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Degrees of field extensions

Last lecture we introduced the notion of algebraic and transcendental elements over a field,
and we also introduced the degree of a field extension. Recall that for a field extension E of
F, we may view E as a vector space over F', and the degree of the extension F is given by

Today we will study the relationship between algebraic extensions and degrees of extensions.
We first begin with a few examples.

Examples

1. Consider the extension Q(+/2) of the field Q. We know that Q(+/2) consists of numbers
a+by/2 where a,be Q. Let v; = 1 and vy = /2. Then S = {v;,v,} is a linearly independent
subset of Q(+/2) as a vector space over Q, and S spans Q(v/2). Thus S is a basis for Q(+/2)
viewed as a vector space over Q. From this we conclude

[Q(V2) : Q] = dimg Q(v2) =2

Thus the degree of the extension Q(v/2) over Q is equal to 2.

2. Consider C as an extension of R. We can write every complex number uniquely as a + bi
where a,be R. Then S = {1,4} is a basis for C viewed as a vector space over R, and

[C:R] = dimg C = 2
Thus the degree of the extension C over R is equal to 2.

3. Consider Q(v/2++/3) as an extension of Q(+/2). We saw last lecture that v/2 € Q(v/2++/3)
so this is in fact an extension. In fact, we can argue that

Q(vV2+v3) = Q(v2,V3)
Indeed, clearly Q(\@—i— V3) c Q(ﬁ, \/g), and as we showed that v/2,4/3 € Q(\/§+ \/3) the

reverse inclusion also holds. Every element in this extension can be written uniquely as
T +V3y = (a+bV2) +V3(c+dV2) =a+bV2+cV3+dVe
where a,b,c,d € Q. Thus S = {1,4/3} is a basis of Q(v/2 + v/3) over the field Q(v/2), and
[Q(V2+V3): Q(V2)] = dimg 5 Q(V2+V3) =2

At the same time we see that as a vector space over Q, the field Q(v/2,v/3) has basis
{1,4/2,4/3,4/6} and so is of degree 4 over Q:

[Q(V2+v3): Q] = dimg Q(vV2+v3) =4
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We say that an extension E of a field F' is finite if the degree [E : F] is a finite number, i.e.
if F is a finite dimensional vector space over the field F'.

If F is a finite extension of F', then F is an algebraic extension over F'.

Proof. Suppose [E : F| = n. Let a« € E. Consider the elements 1,a,...,a™. As there are
n + 1 elements here, and dimp F¥ = n, they must be linear dependent, i.e. there is a relation

"™ + ap_ 10"+ a0+ agl =0

where not all of the ag, ..., a, € F are zero. Then « is a root of the polynomial f(x) € F[x]
given by f(z) = > ,a;x?, and so « is algebraic over F. As o was an arbitrary element of
E, we conclude that F is an algebraic extension of F. O]

Suppose ' F and E < K are finite extensions. Then
|[K:F|=[K:FE|E:F]
In particular, K is a finite extension of F'.

Proof. Suppose [E : F| =n and [K : E] = m. Let {vy,...,v,} < E be a basis for F as a
vector space over F', and {wy,...,w,} < K a basis for K as a vector space over E. Then
we claim that S = {v;w;} € K where 1 <i<n and 1 <j <mis a basis for K as a vector
space over F'. To establish this we must show that .S is linearly independent and also spans K.

We first show S is linearly independent. Suppose we have a relation

Z CLZ']' . UZ'U)]‘ =0

1<isn
1<jsm

where a;; € F'. Then we can write this expression as

Z cj-w; =0 where ¢; = Z a;jv; € B

1<j<m 1<isn

Since the w; are linearly independent in K over £, we must have ¢; = 0 for 1 < j <m. Then

Cj = Z aijvi =0

1<i<n

and as the v; are linearly independent in E over F', we must have, for each j, that a;; =0
for 1 <¢ < n. Thus all a;; = 0. This shows that S is linearly independent over F'.

We show S spans K over F. Let ke K. As the w; are a basis for K over E, we can write

m
k= Z cjwj
j=1
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for some ¢; € E. As the v; are a basis of I/ over F', we can write ¢; = Z?:l a;;v; for some
a;; € F. Then k = Y a;jv;w;. This show S spans K over F' Hence S is a basis for K over E.

Finally, the basis S contains nm elements and we compute
dimp K = [K:F]=nm=|K:F]|[E:F]| m
You might have already noticed this property in the last example we studied above: we have

4=[Q(vV2++3): Q] =[Q(V2+v3): Q(W2)][Q(v2): Q] =2-2

Let « be algebraic over F' with minimal polynomial p(z) € F[z]. Then

[F() : F] = deg(p(x))

Proof. Let p(x) = 2™ + ap—12" ' + -+ + ap where a; € F. Then since « is a root of p(z)
we have a” + a,_1a" 1 + -+ a9 = 0. We claim S = {l,«,...,a" '} € F(«a) is a basis of
F(a) as a vector space over F. First, if a non-trivial linear combination of these elements
with coefficients in F' is zero, it would show « is the root of a polynomial of degree < n,
contradicting the minimality of p(z). Thus S is linearly independent. To see that S spans
F(«), make use of the isomorphism F(«) = F[z]/(p(x)). O

The following are equivalent statements for a field extension F c F.
(i) E is a finite extension of F.

(ii) There are algebraic elements «;,...,a, such that £ = F(ay,...,a,).

Proof. In (ii), note that we have a sequence of algebraic extensions
Fc F(a) c Flag,a) €< Flag,...,an) =FE

As each of these algebraic extensions is of finite degree by the previous result, we have that
(ii) implies (i).

To see that (i) implies (ii), choose a1 € F to be an element not in F'. Then
[E: Fl = [E: Flan)][F(an) : F]
Next, choose s € E not in F(ay). Then we have
[E: F] = [E: Flan, a)][F(on, az) : Faa)][Fen) : F]

Continue in this fashion, and choose a3 € F not in F(«1,as), and so on. Since [E : F| is
finite, this process must eventually terminate at a step in which E = F(aq,...,a,). ]
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Let F'c E. The set of elements in E algebraic over F' form a field.

Proof. From the previous result, F'(«, ) is a finite extension of F', and hence is an algebraic
extension of F. As this extension contains the elements « + 8, a8,/ (8 # 0), these are all
algebraic elements over F'. This shows that the subset of E of algebraic elements over F' is
a subfield of F, and is in particular a field. n

We now return to our example from last lecture of the number

5 \/5_1
V4 ++/5

It is at this point easy to deduce that this is an algebraic element over Q. First, we note
that an n' root of a number algebraic over Q is also algebraic over Q. To prove this, if « is
algebraic, then it satisfies p(a)) = 0 for some p(z) € Q[z]; then %/« is a root of p(z™) € Q[z],
so it is also algebraic over Q.

Then all that is left to observe is that the number displayed above is obtained from rational
numbers and the field operations (addition, subtraction, multiplication, division) and taking
nth roots; all of these operations preserve the class of algebraic elements.
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