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Abstract

For a surface with an odd number of punctures, the moduli space of flat SUp2q connections
with traceless holonomy around each puncture is a symplectic manifold. When the moduli
space is nonempty, there is a natural homomorphism from the mapping class group of the punc-
tured surface to the symplectic mapping class group of this moduli space. It is shown that this
homomorphism is injective if and only if the dimension of the moduli space is greater than 2.
This generalizes work of Seidel and Wehrheim–Woodward. Also given is a complete classi-
fication of Lagrangian spheres in the projective plane blown up at 5 points with its monotone
symplectic structure, which is the moduli space for the 5-punctured sphere. Furthermore, it is
determined when two such Lagrangian spheres can be displaced by a symplectic isotopy. Re-
sults are also obtained regarding Lagrangian spheres in the intersection of two quadrics in CP5.
The proofs involve instanton Floer theory and results on Heegaard splittings. A main technical
result establishes the approximation of any Hamiltonian isotopy of the SUp2q moduli space by
holonomy perturbations which are used in instanton homology.
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1 Introduction

Let Σg,n be a genus g Riemann surface with n marked points, where n is odd. The moduli space
Mg,n of flat SUp2q connections on the punctured surface, with traceless holonomy around each
puncture, is a smooth monotone symplectic manifold of dimension 6g ` 2n ´ 6. A concrete de-
scription of Mg,n is as the space of conjugacy classes of homomorphisms from the fundamental
group of the punctured surface to SUp2q for which each loop encircling a puncture is sent to a
traceless element. The moduli space Mg,n may also be identified with a moduli space of rank 2
stable parabolic bundles on Σg,n, see for example [MS80]. In this paper, we obtain information on
the symplectic mapping class group of Mg,n and about Lagrangians in Mg,n using a combination of
tools from instanton Floer theory and 3-manifold topology. Results are also obtained for a variation
ofMg,n given by the odd character variety of Σg, the moduli spaceModd

g of flat SUp2q connections
on Σg,n with ´1 holonomy around each puncture. It is a smooth monotone symplectic manifold of
dimension 6g ´ 6 and does not depend on n, apart from n being odd.

The symplectic mapping class group of Mg,n

A diffeomorphism ϕ of Σg,n induces a symplectomorphism of Mg,n which only depends on the
class of ϕ in the mapping class group ModpΣg,nq. Consider the induced homomorphism

ModpΣg,nq Ñ π0SymppMg,nq (1)

to the symplectic mapping class group of Mg,n. In fact, there is a group extension

1 H1pΣg,n;Z{2q Γg,n ModpΣg,nq 1

where Σg,n in the first term is viewed as a punctured surface and Γg,n is the semi-direct product
associated to the action of ModpΣg,nq on H1pΣg,n;Z{2q. Then (1) extends to a homomorphism

ρg,n : Γg,n Ñ π0SymppMg,nq.
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Theorem 1.1. For n odd and 3g ` n ą 4, the homomorphism ρg,n is injective.

If n is odd and 3g ` n ď 4, then pg, nq is one of p0, 1q, p0, 3q, or p1, 1q. The moduli space
M0,1 is empty, and so ρ0,1 is not even defined. In the other cases, M0,3 is a point and M1,1 is a
2-sphere, so that the associated symplectic mapping class groups are trivial, while ModpΣ0,3q – S3
and ModpΣ1,1q – SLp2,Zq are nontrivial. Thus in these cases ρg,n is not injective.

In previous work [DS25], the authors proved a version of Theorem 1.1 for Modd
g , answering a

question of Dostoglou and Salamon [DS93]. The proof of Theorem 1.1 also adapts to provide an
alternative and more self-contained proof of the results in [DS25], as discussed below.

Theorem 1.1 is a generalization of a result due to Seidel [Sei08], who proved injectivity in the
case pg, nq “ p0, 5q, that of the 5-punctured sphere. In fact, in this case ρ0,5 is also surjective and
hence an isomorphism, a result that follows from the work of Evans [Eva11]; see also §8. This case
is exceptional in that M0,5 may be identified as a symplectic manifold with the del Pezzo surface
given by the projective plane blown up at 5 generic points:

M0,5 “ Bl5CP2

Here the symplectic structure on Bl5CP2 is monotone, given by an anticanonical Kähler form, which
is unique up to symplectomorphism. In another direction, building on Seidel’s work, Wehrheim and
Woodward [WW16a] previously exhibited many elements of Γ0,n not in the kernel of ρ0,n.

Lagrangian spheres in the 5-point blowup of CP2

The methods of this paper also yield information about Lagrangians inMg,n. The information in the
caseM0,5 “ Bl5CP2 is rather definitive. To set the stage, for a closed symplectic manifoldM define
the Lagrangian sphere complex to be the simplicial complex LpMq whose vertices are Hamiltonian
isotopy classes of embedded Lagrangian spheres in M ; a collection of distinct vertices span a sim-
plex if and only if they can be represented by pairwise disjoint Lagrangians. Note that Hamiltonian
isotopy and symplectic isotopy are equivalent notions for Mg,n as it is simply-connected.

Define the signed curve complex rCpΣg,nq to be the simplicial complex whose vertices are pairs
pγ, ϵq where γ is the isotopy class of an essential and non-peripheral simple closed curve on the
punctured surface Σg,n and ϵ P t´,`u; a collection of distinct vertices span a simplex if and only
if the isotopy classes can be represented by pairwise disjoint curves, a condition independent of the
signs. The same definition without the signs ϵ gives the ordinary curve complex CpΣg,nq. Note
dim CpΣg,nq “ 3g ` n´ 4 and dim rCpΣg,nq “ 2 dim CpΣg,nq ` 1. See Figure 1.

Theorem 1.2. There is a simplicial isomorphism between the signed curve complex of the sphere
with 5 marked points and the Lagrangian sphere complex of the del Pezzo surface Bl5CP2:

rCpΣ0,5q – LpBl5CP2q

In fact, there is an action of π0SymppBl5CP2q on LpBl5CP2q and one of Γ0,5 on rCpΣ0,5q, and these
actions are intertwined under the simplicial equivalence of Theorem 1.2 by the isomorphism ρ0,5.
Given a vertex pγ, ϵq of the signed curve complex where ϵ “ ` (resp. ϵ “ ´), the associated
Lagrangian Λϵ

γ in M0,5 “ Bl5CP2 is defined using the space of flat SUp2q connections on the
5-punctured sphere that extend to a flat SOp3q connection on the trivial (resp. non-trivial) SOp3q-
bundle over the 3-manifold obtained by attaching a 2-handle along γ.
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pγ1,`q

pγ1,´q

pγ2,`q

pγ2,´q

Figure 1: The signed curve complex dim rCpΣ0,5q has dimension 3. A maximal simplex is determined by
four vertices pγ1,˘q, pγ2,˘q where γ1 and γ2 are represented by disjoint essential simple closed curves.

A key ingredient in the proof of Theorem 1.2 is that π0SymppBl5CP2q acts transitively on the
symplectic isotopy classes of Lagrangian spheres, a result due to Borman–Li–Wu [BLW14, Corol-
lary 1.2]. From this and the fact that ρ0,5 is an isomorphism, it can be seen that every Lagrangian
sphere in M0,5 is symplectic isotopic to one of the Lagrangians Λϵ

γ . The new input of the current
paper which leads to Theorem 1.2 is a method that determines exactly when two such Lagrangians
are symplectic isotopic and when they can be displaced by a symplectic isotopy.

As a point of comparison, for any symplectic structure on either S2 ˆ S2 or BlnCP2 with
n ď 4, there exist only finitely many Lagrangian spheres up to symplectic isotopy, as follows
from [LLW15, Corollary 1.5]; see also the earlier works [Eva10, Theorem 1.4] and [Hin04]. As
far as the authors are aware, Theorem 1.2 gives the first classification of Lagrangian spheres, up
to symplectic isotopy, in a symplectic manifold that has dimension bigger than 2 and where the
number of Lagrangian spheres up to symplectic isotopy is infinite.

The signed curve complex of Σg,n is closely related to its ordinary curve complex. The ordinary
curve complex embeds inside rCpΣg,nq as the subcomplex determined by vertices pγ, ϵq with ϵ “ `1,
and rCpΣg,nq deformation retracts onto this subcomplex. Thus Theorem 1.2 gives:

Corollary 1.3. There is a homotopy equivalence LpBl5CP2q » CpΣ0,5q.

Theorem 1.2 may be combined with known results on curve complexes to yield interesting
geometric information on LpBl5CP2q. For example, Masur and Minsky showed in [MM99] that for
3g ` n ´ 4 ą 0, the curve complex of Σg,n is Gromov hyperbolic and has infinite diameter. The
inclusion of the ordinary curve complex into the signed curve complex mentioned in the previous
paragraph is easily seen to be a quasi-isomorphism, and so we obtain:

Corollary 1.4. LpBl5CP2q is Gromov hyperbolic and has infinite diameter.

Theorem 1.2 implies that two Lagrangian spheres Λϵ
γ and Λϵ1

γ1 in Bl5CP2 can be displaced by
a Hamiltonian isotopy if and only if either γ and γ1 are isotopic and ϵ ‰ ϵ1, or γ and γ1 are not
isotopic and can be displaced by an isotopy. A natural question arises as to whether there is a
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general relationship between the number of possible intersection points between Λϵ
γ and Λϵ1

γ1 and
ipγ, γ1q, the minimal number of intersection points between γ and γ1 among all isotopies of these
curves in Σ0,5. The following confirms this for a large class of examples.

Theorem 1.5. Suppose the signed curves pγ, ϵq and pγ1, ϵ1q are not isotopic, and there is an essential
non-peripheral simple closed curve in Σ0,5 which is disjoint from γ and γ1. Then

npΛϵ
γ ,Λ

ϵ1

γ1q “
1

2
ipγ, γ1q, (2)

where the left side is the the minimal number of intersection points of Λϵ
γ and Λϵ1

γ1 in Bl5CP2 among
all Hamiltonian isotopies for which their intersection is transverse, see (5).

We remark that there are pairs pγ, ϵq and pγ1, ϵ1q satisfying the hypotheses of the proposition for
which the quantities in (2) are any given non-negative integer. The proof of Theorem 1.5 uses
computations of instanton homology for two-bridge links. More general results relevant to the
moduli spaces Mg,n are given in §9.

Lagrangian spheres in the intersection of two quadrics in CP5

Assume n is odd. Recall that the odd character variety Modd
g is the moduli space of flat SUp2q

connections on Σg,n with ´1 holonomy around each puncture. Newstead [New68] and Narasimhan
and Ramanan [NR69] proved that the genus 2 moduli space may be identified as

Modd
2 – Q1 XQ2 Ă CP5

where Q1 and Q2 are generic quadrics in CP5. For our purposes, this identification shall be under-
stood as one of 6-dimensional monotone symplectic manifolds. The methods that yield the above
results for M0,5 “ Bl5CP2 also give information about Lagrangian spheres in Q1 XQ2.

Write Σg for the underlying closed surface of Σg,n where we forget the marked points. Let γ
and γ1 be simple closed curves on Σg missing the marked points which are essential on Σg, and
choose ϵ, ϵ1 P t´,`u. Declare pγ, ϵq „ pγ1, ϵ1q if and only if γ is isotopic to γ1 in Σg by an isotopy
that crosses the set of punctures m times (each time crossing a single puncture), where the parity
of m agrees with ϵϵ1. Define the sign-twisted curve complex CtwpΣg,nq to be the simplicial complex
whose vertices are the equivalence classes rγ, ϵs defined above; a collection of distinct vertices span
a simplex if and only if the curves in the classes may be represented by pairwise disjoint curves.

The simplicial isomorphism type of the sign-twisted complex only depends on the parity of n,
which is fixed to be odd. Denote by N pΣgq the subcomplex of CtwpΣg,nq spanned by the vertices
whose underlying curves are non-separating.

Theorem 1.6. There is a simplicial injection from the subcomplex of non-separating curves in the
sign-twisted curve complex of Σ2 to the Lagrangian sphere complex of Q1 XQ2:

N pΣ2q ãÑ LpQ1 XQ2q (3)

As in the case of Theorem 1.2, there is an action of π0SymppQ1 XQ2q on LpQ1 XQ2q and one of
an extension pΓ2 of the mapping class group of Σ2 on N pΣ2q, and the injection of Theorem 1.6 is
equivariant with respect to an injective homomorphism from pΓ2 to π0SymppModd

2 q.
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A natural question is whether (3) is an isomorphism, similar to Theorem 1.2. This would follow
if one could show that the analogue of the homomorphism ρg,n for Modd

2 is an isomorphism (it is
known to be injective [Smi12, DS25]), and that the symplectomorphism group of Q1 X Q2 acts
transitively on Lagrangian spheres, up to symplectic isotopy.

A standard argument shows that the natural map from N pΣ2q to the ordinary curve complex of
Σ2 is a quasi-isomorphism, and thus similar to Corollary 1.4, the main result of [MM99] implies:

Corollary 1.7. LpQ1 XQ2q has infinite diameter.

An analogue of Theorem 1.5 is also proved in this setting, yielding explicit computations for
minimally intersecting Lagrangian spheres in Modd

2 . See Theorem 10.5.

Hamiltonian diffeomorphisms of Mg,n and holonomy perturbations

Central to the proofs of the above theorems are several results that relate the symplectic topology
of Mg,n to instanton Floer theory for links in 3-manifolds. The first result concerns the relationship
between Hamiltonian diffeomorphisms of the moduli space Mg,n and the class of perturbations that
are typically used in instanton Floer theory. These are called holonomy perturbations, and were
used by Floer in his original construction of instanton homology for integer homology 3-spheres
[Flo88] and also by Taubes in his work on the Casson invariant [Tau90].

We consider holonomy perturbations in the thickened punctured surface r´1, 1s ˆ Σg,n. For
our purposes, such a holonomy perturbation is determined by a smooth function η : Rk Ñ R and
a collection of k embedded loops Γ “ tγ1, . . . , γku in p´1, 1q ˆ Σg,n that are pairwise disjoint
and come equipped with framings. To this data is associated a moduli space Xη,Γpr´1, 1s ˆ Σg,nq

of SUp2q connections on r´1, 1s ˆ Σg,n which have traceless holonomy around the punctures
and which satisfy a perturbation of the flatness equation; elements of this moduli space have the
property that they are flat away from a regular neighborhood of the loops Γ. In particular, restriction
of connections to the boundary t˘1u ˆ Σg,n determines maps r˘:

Xη,Γpr´1, 1s ˆ Σg,nq

Mg,n Mg,n

r´ r`

Theorem 1.8. Assume n is odd. Given any Hamiltonian diffeomorphism ϕ of Mg,n there exists
holonomy perturbation data η,Γ such that r˘ are diffeomorphisms and r` ˝ r´1

´ is a Hamiltonian
diffeomorphism which is arbitrarily close to ϕ in the C8-topology.

In short, any Hamiltonian diffeomorphism of Mg,n can be C8-approximated by a holonomy
perturbation. The case in which Γ consists of a single embedded loop on t0u ˆ Σg,n was studied
by Herald and Kirk [HK18], and they identified r` ˝ r´1

´ in this case with Goldman’s Hamiltonian
twist flow on Mg,n studied in [Gol84]. The proof of Theorem 1.8 involves understanding the more
general case where Γ is a collection of disjoint loops embedded in t0u ˆ Σg,n.

A precursor to Theorem 1.8 is the work of Zentner [Zen18], who considered the case M1,0,
the SUp2q character variety of a 2-torus. This is a pillowcase, a sphere with 4 branch points of
order 2, but one can equally well work with Z{2-equivariant Hamiltonian diffeomorphisms on its
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double branched covering T 2. Observing that the Hamiltonian diffeomorphisms of M1,0 induced
by Z{2-equivariant shear maps on T 2 can be realized by holonomy perturbations, Zentner reduced
his problem to one of C0-approximating Hamiltonian diffeomorphisms of T 2 by compositions of
shear maps, see [Zen18, Theorem 3.3]; the regularity was later improved [SZ22].

The work of Berger and Turaev [BT25] shows, more generally, that any Hamiltonian diffeomor-
phism of a torus T 2n “ R2n{Z2n with its standard symplectic form can be smoothly approximated
by compositions of shears; in fact, only horizontal and vertical shears are needed. Our proof of
Theorem 1.8 adapts the work of [BT25] in several key steps.

Theorem 1.8 also holds for moduli spaces of flat SUp2q connections on Σg,n with more general
conjugacy class conditions for the holonomies around punctures; see Theorem 4.4.

Lagrangians in Mg,n and instanton homology

The next result establishes a relationship between the intersections of certain pairs of Lagrangians
in Mg,n and Kronheimer and Mrowka’s singular instanton homology for links. Consider a triple
pY, L,wq where Y is a closed, oriented, connected 3-manifold, L is a link in Y , and w is an embed-
ded compact 1-manifold in Y such that w X L “ Bw. Call pY, L,wq an admissible link if there is
an embedded oriented surface Σ Ă Y transverse to LYw and satisfying either (i) |ΣXL| is odd or
(ii) Σ X L “ H and |Σ X w| is odd. For such triples Kronheimer and Mrowka define

IpY, L,wq,

the singular instanton Floer homology, an affinely Z{4-graded abelian group [KM11a]. The surface
Σ induces an involution on IpY, L,wq, and one can show that this involution has degree 2 pmod 4q

in case (i) and degree 0 pmod 4q in case (ii). Thus, in case (i), the rank of IpY, L,wq is even.
Consider now a triple pM,T,wq consisting of a compact, oriented, connected 3-manifold with

boundary, a tangle T Ă M , and a compact 1-manifold w Ă intM satisfying w X T “ Bw. In
this paper, we use the convention that a tangle T Ă M is a properly embedded 1-manifold in M .
Assume that BpM,T q is the union of the surfaces with marked points Σg,n and Σ0,3. Consider the
moduli space XpM,T,wq of flat SUp2q connections on M ∖ pT Y wq with traceless holonomy
around meridians of T and ´1 holonomy around meridians of w. In general this may be a rather
singular space, but there always exists a holonomy perturbation data π “ pη,Γq such that the
associated perturbed-flat moduli space XπpM,T,wq is a smooth manifold, and such that the map

XπpM,T,wq Ñ Mg,n

induced by restriction of connections to the boundary is a Lagrangian immersion; here we use that
the moduli space for Σg,n \Σ0,3 can be identified withMg,n becauseM0,3 is a point. The existence
of such a perturbation π follows by adapting the work of Herald [Her94], where no punctures are
present; see also [DFL21, HK18]. In §5, we give a new, less-analytic proof that such perturbations
exist. Given two such triples pMi, Ti, wiq we glue them to obtain

pY,L,wq “ pM1, T1, w1q YΣg,n\Σ0,3 pM2, T2, w2q (4)

where we reverse the orientation of M2 so that Y inherits an orientation, and w “ w1 \ w2.
Denote the fiber product of two Lagrangian immersions ri : Λi Ñ X in a symplectic manifold

by Λ1 ˆX Λ2. Write HampXq for the group of Hamiltonian diffeomorphisms of X . For ϕ P
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HampXq, the immersed Lagrangian ϕ ˝ ri : Λi Ñ X is denoted by ϕpΛiq. Then define

npΛ1,Λ2q “ mint# pΛ1 ˆX ϕpΛ2qq | ϕ P HampXq, Λ1&ϕpΛ2q u (5)

If the Li are embedded, npΛ1,Λ2q is the minimal number of intersection points of Λ1 and ϕpΛ2q

ranging over all Hamiltonian diffeomorphisms ϕ for which such intersections are transverse.

Theorem 1.9. Suppose Λi “ XπipMi, Ti, wiq are Lagrangian immersions in Mg,n as above, where
BpMi, Tiq “ Σg,n \ Σ0,3 with n odd, and the glued up triple pY, L,wq is an admissible link. Then

npΛ1,Λ2q ě
1

2
rankZ IpY, L,wq. (6)

The same inequality holds using the rank of instanton homology computed with respect to any
integral domain coefficient ring. Furthermore, if IpY, L,wq “ 0 and the perbtation data πi defining
Λi is sufficiently small for i P t1, 2u, then npΛ1,Λ2q “ 0.

Fixing i P t1, 2u, the Lagrangians XπipMi, Ti, wiq for different choices of perturbations πi (for
which the perturbed character varieties are smooth) are not necessarily Hamiltonian isotopic, or
even diffeomorphic. In general, they are expected to be related by Lagrangian cobordism.

