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Abstract

For a surface with an odd number of punctures, the moduli space of flat SU(2) connections
with traceless holonomy around each puncture is a symplectic manifold. When the moduli
space is nonempty, there is a natural homomorphism from the mapping class group of the punc-
tured surface to the symplectic mapping class group of this moduli space. It is shown that this
homomorphism is injective if and only if the dimension of the moduli space is greater than 2.
This generalizes work of Seidel and Wehrheim—Woodward. Also given is a complete classi-
fication of Lagrangian spheres in the projective plane blown up at 5 points with its monotone
symplectic structure, which is the moduli space for the 5-punctured sphere. Furthermore, it is
determined when two such Lagrangian spheres can be displaced by a symplectic isotopy. Re-
sults are also obtained regarding Lagrangian spheres in the intersection of two quadrics in CP®.
The proofs involve instanton Floer theory and results on Heegaard splittings. A main technical
result establishes the approximation of any Hamiltonian isotopy of the SU(2) moduli space by
holonomy perturbations which are used in instanton homology.
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1 Introduction

Let >, , be a genus g Riemann surface with n marked points, where n is odd. The moduli space
My, of flat SU(2) connections on the punctured surface, with traceless holonomy around each
puncture, is a smooth monotone symplectic manifold of dimension 6g + 2n — 6. A concrete de-
scription of M, ,, is as the space of conjugacy classes of homomorphisms from the fundamental
group of the punctured surface to SU(2) for which each loop encircling a puncture is sent to a
traceless element. The moduli space M, , may also be identified with a moduli space of rank 2
stable parabolic bundles on X, ,,, see for example [MS80]. In this paper, we obtain information on
the symplectic mapping class group of M, ,, and about Lagrangians in M, ;, using a combination of
tools from instanton Floer theory and 3-manifold topology. Results are also obtained for a variation
of My ,, given by the odd character variety of %, the moduli space M ;dd of flat SU(2) connections
on Y, , with —1 holonomy around each puncture. It is a smooth monotone symplectic manifold of
dimension 6g — 6 and does not depend on n, apart from n being odd.

The symplectic mapping class group of 1/, ,,

A diffeomorphism ¢ of ¥, ,, induces a symplectomorphism of M, , which only depends on the
class of ¢ in the mapping class group Mod(X, ,,). Consider the induced homomorphism

Mod(%,,) — moSymp(Mg,n) o))
to the symplectic mapping class group of M, ,,. In fact, there is a group extension
1 —— HY(Sgn;Z/2) — Tygp —— Mod(Z,,) — 1

where %, ,, in the first term is viewed as a punctured surface and I'y , is the semi-direct product
associated to the action of Mod (2, ,,) on H'(%, ,; Z/2). Then (1) extends to a homomorphism

Pgn : Ugn — moSymp(My ).
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Theorem 1.1. For n odd and 3g + n > 4, the homomorphism p, ,, is injective.

If n is odd and 3g + n < 4, then (g,n) is one of (0,1), (0,3), or (1,1). The moduli space
My 1 is empty, and so pg 1 is not even defined. In the other cases, M 3 is a point and M 7 is a
2-sphere, so that the associated symplectic mapping class groups are trivial, while Mod (X0 3) = S3
and Mod(%1,1) = SL(2,Z) are nontrivial. Thus in these cases pg , is not injective.

In previous work [DS25], the authors proved a version of Theorem 1.1 for M, ;’dd, answering a
question of Dostoglou and Salamon [DS93]. The proof of Theorem 1.1 also adapts to provide an
alternative and more self-contained proof of the results in [DS25], as discussed below.

Theorem 1.1 is a generalization of a result due to Seidel [Sei08], who proved injectivity in the
case (g,n) = (0,5), that of the 5-punctured sphere. In fact, in this case pg 5 is also surjective and
hence an isomorphism, a result that follows from the work of Evans [Eval1]; see also §8. This case
is exceptional in that M 5 may be identified as a symplectic manifold with the del Pezzo surface
given by the projective plane blown up at 5 generic points:

My 5 = Bl5CP?

Here the symplectic structure on Bl5CP? is monotone, given by an anticanonical Kihler form, which
is unique up to symplectomorphism. In another direction, building on Seidel’s work, Wehrheim and
Woodward [WW16a] previously exhibited many elements of I'g ,, not in the kernel of pg j,.

Lagrangian spheres in the 5-point blowup of CP?

The methods of this paper also yield information about Lagrangians in M, ,,. The information in the
case My 5 = Bl;CP? is rather definitive. To set the stage, for a closed symplectic manifold M define
the Lagrangian sphere complex to be the simplicial complex £(M ) whose vertices are Hamiltonian
isotopy classes of embedded Lagrangian spheres in M ; a collection of distinct vertices span a sim-
plex if and only if they can be represented by pairwise disjoint Lagrangians. Note that Hamiltonian
isotopy and symplectic isotopy are equivalent notions for M, ,, as it is simply-connected.

Define the signed curve complex C (X4,n) to be the simplicial complex whose vertices are pairs
(v, €) where ~ is the isotopy class of an essential and non-peripheral simple closed curve on the
punctured surface ¥, ,, and € € {—, +}; a collection of distinct vertices span a simplex if and only
if the isotopy classes can be represented by pairwise disjoint curves, a condition independent of the
signs. The same definition without the signs e gives the ordinary curve complex C(X, ). Note

~

dimC(Xg,) =39 +n—4and dimC(X,,,) = 2dimC(X, ) + 1. See Figure 1.

Theorem 1.2. There is a simplicial isomorphism between the signed curve complex of the sphere
with 5 marked points and the Lagrangian sphere complex of the del Pezzo surface BlsCP?:

C(o5) = L(BI;CP?)

In fact, there is an action of 7oSymp(Bl5CP?) on £(Bl5CP?) and one of I'p5 on 5(2075), and these
actions are intertwined under the simplicial equivalence of Theorem 1.2 by the isomorphism pg 5.
Given a vertex (v, €) of the signed curve complex where ¢ = + (resp. € = —), the associated
Lagrangian Af, in My5 = Bl;CP? is defined using the space of flat SU(2) connections on the
5-punctured sphere that extend to a flat SO(3) connection on the trivial (resp. non-trivial) SO(3)-
bundle over the 3-manifold obtained by attaching a 2-handle along ~.



~

Figure 1: The signed curve complex dim C(X 5) has dimension 3. A maximal simplex is determined by
four vertices (1, &), (72, =) where v, and 75 are represented by disjoint essential simple closed curves.

A key ingredient in the proof of Theorem 1.2 is that moSymp(Bl5CP?) acts transitively on the
symplectic isotopy classes of Lagrangian spheres, a result due to Borman-Li—Wu [BLW 14, Corol-
lary 1.2]. From this and the fact that pg 5 is an isomorphism, it can be seen that every Lagrangian
sphere in Mo 5 is symplectic isotopic to one of the Lagrangians Af. The new input of the current
paper which leads to Theorem 1.2 is a method that determines exactly when two such Lagrangians
are symplectic isotopic and when they can be displaced by a symplectic isotopy.

As a point of comparison, for any symplectic structure on either S> x S? or Bl,CP? with
n < 4, there exist only finitely many Lagrangian spheres up to symplectic isotopy, as follows
from [LLW 15, Corollary 1.5]; see also the earlier works [Eval0O, Theorem 1.4] and [Hin04]. As
far as the authors are aware, Theorem 1.2 gives the first classification of Lagrangian spheres, up
to symplectic isotopy, in a symplectic manifold that has dimension bigger than 2 and where the
number of Lagrangian spheres up to symplectic isotopy is infinite.

The signed curve complex of X, ,, is closely related to its ordinary curve complex. The ordinary

~

curve complex embeds inside C (X, ,,) as the subcomplex determined by vertices (v, €) with e = +1,

~

and C(X,,,) deformation retracts onto this subcomplex. Thus Theorem 1.2 gives:
Corollary 1.3. There is a homotopy equivalence L(Bl5CP?) ~ C(Xq5).

Theorem 1.2 may be combined with known results on curve complexes to yield interesting
geometric information on £(BI5CP?). For example, Masur and Minsky showed in [MM99] that for
39 +mn —4 > 0, the curve complex of X, , is Gromov hyperbolic and has infinite diameter. The
inclusion of the ordinary curve complex into the signed curve complex mentioned in the previous
paragraph is easily seen to be a quasi-isomorphism, and so we obtain:

Corollary 1.4. £(Bl5CP?) is Gromov hyperbolic and has infinite diameter:

Theorem 1.2 implies that two Lagrangian spheres A7, and Ag’, in Bl5CP? can be displaced by
a Hamiltonian isotopy if and only if either v and ~ are isotopic and € # ¢, or v and + are not
isotopic and can be displaced by an isotopy. A natural question arises as to whether there is a
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general relationship between the number of possible intersection points between Af and A;l, and
i(v,7"), the minimal number of intersection points between v and 7/ among all isotopies of these
curves in Yo 5. The following confirms this for a large class of examples.

Theorem 1.5. Suppose the signed curves (v, €) and (', €') are not isotopic, and there is an essential
non-peripheral simple closed curve in X 5 which is disjoint from v and ~'. Then

1
(A%, AY) = 5i(37), &)

where the left side is the the minimal number of intersection points of Af, and Afyl, in BlsCP? among
all Hamiltonian isotopies for which their intersection is transverse, see (5).

We remark that there are pairs (y,€) and (7', €') satisfying the hypotheses of the proposition for
which the quantities in (2) are any given non-negative integer. The proof of Theorem 1.5 uses
computations of instanton homology for two-bridge links. More general results relevant to the
moduli spaces M, ,, are given in §9.

Lagrangian spheres in the intersection of two quadrics in CP°

Assume n is odd. Recall that the odd character variety M, ;dd is the moduli space of flat SU(2)
connections on X, with —1 holonomy around each puncture. Newstead [New68] and Narasimhan
and Ramanan [NR69] proved that the genus 2 moduli space may be identified as

MY ~ QN Qy c CPP

where @1 and @ are generic quadrics in CP°. For our purposes, this identification shall be under-
stood as one of 6-dimensional monotone symplectic manifolds. The methods that yield the above
results for My 5 = Bl5CP? also give information about Lagrangian spheres in Q1 N Q.

Write X, for the underlying closed surface of Y, ,, where we forget the marked points. Let ~y
and 7 be simple closed curves on X, missing the marked points which are essential on X, and
choose €, ¢’ € {—, +}. Declare (7,€) ~ (7, €¢) if and only if ~ is isotopic to 7’ in X, by an isotopy
that crosses the set of punctures m times (each time crossing a single puncture), where the parity
of m agrees with e€’. Define the sign-twisted curve complex C™ (%, ,,) to be the simplicial complex
whose vertices are the equivalence classes [, €] defined above; a collection of distinct vertices span
a simplex if and only if the curves in the classes may be represented by pairwise disjoint curves.

The simplicial isomorphism type of the sign-twisted complex only depends on the parity of n,
which is fixed to be odd. Denote by N (X,) the subcomplex of C™ (%, ,,) spanned by the vertices
whose underlying curves are non-separating.

Theorem 1.6. There is a simplicial injection from the subcomplex of non-separating curves in the
sign-twisted curve complex of s to the Lagrangian sphere complex of Q1 N Q2:

N(Ez) = L(Q1 1 Q2) 3)

As in the case of Theorem 1.2, there is an action of moSymp(Q1 N Q2) on L(Q1 N Q2) and one of
an extension 'y of the mapping class group of X2 on N (33), and the injection of Theorem 1.6 is

K
'~

equivariant with respect to an injective homomorphism from I'y to 7oSymp( M. gdd).



A natural question is whether (3) is an isomorphism, similar to Theorem 1.2. This would follow
if one could show that the analogue of the homomorphism p, ,, for M9 is an isomorphism (it is
known to be injective [Smil2, DS25]), and that the symplectomorphism group of (1 N ()2 acts
transitively on Lagrangian spheres, up to symplectic isotopy.

A standard argument shows that the natural map from N (X2) to the ordinary curve complex of
Y9 is a quasi-isomorphism, and thus similar to Corollary 1.4, the main result of [MM99] implies:

Corollary 1.7. £L(Q1 N Q2) has infinite diameter.

An analogue of Theorem 1.5 is also proved in this setting, yielding explicit computations for
minimally intersecting Lagrangian spheres in M$%. See Theorem 10.5.

Hamiltonian diffeomorphisms of 1/, ;, and holonomy perturbations

Central to the proofs of the above theorems are several results that relate the symplectic topology
of M, to instanton Floer theory for links in 3-manifolds. The first result concerns the relationship
between Hamiltonian diffeomorphisms of the moduli space M, ,, and the class of perturbations that
are typically used in instanton Floer theory. These are called holonomy perturbations, and were
used by Floer in his original construction of instanton homology for integer homology 3-spheres
[Flo88] and also by Taubes in his work on the Casson invariant [Tau90].

We consider holonomy perturbations in the thickened punctured surface [—1,1] x ¥, ,. For
our purposes, such a holonomy perturbation is determined by a smooth function n : R¥ — R and
a collection of k£ embedded loops I' = {v1,...,7%} in (=1,1) x X, , that are pairwise disjoint
and come equipped with framings. To this data is associated a moduli space X, r([—1,1] x ;)
of SU(2) connections on [—1,1] x X, which have traceless holonomy around the punctures
and which satisfy a perturbation of the flatness equation; elements of this moduli space have the
property that they are flat away from a regular neighborhood of the loops I'. In particular, restriction
of connections to the boundary {+1} x 3, ,, determines maps 7 :

X,r([—1,1] x 3g.)

/ \
Mg7n Mg’n

Theorem 1.8. Assume n is odd. Given any Hamiltonian diffeomorphism ¢ of M, ,, there exists
holonomy perturbation data n, 1" such that v+ are diffeomorphisms and r o r—Y is a Hamiltonian
diffeomorphism which is arbitrarily close to ¢ in the C*-topology.

In short, any Hamiltonian diffeomorphism of M, ,, can be C'“-approximated by a holonomy
perturbation. The case in which I" consists of a single embedded loop on {0} x X, was studied
by Herald and Kirk [HK 18], and they identified 7, o ! in this case with Goldman’s Hamiltonian
twist flow on M, ,, studied in [Gol84]. The proof of Theorem 1.8 involves understanding the more
general case where I' is a collection of disjoint loops embedded in {0} x X ,,.

A precursor to Theorem 1.8 is the work of Zentner [Zen18], who considered the case M o,
the SU(2) character variety of a 2-torus. This is a pillowcase, a sphere with 4 branch points of
order 2, but one can equally well work with Z/2-equivariant Hamiltonian diffeomorphisms on its



double branched covering 72. Observing that the Hamiltonian diffeomorphisms of M 1,0 induced
by Z/2-equivariant shear maps on T2 can be realized by holonomy perturbations, Zentner reduced
his problem to one of C°-approximating Hamiltonian diffeomorphisms of 7 by compositions of
shear maps, see [Zen18, Theorem 3.3]; the regularity was later improved [SZ22].

The work of Berger and Turaev [BT25] shows, more generally, that any Hamiltonian diffeomor-
phism of a torus 72" = R2?" /72" with its standard symplectic form can be smoothly approximated
by compositions of shears; in fact, only horizontal and vertical shears are needed. Our proof of
Theorem 1.8 adapts the work of [BT25] in several key steps.

Theorem 1.8 also holds for moduli spaces of flat SU(2) connections on ¥, ,, with more general
conjugacy class conditions for the holonomies around punctures; see Theorem 4.4.

Lagrangians in ), ,, and instanton homology

The next result establishes a relationship between the intersections of certain pairs of Lagrangians
in M, and Kronheimer and Mrowka’s singular instanton homology for links. Consider a triple
(Y, L,w) where Y is a closed, oriented, connected 3-manifold, L is a link in Y, and w is an embed-
ded compact 1-manifold in Y such that w n L = Jdw. Call (Y, L, w) an admissible link if there is
an embedded oriented surface ¥ — Y transverse to L U w and satisfying either (i) |~ n L| is odd or
(ii)) ¥ n L = ¢J and |X n w]| is odd. For such triples Kronheimer and Mrowka define

I(Y7 L7 w)?

the singular instanton Floer homology, an affinely Z/4-graded abelian group [KM11a]. The surface
Y induces an involution on [ (Y, L, w), and one can show that this involution has degree 2 (mod 4)
in case (i) and degree O (mod 4) in case (ii). Thus, in case (i), the rank of I(Y, L, w) is even.
Consider now a triple (M, T, w) consisting of a compact, oriented, connected 3-manifold with
boundary, a tangle T' = M, and a compact 1-manifold w < intM satisfying w n T = Jw. In
this paper, we use the convention that a tangle 7' < M is a properly embedded 1-manifold in M.
Assume that 0(M, T') is the union of the surfaces with marked points X ,, and ¥¢ 3. Consider the
moduli space X(M,T,w) of flat SU(2) connections on M ~ (T u w) with traceless holonomy
around meridians of 7" and —1 holonomy around meridians of w. In general this may be a rather
singular space, but there always exists a holonomy perturbation data 7 = (n,I") such that the
associated perturbed-flat moduli space X, (M, T, w) is a smooth manifold, and such that the map

X:(M,T,w) — My

induced by restriction of connections to the boundary is a Lagrangian immersion; here we use that
the moduli space for X, ,, L1 X 3 can be identified with M, ,, because M 3 is a point. The existence
of such a perturbation 7 follows by adapting the work of Herald [Her94], where no punctures are
present; see also [DFL21, HK18]. In §5, we give a new, less-analytic proof that such perturbations
exist. Given two such triples (M;, T;, w;) we glue them to obtain

(Y, L,w) = (My,T1,w1) Us,,,u505 (M2, T2, w2) 4)

where we reverse the orientation of M5 so that Y inherits an orientation, and w = wy U wa.
Denote the fiber product of two Lagrangian immersions r; : A; — X in a symplectic manifold
by A1 xx Ag. Write Ham(X) for the group of Hamiltonian diffeomorphisms of X. For ¢ €



Ham(X ), the immersed Lagrangian ¢ o r; : A; — X is denoted by ¢(A;). Then define
n(A1, Az) = min{# (A1 xx ¢(A2)) | ¢ € Ham(X), A1hg(Az) } &)

If the L; are embedded, n(Aq, A2) is the minimal number of intersection points of A; and ¢(As)
ranging over all Hamiltonian diffeomorphisms ¢ for which such intersections are transverse.

Theorem 1.9. Suppose A; = X, (M;, T;, w;) are Lagrangian immersions in M., as above, where
O(M;, T;) = Xg.n 1 39,3 with n odd, and the glued up triple (Y, L, w) is an admissible link. Then

1
n(A, Ag) > irankZ I(Y,L,w). (6)

The same inequality holds using the rank of instanton homology computed with respect to any
integral domain coefficient ring. Furthermore, if I(Y, L, w) = 0 and the perbtation data ; defining
A; is sufficiently small for i € {1, 2}, then n(A1, A2) = 0.

Fixing ¢ € {1,2}, the Lagrangians X, (M;,T;,w;) for different choices of perturbations 7; (for
which the perturbed character varieties are smooth) are not necessarily Hamiltonian isotopic, or
even diffeomorphic. In general, they are expected to be related by Lagrangian cobordism.

The inequality of Theorem 1.9 is a consequence of Theorem 1.8 and the definitions of the terms.
Indeed, Theorem 1.8 implies that n(A;, Ay) can be realized by a Hamiltonian diffeomorphism ¢ of
M, 5, which is induced by a holonomy perturbation 7y, in the thickened surface. By construction,
the instanton homology (Y, L, w) may be computed from a chain complex which has generators
two copies of A1 X7, ¢(A2); these are the perturbed-flat connections on (Y, L, w) associated
to the given holonomy perturbation data 71,7 and 7s. The two copies of Ay x ., ¢(A2) are
interchanged by an involution that negates the holonomy of a loop that passes once through X, ,, and
once through X3 . Alternatively, write (Y, L, w)x, for the quotient of (Y, L, w) by the involution
induced by the surface X ,,. Since this involution has degree 2 (mod 4), as abelian groups we have

I(Y,L,w)=1(Y,L,w)s ®I(Y, L,w)s

and the right side of (77) may be written as rank I(Y, L, w)x.

The utility of Theorem 1.9 stems from two points. The first is that many Lagrangians in M,
arise from the construction X, (M, T,w). For example, up to symplectic isotopy all Lagrangian
spheres in Mj 5 can be realized by this construction, an important ingredient for Theorem 1.2. The
second point is an explicit understanding of when I(Y, L, w), defined over Z, vanishes:

Theorem 1.10. Ler (Y, L,w) be an admissible link. Then 1(Y, L, w) is zero if and only if there
exists an embedded 2-sphere S*> 'Y such that one of the following is satisfied:

* L intersects S? transversely in one point
e L is disjoint from S? and the homological pairing w - L is odd

This theorem is a generalization of [DS25, Prop. 2.1], which treats the case when L is empty. The
proof of Theorem 1.10 relies on Kronheimer and Mrowka’s sutured instanton homology and their
non-vanishing result for instanton homology of taut sutured manifolds [KM10b]. The statement and
argument of Theorem 1.10 also extend the non-vanishing results due to Kronheimer and Mrowka
from [KM19, §7]. The last statement in Theorem 1.9 is a consequence of Theorem 1.10.



For a triple (Y, L, w) which is decomposed as in (4), it is convenient to recast the detection
result of Theorem 1.10 in terms of the topology of the given decomposition, and more specifically
via the data of curves on the surface 3, ,, which bound certain disks in (M;, T;). This is achieved
using results on Heegaard splittings of 3-manifolds with tangles, following [HSO1].

The proof of Theorem 1.1 also requires an understanding of when the distance of Heegaard
splittings induced by powers of a pseudo-Anosov diffeomorphism of a surface is unbounded. This
is established for surfaces without punctures in [HemO1, AS05], which was used in the authors’
previous work [DS25], taking cue from [Clal7]. The case for surfaces with punctures which is
necessary for Theorem 1.1 is adapted from the work [IS13].

Relation to the Atiyah—Floer conjecture

Inspired by the original Atiyah—Floer conjecture [Ati88] and generalizing the version established
by the first author in collaboration with Fukaya and Lipyanskiy [DFL21] for the case where the link
L is empty, it is natural to conjecture that there is an isomorphism of abelian groups

[(Y,L,’w)z = HF(Al,Ag) @)

for an admissible link decomposed as in (4), where the Lagrangians A; = X, (M;, T;, w;) are as-
sumed to be smoothly embedded in M, ,,. The right side of (7) denotes Lagrangian Floer homology
of Ay and A, defined over Z (here we use that M, ,, is monotone).

Theorem 1.9 would be a direct corollary of (7). Furthermore, the authors expect that (7) can
be proved, with a good deal of work, by adapting [DFL21] (including the analysis of the mixed
equation studied in [DFL24]) to the setting of gauge theory with prescribed singularities along
the link L. However, in this paper, we are able to prove Theorem 1.9, which leads to all of our
applications, without having to establish the Atiyah—Floer isomorphism (7), by solely relying on the
relationship between Hamiltonian diffeomorphisms of M ,, and holonomy perturbations (Theorem
1.8). Moreover, Theorems 1.8 and 1.9 are established in a level of generality that includes the odd
character varieties studied in [DS25], and thus the work here provides an alternative proof to the
results of that paper which does not rely on the Atiyah—Floer results in [DFL21].

As a final remark, in principle it should be possible to prove Theorems 1.1 and 1.2 using La-
grangian Floer homology, a tool specifically designed for such problems, and not appeal to instanton
homology. However, Lagrangian Floer homology, like most Floer homologies, is generally difficult
to compute. An advantage of our approach is that it allows us to harness the progress that has been
made on the side of instanton homology, as seen especially in the work of Kronheimer and Mrowka
[KM10b], and which is here represented by Theorem 1.10.

Outline

After some preliminaries on approximating Hamiltonian diffeomorphisms in §2, in §3 we introduce
the moduli spaces of flat SU(2) connections on punctured surfaces and study their Hamiltonian dif-
feomorphisms and symplectomorphisms. Holonomy perturbations, Lagrangians from 3-manifolds
with tangles, and the proof of Theorem 1.8 are treated in §4. In §5, singular instanton homology is
reviewed and Theorem 1.9 is proved. The detection result of Theorem 1.10 is proved in §6, and this
theorem is then studied in terms of Heegaard splittings and mapping classes in §7, where Theorem
1.1 is also proved. Applications to Bl5CP?, including Theorem 1.2 and Corollary 1.3 are proved in



§8. In §9, the relationship between intersection numbers of Lagrangians in M, ,, and SU(2)-simple
knots is studied, and Theorem 1.5 is proved. Finally, in §10, we consider Lagrangians in the odd
character variety M, ;dd and prove Theorem 1.6.
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2 Approximating Hamiltonian diffeomorphisms

In this section we provide some general results on the approximation of Hamiltonian diffeomor-
phisms. Let (M, w) be a closed symplectic manifold. Given a smooth function H : [0,1]x M — R,
the associated Hamiltonian time-dependent vector field X, is defined by ¢(Xp,)w = dH;. The
flow of X, is written ¢%;. A diffeomorphism of M is Hamiltonian if it is equal to qb}{ for some
H. Write Ham(M,w) for the group of Hamiltonian diffeomorphisms, which is a subgroup of
Symp(M, w). Given a smooth function f : M — R, by viewing f as a function [0,1] x M — R
constant in [0, 1], we write X for the associated vector field and Qﬁ? for the associated flow as
above; note qﬁ’} is defined for all ¢ € R under our assumption that M is compact.

Proposition 2.1. Suppose (M, w) is a smooth closed symplectic manifold. Let S < C*(M;R) be
such that the R-span of S is C'-dense in C*(M;R). Then

G(S) := {(ﬁ}llon-O(ﬁ?Tn |ty tm € R, fl,...,fmeS} (8)

is dense in Ham(M, w) with respect to the C°-topology.
The proof we give follows [BT25] for some key steps.

