (This is sometimes called Wilson’s Theorem.) Next suppose
p=1 (mod 4) and write p = 1 4 4n. Then we compute

A= (p-1=(2 @) (- 1) (p-2) - (p - 2n)
= ((2n)!) ((—1)2”(2n)!) = ((271)!)2 (mod p)

Now take m = (2n)!. Then m? +1 =0 (mod p), and we are done. O
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Now we return to our main goal and show that if a prime number p € Z satisfies p = 1
(mod 4) then p is not irreducible in Z[i].

From the lemma, we have some integer m € Z such that p divides m? + 1. Then in the ring
Z[i] we have that p divides the product of Gaussian integers

m?*+1=(m+i)(m— i)
Thus we have an expression of the form
prx=m+i)(m—i)=pi-pr-qq

where we have written out factorizations of (m 4+ i) and (m — i) into irreducibles. Now, if p
is irreducible, it is some p; or some ¢; up to multiplication by a unit, by unique factorization
in Z[i]. This implies p divides one of m + i or m — i. However, m/p & i/p are not Gaussian
integers, so we have a contradiction. Thus we have proved that p is not irreducible. This
completes the proof of Fermat’s theorem on which primes are the sum of two squares.

With just a bit more work, the following more precise version of a “Fundamental Theorem
of Arithmetic” for the Gaussian integers Z[i| can be proved.

The irreducible elements in Z[i| up to mulitplication by units are the following:
o 1+

e a+bi where a,b € Z with a > |b| > 0 and a*+b? = p a prime, with p =1 (mod 4)
e p € Z-o prime with p =3 (mod 4)

Thus every element in Z[i] can be written uniquely as a product of the above
elements and a unit, which is one of 1, —1,4, —1.
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Constructions of fields

For the past few weeks we have studied general properties of rings, and described how ring
theory interacts with other areas of mathematics such as geometry and number theory. For
the rest of the course, we will focus our attention on field theory.

Today we will discuss a number of constructions for fields that will be useful later.

Field of fractions

Let R be any integral domain. It may not be the case that R is a field. However, we can
formally “invert” all non-zero elements of R to obtain a field. The result of this construction
is Frac(R), called the field of fractions of R, also called the quotient field.

To construct this field, we begin with the set of pairs {(a,b) : a € R,b € R,b # 0}. We
define an equivalence relation ~ on this set as follows:

(a,b) ~ (¢, d) = ac —bd =0

Let Frac(R) be the equivalence classes of this relation. It is customary to write the equiva-
lence class of (a,b) as a/b. Then define addition and multiplication as:

a ¢ ad-+be a ¢ ac

b d  bd b d  bd

You can then check that with these operations the set Frac(R) satisfies the axioms of a com-
mutative ring. Furthermore, if a/b € Frac(R) is non-zero, then it has multiplicative inverse
b/a. Thus Frac(R) is a field. The following is an exercise:

The map ¢ : R — Frac(R) given by ¢(a) = a/1 is a 1-1 ring homomorphism.

For example, the field of fractions of the integers Z is naturally isomorphic to the field of
rational numbers Q, and we write Frac(Z) = Q.

If R is a field, then Frac(R) is naturally isomorphic to R.

For another example, consider the ring of polynomials R[z] where R is an integral domain
such as Z or Q. Then R[z] is an integral domain, and we have

x
prac(Rlal) = {100 1) 900) € Rlel o(0) 0}
It is instructive to verify that this field is isomorphic to Frac(Frac(R)[z]). In other words,
we can first take the field of fractions of R, then the field of fractions of Frac(R)[z|, and we
get the same result. For example, Frac(Z[z]) is isomorphic to Frac(Q[z]).
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The field of fractions of R is an abstract field constructed in a way such that there is a
natural “inclusion” homomorphism R — Frac(R). It gives us a way of viewing any integral
domain as sitting inside some larger field. In practice, we may already have R sitting inside
a field, and the field of fractions is then isomorphic to something very concrete.

Suppose a ring R is contained in a field F, and F' is the smallest subfield of FE
containing R. Then F is isomorphic to Frac(R).

Proof. By assumption, R C F. We define ¢ : Frac(R) — F as follows: ¢(a/b) = ab™'.
This makes sense because a € R and b € R; in particular, b € F', so b has a multiplicative
inverse. Then ¢ is a homomorphism of fields. This is a 1-1 homomorphism, as is every
homomorphism between fields. Consider the image of ¢. This is a subfield of F' containing
R, and so by assumption it must be equal to F'. Thus ¢ is an isomorphism. O

Let R = Z[i], the Gaussian integers. Consider the following subfield of C:

Q) ={a+bi: abeQ}

It is not difficult to see that this is the smallest subfield of C which contains Z[i]. Thus
Frac(Z[i]) is isomorphic to Q(7).

Extension fields

Let F be a field, and E is a field containing F', i.e. F' C E. In this situation E is called an
extension field of F. The extension is proper if E # F.

If o € E we write F(a) C E for the smallest field inside F containing both F' and «.

For example, let F' = Q, F =C, a =i =+/—1. Then Q(¢) is the smallest field contained in
C which contains both Q and 7.

For a more interesting example let us consider the field
E=Q(V2+V3)
This is the smallest field containing both Q and a = V2 + /3. Note that
(Va+V3) (V2 V3) =2-3 =1

and so the multiplicative inverse of V2 +4/3 is given by —v2 4+ /3. Then

(0+a7) =2 ((V2+V3) + (-VZ+V3)) = V3

DO | —

so that /3 € E. Similarly, v/2 € E. In particular, F is an extension field of the fields Q(\/ﬁ)
and @(\/3) Note v/2 + v/3 is not in either of these fields, so the extension is proper.

