
MTH 531/631: Topology I, Fall 2022

Homework 5

1. Recall that if f ∶ X Ñ Y is a continuous map, then B Ă Y closed implies f´1pBq Ă X is closed. Use
this to argue that the following are closed subsets of the topological spaces in which they live:

A “ tpx, yq ∣ xy “ 1u Ă R2

Sn
“ tx P Rn`1 ∣ }x} “ 1u Ă Rn`1 n-sphere

Bn
“ tx P Rn ∣ }x} ď 1u Ă Rn (closed) n-ball

2. Let X be a set with an equivalence relation „ and denote by X{ „ the set of equivalence classes.
Define q ∶X Ñ X{ „ by qpxq “ rxs “ ty ∣ y „ xu. The quotient topology on X{ „ is defined by:

U Ă X{ „ is open ðñ q´1
pUq Ă X is open

Prove that this definition actually defines a topology on X{ „.

3. For X “ r0,1s with equivalence relation „, where the only non-trivial relation1 is 0 „ 1, we drew X{ „

as a circle, having identified 0 and 1. In each case below, draw a picture of the quotient space X{ „.

(i) X “ tpx, yq ∣ 1 ď x2 ` y2 ď 2u Ă R2. Non-trivial relations: pa, bq „ pc, dq if |a2 ` b2 ´ c2 ´ d2| “ 1
and pa, bq “ epc, dq for some e ą 0.

(ii) X “ tpx, yq ∣ x ě 0, y ě 0u Ă R2. Non-trivial relations: pa,0q „ p0, aq and p0, aq „ pa,0q for a ą 0.

(iii) X “ tpx, yq ∣ xy “ 0u Ă R2. Non-trivial relations: pa, bq, pc, dq P X satisfy pa, bq „ pc, dq if
a, b, c, d P Z, a “ d, b “ c.

1Here “non-trivial relation” means any relation x „ y where x ‰ y.
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Extra problems

These problems need not be submitted. They are extra practice, for your benefit!

1. Define an equivalence relation on the planeX “ R2 as follows: pa, bq „ pc, dq if and only if a`b2 “ c`d2.
Consider the topological space X{ „ (the quotient set with quotient topology).

(i) Describe the equivalence classes of „ (these are subsets of X “ R2).

(ii) X{ „ is homeomorphic to a familiar space. What is it? (Hint: to begin, argue that g ∶ R2 Ñ R
defined by gpa, bq “ a ` b2 induces a well-defined map X{ „Ñ R.)

2. In lecture we discussed the following result. Let r ∶ Sn´1 Ñ R` be a continuous map. Define

X “ tx P Rn ∣ x “ 0 or }x} ď rpx{}x}qu Ă Rn

Then X is homeomorphic to the closed unit ball in Rn.

(i) Given continuous maps r ∶ Sn´1 Ñ R` and R ∶ Sn´1 Ñ R` with rpxq ă Rpxq for all x, prove

Y “ tx P Rn ∣ rpx{}x}q ď }x} ď Rpx{}x}qu Ă Rn

is homemorphic to Sn´1 ˆ r0,1s. Draw some interesting examples of Y in the case that n “ 2.

(ii) We gave an explicit formula for the choice of r which makes X a standard square in the plane.
Find also a formula for a continuous map r ∶ S1 Ñ R so that X Ă R2 is an equilateral triangle.

3. Show r0,1q ˆ r0,1s is homeomorphic to r0,1q ˆ r0,1q.
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