Proof. Any ¢}, € Ham(M,w) is a composition ¢}”1 0.0 ¢}m where f; € C*(M;R). This
follows from work of Banyaga [Ban78]. (For our purposes, one could get by with much less, as
approximating ¢%; by such compositions is elementary.) Next, since ‘}t = Z pforae R, there is
no loss of generality in assuming, from the start, that S is closed under scaling by R.
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If f e C®(M;R), then by assumption there is some ¢ in the span of S arbitrarily close to
f in the C'-topology. In particular, the Hamiltonian vector fields X ; and X, are C%-close, and
consequently so too are the associated flows (;57} and gi)z for any fixed time ¢.

Thus to complete the proof it remains to show the following: if f is a finite sum of elements
from S, then the Hamiltonian flow of f can be C’-approximated by a composition of flows each
coming from an element of S. It suffices to approximate the time 1 flow d)} where f = f; + fo and
f1, f2 € S, the more general case following by induction.

For f fixed as above, let g : M — M be a diffeomorphism satisfying

A6}, g)co == supd (6" (), glx)) < h(N)/N

xzeM

where h is some function. Here the distance d on M is defined using a chosen Riemannian metric
on M. Then taking the N-fold composition g’V gives an approximation to qb}. Specifically,

N-1
d((b}”a gN)CO < d((¢1/N)’L+1 (¢1/N) N—i)co

=0
N-1 '

= Y a(@Meef™ 6fMey),,
=0
N-1

< Y éNa@", g)eo
=0
N=l iL/N

< M ° ) < el h(N)

S
Il
o

From the second to the third line, the inequality d(¢%(z), ¢%(y)) < etld(x,y) was applied with
t = i/N, where L is a constant depending only on f; this is an extension of Gronwall’s inequality
to the Riemannian setting [KSSV06, Thm. 1].

Let us apply the above to the problem of approximating gi)} where f = f; + fo. First note

/N ,1/N /N
d(sf™, op" o)) , < C/N?
where C'is independent of N. Indeed, in local coordinates both df} and ¢ o gz&?Q are equal to

id+ t(Xp, + Xy,) + O(t?).

1/N

Now letting g = qﬁ}{ ¢y, and h(N) = C/N in the previous paragraph we obtain

d (s}, (0" 08l )N) , < Cel/N. ©)

Thus by taking N large enough we obtain a composition of flows arising from f; and fo which
CP-approximates ¢ to any desired accuracy. O

We next consider hypotheses which improve the regularity in the conclusion of Proposition
2.1. First we recall some terminology. A symplectic manifold (M, w) is real analytic if M is a
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real analytic manifold and w is a real analytic 2-form. The notion of complex analytic symplectic
manifold is defined similarly; in this case, w is a holomorphic 2-form, i.e. of type (2,0). A real
structure on a complex analytic symplectic manifold (Mc,wc) is an anti-holomorphic symplectic
involution 7. Let Mg be the fixed point set of 7, called the real locus of 7. Then (Mg, wr) is a real
analytic symplectic manifold, where wr = wc| -

Suppose (M, w) is a real analytic submanifold of the real locus of (Mc,wc, 7). Denote by
C*™(M;R) the set of real analytic functions f : M — R, topologized in the following way: a
sequence {f;}72, converges to f if and only if there exists an open neighborhood V' < Mc of
M such that f and f; for 7 large enough each extend to complex analytic functions V' — C, and
supgey | f(x) — fi(xz)| — 0 as i — oco. Note C*"-convergence implies C*-convergence.

Lemma 2.2. In Proposition 2.1, assume (M, w) is a real analytic symplectic submanifold of the real
locus of a complex analytic symplectic manifold (Mc, wc) with real structure, S < C**(M;R), and
spang (S) is dense in C*™(M;R). Then G(S) is C*-dense in Ham(M, w).

Note that in this statement, M is compact but M¢ may not be compact.

Proof. The proof is similar to that of Proposition 2.1. As in the first paragraph there, we may
restrict our attention to time-independent Hamiltonians f : M — R, and assume that .S is closed
under scaling by R. If f € C*(M;R), then since C**(M;R) is C*°-dense in C*(M;R), and by
the assumption on S, there is some g in the span of S arbitrarily close to f in the C*-topology.
Then X7 and X, are C®-close and so too are the associated flows.

Thus, just as in the proof of Proposition 2.1, it remains to show that d)}, for f = f1 + fo with
f1, f2 € S, can be C*-approximated by a composition of flows induced by elements of S.

Let Vj © Mc be an open neighborhood of M on which f has a holomorphic extension, also
called f. The vector field X on M then extends to a holomorphic vector field on V{ by the same
name, defined by «(Xf)wc = df. There exists a neighborhood Vi < V{y of M such that the flow
qﬁ} of X is a holomorphic map defined on V; and satisfies qb’}(Vl) < Vp for all t € [0,1]. Let
Vo < Mc be a neighborhood of M with compact closure in V;. Then inequality (9) holds on V5:

sup d (93(@), (6™ 0 9"V (2)) < Cet/N

zeVo

The argument is similar to the one in the proof of Proposition 2.1, keeping track of the neigh-
borhoods on which the flows are defined; for details see [BT25], specifically Lemma 3.1 of that

reference. The C%-convergence of the sequence of holomorphic maps ((;5% gbl/ N)N to qb} on V5
implies C'°-convergence on V5 and hence C'°-convergence of their restrictions to M. O

3 Moduli spaces, Hamiltonian diffeomorphisms, and mapping class groups

Following the introduction, we write Y, ,, for the pair of a Riemann surface > = X, of genus g and
a collection P = {p1,...,py} of n distinct points on 3,. For ¢ € [0, 1], let I'(t) = SU(2) denote
the conjugacy class of elements containing diag(e*™, “Tt) Note I'(0) and I'(1) are points while
['(t) is a 2-sphere for each ¢ € (0, 1). For a given t = (tl, ..., tn) €[0,1]", consider the map

m:SU(2 ﬁ (tj) — SU(2),

12



m(Al, Bl, ey Ag, Bg, Cl, ey Cn) = [Al, Bl] cee [Ag, Bg]Cl cee Cn
The group SO(3) = SU(2)/ £ 1 acts on the domain by simultaneous conjugation. Let

My, (t) =m 1(1)/SO(3). (10)
We refer to t as the holonomy parameter of M, ,,(t). We say t satisfies the non-integral assumption
if for all subsets J < {1,...,n}, the following quantity is not an integer:
1 1
5 2 ti— 5 2t
jeJ J¢d

The map m has 1 as a regular value if and only if t satisfies the non-integral assumption. In this case,
the conjugation action is free, and M ,,(t) is a closed smooth manifold of dimension 6g + 2n¢ — 6
where n¢ is the number of j such that t; € (0,1). Throughout this paper, we assume that the
holonomy parameter t satisfies the non-integral assumption.

The moduli space M, ,(t) can be regarded as a character variety of SU(2) representations
assigned to ¥, , and t. Indeed, Mg, (t) is the space of conjugacy classes of homomorphisms
m1 (X N P) — SU(2) where the conjugacy class of a small loop enclosing p; € P is mapped to
I'(t;). For a standard presentation of the fundamental group

m(ENP) ={a1,bi,...,aq,bg,c1,...,cn | [a1,b1] -+ [ag,bglc1---cn = 1), an

and given an element of m (1), there is an SU (2)-representation of 71 (X \. P) that maps a;, b;, c;
respectively to A;, B;, C;. In this paper we use the interpretation of M ,,(t) in terms of a moduli
space of flat connections, as we discuss in §3.1. A symplectic form w for M ,,(t) was constructed in
[GHIWO97], generalizing the n = 0 case from [Gol84]. In §3.1, we review the symplectic structure
on Mg, (t) from the more geometric point of view of moduli of flat connections. Hamiltonian
diffeomorphisms and symplectomorphisms of M, ,,(t) are discussed in §3.2 and §3.3.

3.1 Symplectic structure on 1/, ,(t)

The most relevant interpretation of M, ,,(t) for our purposes is as a space of flat SU(2) connections
on ¥ with prescribed singularities. To set up this interpretation of M, ,(t) more carefully, let 3°
denote X \. P and identify a small neighborhood of P with the union of disks P x D?. Then X°
can be compactified to a surface 3 of genus g with n boundary components in the obvious way.
Define A, ,(t) as the space of connections on the trivial SU(2)-bundle over ¥° whose restriction
to a neighborhood of the origin in {p;} x D? takes the form

4
[ : _ﬁj]de (12)

where 6 denotes the angular coordinate on D?.

Let G, (t) be the space of gauge transformations of the trivial SU(2)-bundle over ¥° whose
restriction to a neighborhood of the origin in {p;} x D? stabilizes the connection in (12). That is to
say, such a restriction is a constant map into SU (2) if t; = 0, is of the form diag(e?™"7, e~ %""7)
for some constant r; if t; € (0, 1), and is of the form diag(e??/?, e=0/2) - u; - diag(e /2, €/2) for
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some u; € SU(2) if t; = 1. Then G, ,,(t) acts on Ay ,,(t) by taking pullback and M, ,,(t) is the
quotient of the space of flat connections in A, ,(t) by the action of G ,,(t).

The linearization of the action of the gauge group G, ,(t) and the flat equation at a flat connec-
tion A € A ,,(t) are controlled by the middle row of the diagram in Figure 2. Here Q(X°, g) is the
space of compactly supported i-forms on ¥° with values in the Lie algebra g = su(2) of SU(2),
and (NZO(EO, g) is the space of 0-forms on 3° such that in a small neighborhood of p; for each j, it
is a constant map into g if t; = 0, has the form diag(ir;, —ir;) for some r; if t; € (0,1), and is
diag(e?/2,e79/2) . (; - diag(e /2, ¢"/2) for some (; € g if t; = 1. We write H for the cohomol-
ogy groups of the cochain complex that appears in the middle row of Figure 2. These cohomology
groups are trivial in degrees 0 and 2 by the non-integral assumption on t, and H }‘ may be identified
with the tangent space of the class of A in Mg, (t).

0 0 0

da

0 ——— QX% 0) —— UEg) —— Q%) —— 0

0 — QO(ang) L Qi(zoag) L Qz(zoag) — 0
0— P b 0 0 0
1<isn
0 0 0
Figure 2

The other rows of the diagram in Figure 2 also define cochain complexes. Here b; denotes
the subspace of g consisting of elements that commute with diag(e?™, e~¥"%). The degree i
cohomology group of the complex in the first row, denoted by H!(¥°;ad,), is isomorphic to
H(X,0%;ady), where ad4 denotes the twisted coefficients determined by the flat connection A
associated to the adjoint action of SU(2) on its Lie algebra. In particular, it is trivial if ¢ = 0 or
¢ = 2, and has dimension 6g + 3n — 6 if ¢ = 1. The vertical maps in this diagram define an ex-
act sequence of cochain complexes, and the associated long exact sequence of cohomology groups
determines the exact sequence

0—— P b — H(X%ada) HY 0

1<j<n

This shows that H,, the tangent space of My ¢(t) at [A], has dimension 6g + 2n¢ — 6.
From this viewpoint of flat connections, following Atiyah—-Bott [AB83, §9] (see also [JW94,
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§2.2]), the symplectic form w on M, ,,(t) at the class of the connection A is induced by

w(a,a) == — tr(a A o), (13)
b

42
where a, o/ € QL(X° g). That w depends only on the classes of a and o in H% follows from
Stokes’ theorem. The nondegeneracy of w is explained as follows. A variation of (2) is given by
Figure 3, where the middle row is the de Rham complex of 3 with twisted coefficients ad 4, and the
third row is the quotient of the complex in the middle row by the one in the first row. In particu-
lar, the i*" cohomology groups of these complexes are respectively isomorphic to H*(¥;ad4) and
H(0%; ad 4o) where A? denotes the restriction of A to the boundary.

0 0 0
dA dA

0 —— QX% g) —— Q(Z%9) —— QI(E%g) —— 0

00— O, —“ 50Ty 2 52,y ———0

— d — d —
0 —— N9 —— A9 ——— Q3,9 —— 0

0 0 0

Figure 3

The inclusion of the middle row of Figure 2 into the middle of Figure 3 determines a map
between these two diagrams, and the induced map between the corresponding long exact sequences
of cohomology groups gives the following, with exact rows:

P b — HY(S, 05 ads) — T HY

0
1<i<n
| | |
DF

P b —— HY(Z,05;ads) —— HY(S;ads) —2 HY(O

1<j<n

Denoting by {-, -) the standard pairing between H! (3, 0%;ad4) and H!(3;ady), for any o € HY
and B € H' (X, 0%;ad4), we have

(h(a), B) = w(e, f(B))- (14)

An examination of the above diagram shows that H}l is isomorphic to ker(g). Finally, the non-
degeneracy of w follows from the non-degeneracy of (-, -) and (14).
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3.1.1 The monotone case

The main results of this paper apply to the case that M, ,(t) is a monotone symplectic manifold.
Recall that a symplectic manifold (M, w) is monotone if there is a positive constant  such that

[w] = ker (TM)

where [w] denotes the cohomology class of the symplectic form, and the first Chern class of 7'M is
computed with respect to an almost complex structure on T'M that is compatible with w. The sym-
plectic structure on M, ,,(t) is monotone in the case that each ¢; belongs to the set {0,1/2, 1}, see
[MWO1]. Our normalization is chosen so that x = 1. In particular, this moduli space is monotone
in the case that n is odd and all components of t are 1/2. This is the moduli space denoted by
Mgy = Mgn(3,..., 1)

and we continue to use this notation for this special case throughout the paper. Another monotone
moduli space is the case where n is odd and all components of t are 1:

MY = Myn(1,...,1).

This is the odd character variety, and was the central focus of the authors’ previous work [DS25].
It is easy to see that removing any number of even punctures from >, , does not change this moduli
space, and for this reason n is often omitted in the notation.

The above moduli spaces M, ,, and M, ;dd are essentially the only moduli spaces of the form
M, ,,(t) that give a smooth monotone symplectic manifold. To see this, let t = (1, ..., ;) satisfy
the non-integral assumption and ¢; € {0,1/2,1} for any . We can remove punctures with ¢; = 0
and, as above, remove any set of an even number of punctures with ¢; = 1 without changing the
diffeomorphism type of M, ,(t), because the conjugacy classes I'(0) and I'(1) consist of single
central elements. This still leaves another possibility where n is even, t has n — 1 entires equal 1/2,
and the remaining entry equal 1. We can see this moduli space is diffeomorphic to M, ,,_1 using
a diffeomorphism that maps [Aq, By,..., Ay, By, C1,...,Cy—1] in My ,_1, in its representation
theoretic description, to [A1, B1, ..., Ag, By, C1,...,Cph_2, —Cy,_1,—1]. It is not difficult to see
that these diffeomorphisms are symplectomorphisms.

We end this discussion by pointing out that monotonicity of M, , is not used directly in the
proof of Theorem 1.1, although the proof uses versions of instanton Floer homology that satisfy a
counterpart of monotonicity.

3.2 Hamiltonian diffeomorphisms of 1/, ,(t)

The goal of this section is to introduce some natural maps on M, ,,(t) and study Hamiltonian flows
associated to them. Let v be an immersed loop in X, disjoint from the set of points P. Define

try : My (t) — [—2,2]

whose value on [A] € M, ,(t) is the trace of the holonomy of A around 7. Note that tr, only
depends on the free homotopy class of y in 32 \.P, and does not depend on the direction: try = tr,-1.
ForI" = {v1,...,7%} a collection of immersed loops, define

Tr: Mgn(t) — R, Tt = try,try, - - try, .
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By convention, T = 1. We refer to 1T as a trace monomial on the moduli space. Call I' a multic-
urve if the ~; are homotopic in X . P to essential embedded loops ;. such that no ~; is homotopic
to a circle enclosing a point in P, and each pair of distinct ~;, 'yg. is disjoint. We sometimes will
conflate I' with the union of 71, . .., V.

Proposition 3.1. Let S be the set of trace monomials Tt where I runs over all multicurves of ¥, ,.
Then the R-span of S is C*-dense in C* (Mg ,(t); R).

Proof. Consider SU(2)?9*™ with the SO(3)-action induced by simultaneous conjugation, and the
subset X < SU(2)29+" of points with trivial SO(3)-stabilizer. There is a smooth embedding

F i My,(t) — X/SO(3)

obtained by viewing the quotient X /SO(3) as the irreducible SU (2)-character variety for a subsur-
face of ¥ which retracts onto the 1-skeleton formed by the generating loops a;, b;, ¢; for 1 (X \ P).
Furthermore, there is a smooth embedding

G:X/S0(3) - RY

defined as follows. Set x; = a; and x; 4 = b; for 1 < i < g, and ;94 = ¢j for 1 < j < n. Then
N=2g+n+ (29;") + (29;") and the components of G are given by

trxia tra:ia:ja tr:(:i:z:ja:k (15)

where ¢, j, k run from 1 to 2g+n and ¢ < j < k. In fact, at least n of these functions may be omitted,
as in our setup the functions tr.; are constant. The proof that x is an embedding is discussed in
[Don02, Lemmas 5.13 & 5.14].! See [Pro76] for a more complete treatment in the algebraic context.
As the polynomial functions are C*-dense in C*(B;R) for a closed ball B = R containing the
image of G, we obtain the following, via F' and G': linear combinations of trace monomials

m

Z TiTFi (Ti € ]R)

i=1

form a C*-dense subset of C°(M,,(t); R). To complete the proof it suffices to show that any
trace monomial 71, where I' = {71, ..., 7} is a set of immersed curves, may be written as a linear
combination of trace monomials 7T, where the I'; are multicurves. This uses the well-known sl
skein relation for trace functions, as is explained below.

ForT' = {v1,...,7} as above, denote by d(I") the minimal number of double points among all
generic immersions Li*S1 — ¥ \ P where the i component is homotopic to the inclusion of ;.
Suppose d(I') > 0. Upon reordering, either ~; is an immersion with a double point, or v; and 7
have positive minimal intersection number. Suppose we are in the first case.

View ~y; as an element in 7 (X ~\ P, p) where the basepoint p € ¥ \ P is one of the double
points of v;. Then we can write y; = ab where a,b € 71 (X \ P, p) and a, b are represented by

'In [Don02, p.140], there is a minor error. The trace functions for z; and m,-x}l (the latter of which may be used
instead of x;x;) are mentioned as being nearly sufficient for the purposes of obtaining the desired embedding G. It is
then remarked that one needs to include trace functions on some other words, such as commutators of the elements x;.
However, commutators do not suffice, and one should instead use the words x;x;xs.
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Figure 4

loops which, away from p, are immersed and transverse to one another, with minimal intersection.
For a given representation [p] € M, ,(t) write A = p(a) and B = p(b). The SU(2) trace identity

tr(A)tr(B) = tr(AB) + tr(AB™1)

shows that tr.; (p)tr,y(p) = try, (p) + trye(p), where 47 = 77 U 7{ are the two immersed loops
which result from the oriented resolution of 7; at p (with respect to some orientation), and ~y{" is the
immersed loop formed from the unoriented resolution, see Figure 4. In particular, we have

TI‘ - TI“O - Tl"u

where I'° = {v],v{,72,..., v} and T" = {7}, 72, ...,7k}. Furthermore, d(I'°) and d(IT"") are
strictly less than d(I"). A similar argument holds in the case for a pair of curves 7; and 72 with
positive minimal intersection number. Thus by induction every 1T is a linear combination of 1T,
where d(I';) = 0. Note that if d(I';) = 0, either I'; is a multicurve, or it is a multicurve together
with some loops that are either nullhomotopic in 2 \ /P or homotopic to a loop around a point in P.
However, the trace function for a nullhomotopic loop is of course constant, as is that for the latter
type of loop, by the definition of M, ,,(t). Thus these loops may be discarded. O

Propositions 2.1 and 3.1 imply that G(S) is C%-dense in Ham(M,, ,,(t),w), where S is the set
of trace monomials of multicurves on X, ,, and the set G(S) is defined in (8). Next, the regularity
in this conclusion is improved through the use of Lemma 2.2.

Proposition 3.2. Let S be the set of trace monomials of multicurves on ¥ ,,. Then

G(S) = {(pl}ll o-0dl | b, tm R, fl,...,fmeS} (16)
is dense in Ham(M, ,,(t), w) with respect to the C*-topology.

Proof. Let M, (t)c be the moduli space of irreducible flat SL(2,C) connections on ¥ ~ P
such that the holonomy around a small loop encircling p; € P has trace 2cos(rt;), for each
j € {1,...,n}. Then Mg, (t)c is a complex analytic manifold. It has a complex analytic sym-
plectic form we defined just as in (13), with a, 3 now in Q*(X; s[(2, C)). It inherits a real structure
7 compatible with wc, induced by the involution A — A* on SL(2,C). By [MS84, Lemma III.1.1]
(see also [Acol9]), the real locus consists of those connections which are gauge equivalent to ei-
ther an SU(2) or SL(2,R) flat connection. In particular, under the non-integral assumption on t,
(Mg, (t),w) is symplectically embedded inside the real locus of (M, ,,(t)c,we, 7).
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Consider the following diagram, where vertical arrows are inclusions:

M, (t) —=— RN

| l (17)

M, (t)c —= CN

The top arrow ¢ is the embedding GG o F' from the proof of Proposition 3.1, whose components are
defined by the trace functions (15), here interpreted as traces of holonomies along the corresponding
loops. These trace functions have natural complex-valued extensions to M ,,(t)c and together they
define the bottom arrow ¢c which is a complex analytic embedding.

By the proof of Proposition 3.1, a trace monomial 7T for a multicurve I on X ,, is equal to notg
for some polynomial  : RV — R. Viewing 7 as a complex polynomial, 77 o 1 gives a complex
analytic extension of Tt. It is now clear that (M, (t),w) and the set S of trace monomials on
multicurves satisfy the hypotheses of Lemma 2.2, yielding the result. Ul

We next compute (;57} for any given f € S. In fact, our computation will be more general. Let
I' = {71,...,7} be amulticurve on ¥, ,, and 7 : R* — R a smooth function. Consider

for: Mgm(t) - R,

Far () == Ly (), 3, (0)) (18)

Note that choosing 7(x1, . .., xzy) = 472z - - - 7}, yields the trace monomial for =1r.

To state a formula for ¢%, we first introduce some notation. Let v be an embedded circle in a
manifold X, and E be an SU (2)-bundle over X. As above, define tr, to be the gauge-invariant func-
tion on the space of connections on E obtained by taking the trace of the holonomy of a connection
around vy, based at any point. The derivative of try at A is given by

(mﬁﬂ@:-fu@ww, (19)
gl

where a € Q'(X,adE). In this formula, T4 - is the section of adE|., defined as follows. First, let
IT: SU(2) — su(2) be the conjugation-invariant function

I(g) := g — 5tr(g)id (20)

Then, for a point p on -, the holonomy of the connection A along v determines an automorphism
hol,(A) of E,, and II(hol,(A)) is an element of (adE),, © End(E£), which gives the value of T4 -
at p. See [BD95, Lemma 3] for more details.

Fix amulticurve I' = {v1, ..., v} on X, ,,. Orient each ;, and choose an orientation-preserving
identification of a tubular neighborhood of 7; in ¥° with S* x (—1,1). For s € (—1,1), let 7 be
the loop parallel to ; determined by the points in S! x (—1,1) with second coordinate equal to s.
Let f3; be a 1-form supported on this neighborhood, given by the pullback of a compactly supported
1-form on (—1, 1) with integral 1. In particular, f3; restricted to -; vanishes. We also arrange that the
B; have pairwise disjoint supports, so that 3; restricted to «y; vanishes for all 7, j. For any connection
A on X°, the sections TAﬁf for different values of s determine a section of adE over the tubular
neighborhood of +;, which we denote by T4 ;. In particular, T’y ;3; is a well-defined element of
Ql(g). If Ais flat, then Ty ; is d o-parallel and thus T'4 ;3; is in the kernel of d 4.
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Proposition 3.3. Let I" be a multicurve on ¥y, and 1) : R* — R a smooth function, and write f for
the function fpr : My, (t) — R. Then the Hamiltonian vector field for f may be represented by

k
Xp == 0m Taifi
i=1
where the terms on the right are defined as above, and 0;n = (0;n)(try, (A), ..., try, (A)). Further-
more, for any [A] € Mg, (t), we have qﬁ’}([A]) = [A] with

k
A= A=t 0m-Taibi. 21)

i=1

Proof. First note that tr, can be rewritten as

try, = f trys - B
(7171)

because holonomies of a flat connection on the loops +; is independent of s. Let [A] € M, ,,(t) and
a € QL(g) represent a tangent vector to [A]. Using this relation and (19), we compute the derivative
of f(A) = #n(trﬂy1 (A),...,try, (A)) along o as

T 4n2

k
(df)al) 1f (Y 0m- TaiBi A ). (22)
¥ =1

By definition of the symplectic form w in (13), we obtain from the computation in (22) that the
Hamiltonian vector field for f may be represented by

k
Xp=— Z 0in - TaiBi
i=1
To identify the flow generated by the vector field Xy on Mg, (t), first note that A; in (21) is
a flat connection because 3; A [3; is trivial for all 4, j and T4 ;$3; is d 4 closed. Furthermore, the
restrictions of A; and A to each ~; agree with each other. Thus, T4, ; is independent of ¢. This
implies that A; represents a trajectory of the Hamiltonian flow of f because it satisfies

d

k
£At = — 1_21 0in - Ta,iBy;- O

Recall that any flat SU(2) connection is determined by knowing the traces of its holonomies
along any loop. Although not needed for the sequel, we describe ¢?([A]) in these terms. Let o be
an immersed loop in ¥° which is transverse to I', such that the intersections of ¢ with I" occur at
embedded points of 0. Orient o and choose an embedded point gy € o disjoint from I'. Starting
from qq, traverse o in the direction of its orientation and let g1, . . ., g, be the intersection points of
o with the curves in I' in the order in which they appear. Let ;; be the curve in I" containing g;.