93



MTH 461: Survey of Modern Algebra, Spring 2026 Lecture 30

Quotient fields

A very useful construction that can give us fields is the quotient ring R/I of some ideal [ in
a commutative ring R. Recall that R/ is a field if and only if [ is a mazimal ideal.

A common scenario is when the ring R is a polynomial ring of the form F[z] where F' itself
is a field. Recall we proved that F[z] is a PID in this case. We need the following:

An ideal (a) in a PID is maximal if and only if a is irreducible.

Proof. Suppose (a) is maximal, and a is not irreducible. Then a = bc where b, ¢ are not
units. Then (a) = (be) = (b)(c) where (b), (¢) are proper ideals. In particular, (a) C (b).
By maximality, (a) = (b). Then a = bu for a unit u. We obtain a = bu = bc implying
b(u — ¢) = 0. Since the ring is an integral domain and b # 0, u = ¢, Contradicting that
¢ is not a unit. Thus a is irreducible. Conversely, suppose a is irreducible, and (a) is not
maximal. Then (a) is properly contained in (b) for some proper ideal (b). Then a = be for
some c¢. As a is irreducible, one of b or ¢ is a unit. If b is a unit, (b) is not proper. If ¢ is a
unit, then (a) = (b), a contradiction. Thus (a) is a maximal ideal. O

Returning to the case of F[z], where F' is a field, note that the group of units of Flx] is
exactly the non-zero elements of F'. Thus f(x) is irreducible if f(z) is non-zero and not a
constant polynomial, and if f(x) = g(x)h(z) implies that one of g(x) or h(z) is a constant
polynomial. Recalling that F[z|/(f(x)) is a field when (f(z)) is maximal, we obtain:

For F' a field and f(z) € F[z]| an irreducible polynomial, F[z]/(f(x)) is a field.
Let us now use this to construct some fields.

Take F' =R and let f(x) € R[z] be the irreducible polynomial f(z) = 2? + 1. Then
Rlz]/(2* + 1)
is a field. We consider some elements in this field, where I = (2% + 1):

Pl =—141
P l=—x41
st I= 141

Using these computations we see that any element g(x) + I can be written as a + bz + [
where a,b € R. Noting that x behaves just like 1 = v/—1 € C, we define

¢:C — R[z]/(2* +1)

by ¢(a + bi) = a+ bx + I, and you may verify this is an isomorphism.
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For another example, let us take F' = Z, and let f(x) € Zy[z] be f(x) = 2?4+ x + 1. Suppose
this is reducible. Then f(z) = (a + bz)(c + dx) = ac + (bc + ad)x + bdx? for a,b,c,d € Z,.
But it is easily seen that no such a, b, ¢, d can work. Thus f(x) is irreducible in Zs[z].

Now we have a field given by the quotient
Zolz] /(2> + x4+ 1)
Let us write down some elements of this field, where I = (22 + z + 1):

2+ I=x+1+1
B I=1+1

In fact we see that every element in this field is equivalent to one of the cosets corresponding
to 0,1,z,1 4 x. Thus we have a field with 4 elements.
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Algebraic field extensions

Recall that if F' is a field and E is an extension of F, and a € E, then we write F'(«) for
the smallest subfield in £ which contains F' and a.

Of course in this case F'(«) is again a field extension of F', and F is an extension of F(«). In
short, F' C F(«a) C E. We call F(a) a simple extension of F. We can iterate this notation:
for elements ay, ..., a, € E we write F(ay, g, ..., ) for the smallest field in £ containing
F' and the elements aq, ..., a,.

An element a € E in an extension field F of F' is called algebraic over F' if there is some
polynomial f(x) € F|x] such that f(a) = 0. Otherwise « is called transcendental.

Examples

1. The element i = \/—1 is algebraic over Q, because it satisfies f(i) = 0 where f(z) = 2?+1.

2. The elements \/5, \/§, V2 + /3 are algebraic over Q. The first two are roots of 22 — 2,
x? — 3, respectively. What about the third? Let a = v/2 + v/3. We compute

o’ = (V2+V3)* =5+2V6

(a2 —5)? = (2v6)? = 24
Thus o = /2 + /3 satisfies f(a) = 0 where f(z) = (22 — 5)? — 24 = 2* — 102% + 1.

3. The numbers 7 and e are transcendental over Q. This is because they are not the roots
of any polynomial with coefficients in Q.

4. Any n'® root of a rational number p/q is algebraic over Q, since it satisfies 2™ — p/q = 0.
More generally, any number obtained from the rationals via the operations of multiplication,
addition, division, and taking various types of n' roots is algebraic over Q. For example,

5 \/5_1
V4 + /5

is algebraic over Q. This may not be obvious, but it will follow from a result we will prove.
5. All of the above examples are about algebraic and transcendental numbers over Q. The
numbers 7 and e are algebraic over R, because they are in R! Precisely, they satisfy the

polynomial equations x — 7 = 0 and z — e = 0, and these are of course polynomials in R[x].
As another example, /7 is algebraic over Q(7).

An extension F of a field F' is algebraic if every a € F is algebraic over F', and is called
transcendental otherwise.
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Suppose « € F is algebraic over F'. Then there is a unique monic irreducible
polynomial p(z) € F[z] such that p(a) = 0.