The inequality of Theorem 1.9 is a consequence of Theorem 1.8 and the definitions of the terms.
Indeed, Theorem 1.8 implies that npΛ1,Λ2q can be realized by a Hamiltonian diffeomorphism ϕ of
Mg,n which is induced by a holonomy perturbation πΣ in the thickened surface. By construction,
the instanton homology IpY, L,wq may be computed from a chain complex which has generators
two copies of Λ1 ˆMg,n ϕpΛ2q; these are the perturbed-flat connections on pY, L,wq associated
to the given holonomy perturbation data π1, π2 and πΣ. The two copies of Λ1 ˆMg,n ϕpΛ2q are
interchanged by an involution that negates the holonomy of a loop that passes once through Σg,n and
once through Σ3,0. Alternatively, write IpY,L,wqΣ for the quotient of IpY, L,wq by the involution
induced by the surface Σg,n. Since this involution has degree 2 (mod 4), as abelian groups we have

IpY, L,wq “ IpY,L,wqΣ ‘ IpY, L,wqΣ

and the right side of (77) may be written as rank IpY, L,wqΣ.
The utility of Theorem 1.9 stems from two points. The first is that many Lagrangians in Mg,n

arise from the construction XπpM,T,wq. For example, up to symplectic isotopy all Lagrangian
spheres in M0,5 can be realized by this construction, an important ingredient for Theorem 1.2. The
second point is an explicit understanding of when IpY,L,wq, defined over Z, vanishes:

Theorem 1.10. Let pY, L,wq be an admissible link. Then IpY,L,wq is zero if and only if there
exists an embedded 2-sphere S2 Ă Y such that one of the following is satisfied:

• L intersects S2 transversely in one point

• L is disjoint from S2 and the homological pairing w ¨ L is odd

This theorem is a generalization of [DS25, Prop. 2.1], which treats the case when L is empty. The
proof of Theorem 1.10 relies on Kronheimer and Mrowka’s sutured instanton homology and their
non-vanishing result for instanton homology of taut sutured manifolds [KM10b]. The statement and
argument of Theorem 1.10 also extend the non-vanishing results due to Kronheimer and Mrowka
from [KM19, §7]. The last statement in Theorem 1.9 is a consequence of Theorem 1.10.
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For a triple pY,L,wq which is decomposed as in (4), it is convenient to recast the detection
result of Theorem 1.10 in terms of the topology of the given decomposition, and more specifically
via the data of curves on the surface Σg,n which bound certain disks in pMi, Tiq. This is achieved
using results on Heegaard splittings of 3-manifolds with tangles, following [HS01].

The proof of Theorem 1.1 also requires an understanding of when the distance of Heegaard
splittings induced by powers of a pseudo-Anosov diffeomorphism of a surface is unbounded. This
is established for surfaces without punctures in [Hem01, AS05], which was used in the authors’
previous work [DS25], taking cue from [Cla17]. The case for surfaces with punctures which is
necessary for Theorem 1.1 is adapted from the work [IS13].

Relation to the Atiyah–Floer conjecture

Inspired by the original Atiyah–Floer conjecture [Ati88] and generalizing the version established
by the first author in collaboration with Fukaya and Lipyanskiy [DFL21] for the case where the link
L is empty, it is natural to conjecture that there is an isomorphism of abelian groups

IpY, L,wqΣ – HFpΛ1,Λ2q (7)

for an admissible link decomposed as in (4), where the Lagrangians Λi “ XπipMi, Ti, wiq are as-
sumed to be smoothly embedded in Mg,n. The right side of (7) denotes Lagrangian Floer homology
of Λ1 and Λ2 defined over Z (here we use that Mg,n is monotone).

Theorem 1.9 would be a direct corollary of (7). Furthermore, the authors expect that (7) can
be proved, with a good deal of work, by adapting [DFL21] (including the analysis of the mixed
equation studied in [DFL24]) to the setting of gauge theory with prescribed singularities along
the link L. However, in this paper, we are able to prove Theorem 1.9, which leads to all of our
applications, without having to establish the Atiyah–Floer isomorphism (7), by solely relying on the
relationship between Hamiltonian diffeomorphisms of Mg,n and holonomy perturbations (Theorem
1.8). Moreover, Theorems 1.8 and 1.9 are established in a level of generality that includes the odd
character varieties studied in [DS25], and thus the work here provides an alternative proof to the
results of that paper which does not rely on the Atiyah–Floer results in [DFL21].

As a final remark, in principle it should be possible to prove Theorems 1.1 and 1.2 using La-
grangian Floer homology, a tool specifically designed for such problems, and not appeal to instanton
homology. However, Lagrangian Floer homology, like most Floer homologies, is generally difficult
to compute. An advantage of our approach is that it allows us to harness the progress that has been
made on the side of instanton homology, as seen especially in the work of Kronheimer and Mrowka
[KM10b], and which is here represented by Theorem 1.10.

Outline

After some preliminaries on approximating Hamiltonian diffeomorphisms in §2, in §3 we introduce
the moduli spaces of flat SUp2q connections on punctured surfaces and study their Hamiltonian dif-
feomorphisms and symplectomorphisms. Holonomy perturbations, Lagrangians from 3-manifolds
with tangles, and the proof of Theorem 1.8 are treated in §4. In §5, singular instanton homology is
reviewed and Theorem 1.9 is proved. The detection result of Theorem 1.10 is proved in §6, and this
theorem is then studied in terms of Heegaard splittings and mapping classes in §7, where Theorem
1.1 is also proved. Applications to Bl5CP2, including Theorem 1.2 and Corollary 1.3 are proved in
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§8. In §9, the relationship between intersection numbers of Lagrangians in Mg,n and SUp2q-simple
knots is studied, and Theorem 1.5 is proved. Finally, in §10, we consider Lagrangians in the odd
character variety Modd

g and prove Theorem 1.6.
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2 Approximating Hamiltonian diffeomorphisms

In this section we provide some general results on the approximation of Hamiltonian diffeomor-
phisms. Let pM,ωq be a closed symplectic manifold. Given a smooth functionH : r0, 1sˆM Ñ R,
the associated Hamiltonian time-dependent vector field XHt is defined by ιpXHtqω “ dHt. The
flow of Xt is written ϕtH . A diffeomorphism of M is Hamiltonian if it is equal to ϕ1H for some
H . Write HampM,ωq for the group of Hamiltonian diffeomorphisms, which is a subgroup of
SymppM,ωq. Given a smooth function f : M Ñ R, by viewing f as a function r0, 1s ˆ M Ñ R
constant in r0, 1s, we write Xf for the associated vector field and ϕtf for the associated flow as
above; note ϕtf is defined for all t P R under our assumption that M is compact.

Proposition 2.1. Suppose pM,ωq is a smooth closed symplectic manifold. Let S Ă C8pM ;Rq be
such that the R-span of S is C1-dense in C8pM ;Rq. Then

GpSq :“
!

ϕt1f1 ˝ ¨ ¨ ¨ ˝ ϕtmfm | t1, . . . , tm P R, f1, . . . , fm P S
)

(8)

is dense in HampM,ωq with respect to the C0-topology.

The proof we give follows [BT25] for some key steps.

Proof. Any ϕ1H P HampM,ωq is a composition ϕ1f1 ˝ ¨ ¨ ¨ ˝ ϕ1fm where fi P C8pM ;Rq. This
follows from work of Banyaga [Ban78]. (For our purposes, one could get by with much less, as
approximating ϕtH by such compositions is elementary.) Next, since ϕatf “ ϕtaf for a P R, there is
no loss of generality in assuming, from the start, that S is closed under scaling by R.
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If f P C8pM ;Rq, then by assumption there is some g in the span of S arbitrarily close to
f in the C1-topology. In particular, the Hamiltonian vector fields Xf and Xg are C0-close, and
consequently so too are the associated flows ϕtf and ϕtg for any fixed time t.

Thus to complete the proof it remains to show the following: if f is a finite sum of elements
from S, then the Hamiltonian flow of f can be C0-approximated by a composition of flows each
coming from an element of S. It suffices to approximate the time 1 flow ϕ1f where f “ f1 ` f2 and
f1, f2 P S, the more general case following by induction.

For f fixed as above, let g :M Ñ M be a diffeomorphism satisfying

dpϕ
1{N
f , gqC0 :“ sup

xPM
d

´

ϕ
1{N
f pxq, gpxq

¯

ď hpNq{N

where h is some function. Here the distance d on M is defined using a chosen Riemannian metric
on M . Then taking the N -fold composition gN gives an approximation to ϕ1f . Specifically,

d
`

ϕ1f , g
N

˘

C0 ď

N´1
ÿ

i“0

d
´

pϕ
1{N
f qi`1 ˝ gN´i´1, pϕ

1{N
f qi ˝ gN´i

¯

C0

“

N´1
ÿ

i“0

d
´

pϕ
i{N
f q ˝ ϕ

1{N
f , pϕ

i{N
f q ˝ g

¯

C0

ď

N´1
ÿ

i“0

eiL{Ndpϕ
1{N
f , gqC0

ď

N´1
ÿ

i“0

eiL{N

N
hpNq ď eLhpNq

From the second to the third line, the inequality dpϕtf pxq, ϕtf pyqq ď etLdpx, yq was applied with
t “ i{N , where L is a constant depending only on f ; this is an extension of Gronwall’s inequality
to the Riemannian setting [KSSV06, Thm. 1].

Let us apply the above to the problem of approximating ϕ1f where f “ f1 ` f2. First note

d
´

ϕ
1{N
f , ϕ

1{N
f1

˝ ϕ
1{N
f2

¯

C0
ď C{N2

where C is independent of N . Indeed, in local coordinates both ϕtf and ϕtf1 ˝ ϕtf2 are equal to

id ` tpXf1 `Xf2q `Opt2q.

Now letting g “ ϕ
1{N
f1

˝ ϕ
1{N
f2

and hpNq “ C{N in the previous paragraph we obtain

d
´

ϕ1f , pϕ
1{N
f1

˝ ϕ
1{N
f2

qN
¯

C0
ď CeL{N. (9)

Thus by taking N large enough we obtain a composition of flows arising from f1 and f2 which
C0-approximates ϕ1f to any desired accuracy.

We next consider hypotheses which improve the regularity in the conclusion of Proposition
2.1. First we recall some terminology. A symplectic manifold pM,ωq is real analytic if M is a
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real analytic manifold and ω is a real analytic 2-form. The notion of complex analytic symplectic
manifold is defined similarly; in this case, ω is a holomorphic 2-form, i.e. of type p2, 0q. A real
structure on a complex analytic symplectic manifold pMC, ωCq is an anti-holomorphic symplectic
involution τ . Let MR be the fixed point set of τ , called the real locus of τ . Then pMR, ωRq is a real
analytic symplectic manifold, where ωR “ ωC|MR .

Suppose pM,ωq is a real analytic submanifold of the real locus of pMC, ωC, τq. Denote by
CanpM ;Rq the set of real analytic functions f : M Ñ R, topologized in the following way: a
sequence tfiu

8
i“0 converges to f if and only if there exists an open neighborhood V Ă MC of

M such that f and fi for i large enough each extend to complex analytic functions V Ñ C, and
supxPV |fpxq ´ fipxq| Ñ 0 as i Ñ 8. Note Can-convergence implies C8-convergence.

Lemma 2.2. In Proposition 2.1, assume pM,ωq is a real analytic symplectic submanifold of the real
locus of a complex analytic symplectic manifold pMC, ωCq with real structure, S Ă CanpM ;Rq, and
spanRpSq is dense in CanpM ;Rq. Then GpSq is C8-dense in HampM,ωq.

Note that in this statement, M is compact but MC may not be compact.

Proof. The proof is similar to that of Proposition 2.1. As in the first paragraph there, we may
restrict our attention to time-independent Hamiltonians f : M Ñ R, and assume that S is closed
under scaling by R. If f P C8pM ;Rq, then since CanpM ;Rq is C8-dense in C8pM ;Rq, and by
the assumption on S, there is some g in the span of S arbitrarily close to f in the C8-topology.
Then Xf and Xg are C8-close and so too are the associated flows.

Thus, just as in the proof of Proposition 2.1, it remains to show that ϕ1f , for f “ f1 ` f2 with
f1, f2 P S, can be C8-approximated by a composition of flows induced by elements of S.

Let V0 Ă MC be an open neighborhood of M on which f has a holomorphic extension, also
called f . The vector field Xf on M then extends to a holomorphic vector field on V0 by the same
name, defined by ιpXf qωC “ df . There exists a neighborhood V1 Ă V0 of M such that the flow
ϕtf of Xf is a holomorphic map defined on V1 and satisfies ϕtf pV1q Ă V0 for all t P r0, 1s. Let
V2 Ă MC be a neighborhood of M with compact closure in V1. Then inequality (9) holds on V2:

sup
xPV2

d
´

ϕ1f pxq, pϕ
1{N
f1

˝ ϕ
1{N
f2

qN pxq

¯

ď CeL{N

The argument is similar to the one in the proof of Proposition 2.1, keeping track of the neigh-
borhoods on which the flows are defined; for details see [BT25], specifically Lemma 3.1 of that
reference. The C0-convergence of the sequence of holomorphic maps pϕ

1{N
f1

˝ ϕ
1{N
f2

qN to ϕ1f on V2
implies C8-convergence on V2 and hence C8-convergence of their restrictions to M .

3 Moduli spaces, Hamiltonian diffeomorphisms, and mapping class groups

Following the introduction, we write Σg,n for the pair of a Riemann surface Σ “ Σg of genus g and
a collection P “ tp1, . . . , pnu of n distinct points on Σg. For t P r0, 1s, let Γptq Ă SUp2q denote
the conjugacy class of elements containing diagpeiπt, e´iπtq. Note Γp0q and Γp1q are points while
Γptq is a 2-sphere for each t P p0, 1q. For a given t “ pt1, . . . , tnq P r0, 1sn, consider the map

m : SUp2q2g ˆ

n
ź

j“1

Γptjq Ñ SUp2q,
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mpA1, B1, . . . , Ag, Bg, C1, . . . , Cnq “ rA1, B1s ¨ ¨ ¨ rAg, BgsC1 ¨ ¨ ¨Cn.

The group SOp3q “ SUp2q{ ˘ 1 acts on the domain by simultaneous conjugation. Let

Mg,nptq “ m´1p1q{SOp3q. (10)

We refer to t as the holonomy parameter of Mg,nptq. We say t satisfies the non-integral assumption
if for all subsets J Ă t1, . . . , nu, the following quantity is not an integer:

1

2

ÿ

jPJ

tj ´
1

2

ÿ

jRJ

tj

The map m has 1 as a regular value if and only if t satisfies the non-integral assumption. In this case,
the conjugation action is free, and Mg,nptq is a closed smooth manifold of dimension 6g ` 2nt ´ 6
where nt is the number of j such that tj P p0, 1q. Throughout this paper, we assume that the
holonomy parameter t satisfies the non-integral assumption.

The moduli space Mg,nptq can be regarded as a character variety of SUp2q representations
assigned to Σg,n and t. Indeed, Mg,nptq is the space of conjugacy classes of homomorphisms
π1pΣ ∖ Pq Ñ SUp2q where the conjugacy class of a small loop enclosing pj P P is mapped to
Γptjq. For a standard presentation of the fundamental group

π1pΣ∖ Pq “ xa1, b1, . . . , ag, bg, c1, . . . , cn | ra1, b1s ¨ ¨ ¨ rag, bgsc1 ¨ ¨ ¨ cn “ 1y, (11)

and given an element of m´1p1q, there is an SUp2q-representation of π1pΣ∖Pq that maps ai, bi, cj
respectively to Ai, Bi, Cj . In this paper we use the interpretation of Mg,nptq in terms of a moduli
space of flat connections, as we discuss in §3.1. A symplectic form ω forMg,nptq was constructed in
[GHJW97], generalizing the n “ 0 case from [Gol84]. In §3.1, we review the symplectic structure
on Mg,nptq from the more geometric point of view of moduli of flat connections. Hamiltonian
diffeomorphisms and symplectomorphisms of Mg,nptq are discussed in §3.2 and §3.3.

3.1 Symplectic structure on Mg,nptq

The most relevant interpretation ofMg,nptq for our purposes is as a space of flat SUp2q connections
on Σ with prescribed singularities. To set up this interpretation of Mg,nptq more carefully, let Σ˝

denote Σ ∖ P and identify a small neighborhood of P with the union of disks P ˆ D2. Then Σ˝

can be compactified to a surface Σ of genus g with n boundary components in the obvious way.
Define Ag,nptq as the space of connections on the trivial SUp2q-bundle over Σ˝ whose restriction
to a neighborhood of the origin in tpju ˆD2 takes the form

«

itj
2 0

0 ´
itj
2

ff

dθ (12)

where θ denotes the angular coordinate on D2.
Let Gg,nptq be the space of gauge transformations of the trivial SUp2q-bundle over Σ˝ whose

restriction to a neighborhood of the origin in tpju ˆD2 stabilizes the connection in (12). That is to
say, such a restriction is a constant map into SUp2q if tj “ 0, is of the form diagpe2iπrj , e´2iπrj q

for some constant rj if tj P p0, 1q, and is of the form diagpeiθ{2, e´iθ{2q ¨ uj ¨ diagpe´iθ{2, eiθ{2q for

13



some uj P SUp2q if tj “ 1. Then Gg,nptq acts on Ag,nptq by taking pullback and Mg,nptq is the
quotient of the space of flat connections in Ag,nptq by the action of Gg,nptq.

The linearization of the action of the gauge group Gg,nptq and the flat equation at a flat connec-
tion A P Ag,nptq are controlled by the middle row of the diagram in Figure 2. Here Ωi

cpΣ
˝, gq is the

space of compactly supported i-forms on Σ˝ with values in the Lie algebra g “ sup2q of SUp2q,
and rΩ0pΣ˝, gq is the space of 0-forms on Σ˝ such that in a small neighborhood of pj for each j, it
is a constant map into g if tj “ 0, has the form diagpirj ,´irjq for some rj if tj P p0, 1q, and is
diagpeiθ{2, e´iθ{2q ¨ ζj ¨ diagpe´iθ{2, eiθ{2q for some ζj P g if tj “ 1. We write H i

A for the cohomol-
ogy groups of the cochain complex that appears in the middle row of Figure 2. These cohomology
groups are trivial in degrees 0 and 2 by the non-integral assumption on t, and H1

A may be identified
with the tangent space of the class of A in Mg,nptq.

0 0 0

0 Ω0
cpΣ˝, gq Ω1

cpΣ˝, gq Ω2
cpΣ˝, gq 0

0 rΩ0pΣ˝, gq Ω1
cpΣ˝, gq Ω2

cpΣ˝, gq 0

0
à

1ďiďn

hj 0 0 0

0 0 0

dA dA

dA dA

Figure 2

The other rows of the diagram in Figure 2 also define cochain complexes. Here hj denotes
the subspace of g consisting of elements that commute with diagpeiπtj , e´iπtj q. The degree i
cohomology group of the complex in the first row, denoted by H i

cpΣ
˝; adAq, is isomorphic to

H ipΣ, BΣ; adAq, where adA denotes the twisted coefficients determined by the flat connection A
associated to the adjoint action of SUp2q on its Lie algebra. In particular, it is trivial if i “ 0 or
i “ 2, and has dimension 6g ` 3n ´ 6 if i “ 1. The vertical maps in this diagram define an ex-
act sequence of cochain complexes, and the associated long exact sequence of cohomology groups
determines the exact sequence

0
à

1ďjďn

hj H1
c pΣ˝; adAq H1

A 0

This shows that H1
A, the tangent space of Mg,tptq at rAs, has dimension 6g ` 2nt ´ 6.

From this viewpoint of flat connections, following Atiyah–Bott [AB83, §9] (see also [JW94,
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§2.2]), the symplectic form ω on Mg,nptq at the class of the connection A is induced by

ωpα, α1q :“ ´
1

4π2

ż

Σ
trpα ^ α1q, (13)

where α, α1 P Ω1
cpΣ˝, gq. That ω depends only on the classes of α and α1 in H1

A follows from
Stokes’ theorem. The nondegeneracy of ω is explained as follows. A variation of (2) is given by
Figure 3, where the middle row is the de Rham complex of Σ with twisted coefficients adA, and the
third row is the quotient of the complex in the middle row by the one in the first row. In particu-
lar, the ith cohomology groups of these complexes are respectively isomorphic to H ipΣ; adAq and
H ipBΣ; adAB q where AB denotes the restriction of A to the boundary.

0 0 0

0 Ω0
cpΣ˝, gq Ω1

cpΣ˝, gq Ω2
cpΣ˝, gq 0

0 Ω0pΣ, gq Ω1pΣ, gq Ω2pΣ, gq 0

0 Ω0
BpΣ, gq Ω1

BpΣ, gq Ω2
BpΣ, gq 0

0 0 0

dA dA

dA dA

dA dA

Figure 3

The inclusion of the middle row of Figure 2 into the middle of Figure 3 determines a map
between these two diagrams, and the induced map between the corresponding long exact sequences
of cohomology groups gives the following, with exact rows:

à

1ďjďn

hj H1pΣ, BΣ; adAq H1
A 0

à

1ďjďn

hj H1pΣ, BΣ; adAq H1pΣ; adAq H1pBΣ; adAB q

f

h

g

Denoting by x¨, ¨y the standard pairing between H1pΣ, BΣ; adAq and H1pΣ; adAq, for any α P H1
A

and β P H1pΣ, BΣ; adAq, we have

xhpαq, βy “ ωpα, fpβqq. (14)

An examination of the above diagram shows that H1
A is isomorphic to kerpgq. Finally, the non-

degeneracy of ω follows from the non-degeneracy of x¨, ¨y and (14).
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3.1.1 The monotone case

The main results of this paper apply to the case that Mg,nptq is a monotone symplectic manifold.
Recall that a symplectic manifold pM,ωq is monotone if there is a positive constant κ such that

rωs “ κc1pTMq

where rωs denotes the cohomology class of the symplectic form, and the first Chern class of TM is
computed with respect to an almost complex structure on TM that is compatible with ω. The sym-
plectic structure on Mg,nptq is monotone in the case that each ti belongs to the set t0, 1{2, 1u, see
[MW01]. Our normalization is chosen so that κ “ 1. In particular, this moduli space is monotone
in the case that n is odd and all components of t are 1{2. This is the moduli space denoted by

Mg,n :“ Mg,np12 , . . . ,
1
2q

and we continue to use this notation for this special case throughout the paper. Another monotone
moduli space is the case where n is odd and all components of t are 1:

Modd
g :“ Mg,np1, . . . , 1q.