Proposition 3.4.
try (¢%([A])) = r [exp (tﬁim -1I(hol,,, (A))) -+ exp (t&iln - II(hol,, (A))) holU(A)] .
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The holonomies appearing are defined as follows. Choose a framing of the bundle at gy to define the
holonomy hol,(A) € SU(2). Using the flat connection A, parallel transport the framing at g to g;
in the oriented direction of o. Define hol,, (A) € SU(2) using the framing at ¢; and the orientation
of 7;, for which %(j (g;) A o'(g;) agrees with the orientation of X. The proof of Proposition 3.4 is a
direct computation using the expression for A; from Proposition 3.3.

3.3 Symplectomorphisms on 1/, ,,(t) from the mapping class group

The mapping class group of ¥, ,, provides another source of symplectomorphisms of Mg, (t). Let
P Ygn = Zgn

be a diffeomorphism. In particular, v restricts to a permutation of P = {p1,...,p,}. We assume
that if ¢)(p;) = p;, then t; = t;. By applying an isotopy, we may assume that ¢» maps the disk
neighborhood of p; to the disk neighborhood of p; by the identity map. In particular, if A € A, ,,(t)
is flat, then the pullback of A by ¢~! is a flat connection in Agn(t). (To define this pullback,
we lift ¢ into an isomorphism of the trivial SU(2) bundle in the obvious way.) This induces a
diffeomorphism of M, ,,(t) which only depends on the class of 1) in Mod(3,,,). The differential
of this map is also given by taking pullback with respect to ¢)~!. From this we can see that this
map is a symplectormorphism of M, ,,(t). Thus we obtain a homomorphism from a finite index
subgroup of Mod (3, ,,) to the symplectomorphism group of Mg ,,(t).

In the special case that M, ,,(t) = M, since all t; = 1/2, in the above construction there is
no constraint on how the elements of Mod (%, ,,) permute the marked points. By remembering only
the symplectic isotopy class of the resulting map on M, ,, we obtain a homomorphism

Mod(X4,) — moSymp(M.r,). (23)

There is some flexibility in the above construction that allows us to produce additional sym-
plectomorphisms of M, ,,. In the previous construction, we may use non-trivial lifts of 1) to the
level of SU(2)-bundles. First, we remark that if we change this lift by composing with a map
u : 3° — SU(2) that is constant and diagonal in the disc neighborhoods of the punctures, we do
not obtain a new symplectomorphism of M, , because these maps are exactly the elements of the
gauge group G ,,, which are modded out in the definition of M, .

However, given a map v : 3° — SO(3) which is constant and in SO(2) < SO(3) in the
punctured neighborhoods, we can still pull back a connection with respect to v because SO(3) is the
adjoint group of SU (2). Write g;m for the space of all such maps. Changing v € g;m to %-v, where
u is the composition of u € G, , with the projection SU(2) — SO(3), does not change the induced
map on M, ,,. In particular, we obtain a homomorphism from G, ,, /G, », into moSymp (M, ,,). Any
element v € G, ,, induces a homomorphism v, : H1 (X% Z/2) — H1(SO(3);Z/2), and this element
of H'(X°;Z/2) is the obstruction to lift v to a map X° — SU(2). Thus, we have G, ,/Gyn =
H'(X°;7Z/2) and the above construction gives a homomorphism

HY(X°Z/2) — moSymp(M,.,,). (24)
This homomorphism and (23) can be combined to give

Pgn : Lgn — moSymp(My ). (25)
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where T, is the semi-direct product Mod(X, ) x H'(X°;Z/2) corresponding to the standard
action of Mod(2, ,) on H(3°;Z/2).

An alternative definition of (25) can be given using the representation-theoretic description of
Mg . The action of [¢)] € Mod(3,,,) on M, defining the homomorphism (23) is obtained by
viewing an element of M, ,, as a respresentation 7 (%°) — SU(2) and precomposing with the
automorphism of 71 (X°) induced by 1. For (24), let (Aq, By, ..., Ay, By, C1,...,C,,) represent
an element of My, as in definition (10). Then ¢ € H'(3°;Z/2) sends this element to

(=1)¢@) 4y (=1)CIBy (_1)C(ag)Ag7 (_1)((%)397 (=D)sey, L (=1)se)Ey)

using the notation of (11). Here we are using that the conjugacy class I'(1/2) is invariant with respect
to multiplication by —1. For general t, we can define similar symplectomorphisms of M, ,, (t) using
elements ¢ € H'(X°;Z/2) that satisfy the constraint ((c;) = 0 whenever ¢; # 1/2.

Finally, we recall some facts about the cohomology ring of M, , which can be found in [XZ23,
Theorem 3.1]. The ring H*(M, ,; Q) is a quotient of the polynomial ring

@[a,él,. . -a5n3¢1,---7¢2g]

by an ideal of relations, where the degrees of o and J; are 2, and that of ¢; is 3. The class v is a
multiple of the symplectic form of M, ,,, each J; corresponds to a marked point p; € P, and each );
corresponds to the loop a; for 1 < j < g and to the loop b;_, for g + 1 < j < 2g. If 3g + n > 4,
then the lowest degree nonzero element in the ideal of relations has degree at least 4, and

HQ(Mg,n; Q) = QO[ ® @<P>
H3(My,;Q) = Hi(%;Q) (26)

where Q(P) is the vector space with basis the set of marked points . Suppose ¢ € Mod(X, ).
With these identifications, the map on H* (M, ,,; Q) induced by the symplectomorphism associated
to ¢ fixes « (since it is a symplectomorphism), acts on Q(P) using the permutation ¢|p, and acts
on H3(M, »; Q) in the same way as map ¢, on H(3; Q).

The action (* on H*(Mj,,; Q) induced by the symplectomorphism of M ,, coming from an
element ¢ € H'(X°;Z/2) satisfies the following:

Cla)=a,  C*6) = (-1)5s;, ) =4y

These actions ¢* on the cohomology ring are called flip symmetries in [X723]. That ¢* fixes the 1);
classes goes back to an observation of Thaddeus [Tha97, Lemma 12.1].

Let Symp,, (M,,,) denote the subgroup of symplectomorphisms in Symp(}, ,) which induce
the identity map on the cohomology ring H* (M, ,,; Z). Define the pure mapping class group,

PMod(Xg.,),

to be the subgroup of Mod(X,,) consisting of the mapping classes that act identically on the
set of marked points P. Then the above discussion, combined with the fact that the cohomology
H*(My.n; Z) is torsion-free, yields the following result.

Proposition 3.5. If 3g + n > 4, then p,;, (mo(Symp;,(My,,))) = PMod(Xy,) x H'(3;7Z/2).
Here we have identified H'(3;7Z/2) with its image under H'(X;Z/2) — H'(X°;7Z/2). Note that
for g = 0, we obtain paﬂlI (mo(Sympy, (Mo ))) = PMod(Xg ).
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4 Lagrangians from 3-manifolds and holonomy perturbations

We next discuss the 3-dimensional counterpart of the construction of the previous section. To start,
let M be a compact connected oriented 3-manifold with boundary 0M = Y and T =77 U --- U
T, © M be a tangle with boundary 0T = P < ¥. We also fix t = (¢1,...,t,) € [0,1]™, which
we refer to as a holonomy parameter for the tangle 7". Analogous to M, ,,(t), define the character
variety X (M, T'; t) to be the moduli space of all conjugacy classes of representations

p:m(M\T)— SU(2)

that map the conjugacy class of a meridian of 7; to I'(¢;) < SU(2). Since each conjugacy class
I'(¢) is invariant with respect to inversion, the latter constraint does not depend on the choice of
orientations for the meridians of 7.

The character variety X (M, T'; t) is not necessarily smooth, and we may need to perturb it to
obtain a smooth manifold. In fact, the perturbed character variety is expected to give an immersed
Lagrangian in the character variety associated to (3,P). In §4.1, we study the unperturbed char-
acter variety X (M, T; t) and give a sufficient condition to ensure that it is cut out transversely and
determines a Lagrangian. Then, in §4.2, we introduce holonomy perturbations for a tuple (M, T'; t)
and show that they may be used to approximate Hamiltonian isotopies of the symplectic manifold
M, »(t) in a suitable sense, proving Theorem 1.8. Finally, in §4.4 we combine the earlier results
of this section to discuss how for a more general (M, T';t), we may use holonomy perturbations to
construct immersed Lagrangians for symplectic manifolds of the form M, ,,(t).

4.1 Unperturbed 3-manifold Lagrangians

As in the 2-dimensional case, we need a more geometrical description of X(M,T';t), in terms
of flat connections. For simplicity, we assume for now that the holonomy parameter ¢; of any
closed component T of 7" belongs to the open interval (0, 1). Identify a tubular neighborhood of
T with T' x D?, and let 0; and ¢; be coordinate functions on T} x D? respectively given by the
angular coordinate on D? and the standard coordinate on Tj after its identification with R/Z or
[0, 1] depending on whether it is closed or not. Define A, 7 (t) as the space of connections on
M? := M ~. T whose restriction to a neighborhood of T; = T} x {0} in T} x D? is of the form

it;
2 (z?fx de
0 -%

if T} is an arc component of T, and is of the form

2 (381' d¢] + 2 (’gtj da]
0 - 0 —L

if T} is closed. In the latter case, s; is an arbitrary real number.

The space of connections Ay 7(t) is an affine space modeled over QL(M°, g), which is the
space of all 1-forms on M° that have the form

oo
HEE
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for some r; € R in a neighborhood of any closed component Tj of 7. Let Q%(M°, g) denote the
space of all compactly supported i-forms on M ° with values in the Lie algebra g. Then O (M°,g)
and Q’(M°, g) fit into an exact sequence which is given as the middle column in Figure 5. In this
diagram, ¢ denotes the subset of {1, - - ,n} determined by the closed components of 7.

We may pull back any connection in A,/ 7(t) by a gauge transformation u : M° — SU(2)
of the trivial SU(2) bundle over M°, and we define Gys 7 (t) as the group of all such gauge trans-
formations w that map Ay 7(t) into Ay 7(t) by taking pullback. This imposes the following
constraints on u. For an arc component 7; of 7', u in a neighborhood of T} is a constant map into
SU(2) if t; = 0, is of the form diag(e*™7,e=2"7) for some r; if t; € (0, 1), and is of the form
diag(e03/2,€9/2) . ug - diag(e?/?, e=%9/2) for some ug € SU(2) if t; = 1. For a closed component
T; < T, by our assumption we have ¢; € (0, 1) and w is of the form

diag(€2i7r(7‘j +mj¢j), e—QiTF(Tj+mj¢]'))

in a neighborhood of 7}, where m; € Z and r; € R. The Lie algebra of the gauge group
Gu,r(M°; t) is the space Q0(M®, g) of 0-forms on M° with restriction to a neighborhood of T; for
each j a constant map into g if ¢; = 0, of the form diag(ir;, —ir;) for some r; if t; € (0,1), and
diag(e/2,e703/2) . ¢; - diag(e /2, €i/2) for some (; € gif t; = 1.

The space X(M, T'; t) may be identified with the space of A € A/ 7(t) such that

Fa =0, 27)

modulo the action of Gy 7(t). To obtain a smooth space, we need to guarantee that all elements of
this moduli space are irreducible and cut out transversely.

Next, we introduce conditions on (M, T';t) that ensure that every element of X(M,T';t) is
irreducible. We require that the boundary surface > = d M has two connected components >+ with
genera g4+. Let Py := P n X4 be given as

Py ={z1,...,2n, }, P =A{xy,...,2, },

such that x; belongs to the connected component 7}, and z; belongs to the connected compo-
nent T,. In short we say that the boundary of (M, T;t), denoted by J(M,T;t), is equal to
<2+7 ,P-i-’ t+) o (E—a P—u t-)’ where

b= (L5t ) t = (hyso oo th )

We say (M, T';t) satisfies the non-integral assumption if t+ satisfy the non-integral assumption in
the previous sense. In general, restriction to the boundary determines the correspondence

X(M,T;t)
/ \ (28)
Mg—,n— (t*) Mg+,n+ (t+)

In particular, under the non-integral assumption, any element of X (M, T'; t) is irreducible because
its restriction to the boundary is irreducible.
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Unlike the 2-dimensional case, X(M, T'; t) is not necessarily cut out transversely even after we
guarantee irreducibility of the elements of this moduli space. To achieve transversality we either
need further assumptions on (M, T'; t) or to perturb (27). First we discuss a sufficient condition that
ensures that the elements of X(M, T'; t) are cut out transversely.

Proposition 4.1. Suppose the inclusion map Y. — M induces a surjective map from w1 (X1 \P)
tom (M \T). Then X(M,T;t) is a smooth manifold. Furthermore, the restriction map

r=(ry,ro)  X(M,T;t) > My, n, (ty) x My, (t-) (29)
defines a Lagrangian embedding.

Proof. Fix a connection A satisfying F'a, = 0. The linearization of Fa as a map from A/ 7(t)
to Q2(M°, g) at Ay is given by

~

dag : U (M°,g) — Q2(M°, g).

However, this map is not surjective even under the given assumption on fundamental groups. Fol-
lowing [Her94], we replace this map as follows. Let ITa, be the projection map Q2(M°, g) to the
kernel of ker(da,) : Q2(M°,g) — Q3(M°, g). Then

Ta, 0 Fa : Ayr(t) — Q2(M°, g) N ker(da,) (30)

and F'p have the same zeroes in a small enough neighborhood of Ag. To see this, note that da Fa =
0 by the Bianchi identity. Thus if IIpo, 0 FA = 0, then Fa belongs to ker(da ) and is orthogonal
to ker(da, ), which is impossible if Fio # 0 and A is close enough to Ag. To analyze the behavior
of X(M, T;t) in a neighborhood of [Ag], we may thus consider the linearization of (30) instead of
F'a. This linearization is given by the map

da, - Q1 (M°,g) — Q2(M°, g) N ker(da,),

which appears in the middle row of the diagram in Figure 5. If this operator is surjective for any
[Ao], then X(M,T';t) is a smooth manifold.

The other non-trivial map in the middle of Figure 5 is the linearization of the action of the gauge
group. In particular, this row gives a deformation complex for X(M,T;t) in a neighborhood of
[Ap]. Let HAO denote the cohomology groups of this complex. Since Aj is irreducible, Hgo is
trivial, and we wish to show that Hio is also trivial. Each row of the diagram in Figure 5 defines
a cochain complex. The cohomology groups of the complex in the first row can be identified with
the cohomology with compact support group H:(M®;ada,). If M denotes the complement of a
tubular neighborhood N (T") of T in M and S(7T') denotes the boundary of N (7") minus the disk
neighborhoods of P in ¥, then H!(M°;ada,) can be identified with H* (M, S(T);ada,). In
particular, the boundary of M is the union of S(7') and X, and H:(M°;ada,) is isomorphic to
H37%(M,¥;ada,) by Poincaré-Lefschetz duality.

The vertical arrows of the diagram in Figure 5 define an exact sequence of cochain complexes.
The associated exact sequence of cohomology groups implies that there is a surjective map

HZ(M°;ada,) = H'(M,%;ada,) - Hj, (31)
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0 0 0

da, da

0 ——— QYM°,g) —>— QL(M°,g) —>— Q2(M°,g) nker(da,) —— 0

C

O0( g0 dag Ol Ao dag 2(n g0
0 — Q°(M°,g) —— Q' (M°,g) — Q3(M°,g) nker(da,) — 0
0—— @ b ——— Db 0 0
1<j<n jec
0 0 0
Figure 5

and induces the following relation at the level of Euler characteristics:

2
dim Hy, — dim Hy | = — ) dimb; — Y (—1)" dim H'(M, S(T); ada,)- (32)
jee i=0

The exact sequence for the pair (M, X)) with twisted coefficients is given by
. —— HY(M,3;ada,) —— HY(M;ada,) —— H'(Z;ads,) — ...

where Ay is the restriction of Ag to the boundary. Since Ay and Ay are irreducible, all the cohomol-
ogy groups in this sequence with i = 0 vanish. Note that ¥ has the connected components ¥, ¥,
and our assumption implies that the inclusion of ¥ in M induces a surjective map of fundamen-
tal groups. In particular, the map from H'(M;ada,) to H!(3;ad,) is injective. Consequently,
H! (M, ¥:ad A,) is trivial, and the surjection in (31) implies that Hio is trivial. Thus, the moduli
space X(M, T t) is a smooth manifold of dimension

3
dim Hy, = — > dimb; — > (~1)" dim H'(M, S(T); ada,)-
Jéc 1=0

This identity follows from (32), and the observation H3(M, S(T);ada,) = HO(M,Y;ada,) is
trivial. The second sum on the right hand side is the Euler characteristic for the cohomology groups
of the pair (M, S(T')) with coefficients in the flat rank three bundle ad . In particular, this Euler
characteristic is equal to 3x (M, S(T)), and thus

dim Hp, = — ) dimb; — 3x(M, S(T)). (33)
Jge
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where x(M, S(T)) denotes the Euler characteristic of the pair (M, S(T')), In the following, we use
a similar notation for Euler characteristics of pairs.

The exact sequence of cohomology groups for the triple (M, M, S(T')) and the excision iso-
morphism H*(0M,S(T)) =~ H' (X, 0) give rise to the exact sequence

. —— HY(M,0M) — HY(M,S(T)) —— H(X,0%) ——
This exact sequence implies that
X(M,S(T)) = x(%,0%) + x(M, M)

A similar relation at the level of Euler characteristics for the exact sequence associated to the pair
(M, M) together with Poincaré duality isomorphism H*(M,0M) =~ H3~(M) implies that

X(V,000) = ~ S x(0F) = — (5., 75)

The second identity follows easily from the fact that S(7°) is a union of cylinders. Thus, we obtain

X(VT, 5(T)) = S x(%.75)

Combining this identity and (33) implies that the dimension of X(M,T’;t) is exactly half of the
dimension of My, ., (t4) x My, (t_).

The assumption on fundamental groups implies that the map 7, : X(M,T;t) — My, ., (t4)
is an injection. Furthermore, the map r, is an immersion. To see this, let Ay be as above and let
Ag denote its restriction to X . Then the derivative of 7, determines a homomorphism

(ry)s: Hy, — Hjlg, (34)

which is induced by the restriction of elements of O (M°, g) to the boundary component X of M.
Let( e O (M?°, g) represent an element of H A, Such that its restriction to > represents the trivial
element in Hil This implies that da,{ = 0 and there is \ € QO(E+, g) such that dA+/\ is equal
to the restriction of ¢ to ¥,. Now using the assumption on the fundamental groups and invoking
a similar argument as in the proof of [DL25, Lemma 4.23], we may extend A into an element of
A€ QO(M °,g) that maps to ¢ via da,. In particular, ¢ represents the trivial element in H}&O. This
shows that (34) is an injection. Thus, the map r in (29) defines an embedding.

To complete the proof, we need to show that X(M, T'; t) is an isotropic submanifold. Let &, &’ €
Q(M?°, g) represent elements of H}&O, and @ = r(&), o = r4(&') denote their restriction to the
boundary of M. Then by the Stokes theorem we have

wla,a) = ) tr(a A o)
| duaaa)
=—— (& A&
4.7'['2 M
1

= —m tr(dAoéé Ad/—é[AdAod/) =0.
M

This shows that » maps the tangent space H}xo of X(M,T;t) into an isotropic subspace of the
tangent space of My, ., (t4) x My, (t_). O
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The above discussion can be generalized to the case that some of the closed components of T'
have holonomy parameters 0 and 1. First we remove any component 7; of 7" with ¢; = 0 as it does
not affect the character variety X (M, T';t). If w is the union of the closed components 7; of 7" with
t; = 1, then we may form a PU (2)-bundle P over M with ws(P) represented by the Poincaré dual
of w. Then we repeat the above discussion after replacing 7" with 7" \ w, the trivial SU (2)-bundle
with the bundle P over the complement of a tubular neighborhood of T" \. w, and the gauge group
G, r(t) with the determinant one gauge group. This gauge group consists of sections of the fiber
bundle associated to P corresponding to the adjoint action of PU(2) on SU(2) that satisfies similar
constraints as above in tubular neighborhoods of the components of 7" \. w. The gauge equivalence
classes of flat connections can be still identified with X(M,T;t). The analogue of Proposition
4.1 then holds with the assumption that the inclusion of >, in M induces a surjective map of
m1 (24 N Py) into m1 (M ~\ (T U w)). For the rest of this section, we use a similar modification for
the closed components of 7" with holonomy parameters 0 and 1.

4.2 Holonomy perturbations

For a general (M, T';t), with no assumptions on the fundamental groups, the claim in Proposition
4.1 does not necessarily hold, and we need to perturb the defining equation of X(M,T’;t) in order
to guarantee smoothness. We next discuss the holonomy perturbations that may be used to perturb
X(M,T;t). Our treatment follows [Don02] adapted to case of non-closed 3-manifolds; some other
references are [Flo88, Tau90, BD95, Her94, KM 1 1b].

For a connection A € A 7(t) and an embedded loop  in the interior of M °, recall that tr., (A)
denotes the trace of the holonomy of A along . Fix one such embedded loop ~, and extend this to
an embedding of S* x D? into int(M°), and for z € D? write v for the restriction of the embedding
to S* x {z}. In particular, y = 7. Let v be a smooth positive 2-form on D? with integral 1. Define

oy(A) = J;;z try= (A)v(z) (35)

A priori, o depends on the extension of the embedding of v and the 2-form v, but this is suppressed
from the notation. Note that o, is invariant with respect to the action of G,/ 7(t) and may be viewed
as a real-valued function on the configuration space Ans 7(t)/Gar 7 (t).

More generally, given I' = {v1,...,7%}, where each ~; is an embedded loop in the interior of
M°®, and a smooth function 7 : R¥ — R, we may form the gauge-invariant function

fn,F(A) = 77(0-’71 (A)v <o Oy (A))

Such functions are calledNadmissible in [Don02, §5.5]. A similar computation as in (22) shows that
for a tangent vector v € Q1(M°, g) to Aps 7(t), the derivative of f, r in the direction of « is

(dfy ) (o) = fM tr(Cyr(A)a), 36)

k
Gr(A) = = din(tey, (A), ..., try, (A))Ta v,
=1

where v; is the 2-form supported in the solid torus neighborhood of ; obtained from the form v
on D? pulled back to St x D?, and T'a ; is the section of the adjoint bundle over the solid torus
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neighborhood of ~; whose restriction over each 7} is the section T's > as described earlier in (19).
Explicitly, the value of Ta = atp = (t,z) € S' x D? is TI(hol,: (A)) where IT is defined in (20)
and the holonomy is viewed as an element of SU(2). Since ¢, (A) is a 2-form with values in the
adjoint bundle and thus, it can be used to perturb (27), leading to the following equation:

k
Fa = 0m(try, (A), ... try, (A))Ta v (37)
=1

The set of gauge-equivalence classes of solutions to (37) is denoted by
Xnr (M, T;t).

We refer to (I',n) as the perturbation data of X, r(M,T;t). The restriction of an element of
X, r(M,T;t) to the boundary is still flat because ¢, r(A) is trivial on the boundary of M. For
example, assuming the boundary of (M, T;t) is equal to (X4, P4, t4) u (X_,P_, t_) with nota-
tion as in the previous subsection, restriction induces a map

r=(ry,r-) X, r(M,T;t) > Mg, n, (t4) x My, (t_)

which generalizes the map (29) considered in the unperturbed case.

In the case that the loops ~y; € I' are pairwise disjoint (with the thickened embeddings chosen
disjointly), there is also a representation-theoretic description of solutions to (37). In the following
statement, the longitude of ~y; is induced by the framing given by its extended embedding from
S x D2, and I is conflated with the union of the images of the ; in M.

Proposition 4.2. Suppose I" consists of pairwise disjoint embedded loops. Then the set of solutions
to (37) modulo gauge is in bijection with the set of conjugacy classes of homomorphisms

prm(M~(TuT)) — SU(2)
which satisfy the following, where i, \; are the meridian and longitude for ;:

o) = exp (B w(p(N)) (1< <h). (38)

Furthermore, p is required to map the conjugacy class of a meridian of T; to the conjugacy class
I'(t;) < SU(2) forall1 <i < m.

This proposition in the case of closed 3-manifolds and empty tangles is essentially due to Floer, see
[F1095, §3] and [BD95, Lemma 4]. The same proof carries through without change to give a proof
of Proposition 4.2. An immediate consequence of this proposition is that, at least in the case that
the loops in I are disjoint, X, r (M, T';t) is independent of the choice of v and the extensions of
the embeddings of the loops in I".

For a representation p as in Proposition 4.2, p(u;) and p(\;) commute, and by an SU(2) con-
jugation can be simultaneously diagonalized. We may assume this from the start:

e’iTj 0 eiaj 0
p(:u'J) = [ 0 e—iTj ]7 10()‘]> = [ 0 e—iaj :|
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Then TI(p();)) is the diagonal matrix with entries i sin(0;), —isin(o;). Using try, (p) = 2 cos(o;)
and 0;n = 0jn(try, (p), . . ., try, (p)), equality (38) yields

10
Tj=—s5—

230, (n(2cos(a1),...,2cos(ok)) (mod 2m)

We end this subsection by a remark on the behavior of perturbed character varieties with respect
to composing tangles. Let (M, T';t) and (M', T’; t') satisfy the non-integral assumption and
6(M7 T; t) = (E—v P_, t—) o (Ev P, S)a
6(M/7 T,, t/) = (—2, —P, S) [ (E+, P+, t+)

Then we have character varieties associated to (M, T’; t) and (M’, T'; t"). More generally, let (,T")
and (n',T”) be perturbation data for these tuples. Then we may have correspondences

X,r(M,T;t) Xy (M, T t)

N e

M g+7n+ +)

Here My, . (t+) and M, ,(s) are respectively character varieties associated to (X4, P+,t+) and
(33, P,s). To be more precise, the target of r"_ is the character variety associated to (—X, —P, s),
which as a symplectic manifold may be identified as M, ,,(s) with the negative of its symplectic
structure. Glue (M, T) and (M’,T") along their common boundary component (X, P) to obtain

(M#7T#) = (Ma T) Y(2,P) (M’,T’),

and note that the holonomy parameters t, t’ induce a holonomy parameter t. for (M, T ) which
satisfies the non-integral assumption. We obtain perturbation data (1, ') for (My, Ty; t4) from
(n,T') and (n',T"). Then we have the following relation between the correspondences:

:{77#,1“# (M#’ Ty; t#) = :{UI(M, T;t) X Mg n(s) xn',f" (Ml, T/§ t/)7 (39)

where the right hand side denotes the fiber product over M, ,(s). The identification in (39) is
compatible with the correspondence maps into M,_,_(t_) and M, ,, (t4). Furthermore, (39)
does not require that the 3-manifold character varieties are cut out transversely.