Proof. Consider the evaluation homomorphism ¢, : F[z] — F(«) given by ¢.(f(z)) = f(a).
Since F is a field, F[z] is a PID, and thus the kernel of ¢, is an ideal (f(z)) where f(z) € F[z].
Note that for a constant polynomial g(x) = a € F we have ¢,(g(z)) = a, and also for
g(x) = x we have ¢,(g(x)) = a. Thus ¢, is onto, as the image contains F' and «, and
F(a) is the smallest field containing F" and «. The 1st Isomorphism Theorem then gives an
isomorphism between F[x]/(f(z)) and F(«), which is a field. Thus (f(z)) is a maximal ideal,
and f(z) must be an irreducible polynomial. If f(z) is not monic, say f(z) = a,z"+---+ag
where a,, € F' is non-zero, then p(x) = f(z)/a, is a monic irreducible polynomial with
(f(x)) = (p(x)). Note p(a) = ¢o(p(z)) = 0. Uniqueness is left as an exercise. O

In the above situation, we call p(z) the minimal polynomial of a over F. For example, the
minimal polynomial of /=1 over Q is p(z) = 22 + 1.

Let E be a field extension of F' and o € FE.

(i) If « is algebraic with minimal polynomial p(x), then F(«) = Flz]/(p(z)).

(ii) If « is transcendental, then F(a) = Frac(F[z]).

Proof. (i) Suppose « is algebraic. Let ¢, : F[z] — F(«) be the evaluation homomorphism.
From the proof of the previous result, ¢, is onto and ker(¢,) = (p(x)) where p(x) is the
minimal polynomial of a. The 1st Isomorphism Theorem then proves (i).

(il) Now suppose « is transcendental. Then ¢, has trivial kernel. Indeed, if f(z) € ker(¢,)
then f(a) = 0; and if f(z) is a non-zero polynomial in F[z] this would contradict the
assumption that « is transcendental. Next, we can extend ¢, to a homomorphism

¢ : Frac(Flz]) — F(a)

by setting ¢¥(f(z)/g(z)) = f(a)/g(c). This makes sense because f(z)/g(x) € Frac(F|x])
has g(z) a non-zero polynomial, and g(a) # 0 because « is transcendental. The map ) is 1-1
because the domain is a field, and is onto because ¢, is onto. Thus v is an isomorphism. []

Let F be a field and f(z) € F[z] a non-constant polynomial. Then there is an
extension F of F' that contains some a € F such that f(«) = 0.

Proof. 1f f(x) is not irreducible, let p(z) be an irreducible polynomial which divides f(z).
Then set £ = Fz]/(p(x)). Thisis a field, and F' naturally is included into it. The equivalence
class of x serves as the element a. O
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One of the most important tools in field theory is linear algebra. As you have already taken
a linear algebra course, we only briefly review some of the basics.
Review of some linear algebra

A wector space over a field F' is an abelian group V' equipped with an operation
FxV —V

written (a,v) — awv, called scalar multiplication, which satisfies for all a,b € F' and v,w €
V.
a(bv) = (ab)v
(a+bv=av+bv
a(v+ w) = av + aw

lv=w

Elements of V' are called vectors, and elements of F' in this context are often called scalars.
A subset S C V is linearly independent if when vy, ..., v,, € S satisfy

avr + -+ AUy =0

then we must have a; = --- = a,, = 0. Suppose S is a maximal linearly independent subset
of V. This means that if S C T and T is a linearly independent subset of V', then S = T..
In this case S is called a basis for V', and the dimension of V' is given by

dimp V = #S5 = size of a maximal linearly independent subset

If S is a finite set, then dimg V is finite, and V' is called finite-dimensional. Otherwise, V' is
infinite-dimensional. A linearly independent subset S C V' is a basis if and only if it spans
V, i.e. any element of V' can be written as a linear combination of elements in S.

Degrees of field extensions

Now let us return to our previous setup, where F' is some field, and E is an extension field of
F. Then FE is a vector space over F": indeed, the scalar multiplication map £ x F' — F'is
just the multiplication of field elements, all of which may be viewed as inside E. We define

[E: F] =dimp FE

and call this the degree of the field extension E of F'. In the next lecture we will study the
degrees of field extensions and their relation to algebraicity.
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Degrees of field extensions

Last lecture we introduced the notion of algebraic and transcendental elements over a field,
and we also introduced the degree of a field extension. Recall that for a field extension E of
F, we may view E as a vector space over F', and the degree of the extension F is given by

dimp F = [E : F]

Today we will study the relationship between algebraic extensions and degrees of extensions.
We first begin with a few examples.

Examples

1. Consider the extension Q(v/2) of the field Q. We know that Q(v/2) consists of numbers
a+bv2 where a,be Q. Let vy =1 and vy = V2. Then S = {v1,v2} is a linearly independent
subset of Q(v/2) as a vector space over Q, and S spans Q(y/2). Thus S is a basis for Q(v/2)
viewed as a vector space over Q. From this we conclude

[Q(v2) : Q] = dimg Q(V2) = 2

Thus the degree of the extension Q(v/2) over Q is equal to 2.

2. Consider C as an extension of R. We can write every complex number uniquely as a + bi
where a,b € R. Then S = {1,i} is a basis for C viewed as a vector space over R, and

[C: R] =dimg C=2
Thus the degree of the extension C over R is equal to 2.

