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MTH 461: Survey of Modern Algebra, Spring 2026 Exam 1

Name:

No calculators, phones or any other devices may be present during the exam. Show work to
receive full credit. There are 5 problems.

1. Consider the following set of 4 x 4 matrices:

a

ta,b,ceZ, bis even
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(a) Prove that G, with the operation of matrix multiplication, is a group.

(b) Is the group G abelian? Explain.
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2. Let G be any group. Let a,be G, and let z € G be some unknown. Suppose

23 = ab, z* = aba. (’K) (1)
(a) Solve for an expression of 2 in terms of a and b. Show all steps.
Describe the solutions to (1) in the following cases:
(b) G=(Z7,x)and a=2 (mod 7), b= 3 (mod 7).
() G=S3and a=(12),b=e.
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3. (a) Consider the following elements of G Lo(R):

(Ga) (6

Compute the orders of the elements A, B and AB.

(b) For any abelian group G, prove that the subset H of G consisting of elements of
finite order is a subgroup of G.

(c) Is part (b) true if G is non-abelian? Explain.

Gr A% (20)Ge) = (V) AT aa s (Ao
AE AT = ((T)T) =T [ord (a1

BZ:G (:)((; ’3);(“):1 > ord(8) =2

AL s (5 5) e (T ) e

o © (T4

(b> | et H = {Q&G\ l Drc\(a)(;wrg C (n,

H:F}é Sine  ordley=| < b e€H.

To chow H s &« Subﬁrpur i+ ju[(‘,m,, to Show:
a,beH = obe,
beH =V odd(a)=m <ro ord () =n <9
=¥ (&,gl)mn = “m(kn)“: 66‘(: ¢ =Y Orcl(aig‘) Smn <X
G avelian -1
,,,,, ( = sl M,
() No,
Pa.r'\' ) ?:\/e; /.\I g é(x(’zulg’ wlheve ofACA), OrJOg) <ho bk

ord(AR) =20,
3



4. Compute the following expressions. State any theorems used.

(a) 68 (mod 19)
(b) 5%1 (mod 28)
(c) (4126)(123)
(d) o1 where o = (5612)(34)(1234)(1532)(98754)(12) is in S

(o) 1§ s prme Feamat: X = X (mod 19)

8 _ 1 ,
G =L 2 (;\@M)W(or: G107 (mod 19)

t

6 30% %2 s oy £

5 626N 2 LI S () = (3)e) = e AL (me )]
(0 Bder: k¥ 2| (moy ), 3 gedlar= L

4(28) = I’Z;Q[r $1,2.6,9,10,1%,15,1%,19,23 25, 1’1"5’ = |2

]
¥ 52 (mod 28)

o) . ¢ \ { , -
7 57 = s - (50t 2 (1)°5 2[5 (med28))

)

) (2 6)iz3) = [(ud) (23)]

1w 206 2 V23
G 4 3> | w0
t o |

(4) PQC&\\ mCor 18 ‘Qf\i&ﬁ ﬂ%"( {:9'/ Q{&{"@ *grqw mﬁ a€C,

150240 wad ok =(loy(n !y S w2 r(rlm)w:e‘o;sé%



5. Describe the symmetry group of the picture below. By labelling the vertices, identify
this group with a set of permutations. Is the group abelian?
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