This is the odd character variety, and was the central focus of the authors’ previous work [DS25].
It is easy to see that removing any number of even punctures from Σg,n does not change this moduli
space, and for this reason n is often omitted in the notation.

The above moduli spaces Mg,n and Modd
g are essentially the only moduli spaces of the form

Mg,nptq that give a smooth monotone symplectic manifold. To see this, let t “ pt1, . . . , tnq satisfy
the non-integral assumption and ti P t0, 1{2, 1u for any i. We can remove punctures with ti “ 0
and, as above, remove any set of an even number of punctures with ti “ 1 without changing the
diffeomorphism type of Mg,nptq, because the conjugacy classes Γp0q and Γp1q consist of single
central elements. This still leaves another possibility where n is even, t has n´ 1 entires equal 1{2,
and the remaining entry equal 1. We can see this moduli space is diffeomorphic to Mg,n´1 using
a diffeomorphism that maps rA1, B1, . . . , Ag, Bg, C1, . . . , Cn´1s in Mg,n´1, in its representation
theoretic description, to rA1, B1, . . . , Ag, Bg, C1, . . . , Cn´2,´Cn´1,´1s. It is not difficult to see
that these diffeomorphisms are symplectomorphisms.

We end this discussion by pointing out that monotonicity of Mg,n is not used directly in the
proof of Theorem 1.1, although the proof uses versions of instanton Floer homology that satisfy a
counterpart of monotonicity.

3.2 Hamiltonian diffeomorphisms of Mg,nptq

The goal of this section is to introduce some natural maps on Mg,nptq and study Hamiltonian flows
associated to them. Let γ be an immersed loop in Σ, disjoint from the set of points P . Define

trγ :Mg,nptq Ñ r´2, 2s

whose value on rAs P Mg,nptq is the trace of the holonomy of A around γ. Note that trγ only
depends on the free homotopy class of γ in Σ∖P , and does not depend on the direction: trγ “ trγ´1 .
For Γ “ tγ1, . . . , γku a collection of immersed loops, define

TΓ :Mg,nptq Ñ R, TΓ :“ trγ1 trγ2 ¨ ¨ ¨ trγk .
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By convention, TH “ 1. We refer to TΓ as a trace monomial on the moduli space. Call Γ a multic-
urve if the γi are homotopic in Σ∖ P to essential embedded loops γ1

i such that no γ1
i is homotopic

to a circle enclosing a point in P , and each pair of distinct γ1
i, γ

1
j is disjoint. We sometimes will

conflate Γ with the union of γ1, . . . , γk.

Proposition 3.1. Let S be the set of trace monomials TΓ where Γ runs over all multicurves of Σg,n.
Then the R-span of S is C8-dense in C8pMg,nptq;Rq.

Proof. Consider SUp2q2g`n with the SOp3q-action induced by simultaneous conjugation, and the
subset X Ă SUp2q2g`n of points with trivial SOp3q-stabilizer. There is a smooth embedding

F :Mg,nptq Ñ X{SOp3q

obtained by viewing the quotient X{SOp3q as the irreducible SUp2q-character variety for a subsur-
face of Σ which retracts onto the 1-skeleton formed by the generating loops ai, bi, cj for π1pΣ∖Pq.
Furthermore, there is a smooth embedding

G : X{SOp3q Ñ RN

defined as follows. Set xi “ ai and xi`g “ bi for 1 ď i ď g, and xj`2g “ cj for 1 ď j ď n. Then
N “ 2g ` n`

`

2g`n
2

˘

`
`

2g`n
3

˘

and the components of G are given by

trxi , trxixj , trxixjxk
(15)

where i, j, k run from 1 to 2g`n and i ă j ă k. In fact, at least n of these functions may be omitted,
as in our setup the functions trcj are constant. The proof that χ is an embedding is discussed in
[Don02, Lemmas 5.13 & 5.14].1 See [Pro76] for a more complete treatment in the algebraic context.
As the polynomial functions are C8-dense in C8pB;Rq for a closed ball B Ă RN containing the
image of G, we obtain the following, via F and G: linear combinations of trace monomials

m
ÿ

i“1

riTΓi pri P Rq

form a C8-dense subset of C8pMg,nptq;Rq. To complete the proof it suffices to show that any
trace monomial TΓ, where Γ “ tγ1, . . . , γku is a set of immersed curves, may be written as a linear
combination of trace monomials TΓi where the Γi are multicurves. This uses the well-known sl2
skein relation for trace functions, as is explained below.

For Γ “ tγ1, . . . , γku as above, denote by dpΓq the minimal number of double points among all
generic immersions \kS1 Ñ Σ ∖ P where the ith component is homotopic to the inclusion of γi.
Suppose dpΓq ą 0. Upon reordering, either γ1 is an immersion with a double point, or γ1 and γ2
have positive minimal intersection number. Suppose we are in the first case.

View γ1 as an element in π1pΣ ∖ P, pq where the basepoint p P Σ ∖ P is one of the double
points of γ1. Then we can write γ1 “ ab where a, b P π1pΣ ∖ P, pq and a, b are represented by

1In [Don02, p.140], there is a minor error. The trace functions for xi and xix
´1
j (the latter of which may be used

instead of xixj) are mentioned as being nearly sufficient for the purposes of obtaining the desired embedding G. It is
then remarked that one needs to include trace functions on some other words, such as commutators of the elements xi.
However, commutators do not suffice, and one should instead use the words xixjxk.
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a

a

b

b

γ1
1 γ2

1p

γ1 γo
1 γu

1

Figure 4

loops which, away from p, are immersed and transverse to one another, with minimal intersection.
For a given representation rρs P Mg,nptq write A “ ρpaq and B “ ρpbq. The SUp2q trace identity

trpAqtrpBq “ trpABq ` trpAB´1q

shows that trγ1
1
pρqtrγ2

1
pρq “ trγ1pρq ` trγu

1
pρq, where γo1 “ γ1

1 Y γ2
1 are the two immersed loops

which result from the oriented resolution of γ1 at p (with respect to some orientation), and γu1 is the
immersed loop formed from the unoriented resolution, see Figure 4. In particular, we have

TΓ “ TΓo ´ TΓu

where Γo “ tγ1
1, γ

2
1 , γ2, . . . , γku and Γu “ tγu1 , γ2, . . . , γku. Furthermore, dpΓoq and dpΓuq are

strictly less than dpΓq. A similar argument holds in the case for a pair of curves γ1 and γ2 with
positive minimal intersection number. Thus by induction every TΓ is a linear combination of TΓi

where dpΓiq “ 0. Note that if dpΓiq “ 0, either Γi is a multicurve, or it is a multicurve together
with some loops that are either nullhomotopic in Σ∖P or homotopic to a loop around a point in P .
However, the trace function for a nullhomotopic loop is of course constant, as is that for the latter
type of loop, by the definition of Mg,nptq. Thus these loops may be discarded.

Propositions 2.1 and 3.1 imply that GpSq is C0-dense in HampMg,nptq, ωq, where S is the set
of trace monomials of multicurves on Σg,n and the set GpSq is defined in (8). Next, the regularity
in this conclusion is improved through the use of Lemma 2.2.

Proposition 3.2. Let S be the set of trace monomials of multicurves on Σg,n. Then

GpSq “

!

ϕt1f1 ˝ ¨ ¨ ¨ ˝ ϕtmfm | t1, . . . , tm P R, f1, . . . , fm P S
)

(16)

is dense in HampMg,nptq, ωq with respect to the C8-topology.

Proof. Let Mg,nptqC be the moduli space of irreducible flat SLp2,Cq connections on Σ ∖ P
such that the holonomy around a small loop encircling pj P P has trace 2 cospπtjq, for each
j P t1, . . . , nu. Then Mg,nptqC is a complex analytic manifold. It has a complex analytic sym-
plectic form ωC defined just as in (13), with α, β now in Ω1pΣ; slp2,Cqq. It inherits a real structure
τ compatible with ωC, induced by the involution A ÞÑ A˚ on SLp2,Cq. By [MS84, Lemma III.1.1]
(see also [Aco19]), the real locus consists of those connections which are gauge equivalent to ei-
ther an SUp2q or SLp2,Rq flat connection. In particular, under the non-integral assumption on t,
pMg,nptq, ωq is symplectically embedded inside the real locus of pMg,nptqC, ωC, τq.
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Consider the following diagram, where vertical arrows are inclusions:

Mg,nptq RN

Mg,nptqC CN

ιR

ιC

(17)

The top arrow ιR is the embedding G ˝F from the proof of Proposition 3.1, whose components are
defined by the trace functions (15), here interpreted as traces of holonomies along the corresponding
loops. These trace functions have natural complex-valued extensions to Mg,nptqC and together they
define the bottom arrow ιC which is a complex analytic embedding.

By the proof of Proposition 3.1, a trace monomial TΓ for a multicurve Γ on Σg,n is equal to η˝ιR
for some polynomial η : RN Ñ R. Viewing η as a complex polynomial, η ˝ ιC gives a complex
analytic extension of TΓ. It is now clear that pMg,nptq, ωq and the set S of trace monomials on
multicurves satisfy the hypotheses of Lemma 2.2, yielding the result.

We next compute ϕtf for any given f P S. In fact, our computation will be more general. Let
Γ “ tγ1, . . . , γku be a multicurve on Σg,n and η : Rk Ñ R a smooth function. Consider

fη,Γ :Mg,nptq Ñ R,

fη,Γpρq :“
1

4π2
ηptrγ1pρq, . . . , trγkpρqq. (18)

Note that choosing ηpx1, . . . , xkq “ 4π2x1 ¨ ¨ ¨xk yields the trace monomial fη,Γ “ TΓ.
To state a formula for ϕtf , we first introduce some notation. Let γ be an embedded circle in a

manifoldX , andE be an SUp2q-bundle overX . As above, define trγ to be the gauge-invariant func-
tion on the space of connections on E obtained by taking the trace of the holonomy of a connection
around γ, based at any point. The derivative of trγ at A is given by

pdtrγqApαq “ ´

ż

γ
trpTA,γαq, (19)

where α P Ω1pX, adEq. In this formula, TA,γ is the section of adE|γ defined as follows. First, let
Π : SUp2q Ñ sup2q be the conjugation-invariant function

Πpgq :“ g ´ 1
2 trpgqid (20)

Then, for a point p on γ, the holonomy of the connection A along γ determines an automorphism
holγpAq of Ep, and ΠpholγpAqq is an element of padEqp Ă EndpEqp which gives the value of TA,γ

at p. See [BD95, Lemma 3] for more details.
Fix a multicurve Γ “ tγ1, . . . , γku on Σg,n. Orient each γi, and choose an orientation-preserving

identification of a tubular neighborhood of γi in Σ˝ with S1 ˆ p´1, 1q. For s P p´1, 1q, let γsi be
the loop parallel to γi determined by the points in S1 ˆ p´1, 1q with second coordinate equal to s.
Let βi be a 1-form supported on this neighborhood, given by the pullback of a compactly supported
1-form on p´1, 1q with integral 1. In particular, βi restricted to γi vanishes. We also arrange that the
βi have pairwise disjoint supports, so that βi restricted to γj vanishes for all i, j. For any connection
A on Σ˝, the sections TA,γs

i
for different values of s determine a section of adE over the tubular

neighborhood of γi, which we denote by TA,i. In particular, TA,iβi is a well-defined element of
Ω1
cpgq. If A is flat, then TA,i is dA-parallel and thus TA,iβi is in the kernel of dA.
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Proposition 3.3. Let Γ be a multicurve on Σg,n and η : Rk Ñ R a smooth function, and write f for
the function fη,Γ :Mg,nptq Ñ R. Then the Hamiltonian vector field for f may be represented by

Xf “ ´

k
ÿ

i“1

Biη ¨ TA,iβi

where the terms on the right are defined as above, and Biη “ pBiηqptrγ1pAq, . . . , trγkpAqq. Further-
more, for any rAs P Mg,nptq, we have ϕtf prAsq “ rAts with

At “ A´ t
k

ÿ

i“1

Biη ¨ TA,iβi. (21)

Proof. First note that trγi can be rewritten as

trγi “

ż

p´1,1q

trγs
i

¨ βi

because holonomies of a flat connection on the loops γsi is independent of s. Let rAs P Mg,nptq and
α P Ω1

cpgq represent a tangent vector to rAs. Using this relation and (19), we compute the derivative
of fpAq “ 1

4π2 ηptrγ1pAq, . . . , trγkpAqq along α as

pdfqApαq “
1

4π2

ż

Σ
tr

`

k
ÿ

i“1

Biη ¨ TA,iβi ^ α
˘

. (22)

By definition of the symplectic form ω in (13), we obtain from the computation in (22) that the
Hamiltonian vector field for f may be represented by

Xf “ ´

k
ÿ

i“1

Biη ¨ TA,iβi

To identify the flow generated by the vector field Xf on Mg,nptq, first note that At in (21) is
a flat connection because βi ^ βj is trivial for all i, j and TA,iβi is dA closed. Furthermore, the
restrictions of At and A to each γsi agree with each other. Thus, TAt,i is independent of t. This
implies that At represents a trajectory of the Hamiltonian flow of f because it satisfies

d

dt
At “ ´

k
ÿ

i“1

Biη ¨ TAt,iβγi .

Recall that any flat SUp2q connection is determined by knowing the traces of its holonomies
along any loop. Although not needed for the sequel, we describe ϕtf prAsq in these terms. Let σ be
an immersed loop in Σ˝ which is transverse to Γ, such that the intersections of σ with Γ occur at
embedded points of σ. Orient σ and choose an embedded point q0 P σ disjoint from Γ. Starting
from q0, traverse σ in the direction of its orientation and let q1, . . . , qℓ be the intersection points of
σ with the curves in Γ in the order in which they appear. Let γij be the curve in Γ containing qj .

Proposition 3.4.

trσ
`

ϕtf prAsq
˘

“ tr
”

exp
´

tBiℓη ¨ Πpholγiℓ pAqq

¯

¨ ¨ ¨ exp
´

tBi1η ¨ Πpholγi1 pAqq

¯

holσpAq

ı

.
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The holonomies appearing are defined as follows. Choose a framing of the bundle at q0 to define the
holonomy holσpAq P SUp2q. Using the flat connection A, parallel transport the framing at q0 to qj
in the oriented direction of σ. Define holγij pAq P SUp2q using the framing at qj and the orientation
of γij for which γ1

ij
pqjq ^ σ1pqjq agrees with the orientation of Σ. The proof of Proposition 3.4 is a

direct computation using the expression for At from Proposition 3.3.

3.3 Symplectomorphisms on Mg,nptq from the mapping class group

The mapping class group of Σg,n provides another source of symplectomorphisms of Mg,nptq. Let

ψ : Σg,n Ñ Σg,n

be a diffeomorphism. In particular, ψ restricts to a permutation of P “ tp1, . . . , pnu. We assume
that if ψppiq “ pj , then ti “ tj . By applying an isotopy, we may assume that ψ maps the disk
neighborhood of pi to the disk neighborhood of pj by the identity map. In particular, if A P Ag,nptq

is flat, then the pullback of A by ψ´1 is a flat connection in Ag,nptq. (To define this pullback,
we lift ψ into an isomorphism of the trivial SUp2q bundle in the obvious way.) This induces a
diffeomorphism of Mg,nptq which only depends on the class of ψ in ModpΣg,nq. The differential
of this map is also given by taking pullback with respect to ψ´1. From this we can see that this
map is a symplectormorphism of Mg,nptq. Thus we obtain a homomorphism from a finite index
subgroup of ModpΣg,nq to the symplectomorphism group of Mg,nptq.

In the special case that Mg,nptq “ Mg,n, since all ti “ 1{2, in the above construction there is
no constraint on how the elements of ModpΣg,nq permute the marked points. By remembering only
the symplectic isotopy class of the resulting map on Mg,n we obtain a homomorphism

ModpΣg,nq Ñ π0SymppMg,nq. (23)

There is some flexibility in the above construction that allows us to produce additional sym-
plectomorphisms of Mg,n. In the previous construction, we may use non-trivial lifts of ψ to the
level of SUp2q-bundles. First, we remark that if we change this lift by composing with a map
u : Σ˝ Ñ SUp2q that is constant and diagonal in the disc neighborhoods of the punctures, we do
not obtain a new symplectomorphism of Mg,n because these maps are exactly the elements of the
gauge group Gg,n, which are modded out in the definition of Mg,n.

However, given a map v : Σ˝ Ñ SOp3q which is constant and in SOp2q Ă SOp3q in the
punctured neighborhoods, we can still pull back a connection with respect to v because SOp3q is the
adjoint group of SUp2q. Write G1

g,n for the space of all such maps. Changing v P G1
g,n to ū ¨v, where

ū is the composition of u P Gg,n with the projection SUp2q Ñ SOp3q, does not change the induced
map on Mg,n. In particular, we obtain a homomorphism from G1

g,n{Gg,n into π0SymppMg,nq. Any
element v P G1

g,n induces a homomorphism v˚ : H1pΣ˝;Z{2q Ñ H1pSOp3q;Z{2q, and this element
of H1pΣ˝;Z{2q is the obstruction to lift v to a map Σ˝ Ñ SUp2q. Thus, we have G1

g,n{Gg,n –

H1pΣ˝;Z{2q and the above construction gives a homomorphism

H1pΣ˝;Z{2q Ñ π0SymppMg,nq. (24)

This homomorphism and (23) can be combined to give

ρg,n : Γg,n Ñ π0SymppMg,nq. (25)
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where Γg,n is the semi-direct product ModpΣg,nq ˙ H1pΣ˝;Z{2q corresponding to the standard
action of ModpΣg,nq on H1pΣ˝;Z{2q.

An alternative definition of (25) can be given using the representation-theoretic description of
Mg,n. The action of rψs P ModpΣg,nq on Mg,n defining the homomorphism (23) is obtained by
viewing an element of Mg,n as a respresentation π1pΣ˝q Ñ SUp2q and precomposing with the
automorphism of π1pΣ˝q induced by ψ. For (24), let pA1, B1, . . . , Ag, Bg, C1, . . . , Cnq represent
an element of Mg,n as in definition (10). Then ζ P H1pΣ˝;Z{2q sends this element to

pp´1qζpa1qA1, p´1qζpb1qB1, . . . , p´1qζpagqAg, p´1qζpbgqBg, p´1qζpc1qC1, . . . , p´1qζpcnqCnq

using the notation of (11). Here we are using that the conjugacy class Γp1{2q is invariant with respect
to multiplication by ´1. For general t, we can define similar symplectomorphisms ofMg,nptq using
elements ζ P H1pΣ˝;Z{2q that satisfy the constraint ζpciq “ 0 whenever ti ‰ 1{2.

Finally, we recall some facts about the cohomology ring of Mg,n which can be found in [XZ23,
Theorem 3.1]. The ring H˚pMg,n;Qq is a quotient of the polynomial ring

Qrα, δ1, . . . , δn, ψ1, . . . , ψ2gs

by an ideal of relations, where the degrees of α and δi are 2, and that of ψj is 3. The class α is a
multiple of the symplectic form ofMg,n, each δi corresponds to a marked point pi P P , and each ψj

corresponds to the loop aj for 1 ď j ď g and to the loop bj´g for g ` 1 ď j ď 2g. If 3g ` n ą 4,
then the lowest degree nonzero element in the ideal of relations has degree at least 4, and

H2pMg,n;Qq “ Qα ‘ QxPy

H3pMg,n;Qq “ H1pΣ;Qq (26)

where QxPy is the vector space with basis the set of marked points P . Suppose ϕ P ModpΣg,nq.
With these identifications, the map on H˚pMg,n;Qq induced by the symplectomorphism associated
to ϕ fixes α (since it is a symplectomorphism), acts on QxPy using the permutation ϕ|P , and acts
on H3pMg,n;Qq in the same way as map ϕ˚ on H˚pΣ;Qq.

The action ζ˚ on H˚pMg,n;Qq induced by the symplectomorphism of Mg,n coming from an
element ζ P H1pΣ˝;Z{2q satisfies the following:

ζ˚pαq “ α, ζ˚pδiq “ p´1qζpciqδi, ζ˚pψjq “ ψj

These actions ζ˚ on the cohomology ring are called flip symmetries in [XZ23]. That ζ˚ fixes the ψj

classes goes back to an observation of Thaddeus [Tha97, Lemma 12.1].
Let SymphpMg,nq denote the subgroup of symplectomorphisms in SymppMg,nq which induce

the identity map on the cohomology ring H˚pMg,n;Zq. Define the pure mapping class group,

PModpΣg,nq,

to be the subgroup of ModpΣg,nq consisting of the mapping classes that act identically on the
set of marked points P . Then the above discussion, combined with the fact that the cohomology
H˚pMg,n;Zq is torsion-free, yields the following result.

Proposition 3.5. If 3g ` n ą 4, then ρ´1
g,n pπ0pSymphpMg,nqqq “ PModpΣg,nq ˙H1pΣ;Z{2q.