3. Consider Q(v/2 +1/3) as an extension of Q(v/2). We saw last lecture that v/2 € Q(v/2 +
v/3) so this is in fact an extension. In fact, we can argue that

Q(V2+v3) =Q(v2,V3)
Indeed, clearly Q(v2 + v/3) € Q(v/2,v/3), and as we showed that v/2,v/3 € Q(v/2 + v/3)

the reverse inclusion also holds. Every element in this extension can be written uniquely as
z+V3y = (a+bv2) +V3(c+dvV2) = a+bV2 + V3 + dV6
where a,b, c,d € Q. Thus S = {1,v/3} is a basis of Q(v/2 + v/3) over the field Q(y/2), and
[Q(V2+v3) : Q(v2)] = dimg 5 Q(V2+ V3) =2

At the same time we see that as a vector space over QQ, the field Q(\/§, \/5) has basis
{1, V2,/3, \/6} and so is of degree 4 over Q:

[Q(V2+V3) : Q] = dimg Q(v2 + v3) = 4
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We say that an extension E of a field F' is finite if the degree [E : F] is a finite number, i.e.
if F is a finite dimensional vector space over the field F'.

If F is a finite extension of F, then F is an algebraic extension over F'.

Proof. Suppose [E : F] = n. Let a« € E. Consider the elements 1,a,...,a™. As there are
n+ 1 elements here, and dimp F = n, they must be linear dependent, i.e. there is a relation

Q" + a1 Pt aatagl =0

where not all of the ag, ...,a, € F are zero. Then « is a root of the polynomial f(x) € F|x]

given by f(z) = Y." , a;z’, and so « is algebraic over F. As a was an arbitrary element of

E, we conclude that F is an algebraic extension of F. O]

Suppose F' C E and F C K are finite extensions. Then
[K:F]=[K:E|[E:F]
In particular, K is a finite extension of F'.

Proof. Suppose [E : F] =n and [K : E] = m. Let {v,...,v,} C E be a basis for £ as a
vector space over F'| and {wy,...,w,} C K a basis for K as a vector space over E. Then
we claim that S = {v;w;} C K where 1 <i<nand 1< j<misa basis for K as a vector
space over F'. To establish this we must show that .S is linearly independent and also spans K.

We first show S is linearly independent. Suppose we have a relation

E aij . inj = 0

1<i<n
1<g<m

where a;; € F'. Then we can write this expression as
Z cj-wj =0 where ¢; = Z a;jv; € B
1<j<m 1<i<n
Since the w; are linearly independent in K over £, we must have ¢; = 0 for 1 < j < m.

Then
Cj = Z aijvi = O

1<i<n

and as the v; are linearly independent in £ over F', we must have, for each j, that a;; = 0
for 1 <4 < n. Thus all a;; = 0. This shows that S is linearly independent over F'.

We show S spans K over F'. Let k € K. As the w; are a basis for K over F, we can write

m

k= ZC]'U}]‘

=1

100



MTH 461: Survey of Modern Algebra, Spring 2026 Lecture 32

for some ¢; € E. As the v; are a basis of ' over F', we can write ¢; = Z?:I a;jv; for some
a;; € F. Then k = )" a;;v;w;. This show S spans K over F' Hence S is a basis for K over
E.

Finally, the basis S contains nm elements and we compute
dimp K =[K: Fl=nm=[K : E|[E : F] O
You might have already noticed this property in the last example we studied above: we have

4=[Q(V2+V3):Q = [Q(V2+V3): Q(V2)][Q(v2) : Q] =22

Let o be algebraic over F' with minimal polynomial p(z) € F[z|. Then

[F(a) : F] = deg(p(z))

Proof. Let p(x) = 2™ + a,_12" ' + -+ + ap where a; € F. Then since « is a root of p(x)
we have a" + a, 10"t + -+ a9 = 0. We claim S = {1,q,...,a" '} C F(«) is a basis of
F(«) as a vector space over F. First, if a non-trivial linear combination of these elements
with coefficients in F' is zero, it would show « is the root of a polynomial of degree < n,
contradicting the minimality of p(x). Thus S is linearly independent. To see that S spans
F(«), make use of the isomorphism F(«) = F[z|/(p(x)). O

The following are equivalent statements for a field extension F' C FE.
(i) E is a finite extension of F.

(ii) There are algebraic elements a;,...,a, such that £ = F(ay,...,q,).

Proof. In (ii), note that we have a sequence of algebraic extensions
FCF(a) C Flag,as) C-+-C Flay,...,an) =FE
As each of these algebraic extensions is of finite degree by the previous result, we have that
(ii) implies (i).
To see that (i) implies (ii), choose a1 € E to be an element not in F. Then
(B F) = [E: Play)][F(a) : F]
Next, choose oy € E not in F(ay). Then we have
[E: F] = [E: Flay, a)|[F(ay, o) : Flay)][F(ar) : F]

Continue in this fashion, and choose a3 € E not in F(ay,as), and so on. Since [E : F] is
finite, this process must eventually terminate at a step in which £ = F(ay, ..., ). O
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Let F' C E. The set of elements in F algebraic over F' form a field.

Proof. From the previous result, F'(«, ) is a finite extension of F', and hence is an algebraic
extension of F'. As this extension contains the elements a + 3, a3,/ (5 # 0), these are
all algebraic elements over F'. This shows that the subset of E of algebraic elements over F
is a subfield of F, and is in particular a field. n

We now return to our example from last lecture of the number

5 \/5_1
V4 + /5

It is at this point easy to deduce that this is an algebraic element over Q. First, we note
that an n'" root of a number algebraic over Q is also algebraic over Q. To prove this, if a is
algebraic, then it satisfies p(a) = 0 for some p(z) € Q[z]; then Y/« is a root of p(a™) € Q[z],
so it is also algebraic over Q.