4.3 Approximating Hamiltonian diffeomorphisms by holonomy perturbations

As a particular case of interest, let M = [—1,1] x ¥ where ¥ has genus g, and T = [—1,1] x P

where P = {p1,...,pn} are distinct points on X; we abbreviate (M,T) = [—1,1] x X,,,. Choose
€ [0, 1]™ satisfying the non-integral assumption to prescribe the singular holonomy conditions

around meridians of the arcs [—1,1] x {p;} for 1 < j < n. There is a natural identification

X([-1,1] x Xgpnst) = My ,(t)

by restriction of flat connections to any slice {s} x 3, .
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Next suppose I' = {71, ..., v} is a multicurve on {0} x %, ,, and i : R¥ — R is some smooth
function. Following the general scheme, we form the perturbed-flat moduli space by using solid
torus neighborhoods of the ; which are pairwise disjoint and disjoint from the arcs [—1, 1] x {p;}
and the boundary {+1} x Y. We obtain a correspondence

Xy r([—1,1] x By 3 t)

Mgn(t) Mg n(t)

where 71 sends a perturbed-flat connection to its restriction on {+1} x ¥. The next proposition
identifies the data of the correspondence (44) with the Hamiltonian flow of the function f, r on
Mg ,,(t) defined in (18). The result is a generalization of one due to Herald and Kirk [HK 18, Thm.
7.3], who considered the case of a single curve I' = {7, }. Already in this case, our approach, which
uses the computation of (b? from Proposition 3.3, is more direct.

Proposition 4.3. Let I' = {v1,..., v} be a multicurve on ¥, ,, and 1 : R* — R be a smooth
function. Consider the correspondence (44) induced by a holonomy perturbation in [—1,1] x ¥, ,
which is determined by I" and 7). Then the maps vy and r_ are diffeomorphisms and

reo(ro)"t = ¢}f
where qb} is the time 1 Hamiltonian diffeomorphism of M ,,(t) induced by f = f, r.

Proof. The maps r4 are induced by pre-composing a representation p with the inclusion-induced
homomorphism 71 ({+1} x (X N P)) — m([—1,1] x (X~ P) ~ {0} x I'). The space [—1,1] x
(3 N P) ~ {0} x I" is homotopy equivalent to the result of taking {—1} x (X \ P) and attaching
foreach 1 < j < k a 2-torus Tj = S x S* by gluing pt x St in T} to ;. The longitude \; of ;
corresponds to pt x S! in T); while S x ptin T} corresponds to the meridian ;.

Let [p] € M ,(t). Proposition 4.2 implies that the elements in the fiber

= ([p]) € Xyr([~1,1] x Sy n;t)
correspond to certain extensions of p : w1 ({£1} x (X~ P)) — SU(2) to homomorphisms
m1([—1,1] x (ENP) {0} xT') - SU(2)

Such an extension is determined by its values on the loops S' x pt < T} (appropriately tied to
the basepoint) which correspond to the meridians f;. Condition (38) which defines .’{n,p([—l, 1] x
Y¢.n;t) uniquely specifies these values in terms of the values of p on the curves ;. Thus 7_ is a
bijection, hence a diffeomorphism. The case for r, is similar.

It remains to show that r o (r_)~! = qb}. Proposition 4.2 implies that 7 o (r_)~" is inde-
pendent of the choice of the extensions of 7; and the 2-form v. We make the following choices that
are convenient for our purposes. First we extend the embedding ; : S' — ¥ to an embedding
of S! x (—1,1) as in the previous section and then thicken this embedding into an embedding of
St x (=1,1) x (—3, 3) into & x [—1,1] using the inclusion of (—3, 3) in [—1, 1]. Fix an increas-
ing function g : R — R that g(¢) = 0 for t < —%, g(t) = 1fort > % and define the 2-form

1
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v = ¢'(t)B A dt where (3 is the 2-form on (—1, 1) introduced in the previous section pulled back to
D? = (—1,1) x (—3, %) and ¢ denotes the standard coordinate on the factor (—3, 3).
Let A be a flat connection with [A] € M, ,,(t). Then the connection on [—1, 1] x ¥ ,, given by

k
A=A-—g) Z 0in - TaiBi

i=1

satisfies (37) for the above choices of v and the extensions of 7;. In particular, [A] represents an
element of X, r([—1,1] x X,,;t) such that r_([A]) = [A] and 74 ([A]) = gb}([A]) The latter
identity follows from Proposition 3.3. O

The following is a generalization of Theorem 1.8 to more general holonomy parameters.

Theorem 4.4. Let t be a holonomy parameter for X, ,, satisfying the non-integral assumption, and
let ¢ : Mgy, (t) — My, (t) be a Hamiltonian diffeomorphism. Then there is holonomy perturbation
data 0, T such that r+ are diffeomorphisms and r o r—' is a Hamiltonian diffeomorphism which
arbitrarily close to ¢ in the C*-topology.

Proof. Let ¢ : Mg, (t) — Mg, (t) be a Hamiltonian diffeomorphism of M, ,,(t). By Proposition
3.2, there are multicurves I'; and functions 7; with 1 < ¢ < k such that if ¢; is the time 1 Hamil-
tonian flow of fy, r; : Mg n(t) — R, then ¢ is arbitrarily close to the composition ¢ © - - - © ¢.
(Note that Proposition 3.2 asserts that a special choice of functions 7; given as scalar multiples of
multiplication maps would suffice. But we will not need this stronger version of the proposition.)
Proposition 4.3 implies that 7;, I'; induce perturbation data for ([—1, 1] x X, ;t), giving

%Umri([_lv 1] X ng;t)

- "+ 41)
My,n(t) My (t)

such that 7. o (r)~! = ¢;. Now by gluing the perturbation data (n;,I';) for 1 < i < k as
in the discussion at the end of previous subsection, we obtain perturbation data (14,I") for the
result of gluing k copies of [—1, 1] x ¥, ,, which may be identified with [—1,1] x 3, ,, again after
reparametrization. For the associated correspondence

:{n#,F#([—l, 1] X 2g,n; t)
# #
r_ 'I’+ (42)
My,n(t) My, (t)
we have rf o (rf)_l = ¢1 0 - - - 0 ¢.. This completes the proof of the claim. O
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4.4 Perturbed 3-manifold Lagrangians

We next return to the case of general (M, T';t) satisfying the non-integral assumption. Proposi-
tion 4.1 explains how we can associate a Lagrangian to (M, T'; t) under a restrictive assumption on
fundamental groups, and our goal in this part is to use holonomy perturbations to obtain 3-manifold
Lagrangians for more general (M, T’ t).

First we review some terminology, mostly following [HSO1]. Let F' be a closed orientable
surface. A compression body C'is an orientable connected 3-manifold obtained from a ball B or
F x [0,1] by attaching a finite number of 1-handles to 0B or F' x {1}. Denote by 0_C' = F' x {0}
and 0.C = 0C ~ 0_C. If C is obtained from a ball, ¢_C' is empty, and C' is a handlebody. A
tangle I' = t; U --- U t, < Cis trivial if each ¢; is an arc and satisfies one of the following:

* t; is Oy -parallel: there is an embedded disk D < C witht; € 0D and D n 0C = 0D \ t;
0+C, and such that D nt; = (¥ for j # i;

* t; is vertical: there is a homeomorphism from C' to F' x [0, 1] with 1-handles attached along
F x {1}, where 0_C'is sent to F' x {0}, and ¢; is sent to {p} x [0, 1] for some p € F.

We will sometimes use the notation 0+ (C,T) = (0+C, 0+ C nT). For an example of a compression
body with trivial tangle, see the left picture in Figure 7. Note that the right picture in Figure 7 depicts
a compression body, but the tangle is not trivial.

Consider a pair (M,T) where M is a compact connected orientable 3-manifold and 7" is a
tangle. A Heegaard splitting of (M, T') is the data of an embedded surface > < M that is transverse
to 7', with P := ¥ n T a finite set of points, and such that (X, P) divides (M, T') into the union

(M, T) = (Cl,Tl) U(Eyp) (CQ,TQ) (43)

where (C;,T;) is a compression body with trivial tangle and 0, C; = 0;:Cy = X. A holonomy
parameter for the tangle 7' is called strongly non-integral with respect to the Heegaard splitting (43)
if the induced holonomy parameters for (C1,T}) and (Cq, T») satisfy the non-integral assumption.
By [HSO1, Lemma 2.1], every 3-manifold with tangle (A, T") admits a Heegaard splitting.

Theorem 4.5. Let t be a holonomy parameter for a pair (M, T') that is strongly non-integral with
respect to some Heegaard splitting of (M, T). Then there is a choice of perturbation data n, T for
(M, T;t) such that X, v (M, T;t) is a smooth manifold and the restriction map to the boundary
r:X,r(M,T;t) - My ,(t) defines an immersed Lagrangian.

Proof. Fixing a Heegaard splitting of (M, T') as in (43), we obtain a decomposition of (M, T') as
(C1,T1) v p) [-1,1] x (3,P) usp) (C2, T2)

Let t1, t2, s be the induced holonomy parameters on (C1,71), (C2,T»), [—1,1] x (X, P). Let g be
the genus of ¥, n be the size of P, and with a slight abuse of notation, we write s for the induced
holonomy parameter on (X, P). Let also g;, n; and s; respectively denote the genus of 0_C}, the
size of 0_T; and the induced holonomy parameter on 0_(C;, T;). Fix a Hamiltonian isotopy ¢¢ of
M, »(s), and let , I be as in Theorem 4.4 such that for the induced correspondence

Xy r([—1,1] x By p;8)

/ \ (44)

Mg n(s) My,n(s)
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we have X, p([—1,1] x X, ,;8) = M, ,(s) and ¢ := r4 o (r_)~! is a Hamiltonian isotopy close
to ¢p. Then (I',n) determines a choice of holonomy perturbation data for (M, T'), which is still
denoted by (I, 1), and using (39), we have

Xpr(M,T5t) = X(C1, Th;t1) X g, .(s) Mgn(8) X, (s) X(C2, Tas ta)
= X(C1,T1;t1) X1, (s) X(C2, Tos t2) (45)
Denoting the restriction maps associated to X(C;, T;; t;) by
T = (ri_,ri) 1 X(Cy, Ty t3) = Mg, n, (i) X Mgn(s), (46)
the fiber product in (45) is taken with respect to the maps
port i X(C1,Ti;t1) — Myn(s), r2  X(Co, Ta;ta) — My n(s). (47)

From the assumptions, the inclusion of 3 ~ P into C; \ T; induces a surjection of fundamental
groups. In particular, Proposition 4.1 implies that the map r; in (46) determines a Lagrangian.
Since ¢ is C® close to ¢y, which may be taken to be an arbitrary Hamiltonian isotopy, we may
arrange for n, I such that the maps in (47) are transversal. In particular, the fiber product in (45) is a
smooth manifold, and the map from X,, r (M, T';t) to My, », (s1) X M, n,(s2) induced by (rl,r?)
defines an immersed Lagrangian. Ul

Theorem 4.5 holds more generally without the assumption that the holonomy parameter is
strongly non-integral with respect to some Heegaard splitting. Furthermore, if X, (M, T;t) and
X,y (M, T;t) are immersed Lagrangians associated to two choices of holonomy parameters for
(M, T;t), then these Lagrangians are related by an immersed Lagrangian cobordism. Since we do
not need these more general claims, we will not prove them here and refer the reader to [Her94,
DFL21] for similar results in the case that 7" is empty.

4.4.1 The case of webs

The above proposition may be generalized and improved in several directions. First we may allow
T to be an embedded graph in M that has trivalent vertices in the interior of M and outside a
small neighborhood of trivalent vertices is a properly embedded 1-manifold. This is an extension
of the notion of webs in [KM19] to the case of 3-manifolds with boundary, and we use the same
name web here. A holonomy parameter t for a web 7' is an assignment of a real number ¢; €
[0,1] to each embedded edge T; of T' (a connected component of 7" without a trivalent vertex is
also regarded as an edge). In the same way as tangles, X(M,T;t) is the space of all conjugacy
classes of SU(2)-representations of the complement of 7" such that a meridian of an edge T; of T is
mapped to the conjugacy class I'(¢;). We say t satisfies the non-integral assumption if 0(M,T';t) =
(X4, Pyiti)u (X, P_;t_) and t satisfy the non-integral assumption in the previous sense. This
assumption implies that X(M, T'; t) consists of irreducible elements.

Removing small neighborhoods of trivalent vertices turns (M, T) into a pair (M’,T") of a 3-
manifold and a tangle and a holonomy parameter t for (M, T') determines a holonomy parameter t’
for (M’,T"). The pair (M’,T') has a boundary component corresponding to each trivalent vertex
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Figure 6

of T' that is Yo 3 with the three marked points labeled by three components ¢;, t; and Zj, of t. See
Figure 6. The character variety M 3(t;,t;,t)) has exactly one element if the inequalities

t; <t + tg, tj < t; + t, tr < t; + tj, t; +tj + 1t <2 (48)

are satisfied, and otherwise M 3(t;,t;,t) is empty. Furthermore, if My 3(t;,t;,tx) is non-empty,
the unique element of this moduli space is irreducible if and only if all the inequalities in (48) are
strict. The character variety X(M’,T"; t") can be identified with that of X(M,T’;t). We may also
follow similar proofs as above to obtain analogues of Proposition 4.1 and Theorem 4.5.

4.4.2 The monotone case

For the rest of the paper, we focus on (M, T'; t) with boundary (X, P4, t4)u (X_, P_,t_) where
Y4 are connected, all entries of t are 1/2 or 1, and the boundary holonomy parameters t4 consist
entirely of entries equal to 1/2. Because of this, we reset our notation from now on, and use 7" to
denote the components of the tangle with label 1/2 and w to denote the components of the tangle
with label 1. Fix a Heegaard splitting of (M, T") as in (43), we now write

(M,T U w) = (Cl,Tl U wl) U(ZJ)) (CQ,TQ v wz)

where as before the 1-manifold w is disjoint from X, and P4+ < X1 has an odd number of points,
each labeled with 1/2. In particular, t is strongly non-integral with respect to any Heegaard splitting
of (M, T), and we may apply Theorem 4.5 to obtain ), I" such that
X, r(M,T,w) =%, r(M,T U w;t)

is an immersed Lagrangian of M,_,_ x M, .. . As we explained above, we may assume that
T U w has trivalent vertices. For X,, (M, T, w) to be non-empty, we need to guarantee that (48) is
satisfied at any trivalent vertex. This implies that all the edges incident to a trivalent vertex of 1" are
all labeled by 1/2 or exactly one of them is labeled by 1. In particular, w is an embedded 1-manifold
in M with boundary satisfying ow = w n T

As a special example of this construction, let M = [—1, 1] x X,. Fix a set of n marked points
with n odd, and a 1-dimensional submanifold Z of ¥, with 0Z = Z nP. LetT = [-1,1] x P
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and w = {0} x Z. Label the edges in 7" with 1/2 and the edges in {0} x Z with 1. If

X(M,T,w)

/ \ (49)

M

g,n

Mg,
is the associated correspondence, then it is easy to see that r_ and r, are diffeomorphisms and
r, o (r_)~!is the symplectomorphism from the previous section that is associated to the element
¢ € H'(X°;7/2) given by the Poincaré dual of Z.

5 Singular instanton homology and 3-manifold Lagrangians

In this section we review the necessary aspects of singular instanton Floer homology, and prove
Theorem 1.9 from the introduction; see Theorem 5.2.

Let (Y, L, w) be an admissible link as defined in the introduction. As mentioned there, singular
instanton Floer homology of (Y, L, w) is a Z/4-graded abelian group (Y, L,w). This instanton
homology group can be regarded as the Morse homology of a Chern—Simons functional C'S on a
certain configuration space B(Y, L, w) of isomorphism classes of PU(2)-connections A on Y that
are singular along L and the topological type of the PU (2)-bundle carrying A is determined by w.
In particular, (Y, L, w) is the homology of a chain complex (C(Y, L, w), d):

I(Y, L,w) = Hy(C(Y, L,w),d).

The definition of C(Y, L, w) uses similar (perturbed) character varieties as in the previous section
associated to (Y, L, w). The differential d is defined in terms of solutions to a certain version of
the anti-self-duality equation. As such, the analytical aspects of the construction of (Y, L, w) are
more subtle than the construction of perturbed character varieties. There are several approaches to
address this, all of which yield isomorphic instanton homologies (Y, L, w). Our exposition here
follows [KM 1 1a] and we refer the reader to this reference for more details.

To set up the theory as in [KM 1 1a], first fix an orbifold metric on Y which is smooth away from
L and has orbifold angle 7 along L. We write Y for the orbifold 3-manifold determined by the
pair (Y, L), which has L as the locus of singular points with isotropy groups Z/2. As explained in
[KM1 1a], w defines an orbifold SO(3)-bundle P on Y, and we may form .A(Y, L, w) as the space
of orbifold connections on P. The holonomy of any connection A in A(Y, L, w) along meridians
of L are asymptotic to elements of order 2 in SO(3). The space of connections A(Y, L, w) is an
affine space modeled on the Sobolev space L2(Y; A’ ® ad(P)) where k > 3 is a fixed integer and
ad(P) is the orbifold vector bundle on Y associated to P, corresponding to the adjoint action of
SO(3) on su(2). The space A(Y, L, w) is denoted by Cx(Y, L, P) in [KM11a].

There is a determinant-1 gauge group G(Y, L, w) acting on A(Y, L, w), and the configuration
space B(Y, L,w) is the quotient A(Y, L, w)/G(Y, L, w). The choice of the gauge group allows
us to associate to any closed loop v in Y \ (L U w) and any [A] € A(Y, L, w) a well-defined
conjugacy class in SU(2), which is obtained as the conjugacy class of the holonomy of A along
«y after lifting to SU(2). If v is a meridian of L (resp. w), then the holonomy of [A] along - is
asymptotic to a traceless element of SU(2) (resp. —1 € SU(2)) as the size of the meridian goes to
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zero. The Lie algebra of the gauge group G(Y, L, w) may be identified with L7, (Y; ad(P)), and
the linearization of the action of the gauge group at A € A(Y, L, w) is given by

da : L3 (YV;ad(P)) — Li(Y; A ® ad(P)) (50)

The Chern—Simons functional is a functional A(Y, L, w) — R, characterized up to a constant
by the property that its formal gradient at any connection A € A(Y, L, w) is equal to »F's where
the metric on A(Y, L, w) is induced by the L? metric on sections of A’ ® ad(P). This induces
an R/Z-valued map on B(Y, L, w), which is denoted by C'S. The set of critical points X(Y, L, w)
of C'S are given by the gauge equivalence classes of flat connections in A(Y, L, w), and by taking
holonomies, this set can be identified with the set of conjugacy classes of homomorphisms

p:m (Y N (Luw))— SU(2) (51)

which map any meridian of L to a traceless element of SU(2) and any meridian of w to —1.

There is an action of H' (Y \ L;Z/2) on X(Y, L, w). We first define this action representation-
theoretically. Any o € H*(Y \ L;Z/2) induces a homomorphism & : 71 (Y \. L) — {£1}, and for
any p as in (51) representing an element of X(Y, L, w), we define

o-p:m(Y N (Luw)) — SU(2)

where its value at any v € 71 (Y \ (L u w)) is equal to (7y)p(y). Alternatively, let [, be the real
line bundle associated to o and B, the connection on [, that has holonomies in {£1}. For any
flat connection A € A(Y, L, w) representing an element of X(Y, L, w), the connection A ® B,
is another flat connection in A(Y, L, w). This construction respects the action of G(Y, L, w) and
induces the above action of o on X(Y, L, w). This description shows that this action extends to
A(Y, L, w), and preserves C'S up to a constant.

The critical points of C'S' are not necessarily non-degenerate, and for this reason we may need to
perturb C'S. As in §4.2, fix I' = {1, ...,7x}, where each ~; is an embedded loop in Y \ (L U w),
and a choice of smooth function n : R¥ — R. Thicken each loop ~; to an embedding of S' x D?
intoY \ (L uw). Forany A € A(Y, L, w), define

fn,F(A) = 77(0"71 (A)v <o Oy (A))

where 0., (A) is defined as in (35). Note that the restriction of A to the solid torus determined by
7; is an ordinary connection. A connection A € B(Y, L, w) represents a critical point of C'S + f,, 1
exactly when it satisfies the equation

k
Fa = Z Oin(try, (A), ... try, (A))Ta v, (52)
i=1

which is the same as (37), except now we are working in a closed 3-manifold. Write X, (Y, L, w)
for the gauge equivalence classes of such connections. For any admissible link (Y, L, w), there is
a choice of perturbation data 7, I' such that the critical points of C'S + f, 1 are non-degenerate
[KMI11la,KM11b,Don02]. In Lemma 5.1 below, we establish this non-degeneracy using perturba-
tions adapted to a Heegaard splitting of (Y, L, w).

For i € {1, 2}, let (M;, T;, w;) be a triple of a compact, oriented, connected 3-manifold M/; with
boundary, a tangle 7; < M;, and a compact 1-manifold w; < intM; satisfying w; N T; = ow;.
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We also assume that 0(M;, T;) is the union of ¥ ,, and Yy, Where n, n’ are odd integers. After
reversing the orientation of M, we glue these triples along their common boundaries to obtain

(Y, L,w) = (My, Ty, w1) Us, ,on,,, (Ma, Tz, w2) (53)

Then the embedding of X, into (Y, L, w) as one of the boundary components of (M;, T, w;)
implies that (Y, L, w) is admissible. Using Theorem 4.5, there is a choice of perturbation data 7,
I'; for (M;, T, w;) such that X, r, (M;, T;, w;) defines an immersed Lagrangian

i
T . %7]2.71"2. (M,L,TIL,’LUZ) d g,n X Mg’,n’

by restriction to the boundary. Note that combining I'; and I'; determines a family of loops I'in Y,
and the functions 7; : R¥ — R give n : R¥1 752 — R defined as

77(9617 e 7xk1+k2) = 771($1, .- -,xkl) + 772(90k1+1, e 733k1+k2)-

In particular, we may use I" and 7 to perturb the Chern—Simons functional of (Y, L, w) and form the
critical point set X, r(Y, L, w).
Restricting any [A] € X, r(Y, L, w) to M; gives an element [A;] € X, r, (M;, T;) satisfying

r1([A1]) = ra([Az]). (54)

In the reverse direction, let [A;] € X,, r,(M;, T;, w;) be given such that (54) holds. Then the
connections A and A are flat in the neighborhood of the boundary and after applying appropriate
gauge transformations, we may assume that each A; is the pullback of flat connections A and
A’ on tubular neighborhoods of the boundary components 3, ,, and ¥, /. Since A and A are
both irreducible, we may glue A; and A, along each of the common boundaries of (M;,T}) and
(Ms,T») by £1. Changing both signs at the same time produces gauge equivalent connections on
(Y, L,w). But changing only one of the signs leads to a different gauge equivalence class that is
related to the original one by the action of the element of g € H'(Y ~ L;Z/2), given by the
restriction of the Poincaré dual of X, ,, to Y \ L. Combining these observations, we see that

xn,p(Y, L, ’UJ)/O'Q = %77171“1 (Ml, Tl, wl) Tl><7q2 3€n2,p2 (Mg, TQ, wg). (55)
We remark that the involution induced by o acts freely on X, r(Y, L, w). In fact, it is easy to see
thatif [A] € B(Y, L, w) is fixed by the action of oy, then [A] has a reduction to an O(2)-connection
where the associated orientation bundle of the O(2)-bundle carrying A is [, (see [DFL21, Lemma
2.44] for the proof of a similar fact). In particular, the restriction of A to X, , and X ,s has
a reduction to an SO(2)-connection. This implies that the restriction of A to these embedded
surfaces cannot be flat because all elements of My, ,, and M, are irreducible and they do not have
SO(2)-reductions. Thus, any such [A] is not an element of X, v (Y, L, w).

Lemma 5.1. Using the above notation, the sets of loops I'1, 'y can be enlarged and the functions
f1 and fo can be extended such that the set of critical points X, v (Y, L, w) of the perturbed Chern—
Simons functional C'S + f, r is non-degenerate.

Proof. Throughout this proof, let X = M, x My ,» and A; = X, 1, (M;, T;, w;). There is an
arbitrarily small Hamiltonian isotopy ¢ : X — X such that the immersed Lagrangians

¢OT1:A1—>X, T21A2—>X
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are transversal to each other and the intersection points of A; and A,. Theorem 4.4 asserts that ¢ can
be approximated by a holonomy perturbation in [—1, 1] x X ,,. In particular, we may assume that
after possibly enlarging I'; using a family of curves in a tubular neighborhood of the boundary of
M and extending f;, the immersed Lagrangians A1 and As are transversal to each other. Therefore,
the fiber product of A1, Ao over X consists of finitely many points, away from the self-intersection
points of A; and As. In light of the identification in (55), this implies that any critical point of
CS + fy,r, up the action of oy, is uniquely determined by its restrictions to My, Mo.