Here we have identified H1pΣ;Z{2q with its image under H1pΣ;Z{2q Ñ H1pΣ˝;Z{2q. Note that
for g “ 0, we obtain ρ´1

0,n pπ0pSymphpM0,nqqq “ PModpΣ0,nq.
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4 Lagrangians from 3-manifolds and holonomy perturbations

We next discuss the 3-dimensional counterpart of the construction of the previous section. To start,
let M be a compact connected oriented 3-manifold with boundary BM “ Σ and T “ T1 Y ¨ ¨ ¨ Y

Tm Ă M be a tangle with boundary BT “ P Ă Σ. We also fix t “ pt1, . . . , tmq P r0, 1sm, which
we refer to as a holonomy parameter for the tangle T . Analogous to Mg,nptq, define the character
variety XpM,T ; tq to be the moduli space of all conjugacy classes of representations

ρ : π1pM ∖ T q Ñ SUp2q

that map the conjugacy class of a meridian of Ti to Γptiq Ă SUp2q. Since each conjugacy class
Γptq is invariant with respect to inversion, the latter constraint does not depend on the choice of
orientations for the meridians of T .

The character variety XpM,T ; tq is not necessarily smooth, and we may need to perturb it to
obtain a smooth manifold. In fact, the perturbed character variety is expected to give an immersed
Lagrangian in the character variety associated to pΣ,Pq. In §4.1, we study the unperturbed char-
acter variety XpM,T ; tq and give a sufficient condition to ensure that it is cut out transversely and
determines a Lagrangian. Then, in §4.2, we introduce holonomy perturbations for a tuple pM,T ; tq

and show that they may be used to approximate Hamiltonian isotopies of the symplectic manifold
Mg,nptq in a suitable sense, proving Theorem 1.8. Finally, in §4.4 we combine the earlier results
of this section to discuss how for a more general pM,T ; tq, we may use holonomy perturbations to
construct immersed Lagrangians for symplectic manifolds of the form Mg,nptq.

4.1 Unperturbed 3-manifold Lagrangians

As in the 2-dimensional case, we need a more geometrical description of XpM,T ; tq, in terms
of flat connections. For simplicity, we assume for now that the holonomy parameter tj of any
closed component Tj of T belongs to the open interval p0, 1q. Identify a tubular neighborhood of
T with T ˆ D2, and let θj and ϕj be coordinate functions on Tj ˆ D2 respectively given by the
angular coordinate on D2 and the standard coordinate on Tj after its identification with R{Z or
r0, 1s depending on whether it is closed or not. Define AM,T ptq as the space of connections on
M˝ :“ M ∖ T whose restriction to a neighborhood of Tj “ Tj ˆ t0u in Tj ˆD2 is of the form

«

itj
2 0

0 ´
itj
2

ff

dθj

if Tj is an arc component of T , and is of the form
«

isj
2 0

0 ´
isj
2

ff

dϕj `

«

itj
2 0

0 ´
itj
2

ff

dθj

if Tj is closed. In the latter case, sj is an arbitrary real number.
The space of connections AM,T ptq is an affine space modeled over rΩ1pM˝, gq, which is the

space of all 1-forms on M˝ that have the form
«

irj
2 0

0 ´
irj
2

ff

dϕj
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for some rj P R in a neighborhood of any closed component Tj of T . Let Ωi
cpM

˝, gq denote the
space of all compactly supported i-forms on M˝ with values in the Lie algebra g. Then rΩ1pM˝, gq

and Ωi
cpM

˝, gq fit into an exact sequence which is given as the middle column in Figure 5. In this
diagram, c denotes the subset of t1, ¨ ¨ ¨ , nu determined by the closed components of T .

We may pull back any connection in AM,T ptq by a gauge transformation u : M˝ Ñ SUp2q

of the trivial SUp2q bundle over M˝, and we define GM,T ptq as the group of all such gauge trans-
formations u that map AM,T ptq into AM,T ptq by taking pullback. This imposes the following
constraints on u. For an arc component Tj of T , u in a neighborhood of Tj is a constant map into
SUp2q if tj “ 0, is of the form diagpe2iπrj , e´2iπrj q for some rj if tj P p0, 1q, and is of the form
diagpe´iθj{2, eiθ{2q ¨u0 ¨ diagpeiθ{2, e´iθ{2q for some u0 P SUp2q if tj “ 1. For a closed component
Tj Ă T , by our assumption we have tj P p0, 1q and u is of the form

diagpe2iπprj`mjϕjq, e´2iπprj`mjϕjqq

in a neighborhood of Tj , where mj P Z and rj P R. The Lie algebra of the gauge group
GM,T pM˝; tq is the space rΩ0pM˝, gq of 0-forms onM˝ with restriction to a neighborhood of Tj for
each j a constant map into g if tj “ 0, of the form diagpirj ,´irjq for some rj if tj P p0, 1q, and
diagpeiθj{2, e´iθj{2q ¨ ζj ¨ diagpe´iθj{2, eiθj{2q for some ζj P g if tj “ 1.

The space XpM,T ; tq may be identified with the space of A P AM,T ptq such that

FA “ 0, (27)

modulo the action of GM,T ptq. To obtain a smooth space, we need to guarantee that all elements of
this moduli space are irreducible and cut out transversely.

Next, we introduce conditions on pM,T ; tq that ensure that every element of XpM,T ; tq is
irreducible. We require that the boundary surface Σ “ BM has two connected components Σ˘ with
genera g˘. Let P˘ :“ P X Σ˘ be given as

P` “ tx1, . . . , xn`
u, P´ “ tx1

1, . . . , x
1
n´

u,

such that xi belongs to the connected component Tji and x1
i belongs to the connected compo-

nent Tki . In short we say that the boundary of pM,T ; tq, denoted by BpM,T ; tq, is equal to
pΣ`,P`, t`q \ pΣ´,P´, t´q, where

t` “ ptj1 , . . . , tjn`
q, t´ “ ptk1 , . . . , tkn´

q.

We say pM,T ; tq satisfies the non-integral assumption if t˘ satisfy the non-integral assumption in
the previous sense. In general, restriction to the boundary determines the correspondence

XpM,T ; tq

Mg´,n´
pt´q Mg`,n`

pt`q

r´ r` (28)

In particular, under the non-integral assumption, any element of XpM,T ; tq is irreducible because
its restriction to the boundary is irreducible.
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Unlike the 2-dimensional case, XpM,T ; tq is not necessarily cut out transversely even after we
guarantee irreducibility of the elements of this moduli space. To achieve transversality we either
need further assumptions on pM,T ; tq or to perturb (27). First we discuss a sufficient condition that
ensures that the elements of XpM,T ; tq are cut out transversely.

Proposition 4.1. Suppose the inclusion map Σ` ãÑ M induces a surjective map from π1pΣ`∖P`q

to π1pM ∖ T q. Then XpM,T ; tq is a smooth manifold. Furthermore, the restriction map

r “ pr`, r´q : XpM,T ; tq Ñ Mg`,n`
pt`q ˆMg´,n´

pt´q (29)

defines a Lagrangian embedding.

Proof. Fix a connection A0 satisfying FA0 “ 0. The linearization of FA as a map from AM,T ptq

to Ω2
cpM˝, gq at A0 is given by

dA0 : rΩ1pM˝, gq Ñ Ω2
cpM˝, gq.

However, this map is not surjective even under the given assumption on fundamental groups. Fol-
lowing [Her94], we replace this map as follows. Let ΠA0 be the projection map Ω2

cpM˝, gq to the
kernel of kerpdA0q : Ω2

cpM˝, gq Ñ Ω3
cpM˝, gq. Then

ΠA0 ˝ FA : AM,T ptq Ñ Ω2
cpM˝, gq X kerpdA0q (30)

and FA have the same zeroes in a small enough neighborhood of A0. To see this, note that dAFA “

0 by the Bianchi identity. Thus if ΠA0 ˝ FA “ 0, then FA belongs to kerpdAq and is orthogonal
to kerpdA0q, which is impossible if FA ‰ 0 and A is close enough to A0. To analyze the behavior
of XpM,T ; tq in a neighborhood of rA0s, we may thus consider the linearization of (30) instead of
FA. This linearization is given by the map

dA0 : rΩ1pM˝, gq Ñ Ω2
cpM˝, gq X kerpdA0q,

which appears in the middle row of the diagram in Figure 5. If this operator is surjective for any
rA0s, then XpM,T ; tq is a smooth manifold.

The other non-trivial map in the middle of Figure 5 is the linearization of the action of the gauge
group. In particular, this row gives a deformation complex for XpM,T ; tq in a neighborhood of
rA0s. Let H i

A0
denote the cohomology groups of this complex. Since A0 is irreducible, H0

A0
is

trivial, and we wish to show that H2
A0

is also trivial. Each row of the diagram in Figure 5 defines
a cochain complex. The cohomology groups of the complex in the first row can be identified with
the cohomology with compact support group H i

cpM
˝; adA0q. If M denotes the complement of a

tubular neighborhood NpT q of T in M and SpT q denotes the boundary of NpT q minus the disk
neighborhoods of P in Σ, then H i

cpM
˝; adA0q can be identified with H ipM,SpT q; adA0q. In

particular, the boundary of M is the union of SpT q and Σ, and H i
cpM

˝; adA0q is isomorphic to
H3´ipM,Σ; adA0q by Poincaré-Lefschetz duality.

The vertical arrows of the diagram in Figure 5 define an exact sequence of cochain complexes.
The associated exact sequence of cohomology groups implies that there is a surjective map

H2
c pM˝; adA0q – H1pM,Σ; adA0q ↠ H2

A0
(31)
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0 0 0

0 Ω0
cpM˝, gq Ω1

cpM˝, gq Ω2
cpM˝, gq X kerpdA0q 0

0 rΩ0pM˝, gq rΩ1pM˝, gq Ω2
cpM˝, gq X kerpdA0q 0

0
à

1ďjďn

hj
à

jPc

hj 0 0

0 0 0

dA0
dA0

dA0
dA0

0

Figure 5

and induces the following relation at the level of Euler characteristics:

dimH1
A0

´ dimH2
A0

“ ´
ÿ

jRc

dim hj ´

2
ÿ

i“0

p´1qi dimH ipM,SpT q; adA0q. (32)

The exact sequence for the pair pM,Σq with twisted coefficients is given by

. . . H ipM,Σ; adA0q H ipM ; adA0q H ipΣ; adA0q . . .

whereA0 is the restriction of A0 to the boundary. Since A0 andA0 are irreducible, all the cohomol-
ogy groups in this sequence with i “ 0 vanish. Note that Σ has the connected components Σ`, Σ´,
and our assumption implies that the inclusion of Σ` in M induces a surjective map of fundamen-
tal groups. In particular, the map from H1pM ; adA0q to H1pΣ; adA0q is injective. Consequently,
H1pM,Σ; adA0q is trivial, and the surjection in (31) implies that H2

A0
is trivial. Thus, the moduli

space XpM,T ; tq is a smooth manifold of dimension

dimH1
A0

“ ´
ÿ

jRc

dim hj ´

3
ÿ

i“0

p´1qi dimH ipM,SpT q; adA0q.

This identity follows from (32), and the observation H3pM,SpT q; adA0q – H0pM,Σ; adA0q is
trivial. The second sum on the right hand side is the Euler characteristic for the cohomology groups
of the pair pM,SpT qq with coefficients in the flat rank three bundle adA0 . In particular, this Euler
characteristic is equal to 3χpM,SpT qq, and thus

dimH1
A0

“ ´
ÿ

jRc

dim hj ´ 3χpM,SpT qq. (33)
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where χpM,SpT qq denotes the Euler characteristic of the pair pM,SpT qq, In the following, we use
a similar notation for Euler characteristics of pairs.

The exact sequence of cohomology groups for the triple pM, BM,SpT qq and the excision iso-
morphism H ipBM,SpT qq – H ipΣ, BΣq give rise to the exact sequence

. . . H ipM, BMq H ipM,SpT qq H ipΣ, BΣq . . .

This exact sequence implies that

χpM,SpT qq “ χpΣ, BΣq ` χpM, BMq

A similar relation at the level of Euler characteristics for the exact sequence associated to the pair
pM, BMq together with Poincaré duality isomorphism H ipM, BMq – H3´ipMq implies that

χpM, BMq “ ´
1

2
χpBMq “ ´

1

2
χpΣ, BΣq

The second identity follows easily from the fact that SpT q is a union of cylinders. Thus, we obtain

χpM,SpT qq “
1

2
χpΣ, BΣq

Combining this identity and (33) implies that the dimension of XpM,T ; tq is exactly half of the
dimension of Mg`,n`

pt`q ˆMg´,n´
pt´q.

The assumption on fundamental groups implies that the map r` : XpM,T ; tq Ñ Mg`,n`
pt`q

is an injection. Furthermore, the map r` is an immersion. To see this, let A0 be as above and let
A`

0 denote its restriction to Σ`. Then the derivative of r` determines a homomorphism

pr`q˚ : H1
A0

Ñ H1
A`

0
, (34)

which is induced by the restriction of elements of rΩ1pM˝, gq to the boundary component Σ` of M .
Let ζ P rΩ1pM˝, gq represent an element of H1

A0
such that its restriction to Σ` represents the trivial

element in H1
A`

0

. This implies that dA0ζ “ 0 and there is λ P rΩ0pΣ`, gq such that dA`
0
λ is equal

to the restriction of ζ to Σ`. Now using the assumption on the fundamental groups and invoking
a similar argument as in the proof of [DL25, Lemma 4.23], we may extend λ into an element of
λ P rΩ0pM˝, gq that maps to ζ via dA0 . In particular, ζ represents the trivial element in H1

A0
. This

shows that (34) is an injection. Thus, the map r in (29) defines an embedding.
To complete the proof, we need to show that XpM,T ; tq is an isotropic submanifold. Let α̂, α̂1 P

rΩ1pM˝, gq represent elements of H1
A0

, and α “ r˚pα̂q, α1 “ r˚pα̂1q denote their restriction to the
boundary of M . Then by the Stokes theorem we have

ωpα, α1q “ ´
1

4π2

ż

Σ
trpα ^ α1q

“ ´
1

4π2

ż

M
d trpα̂ ^ α̂1q

“ ´
1

4π2

ż

M
trpdA0α̂^ α̂1 ´ α̂ ^ dA0α̂

1q “ 0.

This shows that r maps the tangent space H1
A0

of XpM,T ; tq into an isotropic subspace of the
tangent space of Mg`,n`

pt`q ˆMg´,n´
pt´q.
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The above discussion can be generalized to the case that some of the closed components of T
have holonomy parameters 0 and 1. First we remove any component Ti of T with ti “ 0 as it does
not affect the character variety XpM,T ; tq. If w is the union of the closed components Ti of T with
ti “ 1, then we may form a PUp2q-bundle P over M with w2pP q represented by the Poincaré dual
of w. Then we repeat the above discussion after replacing T with T ∖ w, the trivial SUp2q-bundle
with the bundle P over the complement of a tubular neighborhood of T ∖ w, and the gauge group
GM,T ptq with the determinant one gauge group. This gauge group consists of sections of the fiber
bundle associated to P corresponding to the adjoint action of PUp2q on SUp2q that satisfies similar
constraints as above in tubular neighborhoods of the components of T ∖w. The gauge equivalence
classes of flat connections can be still identified with XpM,T ; tq. The analogue of Proposition
4.1 then holds with the assumption that the inclusion of Σ` in M induces a surjective map of
π1pΣ` ∖P`q into π1pM ∖ pT Ywqq. For the rest of this section, we use a similar modification for
the closed components of T with holonomy parameters 0 and 1.

4.2 Holonomy perturbations

For a general pM,T ; tq, with no assumptions on the fundamental groups, the claim in Proposition
4.1 does not necessarily hold, and we need to perturb the defining equation of XpM,T ; tq in order
to guarantee smoothness. We next discuss the holonomy perturbations that may be used to perturb
XpM,T ; tq. Our treatment follows [Don02] adapted to case of non-closed 3-manifolds; some other
references are [Flo88, Tau90, BD95, Her94, KM11b].

For a connection A P AM,T ptq and an embedded loop γ in the interior ofM˝, recall that trγpAq

denotes the trace of the holonomy of A along γ. Fix one such embedded loop γ, and extend this to
an embedding of S1ˆD2 into intpM˝q, and for z P D2 write γz for the restriction of the embedding
to S1 ˆ tzu. In particular, γ “ γ0. Let ν be a smooth positive 2-form on D2 with integral 1. Define

σγpAq “

ż

D2

trγzpAqνpzq (35)

A priori, σ depends on the extension of the embedding of γ and the 2-form ν, but this is suppressed
from the notation. Note that σγ is invariant with respect to the action of GM,T ptq and may be viewed
as a real-valued function on the configuration space AM,T ptq{GM,T ptq.

More generally, given Γ “ tγ1, . . . , γku, where each γi is an embedded loop in the interior of
M˝, and a smooth function η : Rk Ñ R, we may form the gauge-invariant function

fη,ΓpAq “ ηpσγ1pAq, . . . , σγkpAqq.

Such functions are called admissible in [Don02, §5.5]. A similar computation as in (22) shows that
for a tangent vector α P rΩ1pM˝, gq to AM,T ptq, the derivative of fη,Γ in the direction of α is

pdfη,ΓqApαq “

ż

M
trpζη,ΓpAqαq, (36)

ζη,ΓpAq “ ´

k
ÿ

i“1

Biηptrγ1pAq, . . . , trγkpAqqTA,iνi,

where νi is the 2-form supported in the solid torus neighborhood of γi obtained from the form ν
on D2 pulled back to S1 ˆ D2, and TA,i is the section of the adjoint bundle over the solid torus
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neighborhood of γi whose restriction over each γzi is the section TA,γz
i

as described earlier in (19).
Explicitly, the value of TA,γz

i
at p “ pt, zq P S1 ˆ D2 is Πpholγz

i
pAqq where Π is defined in (20)

and the holonomy is viewed as an element of SUp2q. Since ζη,ΓpAq is a 2-form with values in the
adjoint bundle and thus, it can be used to perturb (27), leading to the following equation:

FA “

k
ÿ

i“1

Biηptrγ1pAq, . . . , trγkpAqqTA,iνi. (37)

The set of gauge-equivalence classes of solutions to (37) is denoted by

Xη,ΓpM,T ; tq.

We refer to pΓ, ηq as the perturbation data of Xη,ΓpM,T ; tq. The restriction of an element of
Xη,ΓpM,T ; tq to the boundary is still flat because ζη,ΓpAq is trivial on the boundary of M . For
example, assuming the boundary of pM,T ; tq is equal to pΣ`,P`, t`q \ pΣ´,P´, t´q with nota-
tion as in the previous subsection, restriction induces a map

r “ pr`, r´q : Xη,ΓpM,T ; tq Ñ Mg`,n`
pt`q ˆMg´,n´

pt´q

which generalizes the map (29) considered in the unperturbed case.
In the case that the loops γi P Γ are pairwise disjoint (with the thickened embeddings chosen

disjointly), there is also a representation-theoretic description of solutions to (37). In the following
statement, the longitude of γi is induced by the framing given by its extended embedding from
S1 ˆD2, and Γ is conflated with the union of the images of the γi in M .

Proposition 4.2. Suppose Γ consists of pairwise disjoint embedded loops. Then the set of solutions
to (37) modulo gauge is in bijection with the set of conjugacy classes of homomorphisms

ρ : π1pM ∖ pΓ Y T qq Ñ SUp2q

which satisfy the following, where µj , λj are the meridian and longitude for γj:

ρpµjq “ exp pBjη ¨ πpρpλjqqq p1 ď j ď kq. (38)

Furthermore, ρ is required to map the conjugacy class of a meridian of Ti to the conjugacy class
Γptiq Ă SUp2q for all 1 ď i ď m.

This proposition in the case of closed 3-manifolds and empty tangles is essentially due to Floer, see
[Flo95, §3] and [BD95, Lemma 4]. The same proof carries through without change to give a proof
of Proposition 4.2. An immediate consequence of this proposition is that, at least in the case that
the loops in Γ are disjoint, Xη,ΓpM,T ; tq is independent of the choice of ν and the extensions of
the embeddings of the loops in Γ.

For a representation ρ as in Proposition 4.2, ρpµjq and ρpλjq commute, and by an SUp2q con-
jugation can be simultaneously diagonalized. We may assume this from the start:

ρpµjq “

„

eiτj 0
0 e´iτj

ȷ

, ρpλjq “

„

eiσj 0
0 e´iσj

ȷ

.
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Then Πpρpλjqq is the diagonal matrix with entries i sinpσjq, ´i sinpσjq. Using trγj pρq “ 2 cospσjq
and Bjη “ Bjηptrγ1pρq, . . . , trγkpρqq, equality (38) yields

τj ” ´
1

2

B

Bσj
pηp2 cospσ1q, . . . , 2 cospσkqq pmod 2πq

We end this subsection by a remark on the behavior of perturbed character varieties with respect
to composing tangles. Let pM,T ; tq and pM 1, T 1; t1q satisfy the non-integral assumption and

BpM,T ; tq “ pΣ´,P´, t´q \ pΣ,P, sq,

BpM 1, T 1; t1q “ p´Σ,´P, sq \ pΣ`,P`, t`q.