Then all that is left to observe is that the number displayed above is obtained from rational

numbers and the field operations (addition, subtraction, multiplication, division) and taking
n™ roots; all of these operations preserve the class of algebraic elements.
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Straightedge and compass constructions

In classical geometry, the tools of a straightedge (a ruler without markings) and a compass
(which makes circles) are used to construct new shapes out of old ones. Many old problems
in geometry ask whether certain operations or quantities can be constructed in this fashion.
In this lecture we solve some of these problems by relating them to field theory.

A (real) number « is constructible if we can construct a line segment of length || in the
plane R? starting from a line segment of length 1 and using a straightedge and compass.

Let FF C R be the set of constructible numbers. At the beginning, we know only that
{—1,0,1} C F. Indeed, we are allowed to start with a segment of unit length; and we can
draw a point in R? which is a line segment of length 0.

What is allowed? Using the straightedge, we can draw straight lines as we like through
points we have already drawn, but the only arcs we can draw are the ones whose lengths
are already in F'. Similarly, with the compass we can draw circles of radius which is either
specified by two points we have already drawn, or is the length of something in F'.

So what other numbers are constructible, i.e. are contained in F'7 Using our straightedge
we can draw unit length arcs in sequence in a straightline:

This shows that Z C F', i.e. the integers are constructible numbers.
If a,8 € F then a+  and a — 3 are also in F.

The idea is the same as above: given arcs of length o and § we can draw them side by side,
parallel and adjacent, using our straightedge. Then we have an arc of length o + .

a B

Similarly, if we draw the arcs as starting from the same point, overlapping, then we can
extract an arc whose length is the difference o — 3, assuming for simplicity that a > .

(0%

8

In the picture, the arcs should really be superimposed. The portion of the arc of length «,
in red, which does not overlap the arc of length (3, in blue, is a segment of length o — 3.
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What about multiplication and division of constructible numbers? This is a bit more work.

Suppose a € F', o > 0. Then we can draw an arc of length . We can then draw two circles
each of radius «, centered at the two points of the arc, as in the right picture below.

a
\/

Then using the straightedge we can draw a line passing between the two points of intersec-
tion of the circles. We have then bisected the arc! Thus we now know how to draw an arc
of length /2. Thus if « is constructible, then «//2 is constructible.

We should also record a consequence of our construction: given an arc, we can draw a line
perpendicular to that arc passing through the midpoint of the arc.

Now consider a point lying above a straight line. We claim that using our tools we can draw
a line parallel to the given line, and passing through the given point P. We assume the the
distance between the point and the line is constructible.

P

To do this, first draw a circle centered at the point and of radius large enough so that it
intersects the line twice. An arc is formed between the intersection points (in red below).

=~

From our previous construction we can draw a line perpendicular to this arc which bisects
it. This perpendicular also passes through P. Next, consider the arc from the intersection
of the lines, call this point O, to the point P. As the length of OP is constructible, we can
draw an arc of the same length starting from P upwards, ending at a point Q).

D (D

Finally, we know from above that we can draw a line perpendicular to the segment OQ) and
which passes through its midpoint. This is the desired parallel line.
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If o, € F then af and /5 (8 #0) are also in F.

Proof. Assume § > 1. Draw an arc of length «, an arc of length 1, and an arc of length
all emanating from the same starting point. The 1 and 8 arcs should be parallel, and the
angle between these and the a arc is some arbitrary angle between 0 and 90°.

& s
1 1
& o ® & o ]

The situation is depicted above on the left. Then use the straightedge to draw a segment
from the endpoint of the unit length arc to the endpoint of the o arc. We then have the
right-hand picture above. Next, we know from previous constructions that we can draw a
parallel arc (in green) to the arc just drawn, and passing through the endpoint of f.

<<

Now we have an arc starting from the same point as the others, and ending at the intersec-
tion of the green arc with the line containing the « arc. This new arc is in orange, above
on the right. Call the length . The two triangles in the picture are similar, so we have
a/l1 =z/B. Thus x = aff. Thus we have constructed an arc of length a/.

The case § < 1 and also the case of division are similar, and left as exercises. O]

The set ' C R of constructible numbers is a field.

This result just follows from the above work. Thus far it is clear that Q C F'. However the
field F is larger than just the rationals, as the following result indicates.

If « € F then /o € F.

Proof. Start with two arcs of length 1 and « side by side, forming an arc of length 1 + a.

Bisect this line and draw a circle centered at the midpoint M and with radius (1 + «)/2 so
that the arc is a diameter of the circle. See the left picture below.
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Draw a perpendicular line to the original line which passes through the point P, as in the
picture above in the center. (We can draw this line because it is passing through the midpoint
of constructible arc of length 2«.) Draw arcs from the endpoints of the original arc to the
point of intersection (), as in the picture above on the right. Then the arc P has some
length z. Using the similarity of triangles appearing, we have a/x = z/1 or * = a. Thus
we obtain that x = \/a is constructible. O

In fact we have essentially found all of the ways of producing constructible numbers.

A number o € R is constructible if and only if there is a sequence of fields
Q=FCcFRhCFC---CE,

such that Fi;; = F;(\/a;) where o; € F}, and « € Fj.

We will not go through the proof in detail, although it is not too difficult. Roughly, all of
the “tricks” one can do to form new constructible numbers are contained in the above results.

