SO, ace  the eme\LS where ()(,() is o ordeced Sd', AC)(' and
e  dwo  dopolegies ) ore  Ahwe  same’

Defn. Lot (X,4) bt an ocdered sb. A& subset A CX is (onvex
& for ol m,béA with a<hb we have (o,\ﬁ CA.

Tn s defnition, (a,%) =fx€)(\ adx<h .

Progesivion. Letr (X,<) be om ordeced st amd ACX a convex svbset.
Thaw topologies (0, N Yhis tase e +Hie Same.

Mekri ¢ Sgaws

Defn. A metric Space (_X,e\) is o set X ‘h>5€ﬂ'»ef with o« function
d'.XxX—\ W\, a meic, which Sw}'.s&e.{, foe all x'go'zéxi

(1) d(K.5\>/O and d(x,(ﬁ) =0 & Xay
() dxy) = d(y,x)
(2) dlxy) + dly2) > d(x2)

Given & mebric spa@ (X 4) define  for amy xeX e>0-
B0+ {weX| et
“This i« te  ¢-ball  centered ox  xeX. Now st
B} = B, x,¢ \ xeX, ee Ry §

We Uoun ‘H\d @ s a \)a.SIS ‘G‘N‘ o “'0?0\03\3 on X
lets verify Hhe Hwe conddions Yhat a  basis  most .Sa&isf«g.

(1) For each xcX +hares some Be®B st. xcB.
We con take B:Bylxe) for any £0.

(,7'\ For B,)Bzeg omd XGB,'\?; ‘there’s  some 336(53 Yok
satisfies x€8, C B %, .




Ac B B, €8 we con wite BB kg, B, :8(x4,6) for some x x,6X
omd €,,€. € \R-t-. Bw.‘i-lve\g we have a pictvre os 'Fu“ows-‘

We would ke 3o take
a smoll  e-ball oround
X os ovr \'5-“ 12,

8, Bz‘- Bd(xﬁ\o B, 8,

OF course X € B3=BJ(X,Q)’ regqord\ess of our choce oF ¢>o.
Com we thoo ¢ So that B, C 808,

Note 2eB=8,(x¢) & dlx2)<s whle zeB <& dEx)<e (i=1,2)
go 83 CB Y, amonts yv: d@x)<ce > d(gx)<e,, dCgx)<€. (%)
Supposte d(x,2) <. By the Hiongle nequality, we havt

d(.%-,x,) ¢ d(@=,x) vdbyx,) < € +dxx,)

ond Hus F e £ ¢, -dlx,x), thew d(z,x) <€,
Simlacky, if €26 -dx,x), thu d(z,x) <€, .

Thus €= W e-dlxy, G-dwxa) Heww () holds, ie. ©,¢B a8,
We see thot condition (2) s sabshied .

“The +opolegy sa X defined by the bosis B is caled M mekvic "’090\03\:r

Mol'e'. Givan omy  €-balk @a(x,i) ond Y e BA(X,?.), Here ex$ts Some 830
s.t. Byly,§) € Bylxe). The argument s contwined oboove.

From thus note amd e defvedien of a4 bgais generating &
‘\'DQO(N!N, we  have Hae -co“pwi/\s MNarackesized on of ov-a., sets "

MC)( 'S ope~ < el x €M Muwe is some €>0
AN metvic ‘\‘0?0\033 st. BA (x,e) W



Metric Spoces Continu

?\e.c«,ll that 3'\\!0-1\ o metnc SPace ()(, cl) ; X nheats o
metric topologry  with basis gven b3 ‘e 4-balls

Balke)=§yeX | dbuyd2e]

a5 X vories over X snd € owr Ry

Exomples
i I‘R“ has W “standard ” Euclidean medric - {or x=(x,, .., %), § =(c3”,..,.3,.) eﬂ\ﬂ

A n ‘
o2z 5 d(k,5)=1%-pl= (‘Z‘ (- 90*)
|

n=l
2 B alse has Hhe Sqoet mehic” L

Q@,,n__T A s /’(;»‘3) = max {Ix-yil}

150 €N

3 Qerecaliving tha previous examples, R has He WEometic” for any pal:
n |
x.g) (E‘lxg"ﬁlp)/?

Hee ot 4he oait balls contend at O in the cone pn=2:

9P — /
QZ-
4>
2(1<p<2) / &/'
/ D)

1-‘

4 X any ser. Define  d:XxX-> R by A(&g%{i K:“s. Then d s

o R=y

o metvic. Note B, (x1):3xf Thus Hhe metic topolegy i discrete.
5 COhSZer X g f -F: [:O,i]—'& I'E\ ‘F Co;\'('.l\dow’?]. DQ““’I-Q ‘Gor {: 3 GX'.

AG‘S) Xetoj
Thee d makes X into o metvic sQaca.

| $60- 3&)\ ¢

v




EC!?_OSM X o set with e mebics J,cl' and associated
mebeic fopologies T, T -. Thew Ty C Ty <
for all xeX, ¢70 Hwe & a S>0 sit.

EJ'()‘:S) C BJ(K,Q)

Proo(' follows ews:\.j fvom eorlier resolds.
Souﬁus different Mmatrics on a 3ot l€ad dv e s0me '1'090\033,

Propesition The metic opologies Ty o0 R foe o 93~m,('d(.$ A,_v (1sps )
all agre with Yo standard  (prodvet) epelogy T

ook |er B = ? (2,002 xCaba) § be +he basis for T, and
B.LP :{ @J’y U‘tlﬁ) \ ‘i(&"' &703 $e basis H- ‘E’!,
First  we  show Ty = T.
Let B = (a, b)x-x(asbks) € 8) %€B. Choose €0 s.€. K, < X;~€ < xtg ¢
for izh.,n. Than we have eESI T

Bé&w(i,e) 2 (%6, xr€) 2 X (xa= € Xt €) CB |

— e = N =~

This shows T C Tyo. On the odher howd, eadh Bdf‘(i,s\ is

in ot o member of B oud tWs B <@ > T T
Thos Tyw =T.

Now ket Isp<oo. Then we have For auy 32,-.3 e R":

dgw(23) = mex {ix-gui] = man F(x-wil?)*] < (%‘*i'n:\')'l"

\2e g
= dplid) £ (nomer fix-gif1)? - aT max 3% 1P 3
ol n./"a}no(;,g)

Z dieG3) € dpGig) < ntd e (4 5).

Byp (Re) € ByuRe) Byl %) € By Gie)

/‘LM _Cl? = tp.w 55 Ale ?ccv'.ou-f ?eavos;‘i".al\. )
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