Then we have character varieties associated to pM,T ; tq and pM 1, T 1; t1q. More generally, let pη,Γq

and pη1,Γ1q be perturbation data for these tuples. Then we may have correspondences

Xη,ΓpM,T ; tq Xη1,Γ1pM 1, T 1; t1q

Mg´,n´
pt´q Mg,npsq Mg`,n`

pt`q

r´ r` r1
´ r1

`

Here Mg˘,n˘
pt˘q and Mg,npsq are respectively character varieties associated to pΣ˘,P˘, t˘q and

pΣ,P, sq. To be more precise, the target of r1
´ is the character variety associated to p´Σ,´P, sq,

which as a symplectic manifold may be identified as Mg,npsq with the negative of its symplectic
structure. Glue pM,T q and pM 1, T 1q along their common boundary component pΣ,Pq to obtain

pM#, T#q “ pM,T q YpΣ,Pq pM 1, T 1q,

and note that the holonomy parameters t, t1 induce a holonomy parameter t# for pM#, T#q which
satisfies the non-integral assumption. We obtain perturbation data pη#,Γ#q for pM#, T#; t#q from
pη,Γq and pη1,Γ1q. Then we have the following relation between the correspondences:

Xη#,Γ#
pM#, T#; t#q “ Xη,ΓpM,T ; tq ˆMg,npsq Xη1,Γ1pM 1, T 1; t1q, (39)

where the right hand side denotes the fiber product over Mg,npsq. The identification in (39) is
compatible with the correspondence maps into Mg´,n´

pt´q and Mg`,n`
pt`q. Furthermore, (39)

does not require that the 3-manifold character varieties are cut out transversely.

4.3 Approximating Hamiltonian diffeomorphisms by holonomy perturbations

As a particular case of interest, let M “ r´1, 1s ˆ Σ where Σ has genus g, and T “ r´1, 1s ˆ P
where P “ tp1, . . . , pnu are distinct points on Σ; we abbreviate pM,T q “ r´1, 1s ˆ Σg,n. Choose
t P r0, 1sn satisfying the non-integral assumption to prescribe the singular holonomy conditions
around meridians of the arcs r´1, 1s ˆ tpju for 1 ď j ď n. There is a natural identification

Xpr´1, 1s ˆ Σg,n; tq “ Mg,nptq

by restriction of flat connections to any slice tsu ˆ Σg,n.
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Next suppose Γ “ tγ1, . . . , γku is a multicurve on t0u ˆ Σg,n and η : Rk Ñ R is some smooth
function. Following the general scheme, we form the perturbed-flat moduli space by using solid
torus neighborhoods of the γi which are pairwise disjoint and disjoint from the arcs r´1, 1s ˆ tpju
and the boundary t˘1u ˆ Σ. We obtain a correspondence

Xη,Γpr´1, 1s ˆ Σg,n; tq

Mg,nptq Mg,nptq

r´ r` (40)

where r˘ sends a perturbed-flat connection to its restriction on t˘1u ˆ Σ. The next proposition
identifies the data of the correspondence (44) with the Hamiltonian flow of the function fη,Γ on
Mg,nptq defined in (18). The result is a generalization of one due to Herald and Kirk [HK18, Thm.
7.3], who considered the case of a single curve Γ “ tγ1u. Already in this case, our approach, which
uses the computation of ϕtf from Proposition 3.3, is more direct.

Proposition 4.3. Let Γ “ tγ1, . . . , γku be a multicurve on Σg,n and η : Rk Ñ R be a smooth
function. Consider the correspondence (44) induced by a holonomy perturbation in r´1, 1s ˆ Σg,n

which is determined by Γ and η. Then the maps r` and r´ are diffeomorphisms and

r` ˝ pr´q´1 “ ϕ1f

where ϕ1f is the time 1 Hamiltonian diffeomorphism of Mg,nptq induced by f “ fη,Γ.

Proof. The maps r˘ are induced by pre-composing a representation ρ with the inclusion-induced
homomorphism π1pt˘1u ˆ pΣ∖ Pqq Ñ π1pr´1, 1s ˆ pΣ∖ Pq ∖ t0u ˆ Γq. The space r´1, 1s ˆ

pΣ ∖ Pq ∖ t0u ˆ Γ is homotopy equivalent to the result of taking t´1u ˆ pΣ ∖ Pq and attaching
for each 1 ď j ď k a 2-torus Tj “ S1 ˆ S1 by gluing pt ˆ S1 in Tj to γj . The longitude λj of γj
corresponds to pt ˆ S1 in Tj while S1 ˆ pt in Tj corresponds to the meridian µj .

Let rρs P Mg,nptq. Proposition 4.2 implies that the elements in the fiber

r´1
´ prρsq Ă Xη,Γpr´1, 1s ˆ Σg,n; tq

correspond to certain extensions of ρ : π1pt˘1u ˆ pΣ∖ Pqq Ñ SUp2q to homomorphisms

π1pr´1, 1s ˆ pΣ∖ Pq ∖ t0u ˆ Γq Ñ SUp2q

Such an extension is determined by its values on the loops S1 ˆ pt Ă Tj (appropriately tied to
the basepoint) which correspond to the meridians µj . Condition (38) which defines Xη,Γpr´1, 1s ˆ

Σg,n; tq uniquely specifies these values in terms of the values of ρ on the curves γj . Thus r´ is a
bijection, hence a diffeomorphism. The case for r` is similar.

It remains to show that r` ˝ pr´q´1 “ ϕ1f . Proposition 4.2 implies that r` ˝ pr´q´1 is inde-
pendent of the choice of the extensions of γi and the 2-form ν. We make the following choices that
are convenient for our purposes. First we extend the embedding γi : S1 Ñ Σ to an embedding
of S1 ˆ p´1, 1q as in the previous section and then thicken this embedding into an embedding of
S1 ˆ p´1, 1q ˆ p´1

2 ,
1
2q into Σ ˆ r´1, 1s using the inclusion of p´1

2 ,
1
2q in r´1, 1s. Fix an increas-

ing function g : R Ñ R that gptq “ 0 for t ď ´1
3 , gptq “ 1 for t ě 1

3 , and define the 2-form
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ν “ g1ptqβ ^ dt where β is the 2-form on p´1, 1q introduced in the previous section pulled back to
D2 – p´1, 1q ˆ p´1

2 ,
1
2q and t denotes the standard coordinate on the factor p´1

2 ,
1
2q.

Let A be a flat connection with rAs P Mg,nptq. Then the connection on r´1, 1s ˆΣg,n given by

A “ A´ gptq
k

ÿ

i“1

Biη ¨ TA,iβi

satisfies (37) for the above choices of ν and the extensions of γi. In particular, rAs represents an
element of Xη,Γpr´1, 1s ˆ Σg,n; tq such that r´prAsq “ rAs and r`prAsq “ ϕ1f prAsq. The latter
identity follows from Proposition 3.3.

The following is a generalization of Theorem 1.8 to more general holonomy parameters.

Theorem 4.4. Let t be a holonomy parameter for Σg,n satisfying the non-integral assumption, and
let ϕ :Mg,nptq Ñ Mg,nptq be a Hamiltonian diffeomorphism. Then there is holonomy perturbation
data η,Γ such that r˘ are diffeomorphisms and r` ˝ r´1

´ is a Hamiltonian diffeomorphism which
arbitrarily close to ϕ in the C8-topology.

Proof. Let ϕ : Mg,nptq Ñ Mg,nptq be a Hamiltonian diffeomorphism of Mg,nptq. By Proposition
3.2, there are multicurves Γi and functions ηi with 1 ď i ď k such that if ϕi is the time 1 Hamil-
tonian flow of fηi,Γj : Mg,nptq Ñ R, then ϕ is arbitrarily close to the composition ϕ1 ˝ ¨ ¨ ¨ ˝ ϕk.
(Note that Proposition 3.2 asserts that a special choice of functions ηi given as scalar multiples of
multiplication maps would suffice. But we will not need this stronger version of the proposition.)
Proposition 4.3 implies that ηi, Γi induce perturbation data for pr´1, 1s ˆ Σg,n; tq, giving

Xηi,Γipr´1, 1s ˆ Σg,n; tq

Mg,nptq Mg,nptq

ri´ ri` (41)

such that ri` ˝ pri´q´1 “ ϕi. Now by gluing the perturbation data pηi,Γiq for 1 ď i ď k as
in the discussion at the end of previous subsection, we obtain perturbation data pη#,Γ#q for the
result of gluing k copies of r´1, 1s ˆΣg,n, which may be identified with r´1, 1s ˆΣg,n again after
reparametrization. For the associated correspondence

Xη#,Γ#
pr´1, 1s ˆ Σg,n; tq

Mg,nptq Mg,nptq

r#´ r#` (42)

we have r#` ˝ pr#´ q´1 “ ϕ1 ˝ ¨ ¨ ¨ ˝ ϕk. This completes the proof of the claim.
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4.4 Perturbed 3-manifold Lagrangians

We next return to the case of general pM,T ; tq satisfying the non-integral assumption. Proposi-
tion 4.1 explains how we can associate a Lagrangian to pM,T ; tq under a restrictive assumption on
fundamental groups, and our goal in this part is to use holonomy perturbations to obtain 3-manifold
Lagrangians for more general pM,T ; tq.

First we review some terminology, mostly following [HS01]. Let F be a closed orientable
surface. A compression body C is an orientable connected 3-manifold obtained from a ball B or
F ˆ r0, 1s by attaching a finite number of 1-handles to BB or F ˆ t1u. Denote by B´C “ F ˆ t0u

and B`C “ BC ∖ B´C. If C is obtained from a ball, B´C is empty, and C is a handlebody. A
tangle T “ t1 Y ¨ ¨ ¨ Y tn Ă C is trivial if each ti is an arc and satisfies one of the following:

• ti is B`-parallel: there is an embedded disk D Ă C with ti Ă BD and DX BC “ BD ∖ ti Ă

B`C, and such that D X tj “ H for j ‰ i;

• ti is vertical: there is a homeomorphism from C to F ˆ r0, 1s with 1-handles attached along
F ˆ t1u, where B´C is sent to F ˆ t0u, and ti is sent to tpu ˆ r0, 1s for some p P F .

We will sometimes use the notation B˘pC, T q “ pB˘C, B˘CXT q. For an example of a compression
body with trivial tangle, see the left picture in Figure 7. Note that the right picture in Figure 7 depicts
a compression body, but the tangle is not trivial.

Consider a pair pM,T q where M is a compact connected orientable 3-manifold and T is a
tangle. A Heegaard splitting of pM,T q is the data of an embedded surface Σ Ă M that is transverse
to T , with P :“ Σ X T a finite set of points, and such that pΣ,Pq divides pM,T q into the union

pM,T q “ pC1, T1q YpΣ,Pq pC2, T2q (43)

where pCi, Tiq is a compression body with trivial tangle and B`C1 “ B`C2 “ Σ. A holonomy
parameter for the tangle T is called strongly non-integral with respect to the Heegaard splitting (43)
if the induced holonomy parameters for pC1, T1q and pC2, T2q satisfy the non-integral assumption.
By [HS01, Lemma 2.1], every 3-manifold with tangle pM,T q admits a Heegaard splitting.

Theorem 4.5. Let t be a holonomy parameter for a pair pM,T q that is strongly non-integral with
respect to some Heegaard splitting of pM,T q. Then there is a choice of perturbation data η, Γ for
pM,T ; tq such that Xη,ΓpM,T ; tq is a smooth manifold and the restriction map to the boundary
r : Xη,ΓpM,T ; tq Ñ Mg,nptq defines an immersed Lagrangian.

Proof. Fixing a Heegaard splitting of pM,T q as in (43), we obtain a decomposition of pM,T q as

pC1, T1q YpΣ,Pq r´1, 1s ˆ pΣ,Pq YpΣ,Pq pC2, T2q

Let t1, t2, s be the induced holonomy parameters on pC1, T1q, pC2, T2q, r´1, 1s ˆ pΣ,Pq. Let g be
the genus of Σ, n be the size of P , and with a slight abuse of notation, we write s for the induced
holonomy parameter on pΣ,Pq. Let also gi, ni and si respectively denote the genus of B´Ci, the
size of B´Ti and the induced holonomy parameter on B´pCi, Tiq. Fix a Hamiltonian isotopy ϕ0 of
Mg,npsq, and let η, Γ be as in Theorem 4.4 such that for the induced correspondence

Xη,Γpr´1, 1s ˆ Σg,n; sq

Mg,npsq Mg,npsq

r´ r` (44)
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we have Xη,Γpr´1, 1s ˆ Σg,n; sq “ Mg,npsq and ϕ :“ r` ˝ pr´q´1 is a Hamiltonian isotopy close
to ϕ0. Then pΓ, ηq determines a choice of holonomy perturbation data for pM,T q, which is still
denoted by pΓ, ηq, and using (39), we have

Xη,ΓpM,T ; tq “ XpC1, T1; t1q ˆMg,npsq Mg,npsq ˆMg,npsq XpC2, T2; t2q

“ XpC1, T1; t1q ˆMg,npsq XpC2, T2; t2q (45)

Denoting the restriction maps associated to XpCi, Ti; tiq by

ri “ pri´, r
i
`q : XpCi, Ti; tiq Ñ Mgi,nipsiq ˆMg,npsq, (46)

the fiber product in (45) is taken with respect to the maps

ϕ ˝ r1` : XpC1, T1; t1q Ñ Mg,npsq, r2` : XpC2, T2; t2q Ñ Mg,npsq. (47)

From the assumptions, the inclusion of Σ ∖ P into Ci ∖ Ti induces a surjection of fundamental
groups. In particular, Proposition 4.1 implies that the map ri in (46) determines a Lagrangian.
Since ϕ is C8 close to ϕ0, which may be taken to be an arbitrary Hamiltonian isotopy, we may
arrange for η, Γ such that the maps in (47) are transversal. In particular, the fiber product in (45) is a
smooth manifold, and the map from Xη,ΓpM,T ; tq toMg1,n1ps1qˆMg2,n2ps2q induced by pr1´, r

2
´q

defines an immersed Lagrangian.

Theorem 4.5 holds more generally without the assumption that the holonomy parameter is
strongly non-integral with respect to some Heegaard splitting. Furthermore, if Xη,ΓpM,T ; tq and
Xη1,Γ1pM,T ; tq are immersed Lagrangians associated to two choices of holonomy parameters for
pM,T ; tq, then these Lagrangians are related by an immersed Lagrangian cobordism. Since we do
not need these more general claims, we will not prove them here and refer the reader to [Her94,
DFL21] for similar results in the case that T is empty.

4.4.1 The case of webs

The above proposition may be generalized and improved in several directions. First we may allow
T to be an embedded graph in M that has trivalent vertices in the interior of M and outside a
small neighborhood of trivalent vertices is a properly embedded 1-manifold. This is an extension
of the notion of webs in [KM19] to the case of 3-manifolds with boundary, and we use the same
name web here. A holonomy parameter t for a web T is an assignment of a real number ti P

r0, 1s to each embedded edge Ti of T (a connected component of T without a trivalent vertex is
also regarded as an edge). In the same way as tangles, XpM,T ; tq is the space of all conjugacy
classes of SUp2q-representations of the complement of T such that a meridian of an edge Ti of T is
mapped to the conjugacy class Γptiq. We say t satisfies the non-integral assumption if BpM,T ; tq “

pΣ`,P`; t`q\pΣ´,P´; t´q and t˘ satisfy the non-integral assumption in the previous sense. This
assumption implies that XpM,T ; tq consists of irreducible elements.

Removing small neighborhoods of trivalent vertices turns pM,T q into a pair pM 1, T 1q of a 3-
manifold and a tangle and a holonomy parameter t for pM,T q determines a holonomy parameter t1

for pM 1, T 1q. The pair pM 1, T 1q has a boundary component corresponding to each trivalent vertex
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tj tk

ti

Figure 6

of T that is Σ0,3 with the three marked points labeled by three components ti, tj and tk of t. See
Figure 6. The character variety M0,3pti, tj , tkq has exactly one element if the inequalities

ti ď tj ` tk, tj ď ti ` tk, tk ď ti ` tj , ti ` tj ` tk ď 2 (48)

are satisfied, and otherwise M0,3pti, tj , tkq is empty. Furthermore, if M0,3pti, tj , tkq is non-empty,
the unique element of this moduli space is irreducible if and only if all the inequalities in (48) are
strict. The character variety XpM 1, T 1; t1q can be identified with that of XpM,T ; tq. We may also
follow similar proofs as above to obtain analogues of Proposition 4.1 and Theorem 4.5.

4.4.2 The monotone case

For the rest of the paper, we focus on pM,T ; tq with boundary pΣ`,P`, t`q\pΣ´,P´, t´q where
Σ˘ are connected, all entries of t are 1{2 or 1, and the boundary holonomy parameters t˘ consist
entirely of entries equal to 1{2. Because of this, we reset our notation from now on, and use T to
denote the components of the tangle with label 1{2 and w to denote the components of the tangle
with label 1. Fix a Heegaard splitting of pM,T q as in (43), we now write

pM,T Y wq “ pC1, T1 Y w1q YpΣ,Pq pC2, T2 Y w2q

where as before the 1-manifold w is disjoint from Σ, and P˘ Ă Σ˘ has an odd number of points,
each labeled with 1{2. In particular, t is strongly non-integral with respect to any Heegaard splitting
of pM,T q, and we may apply Theorem 4.5 to obtain η, Γ such that

Xη,ΓpM,T,wq “ Xη,ΓpM,T Y w; tq

is an immersed Lagrangian of Mg´,n´
ˆ Mg`,n`

. As we explained above, we may assume that
T Y w has trivalent vertices. For Xη,ΓpM,T,wq to be non-empty, we need to guarantee that (48) is
satisfied at any trivalent vertex. This implies that all the edges incident to a trivalent vertex of T are
all labeled by 1{2 or exactly one of them is labeled by 1. In particular, w is an embedded 1-manifold
in M with boundary satisfying Bw “ w X T .

As a special example of this construction, let M “ r´1, 1s ˆ Σg. Fix a set of n marked points
with n odd, and a 1-dimensional submanifold Z of Σg with BZ “ Z X P . Let T “ r´1, 1s ˆ P
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and w “ t0u ˆ Z. Label the edges in T with 1{2 and the edges in t0u ˆ Z with 1. If

XpM,T,wq

Mg,n Mg,n

r´ r` (49)

is the associated correspondence, then it is easy to see that r´ and r` are diffeomorphisms and
r` ˝ pr´q´1 is the symplectomorphism from the previous section that is associated to the element
ζ P H1pΣ˝;Z{2q given by the Poincaré dual of Z.

5 Singular instanton homology and 3-manifold Lagrangians

In this section we review the necessary aspects of singular instanton Floer homology, and prove
Theorem 1.9 from the introduction; see Theorem 5.2.

Let pY,L,wq be an admissible link as defined in the introduction. As mentioned there, singular
instanton Floer homology of pY, L,wq is a Z{4-graded abelian group IpY, L,wq. This instanton
homology group can be regarded as the Morse homology of a Chern–Simons functional CS on a
certain configuration space BpY, L,wq of isomorphism classes of PUp2q-connections A on Y that
are singular along L and the topological type of the PUp2q-bundle carrying A is determined by w.
In particular, IpY, L,wq is the homology of a chain complex pCpY, L,wq, dq:

IpY, L,wq “ H˚pCpY, L,wq, dq.

The definition of CpY,L,wq uses similar (perturbed) character varieties as in the previous section
associated to pY, L,wq. The differential d is defined in terms of solutions to a certain version of
the anti-self-duality equation. As such, the analytical aspects of the construction of IpY, L,wq are
more subtle than the construction of perturbed character varieties. There are several approaches to
address this, all of which yield isomorphic instanton homologies IpY,L,wq. Our exposition here
follows [KM11a] and we refer the reader to this reference for more details.

To set up the theory as in [KM11a], first fix an orbifold metric on Y which is smooth away from
L and has orbifold angle π along L. We write Y̌ for the orbifold 3-manifold determined by the
pair pY,Lq, which has L as the locus of singular points with isotropy groups Z{2. As explained in
[KM11a], w defines an orbifold SOp3q-bundle P̌ on Y̌ , and we may form ApY, L,wq as the space
of orbifold connections on P̌ . The holonomy of any connection A in ApY, L,wq along meridians
of L are asymptotic to elements of order 2 in SOp3q. The space of connections ApY, L,wq is an
affine space modeled on the Sobolev space L2

kpY ; Λ1 b adpP̌ qq where k ě 3 is a fixed integer and
adpP̌ q is the orbifold vector bundle on Y̌ associated to P̌ , corresponding to the adjoint action of
SOp3q on sup2q. The space ApY,L,wq is denoted by CkpY, L, P̌ q in [KM11a].