If « is constructible, then [Q(«) : Q] = 2* for some k > 0.

Proof. From the previous result, we have Q(«) = Fy for some F} and a sequence of fields
Q= F, C F| C --- C Fj which are quadratic extensions obtained by adjoing square roots,
and in particular have degree 1 or 2. Then we compute [Q(«) : Q] to be

Q) : Q] = [Fy : Fie—v] -+ [Fo : Fi][Fy : Fy

which is some power of 2. O

We say a subset of R? is constructible if it can be draw using straightedge and compass
operations as above, using only constructible measurements.

We consider the problem of constructing a regular n-gon, i.e. a symmetric polygon with n
sides, using only a straightedge and compass. It is straightforward to argue:

If the regular n-gon is constructible, then cos(27/n) is constructible.

106



MTH 461: Survey of Modern Algebra, Spring 2026 Lecture 33

Using this we now prove:

The regular 18-gon is not constructible.
Proof. We only need argue that cos(27/18) = cos(360°/18) = cos(20°) is not a constructible
number. Using (cos(f) + sin(0)i)? = cos(36) + sin(30)i we have the identity
cos(30) = 4 cos®(A) — 3 cos(h)
Setting 6 = 27 /18 with cos(27/18) = a gives
1/2 = cos(7/3) = cos(30) = 4a® — 3a

Thus « is a root of 8x3 — 6x — 1. This is an irreducible polynomial, and is the minimal
polynomial of v over the field Q. Thus [Q(«) : Q] = deg(p(z)) = 3. This is not a power of
2 and so «a cannot be constructible. O
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Splitting fields and Galois groups

Let f(z) € F[z] be a polynomial with coefficients in a field F. A field extension E over
F is called a splitting field for the polynomial f(x) if there are aq,...,a, € E such that
E = F(ay,...,qa,) and the polynomial splits into linear factors

fl@) =a(z —ar)---(z = an)

for some non-zero constant a € F'.

Examples

1. Let f(x) be the polynomial 2 + 1 € R[z]. As f(x)

= ( i)(z + 1) as a polynomial in
C|x], a splitting field for f(z) is given by R(i, —i) = R(i) =

2. Let f(x) = 22 —2 € Q[z]. Then f(z) = (z — v/2)(z + v/2). Thus a splitting field is given
by the field extension Q(v/2) over Q.

3. Let f(z) = (2® — 2)(2* — 3) Q[a:] A splitting field for this polynomial is given by the
field extension Q(\/Z V3 3) over Q

4. Let f(z) = 2® — 2 € Q[z]. The complex roots of this polynomial are as follows:

NG Y3 . 2mil3, Y3 . e=mif3
Thus a splitting field for f(z) is given by E = Q(v/2, v/2e*™/3, §/2e~27/3). Note that

9. em2mi/3 — <\7§>2 <\3/§ . €2m/3> -1

so the third root is already in the field which is generated by the first two roots. In other
words, our splitting field can be written E = Q(v/2, v/2¢*™/3). Furthermore, clearly +/2¢%™/3
can be replaced by ¢*™/? so that E = Q(+/2, ¢*™/?). Finally,

2 2

27/3 can be replaced by v/—3. In summary, we have the identification

E = Q(V2,v-3)

We leave as an exercise that also E = Q(~3/2 + €*™/3).

and so e

5. Let f(z) = 2*—2 € Q[z]. The complex roots of this polynomial are v/2, —v/2, v/2i, —v/2i.
We have the splitting field Q(v/2, v/2i) = Q(v/2,1).

It is a basic result, which we omit, that for a given non-constant polynomial f(z) € F|x],

a splitting field exists for f(z); and moreover, any two such splitting fields are isomorphic.
Thus given f(z) € F|x] we may speak of the splitting field of f(z).
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Given a field extension E over F, we define
Aut(E/F)={0c:E — E : o is an isomorphism, o(a) = a for all a € F'}
This is naturally a group, called the automorphism group of the field extension.

Proof. Let 0,0’ € Aut(E/F) so that 0,0’ : E — E are isomorphisms each fixing F, i.e.

o(a) = 0'(a) = a for all @ € F. Then the composition ¢ o ¢’ is an isomorphism of E and
(0o 0)( ) = ( ( )) = o(a) = a. Thus 0 oo’ € Aut(E/F). Further, a = idg(a) =
(67t o0o)(a) = 07 o(a)) = o7 '(a) and thus c=! € Aut(E/F). Thus Aut(E/F) is a
group. O

A finite field extension E over a subfield of C is called Galois if it is a splitting field of
some polynomial f(z) € Q[x]. All examples above are Galois extensions. More generally, a
finite extension F over an arbitrary field F' is Galois if it is the splitting field of a polyno-
mial f(x) € Flz] which has no repeated roots in E. We mainly focus on finite extensions
of @ and other subfields of C, in which case Galois fields can be identified with splitting fields.

P If F is a Galois extension of a field F we write
Gal(E/F) = Aut(E/F)

and call this the Galois group of the field extension.

As a (finite) Galois extension E over F' is the splitting field of some polynomial f(z) € Flx],
we also call Gal(E/F) the Galois group of the polynomial f(x).

Let F = F(ay,...,a,) be the splitting field of f(z) € F[z] whose roots in E are
ai,...,qa,. Then there is a 1-1 homomorphism

¢: Gal(E/F) — S,

to the symmetric group S,. If f(x) € F[z] is irreducible, then the image subgroup
im(¢) C S, is a transitive subgroup of S,,.