We expect that the transversality of Ay, Ay implies that the perturbed functional C'S + f, -
is non-degenerate (see [DFL21, Lemma 2.48] for the proof of a similar claim). However, this
would require further development of the analytical setup for 3-manifolds Lagrangians. Instead,
we prove something weaker that suffices for our purposes: we show that, after an additional small
perturbation, C'S + f,, r is non-degenerate. The proof follows a similar argument as in [Don02].

Fix a critical point of C'S + f,,r and let A be a connection representing this critical point.
Since A is flat in a neighborhood of ¥ ,,, ¥, s, we may assume that A is the pullback of flat
connections A, A" in tubular neighborhoods (X, ,,), (34 /) of these embedded surfaces. There
is a finite dimensional subspace Ha of the tangent space of B(Y, L, w) at [A] representing the
kernel of the Hessian of C'S + f, r at [A]. The space Ha can be regarded as a subspace of the
orthogonal complement of the image of (50). In particular, any non-zero element of H 4 is given by
¢ e L{(Y; A' ® ad(P)) that is not of the form d for any x € L7 | (Y;ad(P)).

Let A;, ¢; respectively denote the restriction of A, { to M;. We claim that (7, (2 cannot both be
of the form da, x; for some Li 41 sections £; of ad(P) over M;. Otherwise, the restrictions \;, A

of r; over the tubular neighborhoods v(X, ,,), v(3y /) satisfy

daA1 = dads daN) = da .

Since the connections A, A’ are irreducible, this implies that A\; = A} and A2 = 5. In particular,
K1, ko agree in the tubular neighborhoods of the boundary and we may glue them to find £ with
dak = ¢, whichis a contradiction. Assuming (; is not of the form da , k1, there is an embedded loop
cin M; ~ (Th U w1) such that the derivative of the map tr. along ( is non-trivial. This claim is the
infinitesimal version of the fact that any SU (2)-connection that has the trace of its holonomy along
any loop trivial is gauge equivalent to the trivial connection. One can prove this claim by combining
the arguments in Proposition 3.1 and [DFL21, Proposition 4.60] (see also [DL25, Lemma 4.23]).
Applying this for a basis of Ha for each critical point of C'S + f, 1 gives a collection of loops
{ci}1<i<n such that the derivative of the map

(trey, ... trey) s B(Y, Liw) — RY

restricted to H for each critical point [A] of C'S + f,  is injective. Now the proof can be com-
pleted using a similar argument as in [Don02, Proposition 5.15]. Ul

Next, let (Y, L, w) be an admissible link and let 7, " be a choice of the perturbation data such
that the critical points X, r(Y, L, w) of C'S + f,r are non-degenerate. Then the chain group
C (Y, L,w) used in the definition of I(Y, L, w) can be chosen to be the free abelian group gen-
erated by the elements of X, r(Y, L, w). The differential d is defined in terms of the moduli spaces
of perturbed orbifold instantons on the bundle R x P over R x Y where the perturbation is in-
duced by the gradient of f, . In general, one might need to perturb C'S further to guarantee that
all such moduli spaces are cut out transversely. This can be arranged without changing the critical
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set [KM11b, Proposition 3.18]. In fact, we may pick this additional perturbation of C'S + f,, r to be
arbitrarily small and trivial in a neighborhood of the critical points X, (Y, L,w) of C'S + f, r. In
particular, this additional perturbation does not change C(Y, L, w).

We are now in a position to prove Theorem 1.9. We give a slightly more general result.

Theorem 5.2. Suppose (Y, L, w) is an admissible link with a decomposition as in (53), and suppose
holonomy perturbation data n;,1; for i € {1,2} is chosen such that each A; = X, r,(M;, T;, w;)
defines an immersed Lagrangian in My, X Mgy 1. Then

n(A1,Ag) = %rankz I(Y,L,w). (56)

The same inequality holds using the rank of instanton homology computed with respect to any
integral domain coefficient ring. Furthermore, if I(Y, L, w) = 0 and the perbtation data v; defining
A; is sufficiently small for i € {1, 2}, then n(A1, A2) = 0.

Proof of Theorem 1.9. Set X = My, x My ,s. Let ¢ : X — X be a Hamiltonian isotopy
such that A; is transversal to ¢(A2). As we explained in the proof of Theorem 5.1, we may use
Theorem 4.4 to modify perturbation data 72, I's to 15, I, such that ¢(As2) is arbitrarily close to
A, = Xy, (M, Ty, ws). In particular, the number of points in A; X x ¢(Ag) and Ay x x A} are
equal to each other. The perturbation data 7;, I'; induce the perturbation data n, I' for the admissi-
ble link (Y, L, w) in (53), and by (55), the number of points in X, (Y, L, w) is twice the size of
A1 xx A} (or equivalently A; x x ¢(A2)). Since I(Y, L,w) is the homology of the chain com-
plex (C(Y, L,w), d) where C(Y, L, w) is generated by X, (Y, L, w), we conclude that the size of
A1 X x ¢(A2) is bounded below by half of the rank of I(Y, L, w). This proves (56).

To prove the last statement, let I (Y, L, w) = 0. In the next section, we show that I (Y, L, w) = 0
implies that X(Y, L, w) is empty. That is, the singular instanton complex C(Y, L, w) for the trivial
perturbation is trivial. The identification in (55) shows that the fiber product of X (M, T}, w;) and
X(Ma, Ty, wo) over My, x Mg s is trivial. But the spaces X (M1, Ty, w1) and X (Mo, To, wo) are
not necessarily cut out transversaly. However, by Theorem 4.5, there are arbitrarily small perturba-
tion data n;, I'; such that A; = X, , (M;, T;, w;) are immersed Lagrangians. Since the perturbation
data are small, the image of A; and X(M;, T}, w;) in My, x M, ¢/ are close to each other and hence
the fiber product of A; and As is still empty. In particular, we have n(A1, Ay) = 0. O

6 A detection result in singular instanton homology

In this section, we characterize when singular instanton homology of an admissible link is non-
trivial. The following is an extension of [DS25, Proposition 2.1]. The statement and argument also
build on non-vanishing results due to Kronheimer and Mrowka [KM 19, §7].

Theorem 6.1. Ler (Y, L, w) be an admissible link. Then 1(Y, L, w) is zero if and only if one of the
following three conditions is satisfied:

() Y = S x S2#Y" where L < Y' and w has odd pairing with {pt} x S2.
(i) Y = S' x S?#Y" where L is the disjoint union of S* x {pt} = S' x S? and some L' = Y.

(iii) Y = Y #Y5 where the separating sphere S? satisfies w - S? is odd and L ~ S? = .
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Note (i) and (iii) may be combined into the condition that there exists a 2-sphere in Y, disjoint from
L, which has odd pairing with w. In particular, Theorems 6.1 and 1.10 are equivalent.

In preparation for the proof, we prove several lemmas. Recall that a compact 3-manifold M is
irreducible if every embedded 2-sphere bounds a 3-ball, and 0-irreducible if every component of
0M is incompressible, i.e. there are no embedded disks D in M with 0D essential in 0M. Given a
link L ¢ Y we write N(L) c Y for a closed regular neighborhood of L, and we say that (Y, L) is
irreducible or d-irreducible if this is the case for Y\ intN (L). For p € Q U {0} let (L(p, q), Uy/q)
be the result of doing p/g-surgery on a meridional loop around the unknot in S°.

Lemma 6.2. Given a 3-manifold with link (Y, L), we may write Y = Y14 - - - #Y}, where L is the
disjoint union of (possibly empty) links L; < Y; such that for each i one of the following holds:

» (Y;, L;) is irreducible and O-irreducible.
o (Yi, L) = (S' x S, &).
* (Yi, Li) = (L(p, q), Upjq) for some p/q € Q U {c0}.
The last case includes (S®,U), when p/q = o, and (S x S%, S x {pt}), when p/q = 0.

Proof. The prime decomposition of Y ~ L allows us to write Y = Y74 .- - #Y} where L is the
disjoint union of L; < Y; and each Y; \ L; is either irreducible or Y; = S I'x 82 with L; = &.
Suppose (Y;, L;) is not d-irreducible. Then there is a component L of L; and a disk D < Y; \
int N (L) such that dD is an essential simple closed curve on ¢N(L}). The union of a thickening
D x I of D together with N (L}) =~ S' x D? is homeomorphic to L(p, q) minus an open 3-ball for
some p/q. Accounting for L/ in this lens space gives Up/q- By irreducibility of (Y;, L;) we must
have (Y;, L;) = (L(p, q), Up/q)- O

As Kronheimer and Mrowka’s sutured instanton homology [KM10b] is used below, we recall
some of the relevant terminology. A balanced sutured manifold (M, ~y) consists of a compact ori-
ented 3-manifold M with boundary, having no closed components, and an oriented 1-manifold
v < 0M whose components are called sutures. The pair (M, ) is required to satisfy several
properties explained in the following paragraph.

There is a disjoint pair of oriented surfaces with boundary R, and R_ in 0M such that the
complement of R, v R_ in 0M is the disjoint union of a collection of annular neighborhoods of
the sutures. (Strictly speaking, the annular neighborhoods of the sutures are usually included in the
data of (M, ~).) The surface R is distinguished as having the property that the orientation of the
sutures parallel to R are induced by first using the boundary orientation of Ry < ¢M induced
by M and again using the boundary orientation of 0 R, induced by R . Finally, it is required that
X(R+) = x(R-) and that each of R4 has no closed components.

A balanced sutured manifold (M, ) is taut if the 3-manifold M is irreducible, the surface
R, v R_ is incompressible in M, and R+ are each minimal in their homology classes with respect
to the Thurston norm on Hy (M, 0M).

A pairing for (Y, L) is the data of a subset II of the set of link components of L such that |II] is
even, together with a partition of II into 2-element subsets. Plainly, a pairing matches up some of
the components of L into pairs. The empty pairing is the unique pairing with II = (.
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To a link (Y, L) with a pairing, associate a sutured manifold (M, ) as follows: M is the result
of taking Y ~\ int N (L) and gluing up the boundary tori of components from IT in pairs according to
the pairing; the particular way in which two boundary tori are glued together will not be important.
Note 0 M consists of the remaining boundary tori of link components not in I1. The sutures -y consist
of two oppositely oriented meridians on each torus boundary component on 0 M.

This construction produces a balanced sutured manifold (M, ~) so long as L has components
not in II. Otherwise, the result is a closed 3-manifold. For convenience, we will abuse terminology
and include closed 3-manifolds in the class of balanced sutured manifolds. In this setting, a closed
3-manifold being taut will mean that it is irreducible.

Lemma 6.3. Suppose (Y, L) is irreducible and 0-irreducible. Then the sutured manifold (M, )
associated to any pairing of (Y, L) is taut.

Proof. Suppose M is reducible, and consider a reducing sphere S < intM. Let T < intM be
the collection of 2-tori which were glued up in pairs. Assume S intersects 1 transversely, and the
number of components in S N 7" is minimal among reducing spheres .S. A standard argument using
the minimality of S n T" implies that no component of S N T is nullhomotopic in 7'. Suppose
S nT # . The result of removing a neighborhood of S n T from S gives a planar surface 5,
a union of disks with holes, and S is homeomorphic to the result of gluing up pairs of boundary
circles in S’. As S is a sphere, an Euler characteristic argument shows that S’ contains a disk. This
disk gives a compressing disk for Y ~ int/N (L), contradicting the J-irreducibility of (Y, L). Thus
S nT = &, in which case S is a reducing sphere for Y ~ intN (L), contradicting the irreducibility
of (Y, L). It follows that M is irreducible.

The surfaces R4+ and R_ in 0M are each collections of annuli, and thus automatically are
Thurston-norm minimizing. It remains to show that each annulus component of R is incompress-
ible in M. For this, suppose that there is a compressing disk D for one of these annuli, and repeat
the argument above, with D playing the role of S. O

For the next lemma, we utilize the notation of [KM11a] and write
I'*(Y,L,w) := I(Y,L u H,w L wg)

where H is a Hopf link in a small 3-ball in Y and wp is an arc connecting the components of H.
To define 7 (Y, L, w), we do not require (Y, L, w) to be admissible. Write F = Z/2.

Lemma 6.4. Given (Y, L, w) where (Y, L) is irreducible and 0-irreducible, we have
I#(Y, L,w;F) # 0.

Proof. If L is empty, the result follows from [DS25, Proposition 2.1], and so we assume L # (.
Consider the set of components of L that have an odd number of points from w:

I:={L' < L : L'isacomponent of L and #L' n dw is odd}.

Note that |IT| is even. Choose a pairing of (Y, L, w) with respect to II. Note that w is mod 2
homologous to a 1-manifold that misses components of L not in II and has one boundary point on
each component in II. We assume from the start that w has this property. Writing (M, ~) for the
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balanced sutured manifold associated to (Y, L) and the pairing chosen, we also have a 1-manifold
in M which we still call w < M; it is obtained from w < Y by arranging that when gluing the tori
of II in pairs, we require that the points of dw in each torus is appropriately matched. Consider the
sutured instanton homology, defined as a vector space over C, written

SHI(M,~,w).

Here, we slightly extend the sutured instanton homology from [KM10b] to include an embedded
unoriented closed 1-manifold w < intM; for details, see [DIS24]. As explained there, [KM10b,
Theorem 7.12] generalizes: if (M, ) is taut, then SHI(M,~y,w) # 0.

Recall that our conventions allow the possibility that M is a closed 3-manifold. In this case
SHI(M,~,w) is defined to be I(M,w;C). Note that in our setup, when M is closed, w intersects
each glued up torus in an odd number of points, and thus (M, w) is admissible.

Let 7 be a collection of points on L and denote by L™ < Y the link obtained from L by ‘adding
an earring’ around each point in 7. Explicitly, at each point in m we connect sum onto L a copy
of the Hopf link. This is done away from the 1-manifold w < Y. Let w™ < Y be the union of
w and one small arc connecting the two components of each Hopf link attached. Now assume that
7 consists of exactly one point on each component of L which is not in II. Applying the excision
argument of [KM 1 1a, Proposition 5.7] (see also [Xie21, Proposition 5.1]), there is an isomorphism

SHI(M,~v,w) = I(Y,L™,w™;C).

More precisely, Floer’s excision is performed on (Y, L™, w™) in two ways: once for each component
L’ < L not in II, using a pair of tori, one surrounding I < L™ and the other torus encasing the
earring; and once also for each pair of components L', L” < L™ in II that are matched by the pairing,
using a pair of tori surrounding each of L" and L”. It is important that each excision involves a pair
of tori that have odd intersection with w”.

Under the assumption that (Y, L) is irreducible and ¢-irreducible, Lemma 6.3 implies that
(M, ) is taut. Then I(Y, L™, w™; C) # 0, and by the universal coefficients theorem,

I(Y, L™, w™;F) # 0
where F = Z /2. Next, for any admissible link (Yp, Lo, wg) we have
dimg I(Yy, Lo U H,wo U wi; F) = 2dimg (Yo, L, wiPh F), (57)

where p is any point on L, and, as before, H is a Hopf link in a 3-ball and wy is a small arc
between the components of H. See [KM19, Lemma 7.7], [DS24a, Corollary 8.17]. Note that the
latter reference has (57) stated for (Y, K') where K is a knot in an integer homology 3-sphere, but
the argument adapts to the case of admissible links. Thus we now have

1Y, L™ G H w™ P G owg F) £ 0 (58)

where p € 7 is arbitrary. The next property to be used is the following: if (Yp, Lo, wp) is any
admissible link and o # ¢ a collection of points on Ly, then for any s € o,

2 dimg 1(Yy, L w1 F) > dimg 1(Yp, LG, w§; F). (59)
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This follows from [DS24a, §8.2] adapted to the case of admissible links, where it is shown that a
chain complex for I(Yp, L, wg) is given by the mapping cone of a chain map on a chain com-
plex for the triple associated to o \. {s}. By applying property (59) successively to (Y, L
H,w™{P} | wy) for each remaining point in 7 ~. {p}, we finally obtain from (58) that

I*(Y,L,w) = I(Y,L U H,w uwg;F) # 0. O

Proof of Theorem 6.1. Let (Y, L, w) be any admissible link. The vanishing of (Y, L, w) in cases
(1)—(ii) is standard. If condition (i) or (iii) is satisfied, then there are no critical points of the associ-
ated (unperturbed) Chern—Simons functional. Indeed, any such critical point restricts to the relevant
2-sphere described in (i) or (ii) to a point in M(‘)’dd = (. Similary, a critical point in case (ii) restricts
to the relevant 2-sphere to a pointin My 1 = .

Now suppose (Y, L, w) does not satisfy (i)—(iii). Write Y = Y1 # - - - #Y}, where L is the disjoint
union of L; < Y; where the (Y}, L;) satisfy the conditions of Lemma 6.2. By the assumption that
(iii) does not hold, w is mod 2 homologous to a 1-manifold w; U --- U wi where w; < Y;. By a
straightforward generalization of the Kiinneth formula from [KM1 1a, Corollary 5.9], we have

k
(Y, L, w;F) = Q) I*(Y;, Li, wi; F). (60)
i=1

Lemma 6.2 lists the three possibilities for each (Y7, L;).
« If (Y}, L;) is irreducible and ¢-irreducible, then I#(Y;, L;, w;; F) # 0 by Lemma 6.4.

o If (Y;, L;) = (S x S2, %), by the assumption that (i) does not hold, we have that w; is mod
2 nullhomologous. Then I# (Y;, L;, w;; F) = I#(S* x S;F) =~ F? + 0.

« If (Vi, L;) = (L(p, q),Upq) for some p/q € Q u {0}, then, as (ii) does not hold, p # 0.
Furthermore, I7 (L(p, q), Up/q> w; F) # 0 for any w. This may be seen by observing that the

sutured manifold associated to (L(p, q), U, /) is taut whenever p # 0.

From these cases and (60) we obtain [ #(Y, L,w) # 0. Finally, from Fukaya’s connected sum

theorem [Fuk96] over F adapted to the case of admissible links, there is a spectral sequence from

I(Y,L,w;F) ® Hy(SO(3);F) converging to I# (Y, L, w;F). Thus I(Y, L, w;F) # 0. O

7 Instanton homology and the symplectic mapping class group of )/, ,,

In this section, we apply the earlier obtained results to study the symplectic topology of the moduli
spaces My ,,. In §7.1, we introduce a class of Lagrangians in M, ,, induced by what we call standard
pairs, and in the setting where two such standard pairs are glued, we recast the detection result of
Theorem 6.1 in terms of Heegaard splitting data. In §7.2, the detection result is studied from the
viewpoint of mapping classes of %, ,, and in §7.3, the case of pseudo-Anosov mapping classes is
considered. Finally, in §7.4, we prove Theorem 1.1.
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7.1 Detection of instanton homology via Heegaard splittings

Theorem 6.1 relates non-vanishing of instanton homology to existence of spheres in 3-manifolds.
We being this section by the study of such spheres (and disks) for a pair (M, T') of a 3-manifold and
a tangle. A splitting sphere of (M, T)) is an essential sphere in int(M) \ T'. A T-compressing disk
of 0M 1is a properly embedded disk D < M ~. T with 0D an essential curve on 0 M.

With (M, T) as above, let F' = M be a properly embedded surface, and D an embedded disk in
M suchthat D n F = 0D and D n' T = (. Take a regular neighborhood N of D in M, identified
with D x [0,1], sothat N n F = 0D x [0,1] and N n T = ¢J. The operation of replacing
0D x [0,1] on F with the two disks D x {0, 1} is called a 2-surgery on F along D. If F’ is one of
the components of a 2-surgery on F/, it is said to be obtained by 2-surgery on F'.

Lemma 7.1. Suppose (M, T) is a 3-manifold with tangle, with Heegaard decomposition
(M, T) = (C1,T1) us,p) (C2,T3) (61)

(1) If (M, T) has a splitting sphere, then there exists a splitting sphere S transverse to Y. such
that S " X is an essential simple closed curve in 3 \. P.

(2) If (M, T) has a T-compressing disk Do of 0M, then it has a T-compressing disk D with
0D = 0Dg such that D n X is an essential simple closed curve in 3~ P.

(3) If M has a sphere intersecting T transversely in one point, then it has a sphere S transverse
toT and %, with S n T one point and S N X an essential simple closed curve in X \. P.

In each case, the resulting sphere or disk is obtained from the original by 2-surgeries and isotopy.

Proof. ITtems (1) and (2) follow directly from Theorem 1.3 (2) and (3) of [HSO01], respectively.

To deduce (3), begin with a sphere Sy in M intersecting the tangle " in one point p, transversely.
First assume that p lies on a 04-parallel arc. After a possible isotopy of Sy, we may assume that
p is in the interior of C', and that there is a small open ball B; < int(C}) with By n T a trivial
arc in By and Sy n By is a disk with So nT7 = {p}in B;. Set M' = M ~ B, T' = M'n T,
C1 = C1 ~ B,and T] = C| n T1. Note that (C7,T7]) is a compression body with trivial tangle.
Then we have a Heegaard decomposition

(M',T") = (C},T7) us,p) (Co, Td).

Moreover, Dy = Sy n M’ is a disk in M’ . T" whose boundary is essential in the annulus 0B ~. T".
Now apply item (2) of the lemma to obtain a disk D in M’ ~ T”, with 0D = 0Dy, and which
intersects X \. P transversely in an essential closed curve. The desired sphere S — M is obtained
by gluing the closure of the disk Sy N B; to D along their common boundary.

Now suppose p lies on a vertical arc. In this case, the above construction does not apply, as 77 is
not a trivial tangle in C7. Instead, let D; be a small disk neighborhood of p in Sy. Let A; < C1 N\ T
be an annulus with one boundary component given by A; n .Sy = 0D; and the other equal to the
boundary of a disk D, < 0_C; which contains a single point of ¢7. The annulus A; may be
obtained by running a tube surrounding the trivial arc going from ¢D; to 0_C4. Cut out Dy from
Sp and glue in A; to obtain a disk in C7 \ T3 with boundary 0Dy < 0_C1. To this disk we apply
item (2) of the lemma to obtain a disk D in M ~ T with 0D = 0D, and which intersects ¥ \. P
transversely in a single essential simple closed curve. Finally, gluing D and D5 and pushing it into
the interior of C gives the desired 2-sphere S. O
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Figure 7: A standard (0, 7) pair of type I (left) and a standard (1, 7) pair of type II (right).

We note that item (1) of Lemma 7.1 is a variation on a theorem of Haken [Hak68, §7]. The case
where T' = (¥ is due to Casson and Gordon [CG87a, Lemma 1.1]. See Doll [Dol92] for closely
related results in the case where M is closed.

Consider a 3-manifold with tangle (C, T') where C is obtained from S? x [0, 1] by attaching g
1-handles along S? x {1} and T is the union of vertical arcs {py, p2,p3} x [0,1] with (n — 3)/2
many 0 -parallel arcs. We call (C, T') a standard (g, n) pair of type I, or simply a type I pair. Note

04(C,T) =%y, 0_(C,T)=Y%g3 (62)

and that (C,T') is a compression body with trivial tangle. Next, suppose (C,T) is such that C is
as above, but 7" is the union of a vertical arc {p;} x [0, 1], a “special” arc ¢;, which is the core of
a 1-handle and has endpoints on S? x {0}, and (n — 1)/2 many 0, -parallel arcs. We call (C,T) a
standard (g,n) pair of type II, or a type Il pair. The boundaries of type II pairs also satisfy (62).
Note that, in contrast to the type I case, the tangle 7" in a type I pair is not a trivial tangle due to the
special arc ty. Furthermore, observe that a standard (g, n) pair is defined under the conditions

typel: ¢g=0, n>3, nodd
g=1

type II : , n=1, nodd

In what follows below, we will implictly assume that standard pairs come equipped with preferred
orientation-preserving boundary identifications as in (62).

Recall that the curve complex C(¥,,,) of ¥4, = (X, P) is the simplicial complex where a k + 1
simplex is a collection of k& + 1 distinct isotopy classes of essential and non-peripheral simple closed
curves in X \ P such that the isotopy classes have representative curves are pairwise disjoint. The
distance d between vertices x,y € C(X,,,) is the minimum number of 1-simplices in a simplicial
path connecting z, . Denote by C(,,,)® the i-skeleton of C(2, ), so that C(2,,,)(® is the set
of vertices. We extend d to pairs of subsets ., .75 of C(Egm)(o) by defining

d(yl,yﬂ = min {d(.%'l,xg) ’ T; € 5@} .
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Suppose (C1,T1) and (Ca, T>) are each standard (g, n) pairs (of either type I or II). Define
(Y,L) = (C1,T1) us, ,,uxe s (Co, 1), (63)

a closed connected oriented 3-manifold with an embedded link, by gluing along ., ;, and X¢ 3 using
the identifications 0, (Cj, T;) = ¥4, and 0_(C,T') = ¥ 3. The orientation of (Y, L) is induced by
that of (C,T1) and the reverse of (Ca,T3). Note that the underlying surface induced by the glued
up o3 shows that (Y, L) is an admissible link. For i € {1, 2} define

P; = 2(C;,T3) = {[z] | z=0D, DadiskinC;, DT, = &} < C(Zyn)¥
=

o = (Ci,T,) = {[2] | @ = 2D, Dadiskin Cj, DAT; = point} < C(S,)

Proposition 7.2. Suppose (Y, L) is obtained from gluing two standard pairs as in (63). Then
IY,L)=0 < (Z1nah)u(dnD)+d.

Proof. By Theorem 6.1, if I(Y, L) = 0 then there is a 2-sphere S’ — Y intersecting L transversely
in one point p. We may assume also that S’ is transverse to (S, P), the sphere with 3 points identified
by gluing the two copies of X 3, and that p ¢ S. Let S’ further have the property that among all
such spheres the number of components in .S n S’ is minimal.

Suppose S N S’ has a component which bounds a disk D < S . P containing no other compo-
nents of S n S’. Perform 2-surgery on S’ along D, avoiding p, to obtain two spheres, one of which
intersects L transversely in the single point p. The sphere also has fewer components of intersection
with S than does S’, a contradiction. Thus all components in S n S’ are essential in S \ P.