There is a determinant-1 gauge group GpY, L,wq acting on ApY,L,wq, and the configuration
space BpY,L,wq is the quotient ApY, L,wq{GpY, L,wq. The choice of the gauge group allows
us to associate to any closed loop γ in Y ∖ pL Y wq and any rAs P ApY,L,wq a well-defined
conjugacy class in SUp2q, which is obtained as the conjugacy class of the holonomy of A along
γ after lifting to SUp2q. If γ is a meridian of L (resp. w), then the holonomy of rAs along γ is
asymptotic to a traceless element of SUp2q (resp. ´1 P SUp2q) as the size of the meridian goes to
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zero. The Lie algebra of the gauge group GpY, L,wq may be identified with L2
k`1pY ; adpP̌ qq, and

the linearization of the action of the gauge group at A P ApY, L,wq is given by

dA : L2
k`1pY ; adpP̌ qq Ñ L2

kpY ; Λ1 b adpP̌ qq (50)

The Chern–Simons functional is a functional ApY, L,wq Ñ R, characterized up to a constant
by the property that its formal gradient at any connection A P ApY,L,wq is equal to ‹FA where
the metric on ApY, L,wq is induced by the L2 metric on sections of Λ1 b adpP̌ q. This induces
an R{Z-valued map on BpY, L,wq, which is denoted by CS. The set of critical points XpY,L,wq

of CS are given by the gauge equivalence classes of flat connections in ApY, L,wq, and by taking
holonomies, this set can be identified with the set of conjugacy classes of homomorphisms

ρ : π1pY ∖ pLY wqq Ñ SUp2q (51)

which map any meridian of L to a traceless element of SUp2q and any meridian of w to ´1.
There is an action of H1pY ∖L;Z{2q on XpY, L,wq. We first define this action representation-

theoretically. Any σ P H1pY ∖L;Z{2q induces a homomorphism σ̂ : π1pY ∖Lq Ñ t˘1u, and for
any ρ as in (51) representing an element of XpY, L,wq, we define

σ ¨ ρ : π1pY ∖ pLY wqq Ñ SUp2q

where its value at any γ P π1pY ∖ pL Y wqq is equal to σ̂pγqρpγq. Alternatively, let lσ be the real
line bundle associated to σ and Bσ the connection on lσ that has holonomies in t˘1u. For any
flat connection A P ApY,L,wq representing an element of XpY,L,wq, the connection A b Bσ

is another flat connection in ApY, L,wq. This construction respects the action of GpY, L,wq and
induces the above action of σ on XpY,L,wq. This description shows that this action extends to
ApY, L,wq, and preserves CS up to a constant.

The critical points ofCS are not necessarily non-degenerate, and for this reason we may need to
perturb CS. As in §4.2, fix Γ “ tγ1, . . . , γku, where each γi is an embedded loop in Y ∖ pLYwq,
and a choice of smooth function η : Rk Ñ R. Thicken each loop γi to an embedding of S1 ˆ D2

into Y ∖ pLY wq. For any A P ApY, L,wq, define

fη,ΓpAq “ ηpσγ1pAq, . . . , σγkpAqq.

where σγipAq is defined as in (35). Note that the restriction of A to the solid torus determined by
γi is an ordinary connection. A connection A P BpY, L,wq represents a critical point of CS ` fη,Γ
exactly when it satisfies the equation

FA “

k
ÿ

i“1

Biηptrγ1pAq, . . . , trγkpAqqTA,iνi, (52)

which is the same as (37), except now we are working in a closed 3-manifold. Write Xη,ΓpY, L,wq

for the gauge equivalence classes of such connections. For any admissible link pY,L,wq, there is
a choice of perturbation data η, Γ such that the critical points of CS ` fη,Γ are non-degenerate
[KM11a, KM11b, Don02]. In Lemma 5.1 below, we establish this non-degeneracy using perturba-
tions adapted to a Heegaard splitting of pY, L,wq.

For i P t1, 2u, let pMi, Ti, wiq be a triple of a compact, oriented, connected 3-manifold Mi with
boundary, a tangle Ti Ă Mi, and a compact 1-manifold wi Ă intMi satisfying wi X Ti “ Bwi.
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We also assume that BpMi, Tiq is the union of Σg,n and Σg1,n1 , where n, n1 are odd integers. After
reversing the orientation of M2, we glue these triples along their common boundaries to obtain

pY, L,wq “ pM1, T1, w1q YΣg,n\Σg1,n1 pM2, T2, w2q (53)

Then the embedding of Σg,n into pY, L,wq as one of the boundary components of pMi, Ti, wiq

implies that pY,L,wq is admissible. Using Theorem 4.5, there is a choice of perturbation data ηi,
Γi for pMi, Ti, wiq such that Xηi,ΓipMi, Ti, wiq defines an immersed Lagrangian

ri : Xηi,ΓipMi, Ti, wiq Ñ Mg,n ˆMg1,n1

by restriction to the boundary. Note that combining Γ1 and Γ2 determines a family of loops Γ in Y ,
and the functions ηi : Rki Ñ R give η : Rk1`k2 Ñ R defined as

ηpx1, . . . , xk1`k2q “ η1px1, . . . , xk1q ` η2pxk1`1, . . . , xk1`k2q.

In particular, we may use Γ and η to perturb the Chern–Simons functional of pY, L,wq and form the
critical point set Xη,ΓpY,L,wq.

Restricting any rAs P Xη,ΓpY,L,wq to Mi gives an element rAis P Xηi,ΓipMi, Tiq satisfying

r1prA1sq “ r2prA2sq. (54)

In the reverse direction, let rAis P Xηi,ΓipMi, Ti, wiq be given such that (54) holds. Then the
connections A1 and A2 are flat in the neighborhood of the boundary and after applying appropriate
gauge transformations, we may assume that each Ai is the pullback of flat connections A and
A1 on tubular neighborhoods of the boundary components Σg,n and Σg1,n1 . Since A and A1 are
both irreducible, we may glue A1 and A2 along each of the common boundaries of pM1, T1q and
pM2, T2q by ˘1. Changing both signs at the same time produces gauge equivalent connections on
pY, L,wq. But changing only one of the signs leads to a different gauge equivalence class that is
related to the original one by the action of the element of σ0 P H1pY ∖ L;Z{2q, given by the
restriction of the Poincaré dual of Σg,n to Y ∖ L. Combining these observations, we see that

Xη,ΓpY,L,wq{σ0 – Xη1,Γ1pM1, T1, w1q ˆ
r1,r2

Xη2,Γ2pM2, T2, w2q. (55)

We remark that the involution induced by σ0 acts freely on Xη,ΓpY,L,wq. In fact, it is easy to see
that if rAs P BpY, L,wq is fixed by the action of σ0, then rAs has a reduction to anOp2q-connection
where the associated orientation bundle of the Op2q-bundle carrying A is lσ0 (see [DFL21, Lemma
2.44] for the proof of a similar fact). In particular, the restriction of A to Σg,n and Σg1,n1 has
a reduction to an SOp2q-connection. This implies that the restriction of A to these embedded
surfaces cannot be flat because all elements of Mg,n and Mg1,n1 are irreducible and they do not have
SOp2q-reductions. Thus, any such rAs is not an element of Xη,ΓpY,L,wq.

Lemma 5.1. Using the above notation, the sets of loops Γ1, Γ2 can be enlarged and the functions
f1 and f2 can be extended such that the set of critical points Xη,ΓpY,L,wq of the perturbed Chern–
Simons functional CS ` fη,Γ is non-degenerate.

Proof. Throughout this proof, let X “ Mg,n ˆ Mg1,n1 and Λi “ Xηi,ΓipMi, Ti, wiq. There is an
arbitrarily small Hamiltonian isotopy ϕ : X Ñ X such that the immersed Lagrangians

ϕ ˝ r1 : Λ1 Ñ X, r2 : Λ2 Ñ X
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are transversal to each other and the intersection points of Λ1 and Λ2. Theorem 4.4 asserts that ϕ can
be approximated by a holonomy perturbation in r´1, 1s ˆ Σg,n. In particular, we may assume that
after possibly enlarging Γ1 using a family of curves in a tubular neighborhood of the boundary of
M1 and extending f1, the immersed Lagrangians Λ1 and Λ2 are transversal to each other. Therefore,
the fiber product of Λ1, Λ2 over X consists of finitely many points, away from the self-intersection
points of Λ1 and Λ2. In light of the identification in (55), this implies that any critical point of
CS ` fη,Γ, up the action of σ0, is uniquely determined by its restrictions to M1, M2.

We expect that the transversality of Λ1, Λ2 implies that the perturbed functional CS ` fη,Γ
is non-degenerate (see [DFL21, Lemma 2.48] for the proof of a similar claim). However, this
would require further development of the analytical setup for 3-manifolds Lagrangians. Instead,
we prove something weaker that suffices for our purposes: we show that, after an additional small
perturbation, CS ` fη,Γ is non-degenerate. The proof follows a similar argument as in [Don02].

Fix a critical point of CS ` fη,Γ and let A be a connection representing this critical point.
Since A is flat in a neighborhood of Σg,n, Σg1,n1 , we may assume that A is the pullback of flat
connections A, A1 in tubular neighborhoods νpΣg,nq, νpΣg1,n1q of these embedded surfaces. There
is a finite dimensional subspace HA of the tangent space of BpY, L,wq at rAs representing the
kernel of the Hessian of CS ` fη,Γ at rAs. The space HA can be regarded as a subspace of the
orthogonal complement of the image of (50). In particular, any non-zero element of HA is given by
ζ P L2

kpY ; Λ1 b adpP̌ qq that is not of the form dAκ for any κ P L2
k`1pY ; adpP̌ qq.

Let Ai, ζi respectively denote the restriction of A, ζ to Mi. We claim that ζ1, ζ2 cannot both be
of the form dAiκi for some L2

k`1 sections κi of adpP̌ q over Mi. Otherwise, the restrictions λi, λ1
i

of κi over the tubular neighborhoods νpΣg,nq, νpΣg1,n1q satisfy

dAλ1 “ dAλ2 dA1λ1
1 “ dA1λ1

2.

Since the connections A, A1 are irreducible, this implies that λ1 “ λ1
1 and λ2 “ λ1

2. In particular,
κ1, κ2 agree in the tubular neighborhoods of the boundary and we may glue them to find κ with
dAκ “ ζ, which is a contradiction. Assuming ζ1 is not of the form dA1κ1, there is an embedded loop
c in M1 ∖ pT1 Yw1q such that the derivative of the map trc along ζ is non-trivial. This claim is the
infinitesimal version of the fact that any SUp2q-connection that has the trace of its holonomy along
any loop trivial is gauge equivalent to the trivial connection. One can prove this claim by combining
the arguments in Proposition 3.1 and [DFL21, Proposition 4.60] (see also [DL25, Lemma 4.23]).
Applying this for a basis of HA for each critical point of CS ` fη,Γ gives a collection of loops
tciu1ďiďN such that the derivative of the map

ptrc1 , . . . , trcN q : BpY, L,wq Ñ RN

restricted to HA for each critical point rAs of CS ` fη,Γ is injective. Now the proof can be com-
pleted using a similar argument as in [Don02, Proposition 5.15].

Next, let pY, L,wq be an admissible link and let η, Γ be a choice of the perturbation data such
that the critical points Xη,ΓpY,L,wq of CS ` fη,Γ are non-degenerate. Then the chain group
CpY, L,wq used in the definition of IpY, L,wq can be chosen to be the free abelian group gen-
erated by the elements of Xη,ΓpY, L,wq. The differential d is defined in terms of the moduli spaces
of perturbed orbifold instantons on the bundle R ˆ P̌ over R ˆ Y̌ where the perturbation is in-
duced by the gradient of fη,Γ. In general, one might need to perturb CS further to guarantee that
all such moduli spaces are cut out transversely. This can be arranged without changing the critical
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set [KM11b, Proposition 3.18]. In fact, we may pick this additional perturbation of CS` fη,Γ to be
arbitrarily small and trivial in a neighborhood of the critical points Xη,ΓpY, L,wq of CS ` fη,Γ. In
particular, this additional perturbation does not change CpY,L,wq.

We are now in a position to prove Theorem 1.9. We give a slightly more general result.

Theorem 5.2. Suppose pY, L,wq is an admissible link with a decomposition as in (53), and suppose
holonomy perturbation data ηi,Γi for i P t1, 2u is chosen such that each Λi “ Xηi,ΓipMi, Ti, wiq

defines an immersed Lagrangian in Mg,n ˆMg1,n1 . Then

npΛ1,Λ2q ě
1

2
rankZ IpY, L,wq. (56)

The same inequality holds using the rank of instanton homology computed with respect to any
integral domain coefficient ring. Furthermore, if IpY, L,wq “ 0 and the perbtation data πi defining
Λi is sufficiently small for i P t1, 2u, then npΛ1,Λ2q “ 0.

Proof of Theorem 1.9. Set X “ Mg,n ˆ Mg1,n1 . Let ϕ : X Ñ X be a Hamiltonian isotopy
such that Λ1 is transversal to ϕpΛ2q. As we explained in the proof of Theorem 5.1, we may use
Theorem 4.4 to modify perturbation data η2, Γ2 to η1

2, Γ1
2 such that ϕpΛ2q is arbitrarily close to

Λ1
2 “ Xη1

2,Γ
1
2
pM2, T2, w2q. In particular, the number of points in Λ1 ˆX ϕpΛ2q and Λ1 ˆX Λ1

2 are
equal to each other. The perturbation data ηi,Γi induce the perturbation data η, Γ for the admissi-
ble link pY,L,wq in (53), and by (55), the number of points in Xη,ΓpY,L,wq is twice the size of
Λ1 ˆX Λ1

2 (or equivalently Λ1 ˆX ϕpΛ2q). Since IpY,L,wq is the homology of the chain com-
plex pCpY, L,wq, dq where CpY,L,wq is generated by Xη,ΓpY, L,wq, we conclude that the size of
Λ1 ˆX ϕpΛ2q is bounded below by half of the rank of IpY,L,wq. This proves (56).

To prove the last statement, let IpY, L,wq “ 0. In the next section, we show that IpY, L,wq “ 0
implies that XpY, L,wq is empty. That is, the singular instanton complex CpY, L,wq for the trivial
perturbation is trivial. The identification in (55) shows that the fiber product of XpM1, T1, w1q and
XpM2, T2, w2q over Mg,n ˆ Mg1,n1 is trivial. But the spaces XpM1, T1, w1q and XpM2, T2, w2q are
not necessarily cut out transversaly. However, by Theorem 4.5, there are arbitrarily small perturba-
tion data ηi, Γi such that Λi “ Xηi,ΓipMi, Ti, wiq are immersed Lagrangians. Since the perturbation
data are small, the image of Λi and XpMi, Ti, wiq inMg,nˆMg1,n1 are close to each other and hence
the fiber product of Λ1 and Λ2 is still empty. In particular, we have npΛ1,Λ2q “ 0.

6 A detection result in singular instanton homology

In this section, we characterize when singular instanton homology of an admissible link is non-
trivial. The following is an extension of [DS25, Proposition 2.1]. The statement and argument also
build on non-vanishing results due to Kronheimer and Mrowka [KM19, §7].

Theorem 6.1. Let pY, L,wq be an admissible link. Then IpY, L,wq is zero if and only if one of the
following three conditions is satisfied:

(i) Y “ S1 ˆ S2#Y 1 where L Ă Y 1 and w has odd pairing with tptu ˆ S2.

(ii) Y “ S1 ˆ S2#Y 1 where L is the disjoint union of S1 ˆ tptu Ă S1 ˆ S2 and some L1 Ă Y 1.

(iii) Y “ Y1#Y2 where the separating sphere S2 satisfies w ¨ S2 is odd and LX S2 “ H.
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Note (i) and (iii) may be combined into the condition that there exists a 2-sphere in Y , disjoint from
L, which has odd pairing with w. In particular, Theorems 6.1 and 1.10 are equivalent.

In preparation for the proof, we prove several lemmas. Recall that a compact 3-manifold M is
irreducible if every embedded 2-sphere bounds a 3-ball, and B-irreducible if every component of
BM is incompressible, i.e. there are no embedded disks D in M with BD essential in BM . Given a
link L Ă Y we write NpLq Ă Y for a closed regular neighborhood of L, and we say that pY, Lq is
irreducible or B-irreducible if this is the case for Y ∖ intNpLq. For p P Q Y t8u let pLpp, qq, Up{qq

be the result of doing p{q-surgery on a meridional loop around the unknot in S3.

Lemma 6.2. Given a 3-manifold with link pY, Lq, we may write Y “ Y1# ¨ ¨ ¨#Yk where L is the
disjoint union of (possibly empty) links Li Ă Yi such that for each i one of the following holds:

• pYi, Liq is irreducible and B-irreducible.

• pYi, Liq “ pS1 ˆ S2,Hq.

• pYi, Liq “ pLpp, qq, Up{qq for some p{q P Q Y t8u.

The last case includes pS3, Uq, when p{q “ 8, and pS1 ˆ S2, S1 ˆ tptuq, when p{q “ 0.

Proof. The prime decomposition of Y ∖ L allows us to write Y “ Y1# ¨ ¨ ¨#Yk where L is the
disjoint union of Li Ă Yi and each Yi ∖ Li is either irreducible or Yi “ S1 ˆ S2 with Li “ H.
Suppose pYi, Liq is not B-irreducible. Then there is a component L1

i of Li and a disk D Ă Yi ∖
intNpL1

iq such that BD is an essential simple closed curve on BNpL1
iq. The union of a thickening

D ˆ I of D together with NpL1
iq – S1 ˆD2 is homeomorphic to Lpp, qq minus an open 3-ball for

some p{q. Accounting for L1
i in this lens space gives Up{q. By irreducibility of pYi, Liq we must

have pYi, Liq “ pLpp, qq, Up{qq.

As Kronheimer and Mrowka’s sutured instanton homology [KM10b] is used below, we recall
some of the relevant terminology. A balanced sutured manifold pM,γq consists of a compact ori-
ented 3-manifold M with boundary, having no closed components, and an oriented 1-manifold
γ Ă BM whose components are called sutures. The pair pM,γq is required to satisfy several
properties explained in the following paragraph.

There is a disjoint pair of oriented surfaces with boundary R` and R´ in BM such that the
complement of R` Y R´ in BM is the disjoint union of a collection of annular neighborhoods of
the sutures. (Strictly speaking, the annular neighborhoods of the sutures are usually included in the
data of pM,γq.) The surface R` is distinguished as having the property that the orientation of the
sutures parallel to BR` are induced by first using the boundary orientation of R` Ă BM induced
by M and again using the boundary orientation of BR` induced by R`. Finally, it is required that
χpR`q “ χpR´q and that each of R˘ has no closed components.

A balanced sutured manifold pM,γq is taut if the 3-manifold M is irreducible, the surface
R` YR´ is incompressible in M , and R˘ are each minimal in their homology classes with respect
to the Thurston norm on H2pM, BMq.

A pairing for pY, Lq is the data of a subset Π of the set of link components of L such that |Π| is
even, together with a partition of Π into 2-element subsets. Plainly, a pairing matches up some of
the components of L into pairs. The empty pairing is the unique pairing with Π “ H.
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To a link pY,Lq with a pairing, associate a sutured manifold pM,γq as follows: M is the result
of taking Y ∖ intNpLq and gluing up the boundary tori of components from Π in pairs according to
the pairing; the particular way in which two boundary tori are glued together will not be important.
Note BM consists of the remaining boundary tori of link components not in Π. The sutures γ consist
of two oppositely oriented meridians on each torus boundary component on BM .

This construction produces a balanced sutured manifold pM,γq so long as L has components
not in Π. Otherwise, the result is a closed 3-manifold. For convenience, we will abuse terminology
and include closed 3-manifolds in the class of balanced sutured manifolds. In this setting, a closed
3-manifold being taut will mean that it is irreducible.

Lemma 6.3. Suppose pY,Lq is irreducible and B-irreducible. Then the sutured manifold pM,γq

associated to any pairing of pY, Lq is taut.

Proof. Suppose M is reducible, and consider a reducing sphere S Ă intM . Let T Ă intM be
the collection of 2-tori which were glued up in pairs. Assume S intersects T transversely, and the
number of components in S X T is minimal among reducing spheres S. A standard argument using
the minimality of S X T implies that no component of S X T is nullhomotopic in T . Suppose
S X T ‰ H. The result of removing a neighborhood of S X T from S gives a planar surface S1,
a union of disks with holes, and S is homeomorphic to the result of gluing up pairs of boundary
circles in S1. As S is a sphere, an Euler characteristic argument shows that S1 contains a disk. This
disk gives a compressing disk for Y ∖ intNpLq, contradicting the B-irreducibility of pY, Lq. Thus
S X T “ H, in which case S is a reducing sphere for Y ∖ intNpLq, contradicting the irreducibility
of pY, Lq. It follows that M is irreducible.

The surfaces R` and R´ in BM are each collections of annuli, and thus automatically are
Thurston-norm minimizing. It remains to show that each annulus component of R˘ is incompress-
ible in M . For this, suppose that there is a compressing disk D for one of these annuli, and repeat
the argument above, with D playing the role of S.

For the next lemma, we utilize the notation of [KM11a] and write

I#pY,L,wq :“ IpY, L\H,w \ wHq

where H is a Hopf link in a small 3-ball in Y and wH is an arc connecting the components of H .
To define I#pY, L,wq, we do not require pY, L,wq to be admissible. Write F “ Z{2.

Lemma 6.4. Given pY, L,wq where pY,Lq is irreducible and B-irreducible, we have

I#pY,L,w;Fq ‰ 0.

Proof. If L is empty, the result follows from [DS25, Proposition 2.1], and so we assume L ‰ H.
Consider the set of components of L that have an odd number of points from w:

Π :“ tL1 Ă L : L1 is a component of L and #L1 X Bw is oddu.