We remark that a transitive subgroup G C .S, is a subgroup of the symmetric group S,, such
that for all 7,5 € {1,...,n} there is a permutation f € G such that f(i) =

Proof. First, write f(z) = a,z™ + -+ 4+ ag where each a; € F. Consider a root «o; € E of
f(z), and some o € Gal(FE/F). Using that 0 : E — E is a homomorphism fixing F' we
compute:

flo(a)) = an(o(ai))" + an—l(U(@i))n_l + - Fao(a) +ag
= ay(c(a!)) + an_1(c(a}™) + -+ aro(a;) + ag
= o(an(a])) + o(an-1(af ™)) + - + o(ars) + o(ao)

= o(anal’ + ap_1a o A ayoy ag) =0(0)=0
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Thus o(a;) is also a root of f(x), and therefore o(a;) = «; for some j € {1,...,n}. Since E
is Galois over F', the roots are distinct, so the index j is uniquely determined.

Next, define ¢ : Gal(E/F) — S, by ¢(0)(i) = j if and only if (o) = «;. In other words,
we look at how the automorphism o : F — E permutes the roots aq, ..., a,. It is straight-
forward from this construction that ¢ is a homomorphism.

Next, recall E = F(ay,...,a,). Aso € Gal(E/F) fixes I, it is entirely determined by where
it sends the elements «;. This shows that ¢ is 1-1.

Finally, suppose f(z) is irreducible. Then F(«a;) = Flz]/f(z) for any root «; of f(x).
In particular, for o; and «; any two roots of f(x) that lie in £ we have an isomorphism
F(o;) =2 Flz]/f(z) =2 F(oy;). This can be extended to an isomorphism £ — E (we omit this
step), from which the result follows. n

The above result shows that the Galois group of E over F' is isomorphic to a subgroup of
S,,, which has order n!. We obtain:

Let E be the splitting field of f(z) € F[z] whose degree is n. Then

|Gal(E/F)| divides nl.

Examples

1. Let f(z) be the polynomial 2%+ 1 € R[], whose splitting field is C = R(i, —i). Label the
roots of f(x) by ay =i and as = —i. Note that complex conjugation o : C — C defined by

ola+bi)=a—b
is an element of Gal(C/R) of order 2. Thus {id¢,c} C Gal(C/R). As the Galois group has
order dividing 2! = 2, this is in fact an equality of groups. Thus Gal(C/R) & Z,.

2. Let f(z) = 2> — 2 € Q[z] with splitting field Q(v/2). Similar to the previous ex-
ample, there is only one non-trivial automorphism o € Gal(Q(v/2),Q) and it is given by
o(a+bv2) = a —byv/2. We have Gal(Q(v/2)/Q) = Z,.

3. Let f(x) = (2% — 2)(2® — 3) € Q[z] with splitting field £ = Q(v/2,v/3). Recall that any

element in £ can be written uniquely as

a+bvV2+eV3+dv2y3
where a, b, ¢,d € Q. Define automorphisms o1, 09, 03 € Gal(E/Q) by

or(a+bvV2+eV34+dvV2v3) = a— V2 + V3 — dv2V3
oa(a+bV2+ V3 +dvV2V3) = a+bvV2 — V3 — dV2V3
o3(a+bvV2+cV3+dvV2V3) =a—bv/2 — cV3 — dV2V3
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Labelling the roots of f(z) as a3 = \/5, g = —V2,a3 = \/5, ay = —/3 we have
¢(o1) = (12),  d(o2) = (34),  ¢(os) = (12)(34)
Because no automorphism can interchange +1/2 with i\/g, these are all of them. Thus
Gal(E/Q) = {idg, 01, 09,03} = {e, (12),(34), (12)(34)} C S,

Note that this group is isomorphic to Zy X Zsy. Note in this example that f(z) is not irre-
ducible, and that the corresponding permutation group is not transitive.

4. Let f(z) = 2° — 2 € Q[z] with splitting field E = Q(v/2,v/—3). The roots of f(z) are
a; = \?757 oy = \3/§ . €2m'/3’ s = \375 . e 2mi/3

A direct computation shows that every permutation of these 3 roots extends to define an
automorphism, and thus Gal(E/Q) = Ss.

5. Let f(z) = 2* — 2 € Q[z] with splitting field F = Q(+/2,). The roots of f(x) are
a1 = %7 Qo = _\4757 Q3 = \4/527 Oy = _%Z

Note an automorphism of this extension is determined by where it sends oy = v/2 and 1.
There are automorphisms o, 7 € Gal(£/Q) such that:

o(V2) = V/2i, o(i) =1
T(V2)=V2,  r(i)=—i

We have ¢(0) = (1324) and ¢(7) = (34). Any other automorphism is a composition of these
two automorphisms. The Galois group is isomorphic to the following subgroup of Sy:

Gal(E/Q) = {e, (12),(34), (12)(34), (1324), (1423), (13)(24), (14)(23)} C S,

In fact this subgroup is isomorphic to the dihedral group Dy, the symmetries of a square.
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The Galois Theorem

Let us recall our setup from last lecture. For simplicity we will work with field extensions
over ' C C, although much of what we will say holds in greater generality. Let E be a
finite extension of F'. Recall that F is a Galois extension, or a splitting field, if there is some
polynomial f(x) € F[z] such that over the complex numbers, say, we have

flx) =a(z —ar)--- (x = an)

where a € F, and E = F(aq,...,q,). We introduced for any extension E over F the
automorphism group Aut(F/F) consisting of field isomorphisms ¢ : E — E which fix F' in
the sense that o(a) = a for all @ € F. In case E is Galois, we write

Gal(E/F) = Aut(E/F)

and call this the Galois group of the field extension. The main result from last lecture gives
us an isomorphism from Gal(E/F) to a subgroup of the symmetric group S,,, where n is the
number of roots as above.