If S n S’ is nonempty, it has a component in S ~\. P which bounds a disk D < S with D n P
a single point, and such that D contains no other components of S n S’. Do 2-surgery on S’ along
D (with the caveat that D n L # (&) to obtain two spheres, one of which intersects L transversely
in one point (the other sphere intersecting it in two points), and intersecting S in fewer components
than did S’. This is a contradiction, and thus S n S’ is empty.

Given that S n S’ is empty, the sphere S’ may be viewed as embedded inside M, where

(M,T) = (Cy,T1) us,,, (C2,T>)

is the result of cutting (Y, L) along (.S, P). This may not be a Heegaard splitting, as type II pairs do
not have trivial tangles. To remedy the situation, if (C;, T;) is type IL, let (C,T}) be the result of
removing a small regular neighborhood of the corresponding special arc; if it is type L, let (C7, T7)
be (C;, T;) unchanged. Then we have a Heegaard splitting

(M, T") = (C1, T1) us,p) (Co, Ty). (64)

which naturally embeds into (M, T).

If the sphere S’ does not intersect a special arc in a pair of type II, then S” = S’ n M'. Applying
Lemma 7.1 (3) to the sphere S” in (M’,T"), we obtain a sphere S” in M’ which intersects 7"
transversely in a single point p and also intersects 3 \. P transversely in an essential simple closed
curve z. We then view S” as a sphere in M. Note that x is non-peripheral, for if it were, then the
two disk components of S” \ x would each intersect the tangle, a contradiction. Next, if p € C;
then the disk of S” \ z on the side of C; intersects 77 in one point, yielding [z] € <7, while the
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disk of S” \. x on the side of Cy misses T, yielding [z] € Z5. Thus | N Z5 # . Similarly, if
p € Cy then we conclude 97 N ot # .

If S’ intersects a special arc in a pair of type II, say (C1,71), then S” n M’ is a T'-compressing
disk of 0M’, and Lemma 7.1 (2) applies to give a T'-compressing disk D with the same boundary
and which intersects > ~. P transversely in an essential simple closed curve x. Filling back in the
regular neighborhood of the special arc, the disk D completes to a sphere S” which intersects the
special arc transversely in a single point, otherwise misses 7T', and intersects > ~\. P transversely in
an essential simple closed curve z. The disk of S” \ z on the side of C; yields [z] € 4, while
the disk of S” \ z on the side of C5 yields [z] € Z,. Thus @ N P # . Similarly, if S’ had
intersected a special arc in (C2, T%), then we obtain 7 N ot # .

The converse is immediate: if ] € o N Z; # & where {i,j} = {1,2}, then one can glue
disks from the defining properties of .7; and Z; to obtain a sphere in Y intersecting L transversely
in one point, and Theorem 6.1 implies I(Y, L) = 0. O

We expand the above result to include non-trivial bundle data. We consider triples
(Y, L,w) = (C1, T1,w1) Us, L5, 5 (C2, T, w2) (65)

where (C;, T;) are standard pairs and w = wy U wo is the union of 1-manifolds w; < int(C;) with
w; N T; = ow;. For € € {0, 1}, define subsets of Z; as follows:

9; = 9°(Cy, T;,w;) = {[z] | x = 0D, D adiskin C;, D " T; = &,[D] - [w;] =& (mod 2)}

Proposition 7.3. Suppose the admissible link (Y, L, w) is obtained from gluing two standard pairs
(Cy, T;) with 1-manifolds w; < int(C;) as in (65). Then

IY,L,w)=0 < (Zinab)u(dhnD)u(2)n2y)0 (2] D)+ .

Proof. By Theorem 6.1, if I(Y, L, w) = 0 there is an embedded 2-sphere S’ — Y, transverse to L,
such that either (i) S n L is a point or (i) S’ n L = ¢ and [S’] - w is odd. In case (i), the proof of
Proposition 7.2 implies (71 N @A) U (&4 N Do) # &, so suppose case (ii) holds.

Suppose S’ intersects the glued 3-pointed sphere (S, P) transversely, and that the number of
components in S’ N S is minimal among all such spheres that are disjoint from L and have odd
pairing with [w]. The same argument as before shows that S ~ S’ has no components that bound a
disk in S~ P. If S n.S” is nonempty, it then has a component in S ~. P which bounds a disk D c §
with D n P one point, with D disjoint from all other components of S n S’. Perform 2-surgery on
S" along D. Each of the resulting 2-spheres intersects L in one point, reverting to case (i).

Thus we continue on with case (ii), assuming S n S’ is empty. As before, let (M',T") be
obtained from (Y, L) by cutting along S and removing regular neighborhoods of special arcs; it has
a Heegaard splitting as in (64). Let w’ = w n M’. Since S’ is disjoint from S and L, it lies in the
interior of M’ ~\. T". By Lemma 7.1 (1) applied to S’ in the Heegaard splitting of (M’,T"), there
exists a sphere S” in M’ ~\. T” such that S” intersects ¥ . P in at most one curve. However, we
require also that [S”] - [w] is odd. The proof of Lemma 7.1 from [HSO1, Theorem 1.3] shows that
S” is obtained from a sequence of isotopies and 2-surgeries on disks, where at each surgery at least
one of the resulting 2-spheres does not bound a ball, and choosing one of these spheres at each stage
eventually yields S”. Observe that at each of these surgeries, one of the resulting 2-spheres has odd
pairing with [w], and in the scheme of the proof we make the minor additional requirement that S”

48



is obtained by always taking this resulting 2-sphere. The proof carries through without any other
changes, and [S”] - [w] is odd, as desired.

Thus S” n X is an essential simple closed curve in X . P. This curve divides S” into a pair of
disks, one in C and the other in C, exactly one of which has odd pairing with [w;], implying that
one of 2Y N 23 or 2} ~ 29 is nonempty.

The converse statement is immediate, as each of the four possible intersections of disk sets leads
to a sphere in Y of type (i) or (ii). O

Give a triple (C, T, w) where (C, T') is a standard (g, n) pair of either type I or Il and a compact
1-manifold w < int(C) satisfying w n T' = dw, we consider

X(C,T,w) € My p.
By Proposition 4.1, this is an embedded Lagrangian submanifold of M, ,,. Furthermore, we have

53 g ~ SQ (n—3)/2 (type I)
X(C,T,w) = (5%) (5%) (66)
St x (S3)g71 X (52)(7171)/2 (type II)

To explain this, first consider the case in which (C, T') is type L. Recall that elements of M, ,, may
be viewed as conjugacy classes of tuples A;, B;, C; (where 1 < i < gand 1 < j < n) such that

[A1, B1]---[Ag, B4]C1 - Cp = 1.

Recall that C; is the holonomy around a small loop encircling the point p;. In our presentation of
(C,T), we may arrange that each B; corresponds to the holonomy around a loop which is a cocore
of an attached 1-handle, and that for 2 < k < (n — 1)/2 the points poy and poy1 are connected by
a 04-parallel arc. Then X(C, T, w) is the conjugacy classes of tuples satisfying

B;=(-1)" (1<i<y),
C1C2C5 = (—1)712,
CorCops1 = (1) (2<k < (n—1)/2)

where ¢; is the intersection number of w with a cocore disk with boundary B;, €123 is the number
of endpoints of w on {p1, p2, p3} x [0, 1] and ¢}, is the number of endpoints of w on the 0 -parallel
arc connecting pog and por1. We may conjugate so that

7 0 10 -1 e | 07

Then there are free variables A; € SU(2) =~ S3 for1 < i < g and Cy, € T'(1/2) =~ S? for
2 < k < (n — 1)/2, with no relations, yielding the first identification in (66).
In the type II case, similar reasoning shows that X(C, T, w) is defined by

B = (-1)% (2<i<y)
[Al,Bl]Cl = (—1)50, Bl € F(1/2)

CorCopr1 = (—1)% (1< k< (n—1)/2)
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where ¢ is the number of endpoints of w on the special arc ¢, and the vertical arc {p; } x [0, 1]. Here
we have chosen B to be the holonomy along the cocore of the 1-handle which has a special arc in its
core. Up to conjugation there is a circle of solutions to the system [A;, B1|C; = £1, By € I'(1/2);
the remaining free variables B; € SU(3) =~ S for2 < i < g and Co, € I'(1/2) =~ S? for
1 < k < (n—1)/2, and we obtain the second identification in (66).

7.2 Detection of instanton homology via mapping classes of >, ,,

Next fix one standard (g, n) pair (C,T') and let 2 = 2(C,T) be the corresponding disk set. Let
(C1,T1) and (Cy,T3) be copies of the standard pair (C,T). Orient Cy oppositely that of C. Let
w; < int(C;) be (possibly different) 1-manifolds with w; N T; = ow;. Given ¢ € Mod(X,,), form

(Yy, Ly, w1 L ws) := (C1, T1,w1) Us, 15,5 (C2, T, w2)

where the copies of 3, ,, are glued via ¢ and the copies of X 3 are glued by the identity. Recall that
d(-,-) is the simplicial distance function on the curve complex C(X, ).

Proposition 7.4. If $ € Mod(X,, ,,) satisfies d(Z, p(2)) > 1, then for all choices of the 1-manifolds
wy, wy we have I(Yy, Ly, w1 1 wa) # 0.

Proof. Inadditionto 7 = 2(C,T), we have o = o/ (C,T) and 77 = 2°(C, T, w;) fore € {0, 1}
and i € {1,2}. By Proposition 7.3, the non-vanishing of 1(Yy, L4, w1 1 wy) is equivalent to

(@(2) 0 ) U () 0 D) v (A(D) " D) v (6(21) N Z5) = D. (67)

Assume d(2,¢$(2)) > 1. Then Z n $(2) is empty. As 9 = P we also have that ¢(2Y) N 73
and ¢(2;) N 29 are empty. It remains to argue that ¢(2) N o7 and ¢(7) N D are empty.

We first claim that for any [x] € o7, there exists [y] € Z such that d(z,y) = 1,1i.e. z and y are
not isotopic and can be made disjoint. Let D be a disk in C with ¢D = x such that D intersects T’
transversely in one point. Let D’ be a disk in C' . T with 0D’ = y, where [y] € 2. Let us assume,
having fixed [z], that D and D’ are chosen in a way such that they are transverse and D n D’ has
the minimal possible number of components. We will show that d(x,y) = 1.

If D n D’ contains any circles, then it contains a circle that bounds a disk D” < D’. Surgery
of D along D" produces a disk Dy and a sphere Sy. One of Dy or Sy intersects 1" in one point,
while the other misses 7. If Sy were to intersect 7" in one point, the associated Lagrangian would be
empty, contradicting the computations of the previous section. Thus Dy intersects 1" in one point.
As Dy has boundary x and intersects D’ in fewer components than D, this gives a contradiction to
the minimality assumption placed on D, D’. Thus D n D’ does not contain circles.

Suppose D n D’ contains an arc. Then there exists such an arc which bounds a disk D" < D
which misses 7. Surgery of D’ along D" produces two disks D} and D5 in C' \T. Write y; = 0D..
If y; bounds a disk in ¥ \ P, then DY has boundary isotopic to x and D} intersects D in fewer
components than D', a contradiction. Similarly if yo bounds a disk in X \. P. Next, suppose that
y1 bounds a disk in ¥ containing one marked point. Then this disk together with D} forms a sphere
intersecting the tangle in one point, leading to a contradiction as above. Similarly for yo. Thus
each of y; and y2 are essential and non-peripheral, hence, given y; = 0D}, we have [y;] € 2. On
the other hand, each of D} and D) intersect D in few components than D’, a contradiction. Thus
D n D' = . It follows that = and y are disjoint, establishing d(z,y) = 1.
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Next, let [z] € Z and [2'] € & be such that d(2, ¢(</)) = d(z, p(x’)). By the established
claim above, there exists [y] € Z such that d(¢(z), ¢(y)) = 1. Then

d(2,9(o/)) = d(z, ¢(2")) = d(z, d(y)) — d(d(2"), (y)) = d(Z,6(2)) — 1 > 0,

where we have used our assumption d(Z, ¢(Z)) > 1. Thus Zn¢ (/) is empty. A similar argument
shows that &7 N ¢(2) is empty. Having established (67), the proof is complete. Ul

If 3¢ + n < 4, then (g,n) € {(0,1),(0,3),(1,1)}. Standard pairs are not defined in the case
(g,m) = (0,1), so Proposition 7.4 does not apply. If (g, n) is equal to either (0, 3) or (1, 1), then it
is easy to see that the relevant disk sets & are always empty, and so the hypothesis d(Z, ¢(Z)) =
min(f) = +o0 > 1 of Proposition 7.4 is automatically satisfied.

Proposition 7.5. If 3g + n > 4, then there are w1, wy such that I(Yiq, Lig, w1 L we) = 0.

Proof. The assumption 3g + n > 4 guarantees that (C,T’) has either a 1-handle (without a special
arc) or a 04-parallel arc. In the first case, let D € 2 be a cocore of the 1-handle and let w; be a circle
which runs once along the core of the 1-handle. In the second case, let D be a properly embedded
disk which together with ¢, C encloses a trivial ball neighborhood of a 0. -parallel arc, and let wy
be an arc which connects the 0, -parallel arc to any other arc in 7. In either case set wa = . Then
the double of D inside Yjs = C u C'is a 2-sphere which is disjoint from Ljg = 7" u T and intersects
w1 L we transversely in one point. The result then follows from Theorem 1.10. O

Proposition 7.6. Suppose 3g +n > 4 and ¢ € Mod(%, ,,) satisfies d(2, (7)) > 1. Then the
symplectomorphism of M ,, induced by ¢ is not Hamiltonian isotopic to the identity.

Proof. Let (C,T) be a standard (g,n) pair and let wy, w9 be as in Proposition 7.5. Denote by
A; = X(C,T,w;) the associated Lagrangians in M, ,. By Theorem 1.9, n(A{, Ay) = 0; indeed,
A1 n Ay = &. On the other hand, by Theorem 1.9 and Proposition 7.4, we have n(¢ (A1), A2) > 0.
As n(A1, Ag) is an invariant of A1, A9 up to Hamiltonian isotopies, the result follows. O

7.3 The case of pseudo-Anosov mapping classes

In order to leverage Proposition 7.6, some control over d(Z, ¢(Z)) is needed. This is done here for
the case of pseudo-Anosov mapping classes.

Given the marked surface ¥,, = (X,P), denote by ¥° the surface with boundary obtained
from X by removing disk neighborhoods of the points in P. (This slighly diverges from earlier
notation, where 3° was the punctured surface.) A diffeomorphism ¢ : 3° — ¥° is pseudo-Anosov
if it is the identity on the boundary, and there exists a pair of measured foliations .#“ and .#* on X°
such that ¢(.F%) = \.#* and ¢(.7°) = A\~L.Z* for some constant A > 1. The measured foliations
F"% and .F* are transverse on the interior of %° and each component of 0X° is a cycle of leaves
of F" (resp. .#°) and contains a singularity of Z#" (resp. .#°). See [FLP12, §11]. Let (C,T) be
a standard (g, n) pair of either type I or II, equipped with an identification 0, (C,T") = ¥,,,, and
denote by 7 = C(%,.,)(?) the corresponding disk set.

Proposition 7.7. Suppose ¢ : (X, P) — (X, P) restricts to a pseudo-Anosov diffeomorphism of
Y.° = ¥ ~ nbhd(P). Then there exists a diffeomorphism v of (X, P) such that

limsup d(2, ¥¢™p~1(2)) = .

m—00
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Figure 8: The collection of curves 4 on 3, ,, associated to a standard pair (C, T') of type L.

The strategy used to prove this proposition is an adaptation of one from Ichihara—Saito [IS13],
which itself relies on ideas from [HemO1, ASO5, MMSO07] as further explained below. Our setup is
similar but slightly different than that of Ichihara—Saito. For example, in their work, the number of
points || on ¥ is even, and the subset 2 of C(2,,,)(® is instead the curves bounded by disks in a
standard handlebody with some ¢ -parallel arcs removed.

To set the stage, we give a more explicit presentation of a standard pair (C,T'). We consider
the type I case. Consider a standard genus g handlebody H with boundary Y and n points P =
{p1,...,pn} < X. Consider a set of simple closed curves in X:° = 3 \ nbhd(P) denoted

C={wi,Bj,m | 1<i<(n—1)/2,1<j<(n—3)/2,1<k<3¢g—2},
whose elements are pairwise disjoint and non-isotopic, and satisfy the following:
(i) o; bounds adisk A; c X with{d €€ | § cint(A;)} = &;
(i) the disk A; satisfies A; NP = {p1, p2, p3};
(iii) for2 <i < (n —1)/2, the disk A, satisfies A; " P = {p2;, p2i+1};
(iv) B3; bounds a disk A;‘ cXwith{de¥ | 0 c intA}} ={aa,...,0541,B1,...,Bji—1};
(V) 7% bounds a disk Dy in H;
(vi) int(X°) N User 0 = Q L | ], Fy where @ is a 4-holed sphere and each Fy is a pair of pants.

More specifically, we may choose % to be the collection of curves depicted in Figure 9. Note () and
F, are open, and one should take their closures to include their boundary curves. Note Q = A;NX°.
Call a pair of pants Fy exterior if its closure intersects 03° and interior otherwise. The exterior pairs
of pants are given by A; n X° fori > 2.

By slightly pushing the disks A; and A;» into H we obtain properly emebedded disks D; and
D’ in H. This is done so that the disks D;, D%, Dy’ are pairwise disjoint.

Denote by B; — H the ball bounded by D; u A;. Let B} be an open ball whose closure is
contained in By. Let C = H ~ B so that C' is a compression body with 0, C = ¥ and 0_C = S2.
For ¢ > 2, take an arc between po; and po;.1 and push it into B; to obtain a ¢ -parallel arc. Take
three properly embedded arcs in By n C' each intersecting both ¥ and S2. Then the union of all
these arcs gives a trivial tangle ' < C, and (C, T)) is a standard (g, n) pair of type L.
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A similar setup can be specified for a standard pair of type II, as follows. Let (C,T) be a
standard (¢ — 1,n + 2) pair of type I as detailed above. Form C’ by attaching a 1-handle to small
disk neighborhoods of ps and p3 which are contained in A1, and form 7" be connecting the vertical
arcs of py and p3 by the core of the attached 1-handle. Then (C’,T") is a standard (g,n) pair of
type I, with induced curve set ¢ and disks as described for (C, 7). Note that in the type II case, Q)
is instead a torus with one puncture and one open disk removed.

We review some terminology from [MMSO07]. A seam (resp. wave) on a pair of pants F' is
an essential properly embedded arc in F' with endpoints on two separate components (resp. one
component) of F'. Up to isotopy rel boundary, F’ has three distinct seams and three distinct waves.
If F is a pair of pants inside a surface .9, then a curve v — S has a seam (resp. wave) in F if it
intersects /' minimally in its isotopy class and some component of v N F'is a seam (resp. wave).

Lemma 7.8. If [§] € Z is not isotopic to a curve in €, it has a wave in an interior pair of pants.

Proof. We prove the statement in the case that (C,T) is type 1. The type II case is similar. Let
S < C be the union of the disjoint disks D;, D;-, Dy whose boundaries are the curves in €. Write
C° for the complement of a regular neighborhood of 7" in C such that C° n ¥ = ¥° and S < C°.
Let [6] € 2. Then 6 = 0D < X° where D < C° is a properly embedded disk. Suppose D is
chosen such that it is transverse to S and it has the minimal number of components in D n S among
all such disks with ¢D in the isotopy class of § < X°.

The closures of the connected components of C° ~\. .S are of three types:

(i) aball, whose boundary is the union of an interior pair of pants and three disks from S;
(i) a thickened annulus A; (i = 2), with dA; the union of D; — S and A; N X°;
(iii) a thickened pair of pants, whose boundary contains Q = A; N X°.

Suppose D n S is empty. Then D is contained in one of the three types of components above.
Since § = 0D is essential and non-boundary parallel in X°, it is easy to see that § must be isotopic
in X2° to a curve in % in each case.

Suppose D n S is nonempty. If D n .S < D contains a circle, choose an innermost circle ¢,
intersecting .S in one of its defining disks D’. Then ¢ bounds a disk D” < D which is properly
embedded in one of the above components C’ of (i)—(iii). In each case, an isotopy of D through
properly embedded disks in C' is obtained by pushing D" through D’ to lie outside of C”, removing
¢ from D n S and contradicting the minimality assumption. Thus D n S has no circles.

Thus D n S is a nonempty union of arcs in D. Let a < D n S be an outermost arc. Then
there is an arc b < 0D such that a n b = da = 0b and a U b bounds a disk D” < D with int(D")
disjoint from S. Moreover, a is contained in one of the disks D’ forming S, with 0D’ = ¢ € €.
In particular, db — . The disk D” is properly embedded in one of the components C” in (i)—(iii)
above. In case (i), the arc b cannot be boundary parallel in the pair of pants to ¢, for otherwise an
isotopy of D through properly embedded disks in C' may be induced by pushing D” through D’,
contradicting the minimality assumption. Thus b is a wave in the pair of pants, as b is an essential
arc and 0b < ¢ is contained in a single boundary component of the pair of pants. Finally, D" lying in
a component C” from either case (ii) or (iii) leads to a contradiction on the minimality assumption,
as in these cases D" can be properly pushed out of C". O
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Figure 9: A simple closed closed curve A which has every seam in every interior pair of pants.

Proof of Proposition 7.7. The argument is an adaptation of the one from [IS13, §3.3]. Denote by 2
the closure of 7 as viewed as a subset of P M L(3°), the space of projective measured laminations
of X°. Suppose 1 : £° — X° is a pesudo-Anosov diffeomorphism such that its stable and unstable
foliations 5 and F satisfy [F;] ¢ & and [F] ¢ 2. Then
limsup d(Z, n"(2)) = .
m—00

This follows from the same argument given for Claim 2 in [IS13], which is a straightforward exten-
sion of the result in the case without tangles present, the latter of which is due to Hempel [HemO1]
and explained by Abrams—Schleimer [ASOS5, Theorem 2.4].

Choose a simple closed curve A < 3° which has every seam in every interior pair of pants in
3°. An example is shown in Figure 9. Denote by 7 : ¥° — X° the Dehn twist along A. For a
positive integer IV, the pseudo-Anosov diffeomorphism

oy =7VoporN

has stable and unstable laminations given by 7V (F*) and 7%V (F%) where F* and F* are the stable
and unstable laminations of ¢. To complete the proof it suffices to show that 7V (F*) ¢ Z and
TN(F") ¢ 2 for sufficiently large N. The argument is a mild modification of the one for Claim 1
in [IS13], which uses ideas from [MMSO07].

First, as 7" and JF* are the stable and unstable laminations of a pseudo-Anosov map ¢, they are
filling, in the sense that they intersect every essential non-boundary parallel curve in X°. From this,
the computations of [FLP12, §6] imply that applying IV Dehn twists along A and taking N — oo,
the resulting laminations 7V (F*) and 7™V (F") converge to [\] as elements in PML(X°). Thus to
prove 7V (F*) ¢ 2 and 7V (F") ¢  for large N, it suffices to show that [\] ¢ 2.

To this end, consider a sequence [01], [2], ... in Z. As A is not isotopic to any curve in €, we
may pass to a subsequence such that each d; is not isotopic to a curve in 4. By Lemma 7.8, each §;
has a wave in an interior pair of pants. By passing again to a subsequence, we may assume that all
d; have the same wave w in the same interior pair of pants F' — ¥°. As A has every seam in every
interior pair of pants, so too do the d; for large enough ¢. But the wave w intersects one of the seams
in F' non-trivially, implying that such §; have non-trivial self-intersection, a contradiction. O

7.4 An application to the symplectic mapping class group of M/, ,,

Proof of Theorem 1.1. Let K be the intersection of ker(p, ,) with the subgroup Mod(2,,,) < I'y .
Then K is a normal subgroup of Mod(X,,). By [Iva92, §11.5], a finite normal subgroup of
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Mod(X, ;) lies in the center of Mod(%, ,,), and by [Iva92, §8.15] the center of Mod (X ;) is trivial
given the assumption that 3g +n > 4 and n is odd. Therefore if K is non-trivial, it must be infinite.
Then, by Theorem 1 and Corollary 7.13 of [Iva92], K contains an element which corresponds to a
pseudo-Anosov diffeomorphism ¢ : 3° — X°. Note that in the cited reference, “pseudo-Anosov”
does not require ¢ to be the identity on the boundary, but some power of ¢ satisfies this property.
Therefore Proposition 7.7 applies to yield ¢» € Mod(3, ,,) such that

limsup d(2, Yo" (2)) = .

m—00

Proposition 7.6 then implies p, ,, ()¢ ~1) # 1 for some m > 1. But since

Pg,n (¢¢m¢_1) = Pg,n (w)pg,n(ﬁb)mpg,n(w)_l

this implies pg,(¢) # 1. Thus K is the trivial subgroup of Mod(%,,,).

It remains to show that intersection of ker(p, ,,) with the subgroup H'(3°;Z/2) < Ty, is also
trivial. Let ¢ € H'(X°;Z/2) be nonzero. Let (C,T') be a standard pair of type I or Il with a choice
of 1-manifold w. Choose an embedded 1-manifold with boundary w; < ¥ with dw; = we NP
such that ((2) = [w¢] - z forall z € Hy(X°;,Z/2). Then

C(X(C,T,w)) = X(C, T,w L1 we)

where w¢ is viewed in a copy of X which is slightly pushed into the interior of C'. This follows
from the description of the H!(X°;Z/2) action on M, ,, given in §4.4.2. Choose w = ¥ and write
X(C,T)=X%X(C,T,w).