Note that |Π| is even. Choose a pairing of pY, L,wq with respect to Π. Note that w is mod 2
homologous to a 1-manifold that misses components of L not in Π and has one boundary point on
each component in Π. We assume from the start that w has this property. Writing pM,γq for the
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balanced sutured manifold associated to pY, Lq and the pairing chosen, we also have a 1-manifold
in M which we still call w Ă M ; it is obtained from w Ă Y by arranging that when gluing the tori
of Π in pairs, we require that the points of Bw in each torus is appropriately matched. Consider the
sutured instanton homology, defined as a vector space over C, written

SHIpM,γ,wq.

Here, we slightly extend the sutured instanton homology from [KM10b] to include an embedded
unoriented closed 1-manifold w Ă intM ; for details, see [DIS24]. As explained there, [KM10b,
Theorem 7.12] generalizes: if pM,γq is taut, then SHIpM,γ,wq ‰ 0.

Recall that our conventions allow the possibility that M is a closed 3-manifold. In this case
SHIpM,γ,wq is defined to be IpM,w;Cq. Note that in our setup, when M is closed, w intersects
each glued up torus in an odd number of points, and thus pM,wq is admissible.

Let π be a collection of points on L and denote by Lπ Ă Y the link obtained from L by ‘adding
an earring’ around each point in π. Explicitly, at each point in π we connect sum onto L a copy
of the Hopf link. This is done away from the 1-manifold w Ă Y . Let wπ Ă Y be the union of
w and one small arc connecting the two components of each Hopf link attached. Now assume that
π consists of exactly one point on each component of L which is not in Π. Applying the excision
argument of [KM11a, Proposition 5.7] (see also [Xie21, Proposition 5.1]), there is an isomorphism

SHIpM,γ,wq – IpY, Lπ, wπ;Cq.

More precisely, Floer’s excision is performed on pY, Lπ, wπq in two ways: once for each component
L1 Ă L not in Π, using a pair of tori, one surrounding L1 Ă Lπ and the other torus encasing the
earring; and once also for each pair of componentsL1, L2 Ă Lπ in Π that are matched by the pairing,
using a pair of tori surrounding each of L1 and L2. It is important that each excision involves a pair
of tori that have odd intersection with wπ.

Under the assumption that pY, Lq is irreducible and B-irreducible, Lemma 6.3 implies that
pM,γq is taut. Then IpY,Lπ, wπ;Cq ‰ 0, and by the universal coefficients theorem,

IpY, Lπ, wπ;Fq ‰ 0

where F “ Z{2. Next, for any admissible link pY0, L0, w0q we have

dimF IpY0, L0 \H,w0 \ wH ;Fq “ 2 dimF IpY0, L
tpu

0 , w
tpu

0 ;Fq, (57)

where p is any point on L, and, as before, H is a Hopf link in a 3-ball and wH is a small arc
between the components of H . See [KM19, Lemma 7.7], [DS24a, Corollary 8.17]. Note that the
latter reference has (57) stated for pY,Kq where K is a knot in an integer homology 3-sphere, but
the argument adapts to the case of admissible links. Thus we now have

IpY, Lπ∖tpu \H,wπ∖tpu \ wH ;Fq ‰ 0 (58)

where p P π is arbitrary. The next property to be used is the following: if pY0, L0, w0q is any
admissible link and σ ‰ H a collection of points on L0, then for any s P σ,

2 dimF IpY0, L
σ∖tsu

0 , w
σ∖tsu

0 ;Fq ě dimF IpY0, L
σ
0 , w

σ
0 ;Fq. (59)
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This follows from [DS24a, §8.2] adapted to the case of admissible links, where it is shown that a
chain complex for IpY0, L

σ
0 , w

σ
0 q is given by the mapping cone of a chain map on a chain com-

plex for the triple associated to σ ∖ tsu. By applying property (59) successively to pY, Lπ∖tpu \

H,wπ∖tpu \ wHq for each remaining point in π ∖ tpu, we finally obtain from (58) that

I#pY, L,wq “ IpY, L\H,w \ wH ;Fq ‰ 0.

Proof of Theorem 6.1. Let pY, L,wq be any admissible link. The vanishing of IpY,L,wq in cases
(i)–(iii) is standard. If condition (i) or (iii) is satisfied, then there are no critical points of the associ-
ated (unperturbed) Chern–Simons functional. Indeed, any such critical point restricts to the relevant
2-sphere described in (i) or (ii) to a point inModd

0 “ H. Similary, a critical point in case (ii) restricts
to the relevant 2-sphere to a point in M0,1 “ H.

Now suppose pY,L,wq does not satisfy (i)–(iii). Write Y “ Y1# ¨ ¨ ¨#Yk whereL is the disjoint
union of Li Ă Yi where the pYi, Liq satisfy the conditions of Lemma 6.2. By the assumption that
(iii) does not hold, w is mod 2 homologous to a 1-manifold w1 Y ¨ ¨ ¨ Y wk where wi Ă Yi. By a
straightforward generalization of the Künneth formula from [KM11a, Corollary 5.9], we have

I#pY,L,w;Fq –

k
â

i“1

I#pYi, Li, wi;Fq. (60)

Lemma 6.2 lists the three possibilities for each pYi, Liq.

• If pYi, Liq is irreducible and B-irreducible, then I#pYi, Li, wi;Fq ‰ 0 by Lemma 6.4.

• If pYi, Liq “ pS1 ˆ S2,Hq, by the assumption that (i) does not hold, we have that wi is mod
2 nullhomologous. Then I#pYi, Li, wi;Fq “ I#pS1 ˆ S2;Fq – F2 ‰ 0.

• If pYi, Liq “ pLpp, qq, Up{qq for some p{q P Q Y t8u, then, as (ii) does not hold, p ‰ 0.
Furthermore, I#pLpp, qq, Up{q, w;Fq ‰ 0 for any w. This may be seen by observing that the
sutured manifold associated to pLpp, qq, Up{qq is taut whenever p ‰ 0.

From these cases and (60) we obtain I#pY,L,wq ‰ 0. Finally, from Fukaya’s connected sum
theorem [Fuk96] over F adapted to the case of admissible links, there is a spectral sequence from
IpY, L,w;Fq bH˚pSOp3q;Fq converging to I#pY, L,w;Fq. Thus IpY, L,w;Fq ‰ 0.

7 Instanton homology and the symplectic mapping class group of Mg,n

In this section, we apply the earlier obtained results to study the symplectic topology of the moduli
spacesMg,n. In §7.1, we introduce a class of Lagrangians inMg,n induced by what we call standard
pairs, and in the setting where two such standard pairs are glued, we recast the detection result of
Theorem 6.1 in terms of Heegaard splitting data. In §7.2, the detection result is studied from the
viewpoint of mapping classes of Σg,n, and in §7.3, the case of pseudo-Anosov mapping classes is
considered. Finally, in §7.4, we prove Theorem 1.1.
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7.1 Detection of instanton homology via Heegaard splittings

Theorem 6.1 relates non-vanishing of instanton homology to existence of spheres in 3-manifolds.
We being this section by the study of such spheres (and disks) for a pair pM,T q of a 3-manifold and
a tangle. A splitting sphere of pM,T q is an essential sphere in intpMq ∖ T . A T -compressing disk
of BM is a properly embedded disk D Ă M ∖ T with BD an essential curve on BM .

With pM,T q as above, let F Ă M be a properly embedded surface, and D an embedded disk in
M such that D X F “ BD and DX T “ H. Take a regular neighborhood N of D in M , identified
with D ˆ r0, 1s, so that N X F “ BD ˆ r0, 1s and N X T “ H. The operation of replacing
BD ˆ r0, 1s on F with the two disks D ˆ t0, 1u is called a 2-surgery on F along D. If F 1 is one of
the components of a 2-surgery on F , it is said to be obtained by 2-surgery on F .

Lemma 7.1. Suppose pM,T q is a 3-manifold with tangle, with Heegaard decomposition

pM,T q “ pC1, T1q YpΣ,Pq pC2, T2q (61)

(1) If pM,T q has a splitting sphere, then there exists a splitting sphere S transverse to Σ such
that S X Σ is an essential simple closed curve in Σ∖ P .

(2) If pM,T q has a T -compressing disk D0 of BM , then it has a T -compressing disk D with
BD “ BD0 such that D X Σ is an essential simple closed curve in Σ∖ P .

(3) If M has a sphere intersecting T transversely in one point, then it has a sphere S transverse
to T and Σ, with S X T one point and S X Σ an essential simple closed curve in Σ∖ P .

In each case, the resulting sphere or disk is obtained from the original by 2-surgeries and isotopy.

Proof. Items (1) and (2) follow directly from Theorem 1.3 (2) and (3) of [HS01], respectively.
To deduce (3), begin with a sphere S0 inM intersecting the tangle T in one point p, transversely.

First assume that p lies on a B`-parallel arc. After a possible isotopy of S0, we may assume that
p is in the interior of C1, and that there is a small open ball B1 Ă intpC1q with B1 X T1 a trivial
arc in B1 and S0 X B1 is a disk with S0 X T1 “ tpu in B1. Set M 1 “ M ∖ B, T 1 “ M 1 X T ,
C 1
1 “ C1 ∖ B, and T 1

1 “ C 1
1 X T1. Note that pC 1

1, T
1
1q is a compression body with trivial tangle.

Then we have a Heegaard decomposition

pM 1, T 1q “ pC 1
1, T

1
1q YpΣ,Pq pC2, T2q.

Moreover, D0 “ S0 XM 1 is a disk in M 1 ∖T 1 whose boundary is essential in the annulus BB∖T 1.
Now apply item (2) of the lemma to obtain a disk D in M 1 ∖ T 1, with BD “ BD0, and which
intersects Σ ∖ P transversely in an essential closed curve. The desired sphere S Ă M is obtained
by gluing the closure of the disk S0 XB1 to D along their common boundary.

Now suppose p lies on a vertical arc. In this case, the above construction does not apply, as T 1
1 is

not a trivial tangle in C 1
1. Instead, letD1 be a small disk neighborhood of p in S0. LetA1 Ă C1∖T1

be an annulus with one boundary component given by A1 X S0 “ BD1 and the other equal to the
boundary of a disk D2 Ă B´C1 which contains a single point of BT . The annulus A1 may be
obtained by running a tube surrounding the trivial arc going from BD1 to B´C1. Cut out D1 from
S0 and glue in A1 to obtain a disk in C1 ∖ T1 with boundary BD2 Ă B´C1. To this disk we apply
item (2) of the lemma to obtain a disk D in M ∖ T with BD “ BD2 and which intersects Σ ∖ P
transversely in a single essential simple closed curve. Finally, gluing D and D2 and pushing it into
the interior of C1 gives the desired 2-sphere S.
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Figure 7: A standard p0, 7q pair of type I (left) and a standard p1, 7q pair of type II (right).

We note that item (1) of Lemma 7.1 is a variation on a theorem of Haken [Hak68, §7]. The case
where T “ H is due to Casson and Gordon [CG87a, Lemma 1.1]. See Doll [Dol92] for closely
related results in the case where M is closed.

Consider a 3-manifold with tangle pC, T q where C is obtained from S2 ˆ r0, 1s by attaching g
1-handles along S2 ˆ t1u and T is the union of vertical arcs tp1, p2, p3u ˆ r0, 1s with pn ´ 3q{2
many B`-parallel arcs. We call pC, T q a standard pg, nq pair of type I, or simply a type I pair. Note

B`pC, T q – Σg,n B´pC, T q – Σ0,3 (62)

and that pC, T q is a compression body with trivial tangle. Next, suppose pC, T q is such that C is
as above, but T is the union of a vertical arc tp1u ˆ r0, 1s, a “special” arc t0 which is the core of
a 1-handle and has endpoints on S2 ˆ t0u, and pn ´ 1q{2 many B`-parallel arcs. We call pC, T q a
standard pg, nq pair of type II, or a type II pair. The boundaries of type II pairs also satisfy (62).
Note that, in contrast to the type I case, the tangle T in a type II pair is not a trivial tangle due to the
special arc t0. Furthermore, observe that a standard pg, nq pair is defined under the conditions

type I : g ě 0, n ě 3, n odd

type II : g ě 1, n ě 1, n odd

In what follows below, we will implictly assume that standard pairs come equipped with preferred
orientation-preserving boundary identifications as in (62).

Recall that the curve complex CpΣg,nq of Σg,n “ pΣ,Pq is the simplicial complex where a k`1
simplex is a collection of k`1 distinct isotopy classes of essential and non-peripheral simple closed
curves in Σ∖ P such that the isotopy classes have representative curves are pairwise disjoint. The
distance d between vertices x, y P CpΣg,nq is the minimum number of 1-simplices in a simplicial
path connecting x, y. Denote by CpΣg,nqpiq the i-skeleton of CpΣg,nq, so that CpΣg,nqp0q is the set
of vertices. We extend d to pairs of subsets S1,S2 of CpΣg,nqp0q by defining

dpS1,S2q “ min tdpx1, x2q | xi P Siu .
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Suppose pC1, T1q and pC2, T2q are each standard pg, nq pairs (of either type I or II). Define

pY,Lq “ pC1, T1q YΣg,n\Σ0,3 pC2, T2q, (63)

a closed connected oriented 3-manifold with an embedded link, by gluing along Σg,n and Σ0,3 using
the identifications B`pCi, Tiq – Σg,n and B´pC, T q – Σ0,3. The orientation of pY, Lq is induced by
that of pC1, T1q and the reverse of pC2, T2q. Note that the underlying surface induced by the glued
up Σ0,3 shows that pY, Lq is an admissible link. For i P t1, 2u define

Di “ DpCi, Tiq “ trxs | x “ BD, D a disk in Ci, D X Ti “ Hu Ă CpΣg,nqp0q

Ai “ A pCi, Tiq “ trxs | x “ BD, D a disk in Ci, D&Ti “ pointu Ă CpΣg,nqp0q

Proposition 7.2. Suppose pY, Lq is obtained from gluing two standard pairs as in (63). Then

IpY, Lq “ 0 ô pD1 X A2q Y pA1 X D2q ‰ H.

Proof. By Theorem 6.1, if IpY,Lq “ 0 then there is a 2-sphere S1 Ă Y intersecting L transversely
in one point p. We may assume also that S1 is transverse to pS, P q, the sphere with 3 points identified
by gluing the two copies of Σ0,3, and that p R S. Let S1 further have the property that among all
such spheres the number of components in S X S1 is minimal.

Suppose S X S1 has a component which bounds a disk D Ă S ∖P containing no other compo-
nents of S X S1. Perform 2-surgery on S1 along D, avoiding p, to obtain two spheres, one of which
intersects L transversely in the single point p. The sphere also has fewer components of intersection
with S than does S1, a contradiction. Thus all components in S X S1 are essential in S ∖ P .

If S X S1 is nonempty, it has a component in S ∖ P which bounds a disk D Ă S with D X P
a single point, and such that D contains no other components of S X S1. Do 2-surgery on S1 along
D (with the caveat that D X L ‰ H) to obtain two spheres, one of which intersects L transversely
in one point (the other sphere intersecting it in two points), and intersecting S in fewer components
than did S1. This is a contradiction, and thus S X S1 is empty.

Given that S X S1 is empty, the sphere S1 may be viewed as embedded inside M , where

pM,T q “ pC1, T1q YΣg,n pC2, T2q

is the result of cutting pY,Lq along pS, P q. This may not be a Heegaard splitting, as type II pairs do
not have trivial tangles. To remedy the situation, if pCi, Tiq is type II, let pC 1

i, T
1
i q be the result of

removing a small regular neighborhood of the corresponding special arc; if it is type I, let pC 1
i, T

1
i q

be pCi, Tiq unchanged. Then we have a Heegaard splitting

pM 1, T 1q “ pC 1
1, T

1
1q YpΣ,Pq pC 1

2, T
1
2q. (64)

which naturally embeds into pM,T q.
If the sphere S1 does not intersect a special arc in a pair of type II, then S1 “ S1 XM 1. Applying

Lemma 7.1 (3) to the sphere S1 in pM 1, T 1q, we obtain a sphere S2 in M 1 which intersects T 1

transversely in a single point p and also intersects Σ∖ P transversely in an essential simple closed
curve x. We then view S2 as a sphere in M . Note that x is non-peripheral, for if it were, then the
two disk components of S2 ∖ x would each intersect the tangle, a contradiction. Next, if p P C1

then the disk of S2 ∖ x on the side of C1 intersects T1 in one point, yielding rxs P A1, while the
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disk of S2 ∖ x on the side of C2 misses T2, yielding rxs P D2. Thus A1 X D2 ‰ H. Similarly, if
p P C2 then we conclude D1 X A2 ‰ H.

If S1 intersects a special arc in a pair of type II, say pC1, T1q, then S1 XM 1 is a T 1-compressing
disk of BM 1, and Lemma 7.1 (2) applies to give a T 1-compressing disk D with the same boundary
and which intersects Σ ∖ P transversely in an essential simple closed curve x. Filling back in the
regular neighborhood of the special arc, the disk D completes to a sphere S2 which intersects the
special arc transversely in a single point, otherwise misses T , and intersects Σ ∖ P transversely in
an essential simple closed curve x. The disk of S2 ∖ x on the side of C1 yields rxs P A1, while
the disk of S2 ∖ x on the side of C2 yields rxs P D2. Thus A1 X D2 ‰ H. Similarly, if S1 had
intersected a special arc in pC2, T2q, then we obtain D1 X A2 ‰ H.

The converse is immediate: if rxs P Ai X Dj ‰ H where ti, ju “ t1, 2u, then one can glue
disks from the defining properties of Ai and Dj to obtain a sphere in Y intersecting L transversely
in one point, and Theorem 6.1 implies IpY,Lq “ 0.

We expand the above result to include non-trivial bundle data. We consider triples

pY, L,wq “ pC1, T1, w1q YΣg,n\Σ0,3 pC2, T2, w2q (65)

where pCi, Tiq are standard pairs and w “ w1 \ w2 is the union of 1-manifolds wi Ă intpCiq with
wi X Ti “ Bwi. For ε P t0, 1u, define subsets of Di as follows:

Dε
i “ DεpCi, Ti, wiq “ trxs | x “ BD,D a disk in Ci, D X Ti “ H, rDs ¨ rwis ” ε pmod 2qu

Proposition 7.3. Suppose the admissible link pY, L,wq is obtained from gluing two standard pairs
pCi, Tiq with 1-manifolds wi Ă intpCiq as in (65). Then

IpY, L,wq “ 0 ô pD1 X A2q Y pA1 X D2q Y
`

D0
1 X D1

2

˘

Y
`

D1
1 X D0

2

˘

‰ H.

Proof. By Theorem 6.1, if IpY, L,wq “ 0 there is an embedded 2-sphere S1 Ă Y , transverse to L,
such that either (i) S1 X L is a point or (ii) S1 X L “ H and rS1s ¨w is odd. In case (i), the proof of
Proposition 7.2 implies pD1 X A2q Y pA1 X D2q ‰ H, so suppose case (ii) holds.

Suppose S1 intersects the glued 3-pointed sphere pS, P q transversely, and that the number of
components in S1 X S is minimal among all such spheres that are disjoint from L and have odd
pairing with rws. The same argument as before shows that S X S1 has no components that bound a
disk in S∖P . If SXS1 is nonempty, it then has a component in S∖P which bounds a disk D Ă S
with D X P one point, with D disjoint from all other components of S X S1. Perform 2-surgery on
S1 along D. Each of the resulting 2-spheres intersects L in one point, reverting to case (i).

Thus we continue on with case (ii), assuming S X S1 is empty. As before, let pM 1, T 1q be
obtained from pY, Lq by cutting along S and removing regular neighborhoods of special arcs; it has
a Heegaard splitting as in (64). Let w1 “ w X M 1. Since S1 is disjoint from S and L, it lies in the
interior of M 1 ∖ T 1. By Lemma 7.1 (1) applied to S1 in the Heegaard splitting of pM 1, T 1q, there
exists a sphere S2 in M 1 ∖ T 1 such that S2 intersects Σ ∖ P in at most one curve. However, we
require also that rS2s ¨ rws is odd. The proof of Lemma 7.1 from [HS01, Theorem 1.3] shows that
S2 is obtained from a sequence of isotopies and 2-surgeries on disks, where at each surgery at least
one of the resulting 2-spheres does not bound a ball, and choosing one of these spheres at each stage
eventually yields S2. Observe that at each of these surgeries, one of the resulting 2-spheres has odd
pairing with rws, and in the scheme of the proof we make the minor additional requirement that S2
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is obtained by always taking this resulting 2-sphere. The proof carries through without any other
changes, and rS2s ¨ rws is odd, as desired.

Thus S2 X Σ is an essential simple closed curve in Σ∖ P . This curve divides S2 into a pair of
disks, one in C1 and the other in C2, exactly one of which has odd pairing with rwis, implying that
one of D0

1 X D1
2 or D1

1 X D0
2 is nonempty.

The converse statement is immediate, as each of the four possible intersections of disk sets leads
to a sphere in Y of type (i) or (ii).

Give a triple pC, T,wq where pC, T q is a standard pg, nq pair of either type I or II and a compact
1-manifold w Ă intpCq satisfying w X T “ Bw, we consider

XpC, T,wq Ă Mg,n.