Example: Consider the field £ = Q(v/2,v/3). We saw last lecture that this is a Galois

extension over Q: it is the splitting field for the polynomial f(z) = (2* — 2)(z* — 3) with

roots v/2, —v/2,v/3, —v/3. The Galois group Gal(E£/Q) is isomorphic to Zy x Z,. In fact
Gal(E/Q) = {idg, 01, 09,03}

where oy has the effect of interchanging V2 with —v/2, but fixes \/3; o9 has the effect of
interchanging V3 with —\/g, but fixes \/5; and o3 = 0 0 09.

Note that £ = Q(v/2,/3) can also be viewed as an extension of Q(v/2) and of Q(y/3), and

also Q(v/6). We can write all these extensions in a diagram (below on the left); in general,
if a line connects F and F' and E appears above F, then F is an extension field of F.

(@(\/57 \/g) {idg, 01,09, 03}

2 2
2 9 2 / 2

vy ew3)  Qwe o fidpal {idp, 02} lidp, 03}

2
2
2 2 \ D)

Q {idg}

We have also indicated the degrees of the extensions; in this case they are all 2. On the right
we have drawn instead the diagram of subgroups of the group Gal(E/Q) = {idg, 01, 02, 03}.
Each subgroup has index 2, as indicated at the lines.
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The fundamental theorem of Galois theory states the precise relationship between these two
situations, and gives a correspondence between certain field extensions and subgroups.

(The Galois Theorem) Let E be a finite Galois extension of ' C C. Then
[E: F| = |Gal(E/F)|

For each field K with F' C K C F we have that E is Galois over K. The assignment
K — Gal(E/K) induces a 1-1 and onto correspondence

{fields K : FF C K C E} — {subgroups of Gal(E/F)}
Further, we have F' C K C L C FE if and only if we have the sequence of inclusions
{e} = Gal(E/E) Cc Gal(E/L) Cc Gal(E/K) C Gal(E/F)

Finally, a field K with F' C K C F is Galois over F' if and only if Gal(E/K) is a
normal subgroup of Gal(£/F'), and if this is the case, we have

Gatc/ = SHE/E)

Due to a lack of time we will unfortunately omit the proof.

Consider the following problem: given a polynomial f(x) € Q[z|, we know it has some
complete set of roots in the complex numbers, say o, ..., a,. Thus over C we can write

fl@) =a(z —ar)---(x = an)

where a € Q and each «; is some complex number. Can we obtain each root «; from the
rational numbers by taking successive radicals? That is to say, can we write each a; as an
expression involving only the coefficients of f(z), the operations of addition, multiplication,
subtraction and division, and also k' roots? The quadratic formula says the answer is “yes”
when f(X) is degree 2, and in fact the answer is “yes” for deg(f(z)) < 4. However, it is not
always possible beyond these cases:

(Abel-Ruffini Theorem) For any n > 5 there are polynomials of degree n such
the roots cannot be solved in terms of radicals.

We sketch a proof of this theorem by exhibiting a quintic which is not solvable in terms of
radicals. We begin by recasting what we mean by solvable in terms of field theory: if we can
solve for the roots of f(z) in terms of radicals, then there is a chain of field extensions

QIFQCF&CFQC"‘CFk,lCFkIE
such that F is the splitting field of f(z) and each extension

F; C Fi
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is obtained by appending a radical, in the sense that F;;, = F;(3;) where 5] € F;. It can
be shown that the special structure of this chain of field extensions along with the Galois
Theorem implies that Gal(E/Q) is a solvable group. In general, a solvable group is a group
G that admits a sequence of subgroups H; C G as depicted below

{G}ZH()CHlCHQC"'CH]C,1CH]€:G
such that each H; is normal in H;,; and the factor group H,,/H; is abelian. One can prove:

The symmetric group 5, is solvable if and only if n < 4.

Thus to prove the Abel-Ruffini theorem for quintics, it suffices to find an irreducible poly-
nomial f(xz) of degree 5 whose Galois group is isomorphic to S.

We know in this case that Gal(F/Q) is isomorphic to a subgroup G of S5. Furthermore,
from last lecture we know that this subgroup G' C S5 is transitive, that is, given any
i,7 €{1,2,3,4,5} we can find g € G such that g(i) = j. A direct computation shows:

If G C S5 is transitive and contains a transposition, then G = S;.
It remains then to show that we can find an irreducible quintic f(x) € Q[z] whose Galois
group, viewed as a permutation group of the 5 roots, contains a transposition. For this it
suffices to find an irreducible quintic with rational coefficients that has exactly 2 complex

roots, for then complex conjugation will provide the corresponding transposition!

Example: Consider f(z) = 2° — 42 — 1. One can check this is irreducible.

From its graph, we see that there are exactly 3 real roots. Thus there are 2 complex roots,
and complex conjugation gives an element of the Galois group which acts as a transposition
on the roots. Thus the Galois group, being a transitive subgroup of S; with a transposition,
must be all of S5. This is not solvable, and so the roots of this quintic are not expressible in
terms of radicals.
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