Similar to the proof of Proposition 7.5, using 3g+mn > 4 and ¢ # 0, we may choose (C,T') such
that either w¢ has odd intersection with the cocore of a 1-handle, or has an odd number of boundary
points on some 0 -parallel arc of 7. Write (Yig, Lig) for the double of (C,T'). The existence of a
sphere in Yjq . Ljg which has odd intersection with w, implies I (Yia, Lig, wc) = (, or equivalently

C(X(C, 1) nX(C,T) = . (68)
On the other hand, we claim that I (Yiq, Liq) # 0. First observe that

(#9581 x S2481 x S2 U L L) (type I)
(Yid, Liq) = (69)
(#9718 x S2481 x S2H# St x S2 U L L/ u L") (type II)

In the type I case, U is an (n — 3)/2 component unlink and L is three parallel copies of S! in the
last S' x S? summand. In the type II case, U’ is an (n — 1)/2 component unlink, L’ is a copy of
S1 in the last S* x S? summand, and L” is a knot in the last two summands S! x S2#S! x 2
which is in the homotopy class aba~'b~! in a presentation of 71 (S x S2#S' x S?), based at a
point in the separating 2-sphere, where a and b are the two S* factors. These descriptions are easily
obtained by taking the doubles of the standard pairs in Figure 7, for example. For type I, the link L
is formed by the gluing the two triples of vertical arcs in each copy of (C,T'). For type II, L' is the
gluing of the two vertical arcs and L” that of the two special arcs.

To show I(Yig, Lig) # 0, by Theorem 1.10 it suffices to show that there are no 2-spheres in Yjq
that intersect Liq in a single point. In the type I case, as such a 2-sphere has odd homological pairing
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with Liq, it has odd pairing with each of the three parallel components of L, and thus intersects Liq
in at least 3 points, yielding the desired claim.

Suppose then that (C, T') is type II. Let S < Y be a 2-sphere that intersects Liq in a single point.
Let S’ be the 2-sphere which separates the summand #9~1S! x S2 from St x S?#S! x S? in (69).
Suppose S is chosen among all 2-spheres which intersect Ljq in one point, with S n S’ transverse,
so that the number of components in S n S’ is minimal. If S ~ S’ is nonempty, choose a component
of S n S’ which bounds a disk in S’. Doing surgery of S along this disk yields two new spheres,
one of which intersects Liq in one point and has fewer components of intersection with S’ than did
S, a contradiction. Thus we may assume S n S’ is empty.

As U’ and L” are nullhomologous, S must intersect the component L’. Together with the
conclusion of the previous paragraph, the problem is reduced to showing that there are no 2-spheres
in (S x S?#51 x S2 I/ i L") that intersect L' once and miss L”. Given such a 2-sphere S, the
complement of a regular neighborhood of S U L’ implies that L” lies in a copy of S* x S? \ B3.
Since L” is nullhomologous, it must be nullhomotopic in S' x S2? . B3. This contradicts the fact
that L” is in the non-trivial homotopy class aba~'b~! in 71 (S! x S2#S! x S2).

Having shown (Y4, Lig) # 0, we conclude from Theorem 1.9 that

n(X(C,T), X(C,T)) > 0.

Together with (68), we obtain that X(C,T") and ((X(C,T")) are not Hamiltonian isotopic, and thus
the symplectomorphism on M, ,, induced by ¢ is not Hamiltonian isotopic to the identity. This
completes the argument that the intersection of ker(p, ,,) with the subgroup H'(%%;Z/2) < Ty, is
the trivial group, and completes the proof of the theorem. OJ

8 The Lagrangian sphere complex of the del Pezzo surface Bl;CP?

In this section, we study Lagrangian spheres in the symplectic manifold M 5. The main theme of
this section is a connection between the intersection theory of Lagrangian spheres in M 5, modulo
symplectic isotopy, with the intersection theory of essential simple closed curves in Yg 5, consid-
ered up to isotopy. As pointed out in the introduction, Mg 5 is symplectomorphic to the mono-
tone del Pezzo surface BlsCP?, the projective plane blown up at 5 generic points. Specifically,
a diffeomorphism between Mg 5 and Bl;CP? follows from [KK91], as explained in [Kirl7], and
by [McD98, Theorem 1.2], any two symplectic forms w; and wo on BlsCP? satisfying [wi] =
c1(Bl5CP?) are symplectomorphic. The cohomology class ¢; (Bl;CP?) is given by

[w] =3H —E) +--- — Es, (70)

where H is the hyperplane class and E; are the exceptional classes of the blowups.

Let v be an essential, non-peripheral simple closed curve in ¥ 5. Attaching a 2-handle to a
thickened o 5 along vy produces a 3-manifold diffeomorphic to a 3-ball with two disjoint open
3-balls removed. The 5 marked points determine a tangle in this manifold whose three boundary
components contain five, three, and two marked points, respectively. Cap off the latter boundary
sphere by gluing in a ball with a 0 -parallel arc, to obtain the pair (C,,Ty). Then C, is the
compression body S? x [0,1] and T, is a trivial tangle with one 0. -parallel boundary component
and three vertical boundary components. In particular, (C, T ) is a standard (0, 5) pair of type 1.
Thus to the curve 7 in Xq 5 we have an associated Lagrangian

AT = X(Cy,Ty) © Myp.

56



Figure 10: After identifying S? with the plane together with the point at infinity, and placing the
marked points at the locations p; shown above, any essential curve may be mapped to the curve y
by a suitable diffeomorphism of X 5.

Let w, be an embedded compact 1-manifold in C,, with dw,, = w, n T the union of a point on
the 0. -parallel boundary component of 7', and a point on one of the vertical boundary components.
From this we obtain another Lagrangian associated to the curve -y:

AL = X(Cy, Ty, wy) © Mg p.

From (66), we see that A%’ are Lagrangian spheres. Explicitly, applying a diffeomorphism of ¥ 5,
we may assume that - is as in Figure 10. With respect to a standard presentation of 71 (5% \. P) with
generators c1, . .., ¢5 and relation cjcacgescs = 1, the moduli space My 5 consists of the conjugacy
classes of tuples (C1,...,Cs) of traceless elements in SU(2) with C;C2C3C4C5 = 1, and A;—’
corresponds to the subspace defined by the conditions

C1Cy = £1, C3C4Cs = £1. (71)

Note that although the choice of w., is not unique, A7 is independent of this choice. Any given
[Cy,...,C5] € Afyi has a unique representative with

0 0 1 0 i
03=¢[(’) _Z.], c4=[_1 O], 05:[@' g],

and where C; = F (' is any traceless element. Note that Aj and A are disjoint.

A signed curve in ¥ 5 is a pair (+y, €) of an essential simple closed curve 7 in ¥ 5 and a choice
of sign € € {—, +}. Signed curves (1, €1) and (72, €2) are isotopic if v and v, are isotopic and
€1 = €. The above construction associates to a signed curve (7, €) in X 5 a Lagrangian sphere Af
in My 5 = BlsCP? which clearly only depends on the isotopy class of (7, €).

Theorem 8.1. Tiwo Lagrangians A5, and A% associated to non-isotopic (y1,€1) and (72, €2) can

be displaced from each other by a Hamiltonian isotopy if and only if the simple closed curves v,
and o can be made disjoint from each other by isotopy.

In preparation for the proof we have the following. Recall the notation from §7.1.
Lemma 8.2. For the compression body with trivial tangle (C-,T), we have:

(i) @(CW7T’Y) = {7}

(ii) Every~' € o/ (C.,Ty) may be displaced from .
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Proof. Recalling X5 = (S%,P) where P = {p1,...,ps}, note
7T1(52\73) %F4, Wl(CV\TW)%Fg,

where F, is the free group with n generators. Let 4’ be an essential simple closed curve that is
nullhomotopic in C,, ~\ T and pick orientations for both of 7, 4". Then 4/ determines a conjugacy
class in 71 (S? . P) such that the inclusion of 52 \. P into C, \.T’, maps this conjugacy class to the
identity class in 71 (Cy \ T’,). Since the fundamental group of C', \ T is the quotient of the free
group 71(S? . P) by the normal closure ¢~ determined by +, the conjugacy class of 7 belongs
to 7). Therefore, the identity map of 71 (S? \. P) induces a surjection

T (8% N P)/LY Y = (SN P) L.

The domain and the codomain of this map are isomorphic to F3, and the Hopfian property of free
groups implies that this map is an isomorphism, hence (7)) = «+"). Using [Mag30], we conclude
that 4/ is conjugate to + or v~ !. In particular, the underlying simple closed curves are isotopic to
each other. It follows that 2(C, T,) = {~}, proving (i).

Next, let v/ € «/(Cy,T,). Let y; be a small loop around the marked point p;. By definition
of &7/ (C,T,), there is a disk D < C, with 0D = +/ that intersects T, transversely in one point,
and we assume p; is one of the endpoints of the component of T’ intersecting D. Note that in the
case of Figure 10, the point p; must be one of p3, p4, p5. Cut out a small disk in D which intersects
T, and replace it with a tube that runs down to S?, yielding an annulus in C, \ T, with boundary
components 7/ and 7;. Do surgery on this annulus along a disk cobounding an arc on S2 \. P and
an arc on the annulus, each running from 7 to 7;. The result is a possibly immersed disk whose
boundary is a band sum 7'#;. As this curve is essential in S?~.P and is null-homotopic in CyN\T,,
item (i) implies ' #; is isotopic to . From this, (ii) follows. O

Proof of Theorem 8.1. Suppose Lagrangians A5} and A2 for non-isotopic (71, €1) and (72, €2) can
be displaced by Hamiltonian isotopy. Let (Y, L, w) be the triple obtained from gluing (C., , T, , w1)
and (C,,,T,,w>) along their common boundaries, where w; = J if ¢, = + and w; = w,, if
€; = —. Theorem 1.9 implies that I(Y, L, w) = 0, and then by Proposition 7.3 we have

(D1 b)) (Do) (D) Dy) v (D) DY) #+ &

where 2; = 2(C;,T;), 2f = 2°(Cy, T;,w;), and % = o/ (C;,T;). If 21 n o is non-empty,
then Lemma 8.2 implies that y; can be made disjoint from -3 by an isotopy. We obtain a similar
conclusion if % N P is non-empty. If 29 N 23 or 21 N 99 is non-empty, then Lemma 8.2 implies
71 is isotopic to 2. In particular, 1 can be made disjoint from 72 by an isotopy.

In the reverse direction, if (y1,€1) and (72, €2) are non-isotopic and 1 and 2 can be made
disjoint from each other, then either v; and v, are isotopic to each other and €; # €3 or y; and 2
are non-isotopic to each other. In the former case, either 29 N 2 or 2 N 29 contains y; = 72, and
hence there is an embedded sphere S in Y that is disjoint from L and S - w is odd. In particular, the
character variety X(Y, L, w) = AS, n A% is empty. In the latter case that 71 and 2 are non-isotopic
and they can be made disjoint from each other by isotopy, either Z; N o7, or o) N P is non-empty.
In particular, there is an embedded sphere S in Y that intersects L transversely in exactly one point.
This again implies X(Y, L, w) = A5} n A2 is empty. O
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Ey — Es

E, - E Ey — B3
FEs — Ey

H—-FE — FEy— FE5
Figure 11: A basis for the lattice [w]* realizing the D5 Dynkin diagram

The symplectic mapping class group of the del Pezzo surface BlsCP? has been studied ex-
tensively. In particular, the isomorphism type of this group can be recovered from the results of
[Evall]. The basis {H, E1,--- , Es} of Ha(Mjy5;Z) consists of orthogonal elements with respect
to the intersection form. Furthermore, H - H = 1 and E; - E; = —1. Any symplectomorphism
¢ : Mys — My s determines an action on Hy (M) 5;Z) that preserves the intersection form and
acts identically on the cohomology class [w] given in (70). In particular, any such ¢ determines an
automorphism of the negative definite lattice [w]* < Ha(Mo5;7Z). This lattice is isomorphic to
negative definite root lattice of type Ds, as exhibited by the basis in Figure 11.

The group W (Dj) of isometries of the lattice [w]* is isomorphic to S5 x H'(X°;Z/2). In
particular, we have a homomorphism moSymp(Mg5) — W (Ds), which is surjective, as follows
from [Sei08] or the proof of Proposition 8.3 below. Recall that the kernel of this homomorphism,
denoted by moSympy, (Mg ), is the group of symplectomorphisms acting trivially on Ho (M 5; Z).
This group is isomorphic to the pure mapping class group PMod (X 5), see [Evall].

Proposition 8.3. The map pos : T'o5 — moSymp(Mo5) is an isomorphism.

Proof. In the previous section, we showed that po5 : I'gs — mSymp(M,,,) is injective, and
by Proposition 3.5, this action maps the subgroup PMod (X 5) of I'g 5 into moSympy,(My5) =
PMod(Xg5). This implies that the restriction of pg 5 to PMod (X ) is an isomorphism because
PMod(X,5) is co-Hopfian [BMO07, Corollary 3]. Thus pg 5 induces an injective map

F075/PMOd(2075) — 7ToSyII1p(M075)/7T()Symph(M075) .

Since the domain and the codomian of this map are both isomorphic to the finite group S5 x (Z/2)*,
this map has to be an isomorphism. In particular, pg 5 is an isomorphism. O

Remark 8.4. Given an essential non-peripheral simple closed curve vy, let T, : Yg5 — Yo 5 be
the diffeomorphism given by half twist along . Then the symplectomorphism pg 5(7.) is given by
symplectic Dehn twist along the Lagrangian sphere Aj . This observation goes back to Seidel and
it is discussed in detail in [WW 16b, Theorem 3.11].

Proposition 8.5. I' 5 acts transitively on symplectic isotopy classes of Lagrangian spheres in M 5.

Proof. For any Lagrangian sphere L in My 5, the homology class ¢ of L has self-intersection —2
and pairs trivially with (70). In particular, ¢ belongs to the lattice of D5 described above. The action
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Figure 12: A family of Lagrangians spheres inducing the graph Ds

of the Weyl group W (Ds) on the lattice is transitive on the points with self-intersection —2. This
implies that starting with a fixed (7o, €o), there is a symplectomorphism ¢ : My5 — My 5 such
that qb(AfY) is in the same homology class as (. Now the result follows from [BLW 14, Corollary
1.2] which states that the action of moSympy, (Mp 5) on symplectic isotopy classes of Lagrangian
spheres in the same homology class is transitive. O

The homological D5 configuration of Figure 11 may be realized geometrically as follows. First,
suppose 1 and 7y are essential non-peripheral simple closed curves in X 5 with minimal geomet-
ric intersection number 2. After a diffeomorphism, we may assume 7; and 7, are as in Figure
12. Choose signs €1 and €. Then, using the description of AS} given in (71), and the analogous
description of AEfQ, we obtain that Afyll N Afy?2 intersects transversely in a single point represented by

;0 0 1 0 =2
01:_5102:516203:{8 —z’}’ C4=—€2[_1 O]’ 05:[2' é]

It follows that the Lagrangian spheres associated to the signed curves in Figure 12 form a D5 con-
figuration. That is, after an automorphism of the lattice, the homology classes of the associated
Lagrangian spheres align with the vertices in Figure 11, and two Lagrangian spheres intersect trans-
versely in a single point if their vertices are connected by an edge, and are otherwise disjoint.
Recall from the introduction the definitions of the signed curve complex C (¥o,5) and the La-
grangian sphere complex £(Mj 5). The association of the Lagrangian sphere A% to a signed curve

(7, €) defines a map on the vertices of these simplicial complexes:
F: 5(20’5)(0) g E(M075)(0)

There is a natural simplicial action of moSymp(Mp 5) on L(Mj 5). The natural action of Mod (2 5)
on 5(20,5) extends to a simplicial I'g 5-action, where (¢, () € To5 = Mod(Xo5) x H*(X°;Z/2)
maps a vertex (7, €) to (v«(7), €- (7)), where () is the pairing of the cohomology class ¢ and the
homology class of . These actions on the set of vertices of C (3o,5) and L(Mjy 5) are intertwined
via pg 5 and the map F'. The following implies Theorem 1.2.

Theorem 8.6. There is a I'y 5-equivariant simplicial isomorphism 5(2075) ~ L(Mpgs).

Proof. First we show that F' is an isomorphism. Since [ is I'g 5-equivariant and the action of I'g 5
on the set of vertices of £(Mj 5) is transitive by Proposition 8.5, the map F' is surjective. To show
injectivity, let (v, €) and (7', €’) be mapped to two Lagrangians in the same symplectic isotopy class.
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Since Af, and A7 € can be displaced, we may displace AJ € and Af;,. Therefore, Theorem 8.1 implies
that v and 4/ can be made disjoint from each other by an isotopy. Another application of Theorem
8.1 shows that if v and ~/ are not isotopic to each other, then A%, and A;l, can be displaced from
each other. But this is impossible because these two Lagrangians are isotopic to each other and
they have self-intersection —2. Thus « and +' are isotopic. Now if € # €/, then A%, and A€, can be
made disjoint from each other, which is another contradiction. We conclude that (v, €) and (7', €)
represent the same vertices in Cl (X0,5). Thus F is an isomorphism.

To show that F' can be extended to an isomorphism of simplicial complexes, we need to show
that distinct vertices (o, €0), - - - , (Yn, €n) Span an n-simplex in C (X0,5) if and only if the Lagrangian
spheres A0, - -+, AT span an n-simplex in L(Mys). For n = 1, this is proved in Theorem 8.1. For
n > 1, we observe that C(Xg 5) and £(Mp 5) are both flag simplicial complexes: a set of vertices in
these complexes span a simplex if and only if every pair of such vertices are connected by an edge.
In the case of £(My ), this property is already established in the proof of Theorem 8.1. Indeed, the
proof shows that if two Lagrangian spheres A, and A;l, can be displaced by a symplectic isotopy,
then they are already disjoint without applying a non-trivial isotopy. This property for C(2¢5)

follows from standard properties of simple closed curves on a punctured surface. O

Finally, Corollary 1.3 follows from Theorem 1.2 and the following.

~

Lemma 8.7. There is a homotopy equivalence C(¥4.,,) ~ C(X4,,).

Proof. For a simplex A in C(¥,) spanned by k + 1 vertices 7o, ..., we denote by A, the
simplex in C(X,,,,) spanned by the 2k + 2 vertices (70, ), ..., (7%, =). The geometric realization

of A, is the subset of the real vector space with basis the vertices of A, given by linear combinations

385 (s €)

where the sumis over 0 < i < kand e € {+,—}, and >, ¢{ = 1, t{ > 0. A deformation retraction
f:[0,1] x A, — A, onto the simplex spanned by the vertices (Yo, +), - - . , (7%, +) is defined by

Fls, D15, €) = (5 +st7) (i, +) + (1= 5) Dt (7, )

Noting (A n A’), = A, n A/, we see that these deformation retractions combine to define a
deformation retraction of C(X,,,) onto the subcomplex spanned by vertices with sign +, and the
latter may be identified with the ordinary curve complex C (3, ). O

For an alternative and more symmetric viewpoint, note that there is a simplicial involution

~ ~

0:C(3gn) = C(Egn)

induced by the map on vertices o(v, €) = (7, —¢). The fixed point set of o, while not a subcomplex
of C(X,,,), is homeomorphic to the ordinary curve complex C(X, ). An argument similar to the

~

one above shows that C(X, ,,) deformation retracts onto the fixed point set of .
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9 Intersections of Lagrangians in }/,,, and SU (2)-simple knots

A knot K < 83 is called non-degenerate SU (2)-simple if every element of the traceless SU(2)
character variety X(S?%, K) is non-degenerate and has binary dihedral image. In §9.2, given a Hee-
gaard decomposition of (53, K) along ¥, ,,, we will associate Lagrangians A; and Ay in My 41,
and in the case that K is non-degenerate SU (2)-simple, we compute the minimal intersection num-
ber of these Lagrangians, see Theorem 9.5. In §9.3, we apply these methods to the case of M 5 to
prove Theorem 1.5. In the course of the proof of this theorem, we require a relationship between
two different versions of singular instanton homology, which is established in §9.1.

9.1 Connected sums and [*(Y, L)

Following [KM 1a], for a given (not necessarily admissible) triple (Y, L, w) and a choice of base-
point p on the link L, define the reduced singular instanton homology group

INY, L) = I(Y, L#H,w 1 wg)

where, as before, H is a Hopf link and wp is an arc connecting the two components of H; the
connected sum is taken at the chosen basepoint p of L with one of the components of H. This
instanton homology group by definition is equal to (Y, L™, w™), introduced in §6, with 7 = {p}.
The constructions of this paper are related to I°(Y, L) via the following.

Proposition 9.1. Let (Y, L, w) be an admissible link, with a chosen basepoint on L. Then
I((Y, L,w)#S* x $o3) = I*(Y, L,w) ® I*(Y, L, w)

as 7,/2-graded abelian groups, where the connected sum is taken with respect to the chosen base-
point on L and any basepoint on S* x {p1, pa, p3}. The same claim holds if Y is an integer homology
sphere, L is a link with non-zero determinant and w is empty.

Proof. For the proof of the claim in the case that (Y, L, w) is admissible or a knot in an integer
homology sphere, we apply the connected sum theorem [DS24a, Theorem 8.8]. We refer to that
reference for the necessary background on S-complexes. The same argument applied to the con-
struction of [DS24b] treats the case that L is a non-zero determinant in an integer homology sphere.
To apply the connected sum theorem, we must describe the S-complex C (S x ¥,3). This may be
done using some computations from [KM?25], which we now recall.

The admissible link S' x ¥ 3 has two irreducible critical points for the unperturbed Chern—
Simons functional. Indeed, its traceless SU(2) character variety consists of two copies of My 3
(each a point), distinguished by whether the holonomy around the S'-factor is +1. The Floer
gradings of these generators differ by 2 (mod 4), and thus after choosing an absolute Z/4-grading,
the irreducible singular instanton chain complex may be written

C(Sl X 2073) = Z(O) @Z(Q)

where subscripts indicate Z/4 gradings. The differential d of this complex vanishes for degree
reasons. To determine the S-complex C'(S! x ¥ 3), it remains to determine the v-map v : C(S* x
Yo3) — C(S' x X 3), which is degree 2 (mod 4). A priori, v depends on a choice of basepoint in
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ST x {p1,p2,ps}. Up to a nonzero constant, it is equal to one of the operators ¢; in [KM25], where
i € {1,2,3} records which component of S' x {py, p2, p3} contains the basepoint.

Following [KM?25, §7.4] (with trivial local coefficient systems, setting the variables ; = 1),
in addition to d1, 2, d3, there are operators «, ¢ acting on irreducible instanton homology I(S* x
Yo0,3) = C(S* x Y0,3) that satisfy the relations

€101 + €209 + €903 + 200 + 26 = 0

for any €; € {—1, 1} with €;ege3 = 1. Taking the differences of two such relations gives §; +d; = 0
for i # j, which leads to 0; = 0 for i € {1, 2, 3}. In particular, v = 0.

Thus the S-complex C (St x ¥0,3) splits as a direct sum of two copies of the S-complex for the
pair (H,wp) of the Hopf link, with the copies differing in grading by 2 (mod 4). The connected
sum theorem applies just as in [DS24a, §8.2] to yield the desired result. Ul

9.2 Lagrangians from stabilized Heegaard splittings

Two embedded Lagrangians A; and Ao in a symplectic manifold M have clean intersection if
A1 n Ay is a smooth submanifold of M, and for all p € A1 N Ao,

Tp(A1 M Ag) = TpAl N TpAQ.

Lemma 9.2. Suppose A1 and Ay are embedded Lagrangians in a symplectic manifold that have
clean intersection, and choose a Morse function f : A1 n Ao — R. Then

n(Ay, Ag) < |Crit(f)].

Proof. Given the Morse function f, Pozniak shows in [P0799, Theorem 3.4.11] how to perturb one
of the Lagrangians by a small Hamiltonian isotopy so that the resulting intersection is transverse
and in bijection with the critical points of f. Ul

Suppose L is alink in a closed 3-manifold Y, and w < Y is a 1-manifold satisfying dw = wn L.
We do not assume (Y, L, w) is admissible. Choose a Heegaard decomposition

(Ya L7 ’UJ) = (617?17 wl) UEgm (€2a727 'UJQ) (72)

where w = wy Uws; we may assume wN Y, , = &, for homological reasons. Note n must be even.
Choose a basepoint on L which lies on 3, ,,, and form the connected sum of (Y, L) with .S L 20,3
with respect to this point and a basepoint on S x {p1}. We have an induced decomposition

(Y, L,w)#S" x So3 = (C1, T1,w1) Us, 110505 (C2, To, w2) (73)

where (C;,T;) is formed by performing a boundary connect sum of (C;,T;) with I x X3, and
these are glued in the obvious way. The compression bodies (C;, T;, w;) induce, in the familiar
way, embedded Lagrangians A; = X(C;, Tj, w;) in Mg 1.
As a variation of the traceless character variety X(Y, L, w), define the representation variety
i 0
RV L) = {pimlY ~ (Low) 0@ | o) = | o | o) = -
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where p is a distinguished meridian around the basepoint of L, and v ranges over all meridians

of w. There is a circle action on R(Y, L, w) by conjugating with respect to diagonal matrices of

SU(2), and the quotient is X(Y, L, w). We may also view the elements of J3(Y, L, w) as singular

flat connections A on (Y, L, w) with holonomy approaching diag (i, —i) around meridians of the

preferred basepoint of L, modulo gauge transformations that preserve this condition; see [DS24a].
The dimension of the Zariski tangent space of [A] € R(Y, L, w) is

dim Hj + 1 — dim HY. (74)

Note dim H = dim Stabgi(A) is either 0 or 1, depending on whether A is irredicible or not.
We say R(Y, L, w) is Morse-Bott non-degenerate if it is a smooth manifold and the Zariski tangent
space at each point has the same dimension as the component of R(Y, L, w) in which the point
lies. Equivalently, the relevant Chern—Simons functional on the space of singular connections for
(Y, L, w), framed at the basepoint of L, is Morse-Bott non-degenerate.

Lemma 9.3. Suppose R(Y, L, w) is Morse-Bott non-degenerate. Then for any Heegaard decompo-
sition of (Y, L, w) as in (72), the induced Lagrangians A1, Ay < My 1 have clean intersection.

Proof. As explained in (55), A1 n A3 can be identified with X# = X((Y, L, w)#S! x ¥ 3) modulo
a free involution. The Zariski tangent space of an element [A#] in X7 is equal to H}&#. We have

H}&# = TA#AI M TA#AQ,

as follows from the Mayer- Vietoris exact sequence for the decomposition (73) in cohomology with
coefficients associated to the adjoint flat connections. From this we see that A; and Ao intersect
cleanly if and only if X7 is Morse-Bott non-degenerate.

It remains to argue that X# is Morse-Bott non-degenerate. First, there is a diffeomorphism

R(Y, L,w) x {—1,+1} — x#

which, from the viewpoint of flat connections, sends ([A], +1) to [Aﬁ] where Aﬁ is a singular
flat connection on (Y, L, w)#S* x ¥ 3 obtained by gluing the unique singular flat connection B
on S! x ¥ 3 with holonomy +1 around S* to the flat connection A on (Y, L, w) using the framing
at the basepoint of L. Thus X7 is a smooth manifold. To verify the Zariski tangent space condition,
apply the Mayer-Vietoris sequence with local coefficients to the decomposition of (Y, L, w)#S* x
Yo.3 along the connected sum sphere (52, 2 pts) to obtain the induced exact sequence

0—HY —Hj —>H', > H) — Hj
AL
where we have used the irreducibility and the non-degeneracy of B, giving H, ]’é = 0 fori e {0,1},
and the irreducibility of Aié. Furthermore, @ is the unique singular flat connection on (52,2 pts),

and satisfies Hy = R, H} = 0. It follows that dim Hi# agrees with (74). O
i

For a triple (53, L, w), we say w is non-trivial if w intersects one of the components of L in an
odd number of points. Otherwise, we say w is trivial.
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Lemma 9.4. Suppose (S°, L, w) has X™(S3, L, w) non-degenerate. If w is trivial and det(L) # 0,
then for the induced Lagrangians A1, Ay < My, 1 we have

n(Ay, Ay) < 2171 4 2|53 L w),
where |L| is the number of components of L. If w is non-trivial , then we have
n(A1, Ag) < 2/X7(S%, L, w))|.

Proof. If w is trivial and det(L) # 0, the character variety X(S°, L,w) has 2/*I=1 reducible
classes, all non-degenerate [DS24b, Prop. 3.1]. Together with the non-degeneracy assumption
on X (S3, L, w), we obtain that R(S3, L, w) is Morse-Bott non-degenerate for any choice of base-
point on L, and is the disjoint union of 2!/“1=1 points and | %™ (S%, L, w)| circles. The result then
follows from Lemmas 9.2 and 9.3, by choosing f so that it is a standard Morse function with two
critical points on each circle. The argument in the case that w is non-trivial is the same, except that
there are no reducibles in X'™(S3, L, w). O

Theorem 9.5. If K = S3 is a non-degenerate SU (2)-simple knot, then A1, Ay = M 11 satisfy
l’l(Al, Az) = det(K).

Proof. By Theorem 1.9, the decomposition (73), and Proposition 9.1, we have
1
n(A1, As) > 5 ranky, I((83, K)#S' x $o3) = ranky, I*(K) (75)

Furthermore, by [KM10a], rankz I%(K) > det(K). The reverse inequality n(Ay, As) < det(K) is
implied by Lemma 9.4 and the fact that for any knot K the number of irreducible binary dihedral
SU (2) representations, up to conjugacy, is (det(K) — 1)/2; see [Kla91]. O

The basic examples of non-degenerate SU(2)-simple knots are two-bridge knots. For more
details, including constructions of non-two-bridge examples, see [Zen17].

9.3 Intersection numbers in X 5 and two-bridge links

We now turn to the proof of Theorem 1.5. Let (v, ¢) and (7', €') be non-isotopic signed curves in
2o,5- Suppose that there is a disk D < Yo 5 containing exactly two of the marked points and which
is disjoint from v and «/. Referring to Figure 12, after a diffeomorphism of X 5 we may assume
that v = ~; and that the disk D is the compact disk interior to ~ys.

The isotopy class of 7/ < X 5\D may be understood as follows. By collapsing D to a point,
we may view 7 as a curve in the 4-punctured sphere X 4. Isotopy classes of essential simple
closed curves in X 4 are in correspondence with Q U {0}, see [FM12, §2.2.5]. In our setting,
' corresponds to the reduced fraction p/q where, upon orienting 71, 72,7’, the minimal oriented
geometric intersection number of 7/ with 77 is 2p, and that of 4" with s is 2q.

In this case, the closed pair (Y, L) = (C,,T,) Us, ;5,5 (Cy, Ty) may be identifed as

(Y,L) = (8%, L) #S" x o3 (76)
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where L,, is a two-bridge link of type p/q, and the connected sum is of links. The particular
components that are joined in the connected sum will not be important.

To explain the identification (76), view v and 7' in ¢ 4 by collapsing D to a point. Let (C, Tv)
be a 4-ball C, with tangle T'., consisting of two 0, -parallel arcs such that d(C,T) = X4 and
the two pairs of points in X 4 which are divided by  are respectively connected by the arcs of
T% Define (6% Ty) similarly. Then gluing these 4-balls, each containing a trivial 2-tangle, in the
obvious way gives a standard description of the two-bridge link L, , via rational tangles:

(SgaLp/q) = (é’Y’T’Y) US4 (67’7T7’)

The effect of remembering that one of the four points is the collapsing of the disk [, and replacing
(Cy,T~) by the original compression body (C-, T,) and similarly for 7/, we obtain the connected
sum description of (Y, L) given above. With this background we proceed to the proof.

Proof of Theorem 1.5. If p/q = 0, then v and ~' are isotopic, and this is covered by Theorem 8.1.
If p/q = o0, then after a diffeomorphism, y and ~' are 1 and 75 in Figure 12, a case already treated
above. Henceforth assume p/q € Q ~ {0}. Note det(L,/,) = |p| and i(7,’) = 2|p|.

The Lagrangians A€, Afyl, in My 5 are exactly the sort considered in the previous section. If p is
odd, so that L, , is a knot, then Theorem 9.5 directly applies to yield the desired result.

To handle the case in which p is even and w is possibly non-trivial, first note that by Theorem
1.9, the decomposition (76), and Proposition 9.1, we have

b1
n(A%, A%) = 5 dim I(Y, L, w; Z/2) = dim I8 L, ., w; Z,/2). (77)

p/q>
Using [DS24a, Cor. 8.17], which holds for any choice of w, we have an isomorphism

I#(Lyjg,ws Z)2) = I Ly, w3 Z/2) @ I (L g, wo; Z/2).

Then, by Corollary 1.5 of [Gon19], since L,,, is non-split alternating, [ #(Lp/q, w; Z,/2) does not
depend on w, and hence neither does I (Lp/q> w5 Z/2). By the proof of Corollary 1.6 in [KM11a],

since L, is non-split alternating and det(L,,) = |p|- Thus n(AS, Af;,) = |p|.

It remains to establish the reverse inequality n(AS, A;’/) < |p|. For this, we use

irr 1 3
[ (L g, w)| = 5 (det(Lyq) — 2l ),

and that these character varieties are non-degenerate. This is standard in the case that w is trivial,
and one proof, just as in the case for knots, follows by passing to adjoint SO(3) representations
and pulling back to the branched double covers, which are lens spaces with cyclic fundamental
group. The case of more general w may be treated similarly, or we may alternatively appeal to
[Gonl19, Theorem 1.8]. The desired inequality then follows from Lemma 9.4. 0
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10 Lagrangians in the odd character variety /2%

We turn to adapt some of the above methods to the case of the odd character varieties M, ;dd. In
§10.1, in parallel with results from §7, we study certain Lagrangians in M ;dd that come from com-
pression bodies, and describe when two such Lagrangians can be displaced via Heegaard splitting
data. As mentioned in the introduction, in the genus 2 case, the symplectic manifold M$% may be
identified with the intersection of two generic quadrics Q1 and Q3 in CP? equipped with a mono-
tone symplectic form. In §10.2 we study this case, and prove Theorem 1.6. Finally, in §10.3 we
study the relationship between intersection numbers of the Lagrangians in M, ;’dd and SU (2)-cyclic
3-manifolds, and derive an explicit result in the genus 2 case.

10.1 A general detection result for Lagrangians

Assume n is odd. Suppose C' is a compression body obtained from (¢ — 1)-many 1-handles to a
thickened torus X7 x [0, 1] along 37 x {1}. Let w = w’ u w” < C where w' is the union of n
disjoint arcs {pt} x [0,1] (located away from the 1-handle attaching regions) and w” is a closed
1-manifold in the interior of C'. Identifying 0 (C, w) with ¥, ,, we obtain a Lagrangian

(%) = x(Cw) @ MY := My,(1,...,1), (78)

where the marked points on 3, ,, are labelled with the conjugacy class of —1 € SU(2). In particular,
the holonomy of a connection in X(C, w) around any meridian of w is —1. These Lagrangians were
studied in [DS25]. In all of these constructions, the particular choice of n is immaterial, apart from
it being odd; the reader may prefer to assume n = 1 throughout.

Recall that the sign-twisted curve complex C™ (3, ,,) has vertices equivalence classes [7, €]
where +y is a simple closed curve in ¥, \. P which is essential in X4, and (,€) ~ (7/,€) if and
only if v and +' are isotopic through an isotopy which passes through P tranversely m times, where
the parity of m agrees with the sign e¢’. There is a simplicial involution induced by negation:

0 :CV(Egn) = CV(Bgn), o ([v,e]) = [v,—€].
Also denote by N (X,) the subcomplex of C™ (%, ,,) spanned by non-separating curves of 3,. Thus
NENO = {[y,€] | £, ~ ~ connected} = C¥(Z,,,)"

Consider a compression body pair (C, w) with 0, (C, w) = ¥, as above. For a properly embedded
submanifold A < C write 0+ A = A n 0+C. Then 0A = 0_A L 04+ A. Define

N (Cyw) ={[y,€e] |¥=0+D, DadiskinC, D-w=1(1—e-1)(mod2)} = N(Zy)®
2(C)={[v] | ¥v=0+D, D adiskin C, 7 non-separating } < C(Eg)(o)
(C)={[7] | v= 204, AanannulusinC, d_A essential in 0_C} < C(2,)?
Note that there is natural 2-to-1 map from C™ (2, ,)® to C(%,)(®) which forgets signs. Under this

map, .4 (C,w) is sent bijectively to Z(C).
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For (C1,w1), (Ca,w2) two such compression body pairs as above, form the closed pair

(Y,w) = (C1,w1) us, ,ux,, (C2,w2)

Use the abbreviations .A4; = A (C;, w;), Z; = 2(C;), and o7, = </ (C;). The following detection
result is an analogue of Proposition 7.3.

Proposition 10.1. Suppose (Y, w) is formed by gluing two compression bodies as above. Then
IY,w)=0 < (Mno(M)u(Zindy)v(ZnD,y)#D.

Proof. First, suppose I (Y, w) = 0. By Theorem 1.10, there is a 2-sphere S — Y which has [S]- [w]
odd. Denote by F' < Y the torus obtained by gluing the tori 0_C; =~ ;. Suppose S < Y is a
2-sphere with [S] - [w] odd for which F is transverse to .S and the number of components in S N F'
is minimal. If some component of S n F' bounds a disk in F', surgery on S along this disk yields
two 2-spheres, both of which have less components of intersection with F' than S, and one of which
has odd intersection with w, a contradiction. Thus no components in S n F' bound a disk in F'.

Thus S n F, if non-empty, consists of a collection of parallel disjoint copies of some essential
simple closed curve 4/ < F. Cutting S along S n F gives a union of planar surfaces, and among
these at least one component is a disk. We may view this disk D inside

Yo = C1 Uggyn CQ

which, from another viewpoint, is Y cut along F'. From D we obtain, using [CG87b, Lemma 1.1],
adisk D’ < Y° which intersects X, in a single essential simple closed curve . In particular, D’ is
either divided into a disk in C and an annulus A in Cy with d; A = v and d_ A = +/, implying

Ve 2, n s,

or D' is divided by an annulus in C and a disk in Co, implying [y] € &/, n Z,. Note that
is non-separating because every curve in .27, is automatically non-separating. Indeed, an annulus
A < Cj having 0_A < 0_C; an essential closed curve guarantees that the simple closed curve
0+ A < 04 C; is homologically non-trivial, hence non-separating.

If on the other hand S N F' is empty, then .S may be viewed as a 2-sphere in Y°. Applying
[CG87b, Lemma 1.1], we obtain a 2-sphere S’ in Y° which intersects Y, in a single essential
simple closed curve 7 in 3 . The curve y divides S’ into two disks, one in C; and another in
C5. The condition that the union of these disks has odd intersection with w implies that -y is non-
separating and [, €] € A1 N o (A3) for some sign e.

Now consider the converse. We explain how each of the conditions gives rise to a 2-sphere
S < Y with [S] - [w] odd, which implies I(Y, w) = 0. First, given [, €] € 41 N o (A3), gluing
the relevant disks D; < C; with 0D; = ~ gives the desired 2-sphere. Next, given [y] € Z; n &5,
glue the relevant disk and annulus to obtain an embedded disk D in Y such that 0D is an essential
simple closed curve on F' = ¥; away from the marked point. Take D’ to be a parallel pushoff of D
whose boundary is a small parallel pushoff of 0D on F. In particular, D n D’ = @f. Then 0D and
0D’ cobound two annuli on F. Choose the annulus A that contains the marked point of F'. Then
gluing D U A U D’ gives the desired 2-sphere. The case I, N &7, # & is similar. O

Corollary 10.2. Given two compression body pairs (C1,ws) and (Ca, ws) as above, the displacibil-
ity of the associated Lagrangians A; = X(Cj, w;) < M, ;dd is determined by:

(A, A2) =0 = (Mo (M) u(Zndy) vy n D) # D
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10.2 Lagrangians in the intersection of two quadrics in CP°

For g = 2, the construction (78) gives Lagrangian spheres in Mé’dd. These may be described
alternatively as follows. Start with ¥9,, = (32,P) and choose a non-separating simple closed
curve v < Yo N\ P which is essential on Yo, the underlying closed surface. Attach a two-handle to
¥ x [0, 1] to obtain a compression body C-. Choose a circle w’_ in the interior of C.,, disjoint from
P x [0, 1], which intersects the core of the two-handle transversely in one point. Let w’, = (. For
a given sign € € {—, +} define w, = w. U P x [0, 1]. We obtain a Lagrangian 3-sphere

A = X(Cy, we) = M9™ (79)

This Lagrangian may be described as the flat SU(2) connections in M. 2°dd whose holonomy around
v is € - id. If «y is isotoped to a curve +' by an isotopy that crosses a single marked point in P
transversely, then the holonomy of a given connection in A, along ~"is —e - id.

Lemma 10.3. For the compression body pair (C,, w.), we have:
(i) N (Cyywe) = {[7,€l}-
(i) 2(C5) = 7).
(iii) Every~' < ¥, which bounds a disk D' < C., may be displaced from .
(iv) Every~' € o/ (Cy) may be displaced from ~y and is not isotopic to .
Proof. Similar to the proof of Lemma 8.2, we begin with the observation
1 (X2 N P) = F34p, T (Cy NP x [0,1]) = Foip

where the latter fundamental group is the quotient of the former by the normal closure of . Let
[V, €] e A (C,,we). If v/ bounds a disk in Cy \. P x [0, 1] then, since 4/ is an essential simple
closed curve which is non-separating, the argument of Lemma 8.2 (i) implies that /' is isotopic to
7, and € = € since the isotopy does not cross any marked points. In the more general case, we have
that 7" bounds a disk D < C that intersects P x [0, 1] transversely in m points where the parity of
m agrees with e€’. The argument of Lemma 8.2 (ii) shows that 4’ may be related to v by performing
m consecutive band sums, at each step involving a small loop around one of the marked points. In
particular, 4/ is isotopic to 7y as a curve on X5 through an isotopy that passes through P transversely
m times. Thus [v, €] = [y, €]. This proves (i), which also implies (ii).

Next, we consider (iii). If 4/ is non-separating, this follows from the previous paragraph, so
assume ~' is separating. Isotope 7' to have minimal intersection with  and suppose v N 7/ # .
Let D < C,, be a disk with D = ~ which intersects D’ transversely. If there is a circle component
in D n D', then an innermost circle component in D n D’ < D bounds a disk in D with ints interior
disjoint from D’. Doing surgery on D’ along such a disk produces a disk D” with D" = +/ that
intersects D in a smaller number of components. For this reason, we may assume D n D’ has no
circle components. Thus there exists an outermost arc in D n D’ < D which bounds a disk in D.
Do surgery on D’ along this disk to obtain two disks D7 and D5 in C,, and write y; = 0D;. Thus ~'
is a band sum of two disjoint curves ; and ;. By the minimality assumption on v N ', each of 1
and s is essential. Since two disjoint separating essential simple closed curves on Yo are isotopic,
and necessarily have null-homotopic band sum, one of ~y; or 2 must be non-separating. In fact, the
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triviality of the homology class of 7/ implies that both v, and 75 are non-separating. By (ii), 71, 72
are isotopic to . Thus after an isotopy, we may assume that 4’ is the band sum of « and another
curve disjoint from ~y. Now if we push + in this band sum in the direction of the band, we obtain a
curve isotopic to 4/ and disjoint from ~.

Finally, we prove (iv). Isotope 7' to have minimal intersection with  and suppose v N v # .
Let A < C, be an annulus with boundary components 7' = d; A and d_A. Our assumption on
&/ (C.,) implies that the homology class [0_A] = [7/] in C, is non-trivial. Since ~y represents
the trivial homology class in C.,, the closed curve 7/ is not isotopic to . Let D < C., be a disk
which intersects A transversely and 0D = ~. As in the previous paragraph, if A n C contains
a circle component, we may do a surgery on A along a disk D' < D that D' n A = oD’. If
D’ n A is essential in A, then this surgery produces a disc with boundary «'. In particular, 7/ is
null-homologous, which is a contradiction as we agued above. Thus this surgery produces another
annulus with the same boundary components as A that intersects the disk D in smaller number of
components. Iterating this surgery process, we may assume that A N D has no circle components.

There is an outermost arc in A n D < D which bounds a disk in D. Surgery on A along this
disk gives a disk D and an annulus As. Write y; = 0D1, v2 = 04+ As. By (ii), 1 is either isotopic
to -y or separating. In the former case and after applying an isotopy, we conclude that ' is a band
sum of 7, 2, and as in the proof of (iii) we may displace +' from ~. In the latter case, the minimality
assumption on v N 7/ implies that v, is an essential separating curve. By (iii) and after applying
an isotopy, we may assume that y; is disjoint from . The space C, ~. D; contains two connected
components and their closures in C; can be identified with a solid torus and a thickened torus I x 3.
Since Aj intersects 0_C., non-trivially, A is a subset of the thickened torus component of C, \ D;.
The homology class of v in C is trivial, and hence 7 is contained in the solid torus component of
Cy ~\ D;. In particular,  and ~y2 are in different connected components of ¥5 \ ~y1, and the curve
~' obtained by a band sum of 1 and s is disjoint from ~. This proves (iv). 0

Recall NV(X3) is the subcomplex of C(X, ,,)™ spanned by vertices [, €] with 7y non-separating.
The construction (79) induces a well-defined map

N(22)O — £(M5ih)©® (80)

by associating the Lagrangian sphere Af to the equivalence class [V, €]. We now prove that this map
induces an injection of simplicial complexes, which implies Theorem 1.6.

Proof of Theorem 1.6. First we prove an analogue of Theorem 8.1 in the present setup by showing
that for [y1,e1] # [y2,€2], the Lagrangians Ay = AS, and Ay = AZ2 can be displaced by a
Hamiltonian isotopy in M, ;’dd if and only if ; and 7 can be made disjoint from each other by an
isotopy. By Corollary 10.2, A; and Ay are displaceable by a Hamiltonian isotopy if and only if

(Mo (M) (2 ndy) v (L0 Dy) # D

By Lemma 10.3 (i), we have ./4; = {[vi,€;]}. Thus if 4] n o (A3) # &, then 71 and 7, are
isotopic, and hence are displaceable on 9. Lemma 10.3 (ii) implies 2; = {71} and Lemma 10.3
(iv) implies any curve in <75 is displaceable from 5. Thus if 2, N &7, # J, then 1 and v, are
displaceable. The case Y, n &7 # (J is similar. For the converse, suppose ~y; and -2 are disjoint.
If they are isotopic, then €; = —eg and A N o (A3) # . If 1 and 7, are not isotopic, we see that
both Z, n &/, and ¥, N <7 | are non-empty by Lemma 10.3 (ii) and (iv).
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Now the rest of the proof follows a similar plan as in the proof of Theorem 8.6. To show that
(80) is injective, let [y1, €1], [Y2, €2] be vertices in NV(X2)(?) that induce Hamiltonian isotopic La-
grangians A%} and A%2. Thus, A%} and AJ 2 are displaceable because A2 and A7 can be displaced
by a Hamiltonian isotopy. The previous paragraph implies that v; and » can be made disjoint from
each other by an isotopy. If y; and 2 are not isotopic to each other, then by another application of
the previous paragraph, the Hamiltonian isotopic Lagrangians AS, and A} are displaceable. This
is a contradiction because it can be checked easily using Corollary 10.2 and Lemma 10.3 that a
Lagrangian sphere of the form Af in M ;dd cannot be displaced from itself. Thus, ; and 79 are
isotopic. This implies that [y1, €1] = [72, €2], otherwise AS and A are displaceable which leads
again to a contradiction. Finally we may also check that the map (80) preserves simplices by ob-
serving as in the Proof of Theorem 8.6 that A/(35) and £(M$) are both flag simplicial complexes
and then using again the result of the previous paragraph. Ul

10.3 Intersections of Lagrangians in //* and SU(2)-cyclic 3-manifolds
Given a closed 3-manifold Y with 1-manifold w < Y, consider a Heegaard decomposition
(Y,w) = (C1,w1) us, (Ca, W)

where C and ?2 are handlebodies of genus g with boundary X4, and w; is a closed 1-manifold in
the interior of C';. Choose a basepoint in Y that lies on ¥, and form the connected sum of (Y, w)
with ST x >1,1. We have an induced decomposition

(Y, w)#S" x B11 = (Cr,w1) Us,,, 05, (Ca,ws)

where C; is formed by a boundary sum of C; and I x Y11 and w; is the union of w; and I x {p}
where p is the marked point on X1 ;. We have induced Lagrangians

Ai = %(C’Z,wl) (e M;idl

Call (Y, w) non-degenerate SU (2)-cyclic if b1(Y) = 0 and X(Y, w) consists entirely of represen-
tations with abelian image, all of which are non-degenerate.

Lemma 10.4. Consider Lagrangians A1 and As in M ;dd associated to a Heegaard decomposition
of (Y,w) as above. If b1(Y') = 0, then we have the inequality

n(A1, A2) = [Hi(Y;Z)).
If moreover (Y, w) is non-degenerate SU (2)-cyclic, then equality holds.
Proof. For the first statement, an application of Theorem 1.9 adapted to the present setting gives

1
n(Ar, Ag) > o rankg I((Y, w)#S' x ¥11) = rankg, I (Y, w) = |H,(Y;Z)|,

where the middle equality is the definition of framed instanton homology I (Y, w), and the last
inequality follows from the Euler characteristic computation y(I#(Y,w)) = |H1(Y;Z)| in the
case b1 (Y') = 0, see [Scal5, Corollary 1.4].
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For the second statement, consider the representation variety
R(Y,w) = {p: m(Y ~ w) — SUQ) | p(v) = -1},

which has an SO(3)-action induced by conjugation, and the quotient is X(Y, w). There is a natural
double covering from X((Y,w)#S! x ¥11) to R(Y,w). In particular, A; n As is identified with
R(Y,w). Moreover, by a similar argument as given for Lemma 9.3, A1 n Ay is a clean intersection
if and only if R(Y, w) is Morse-Bott non-degenerate.

Assume (Y, w) is non-degenerate SU(2)-cyclic. Then R(Y,w) is automatically Morse-Bott
non-degenerate. If [w] = 0 in H1(Y;Z/2), then R(Y,w) consists of |H1(Y;7Z/2)| points and
(|H1(Y;Z)| — |H1(Y;Z/2)|)/2 many 2-spheres. If [w] # 0in H1(Y;Z/2), then R(Y, w) consists
of |H1(Y;Z)|/2 many 2-spheres. See [ME26, Proposition 2.7]. In either case, by choosing a Morse
function which on each two-sphere has exactly 2 critical points, we obtain from Lemma 9.2 that
(A1, A2) < |H1(Y;Z)|, completing the proof. O

Theorem 10.5. Suppose [y1, €1] and [z, €2] are distinct vertices in N'(X3). In particular, 1 and
Yo are non-separating essential simple closed curves in Ys. Suppose moreover that there is a
separating essential simple closed curve in X5 which is disjoint from v, and 2. Then

n(AS,AS) = i(71,72)-

Proof. The proof is similar to that of Theorem 1.5. First, using the separating curve we may write
Y9 as the connected sum of two genus 1 surfaces X} and XY. If v; and 72 are separated by this curve
then they are disjoint, and the result follows from Theorem 1.6. So we may assume both ~y; and 9
are on the side of the X2}-summand. Using a diffeomorphism we may write 3; = S* x S! and,
viewing 7, and -2 as curves in X1, we may assume -y; and 7y, are in the homology classes +(0, 1)
and £(p,q) in H1(X1;Z) = Z D Z.

In gluing the two compression bodies defining the Lagrangians, we then have

(Cops Wey) Uy i (Chey wey) = (L(p, Q)aw)#sl X X1

where L(p, q) is a lens space, w < L(p, q) is some closed 1-manifold. The result then follows from
Lemma 10.4 and the fact that (L(p, ¢), w) is non-degenerate SU (2)-cyclic. O
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