By Proposition 4.1, this is an embedded Lagrangian submanifold of Mg,n. Furthermore, we have

XpC, T,wq –

$

&

%

`

S3
˘g

ˆ
`

S2
˘pn´3q{2 (type I)

S1 ˆ
`

S3
˘g´1

ˆ
`

S2
˘pn´1q{2 (type II)

(66)

To explain this, first consider the case in which pC, T q is type I. Recall that elements of Mg,n may
be viewed as conjugacy classes of tuples Ai, Bi, Cj (where 1 ď i ď g and 1 ď j ď n) such that

rA1, B1s ¨ ¨ ¨ rAg, BgsC1 ¨ ¨ ¨Cn “ 1.

Recall that Cj is the holonomy around a small loop encircling the point pj . In our presentation of
pC, T q, we may arrange that each Bi corresponds to the holonomy around a loop which is a cocore
of an attached 1-handle, and that for 2 ď k ď pn´ 1q{2 the points p2k and p2k`1 are connected by
a B`-parallel arc. Then XpC, T,wq is the conjugacy classes of tuples satisfying

Bi “ p´1qεi p1 ď i ď gq,

C1C2C3 “ p´1qε123 ,

C2kC2k`1 “ p´1qε
1
k p2 ď k ď pn´ 1q{2q

where εi is the intersection number of w with a cocore disk with boundary Bi, ε123 is the number
of endpoints of w on tp1, p2, p3u ˆ r0, 1s and ε1

k is the number of endpoints of w on the B`-parallel
arc connecting p2k and p2k`1. We may conjugate so that

C1 “

„

i 0
0 ´i

ȷ

, C2 “

„

0 ´1
1 0

ȷ

, C3 “ p´1qε123

„

0 i
i 0

ȷ

.

Then there are free variables Ai P SUp2q – S3 for 1 ď i ď g and C2k P Γp1{2q – S2 for
2 ď k ď pn´ 1q{2, with no relations, yielding the first identification in (66).

In the type II case, similar reasoning shows that XpC, T,wq is defined by

Bi “ p´1qεi p2 ď i ď gq,

rA1, B1sC1 “ p´1qε0 , B1 P Γp1{2q

C2kC2k`1 “ p´1qε
1
k p1 ď k ď pn´ 1q{2q
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where ε0 is the number of endpoints ofw on the special arc t0 and the vertical arc tp1uˆr0, 1s. Here
we have chosenB1 to be the holonomy along the cocore of the 1-handle which has a special arc in its
core. Up to conjugation there is a circle of solutions to the system rA1, B1sC1 “ ˘1, B1 P Γp1{2q;
the remaining free variables Bi P SUp3q – S3 for 2 ď i ď g and C2k P Γp1{2q – S2 for
1 ď k ď pn´ 1q{2, and we obtain the second identification in (66).

7.2 Detection of instanton homology via mapping classes of Σg,n

Next fix one standard pg, nq pair pC, T q and let D “ DpC, T q be the corresponding disk set. Let
pC1, T1q and pC2, T2q be copies of the standard pair pC, T q. Orient C2 oppositely that of C1. Let
wi Ă intpCiq be (possibly different) 1-manifolds with wi X Ti “ Bwi. Given ϕ P ModpΣg,nq, form

pYϕ, Lϕ, w1 \ w2q :“ pC1, T1, w1q YΣg,n\Σ0,3 pC2, T2, w2q

where the copies of Σg,n are glued via ϕ and the copies of Σ0,3 are glued by the identity. Recall that
dp¨, ¨q is the simplicial distance function on the curve complex CpΣg,nq.

Proposition 7.4. If ϕ P ModpΣg,nq satisfies dpD , ϕpDqq ą 1, then for all choices of the 1-manifolds
w1, w2 we have IpYϕ, Lϕ, w1 \ w2q ‰ 0.

Proof. In addition to D “ DpC, T q, we have A “ A pC, T q and Dε
i “ DεpC, T,wiq for ε P t0, 1u

and i P t1, 2u. By Proposition 7.3, the non-vanishing of IpYϕ, Lϕ, w1 \ w2q is equivalent to

pϕpDq X A q Y pϕpA q X Dq Y
`

ϕpD0
1 q X D1

2

˘

Y
`

ϕpD1
1 q X D0

2

˘

“ H. (67)

Assume dpD , ϕpDqq ą 1. Then D X ϕpDq is empty. As Dε
i Ă D we also have that ϕpD0

1 q X D1
2

and ϕpD1
1 q X D0

2 are empty. It remains to argue that ϕpDq X A and ϕpA q X D are empty.
We first claim that for any rxs P A , there exists rys P D such that dpx, yq “ 1, i.e. x and y are

not isotopic and can be made disjoint. Let D be a disk in C with BD “ x such that D intersects T
transversely in one point. Let D1 be a disk in C ∖ T with BD1 “ y, where rys P D . Let us assume,
having fixed rxs, that D and D1 are chosen in a way such that they are transverse and D X D1 has
the minimal possible number of components. We will show that dpx, yq “ 1.

If D X D1 contains any circles, then it contains a circle that bounds a disk D2 Ă D1. Surgery
of D along D2 produces a disk D0 and a sphere S0. One of D0 or S0 intersects T in one point,
while the other misses T . If S0 were to intersect T in one point, the associated Lagrangian would be
empty, contradicting the computations of the previous section. Thus D0 intersects T in one point.
As D0 has boundary x and intersects D1 in fewer components than D, this gives a contradiction to
the minimality assumption placed on D,D1. Thus D XD1 does not contain circles.

Suppose D X D1 contains an arc. Then there exists such an arc which bounds a disk D2 Ă D
which misses T . Surgery ofD1 alongD2 produces two disksD1

1 andD1
2 in C∖T . Write yi “ BD1

i.
If y1 bounds a disk in Σ ∖ P , then D1

2 has boundary isotopic to x and D1
2 intersects D in fewer

components than D1, a contradiction. Similarly if y2 bounds a disk in Σ ∖ P . Next, suppose that
y1 bounds a disk in Σ containing one marked point. Then this disk together with D1

1 forms a sphere
intersecting the tangle in one point, leading to a contradiction as above. Similarly for y2. Thus
each of y1 and y2 are essential and non-peripheral, hence, given yi “ BD1

i, we have ryis P D . On
the other hand, each of D1

1 and D1
2 intersect D in few components than D1, a contradiction. Thus

D XD1 “ H. It follows that x and y are disjoint, establishing dpx, yq “ 1.
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Next, let rxs P D and rx1s P A be such that dpD , ϕpA qq “ dpx, ϕpx1qq. By the established
claim above, there exists rys P D such that dpϕpx1q, ϕpyqq “ 1. Then

dpD , ϕpA qq “ dpx, ϕpx1qq ě dpx, ϕpyqq ´ dpϕpx1q, ϕpyqq ě dpD , ϕpDqq ´ 1 ą 0,

where we have used our assumption dpD , ϕpDqq ą 1. Thus DXϕpA q is empty. A similar argument
shows that A X ϕpDq is empty. Having established (67), the proof is complete.

If 3g ` n ď 4, then pg, nq P tp0, 1q, p0, 3q, p1, 1qu. Standard pairs are not defined in the case
pg, nq “ p0, 1q, so Proposition 7.4 does not apply. If pg, nq is equal to either p0, 3q or p1, 1q, then it
is easy to see that the relevant disk sets D are always empty, and so the hypothesis dpD , ϕpDqq “

minpHq “ `8 ą 1 of Proposition 7.4 is automatically satisfied.

Proposition 7.5. If 3g ` n ą 4, then there are w1, w2 such that IpYid, Lid, w1 \ w2q “ 0.

Proof. The assumption 3g ` n ą 4 guarantees that pC, T q has either a 1-handle (without a special
arc) or a B`-parallel arc. In the first case, letD P D be a cocore of the 1-handle and letw1 be a circle
which runs once along the core of the 1-handle. In the second case, let D be a properly embedded
disk which together with B`C encloses a trivial ball neighborhood of a B`-parallel arc, and let w1

be an arc which connects the B`-parallel arc to any other arc in T . In either case set w2 “ H. Then
the double of D inside Yid “ CYC is a 2-sphere which is disjoint from Lid “ T YT and intersects
w1 \ w2 transversely in one point. The result then follows from Theorem 1.10.

Proposition 7.6. Suppose 3g ` n ą 4 and ϕ P ModpΣg,nq satisfies dpD , ϕpDqq ą 1. Then the
symplectomorphism of Mg,n induced by ϕ is not Hamiltonian isotopic to the identity.

Proof. Let pC, T q be a standard pg, nq pair and let w1, w2 be as in Proposition 7.5. Denote by
Λi “ XpC, T,wiq the associated Lagrangians in Mg,n. By Theorem 1.9, npΛ1,Λ2q “ 0; indeed,
Λ1 XΛ2 “ H. On the other hand, by Theorem 1.9 and Proposition 7.4, we have npϕpΛ1q,Λ2q ą 0.
As npΛ1,Λ2q is an invariant of Λ1,Λ2 up to Hamiltonian isotopies, the result follows.

7.3 The case of pseudo-Anosov mapping classes

In order to leverage Proposition 7.6, some control over dpD , ϕpDqq is needed. This is done here for
the case of pseudo-Anosov mapping classes.

Given the marked surface Σg,n “ pΣ,Pq, denote by Σ˝ the surface with boundary obtained
from Σ by removing disk neighborhoods of the points in P . (This slighly diverges from earlier
notation, where Σ˝ was the punctured surface.) A diffeomorphism ϕ : Σ˝ Ñ Σ˝ is pseudo-Anosov
if it is the identity on the boundary, and there exists a pair of measured foliations F u and F s on Σ˝

such that ϕpF uq “ λF u and ϕpF sq “ λ´1F s for some constant λ ą 1. The measured foliations
F u and F s are transverse on the interior of Σ˝ and each component of BΣ˝ is a cycle of leaves
of F u (resp. F s) and contains a singularity of F u (resp. F s). See [FLP12, §11]. Let pC, T q be
a standard pg, nq pair of either type I or II, equipped with an identification B`pC, T q – Σg,n, and
denote by D Ă CpΣg,nqp0q the corresponding disk set.

Proposition 7.7. Suppose ϕ : pΣ,Pq Ñ pΣ,Pq restricts to a pseudo-Anosov diffeomorphism of
Σ˝ “ Σ∖ nbhdpPq. Then there exists a diffeomorphism ψ of pΣ,Pq such that

lim sup
mÑ8

dpD , ψϕmψ´1pDqq “ 8.
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β1

Figure 8: The collection of curves C on Σg,n associated to a standard pair pC, T q of type I.

The strategy used to prove this proposition is an adaptation of one from Ichihara–Saito [IS13],
which itself relies on ideas from [Hem01, AS05, MMS07] as further explained below. Our setup is
similar but slightly different than that of Ichihara–Saito. For example, in their work, the number of
points |P| on Σ is even, and the subset D of CpΣg,nqp0q is instead the curves bounded by disks in a
standard handlebody with some B`-parallel arcs removed.

To set the stage, we give a more explicit presentation of a standard pair pC, T q. We consider
the type I case. Consider a standard genus g handlebody H with boundary Σ and n points P “

tp1, . . . , pnu Ă Σ. Consider a set of simple closed curves in Σ˝ “ Σ∖ nbhdpPq denoted

C “ tαi, βj , γk | 1 ď i ď pn´ 1q{2, 1 ď j ď pn´ 3q{2, 1 ď k ď 3g ´ 2u,

whose elements are pairwise disjoint and non-isotopic, and satisfy the following:

(i) αi bounds a disk ∆i Ă Σ with tδ P C | δ Ă intp∆iqu “ H;

(ii) the disk ∆1 satisfies ∆1 X P “ tp1, p2, p3u;

(iii) for 2 ď i ď pn´ 1q{2, the disk ∆i satisfies ∆i X P “ tp2i, p2i`1u;

(iv) βj bounds a disk ∆1
j Ă Σ with tδ P C | δ Ă int∆1

ju “ tα1, . . . , αj`1, β1, . . . , βj´1u;

(v) γk bounds a disk D2
k in H;

(vi) intpΣ˝q ∖
Ť

δPC δ “ Q\
Ů

ℓ Fℓ where Q is a 4-holed sphere and each Fℓ is a pair of pants.

More specifically, we may choose C to be the collection of curves depicted in Figure 9. Note Q and
Fℓ are open, and one should take their closures to include their boundary curves. NoteQ “ ∆1XΣ˝.
Call a pair of pants Fℓ exterior if its closure intersects BΣ˝ and interior otherwise. The exterior pairs
of pants are given by ∆i X Σ˝ for i ě 2.

By slightly pushing the disks ∆i and ∆1
j into H we obtain properly emebedded disks Di and

D1
j in H . This is done so that the disks Di, D

1
j , D

2
k are pairwise disjoint.

Denote by Bi Ă H the ball bounded by Di Y ∆i. Let B1
1 be an open ball whose closure is

contained in B1. Let C “ H ∖B1
1 so that C is a compression body with B`C “ Σ and B´C “ S2.

For i ě 2, take an arc between p2i and p2i`1 and push it into Bi to obtain a B`-parallel arc. Take
three properly embedded arcs in B1 X C each intersecting both Σ and S2. Then the union of all
these arcs gives a trivial tangle T Ă C, and pC, T q is a standard pg, nq pair of type I.
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A similar setup can be specified for a standard pair of type II, as follows. Let pC, T q be a
standard pg ´ 1, n ` 2q pair of type I as detailed above. Form C 1 by attaching a 1-handle to small
disk neighborhoods of p2 and p3 which are contained in ∆1, and form T 1 be connecting the vertical
arcs of p2 and p3 by the core of the attached 1-handle. Then pC 1, T 1q is a standard pg, nq pair of
type II, with induced curve set C and disks as described for pC, T q. Note that in the type II case, Q
is instead a torus with one puncture and one open disk removed.

We review some terminology from [MMS07]. A seam (resp. wave) on a pair of pants F is
an essential properly embedded arc in F with endpoints on two separate components (resp. one
component) of BF . Up to isotopy rel boundary, F has three distinct seams and three distinct waves.
If F is a pair of pants inside a surface S, then a curve γ Ă S has a seam (resp. wave) in F if it
intersects F minimally in its isotopy class and some component of γ X F is a seam (resp. wave).

Lemma 7.8. If rδs P D is not isotopic to a curve in C , it has a wave in an interior pair of pants.

Proof. We prove the statement in the case that pC, T q is type I. The type II case is similar. Let
S Ă C be the union of the disjoint disks Di, D

1
j , D

2
k whose boundaries are the curves in C . Write

C˝ for the complement of a regular neighborhood of T in C such that C˝ X Σ “ Σ˝ and S Ă C˝.
Let rδs P D . Then δ “ BD Ă Σ˝ where D Ă C˝ is a properly embedded disk. Suppose D is
chosen such that it is transverse to S and it has the minimal number of components in DXS among
all such disks with BD in the isotopy class of δ Ă Σ˝.

The closures of the connected components of C˝ ∖ S are of three types:

(i) a ball, whose boundary is the union of an interior pair of pants and three disks from S;

(ii) a thickened annulus Ai pi ě 2q, with BAi the union of Di Ă S and ∆i X Σ˝;

(iii) a thickened pair of pants, whose boundary contains Q “ ∆1 X Σ˝.

Suppose D X S is empty. Then D is contained in one of the three types of components above.
Since δ “ BD is essential and non-boundary parallel in Σ˝, it is easy to see that δ must be isotopic
in Σ˝ to a curve in C in each case.

Suppose D X S is nonempty. If D X S Ă D contains a circle, choose an innermost circle c,
intersecting S in one of its defining disks D1. Then c bounds a disk D2 Ă D which is properly
embedded in one of the above components C 1 of (i)–(iii). In each case, an isotopy of D through
properly embedded disks in C is obtained by pushing D2 through D1 to lie outside of C 1, removing
c from D X S and contradicting the minimality assumption. Thus D X S has no circles.

Thus D X S is a nonempty union of arcs in D. Let a Ă D X S be an outermost arc. Then
there is an arc b Ă BD such that a X b “ Ba “ Bb and a Y b bounds a disk D2 Ă D with intpD2q

disjoint from S. Moreover, a is contained in one of the disks D1 forming S, with BD1 “ ε P C .
In particular, Bb Ă ε. The disk D2 is properly embedded in one of the components C 1 in (i)–(iii)
above. In case (i), the arc b cannot be boundary parallel in the pair of pants to ε, for otherwise an
isotopy of D through properly embedded disks in C may be induced by pushing D2 through D1,
contradicting the minimality assumption. Thus b is a wave in the pair of pants, as b is an essential
arc and Bb Ă ε is contained in a single boundary component of the pair of pants. Finally,D2 lying in
a component C 1 from either case (ii) or (iii) leads to a contradiction on the minimality assumption,
as in these cases D2 can be properly pushed out of C 1.
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Figure 9: A simple closed closed curve λ which has every seam in every interior pair of pants.

Proof of Proposition 7.7. The argument is an adaptation of the one from [IS13, §3.3]. Denote by D
the closure of D as viewed as a subset of PMLpΣ˝q, the space of projective measured laminations
of Σ˝. Suppose η : Σ˝ Ñ Σ˝ is a pesudo-Anosov diffeomorphism such that its stable and unstable
foliations Fs

η and Fu
η satisfy rFs

η s R D and rFu
η s R D . Then

lim sup
mÑ8

dpD , ηmpDqq “ 8.

This follows from the same argument given for Claim 2 in [IS13], which is a straightforward exten-
sion of the result in the case without tangles present, the latter of which is due to Hempel [Hem01]
and explained by Abrams–Schleimer [AS05, Theorem 2.4].

Choose a simple closed curve λ Ă Σ˝ which has every seam in every interior pair of pants in
Σ˝. An example is shown in Figure 9. Denote by τ : Σ˝ Ñ Σ˝ the Dehn twist along λ. For a
positive integer N , the pseudo-Anosov diffeomorphism

ϕN “ τN ˝ ϕ ˝ τ´N

has stable and unstable laminations given by τN pFsq and τN pFuq where Fs and Fu are the stable
and unstable laminations of ϕ. To complete the proof it suffices to show that τN pFsq R D and
τN pFuq R D for sufficiently large N . The argument is a mild modification of the one for Claim 1
in [IS13], which uses ideas from [MMS07].

First, as Fu and Fs are the stable and unstable laminations of a pseudo-Anosov map ϕ, they are
filling, in the sense that they intersect every essential non-boundary parallel curve in Σ˝. From this,
the computations of [FLP12, §6] imply that applying N Dehn twists along λ and taking N Ñ 8,
the resulting laminations τN pFsq and τN pFuq converge to rλs as elements in PMLpΣ˝q. Thus to
prove τN pFsq R D and τN pFuq R D for large N , it suffices to show that rλs R D .

To this end, consider a sequence rδ1s, rδ2s, . . . in D . As λ is not isotopic to any curve in C , we
may pass to a subsequence such that each δi is not isotopic to a curve in C . By Lemma 7.8, each δi
has a wave in an interior pair of pants. By passing again to a subsequence, we may assume that all
δi have the same wave w in the same interior pair of pants F Ă Σ˝. As λ has every seam in every
interior pair of pants, so too do the δi for large enough i. But the wave w intersects one of the seams
in F non-trivially, implying that such δi have non-trivial self-intersection, a contradiction.

7.4 An application to the symplectic mapping class group of Mg,n

Proof of Theorem 1.1. LetK be the intersection of kerpρg,nq with the subgroup ModpΣg,nq Ă Γg,n.
Then K is a normal subgroup of ModpΣg,nq. By [Iva92, §11.5], a finite normal subgroup of
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ModpΣg,nq lies in the center of ModpΣg,nq, and by [Iva92, §8.15] the center of ModpΣg,nq is trivial
given the assumption that 3g`n ą 4 and n is odd. Therefore if K is non-trivial, it must be infinite.
Then, by Theorem 1 and Corollary 7.13 of [Iva92], K contains an element which corresponds to a
pseudo-Anosov diffeomorphism ϕ : Σ˝ Ñ Σ˝. Note that in the cited reference, “pseudo-Anosov”
does not require ϕ to be the identity on the boundary, but some power of ϕ satisfies this property.
Therefore Proposition 7.7 applies to yield ψ P ModpΣg,nq such that

lim sup
mÑ8

dpD , ψϕmψ´1pDqq “ 8.

Proposition 7.6 then implies ρg,npψϕmψ´1q ‰ 1 for some m ě 1. But since

ρg,npψϕmψ´1q “ ρg,npψqρg,npϕqmρg,npψq´1

this implies ρg,npϕq ‰ 1. Thus K is the trivial subgroup of ModpΣg,nq.
It remains to show that intersection of kerpρg,nq with the subgroup H1pΣ˝;Z{2q Ă Γg,n is also

trivial. Let ζ P H1pΣ˝;Z{2q be nonzero. Let pC, T q be a standard pair of type I or II with a choice
of 1-manifold w. Choose an embedded 1-manifold with boundary wζ Ă Σ with Bwζ “ wζ X P
such that ζpzq “ rwζs ¨ z for all z P H1pΣ˝;Z{2q. Then

ζ pXpC, T,wqq “ XpC, T,w \ wζq

where wζ is viewed in a copy of Σ which is slightly pushed into the interior of C. This follows
from the description of the H1pΣ˝;Z{2q action on Mg,n given in §4.4.2. Choose w “ H and write
XpC, T q “ XpC, T,wq.

Similar to the proof of Proposition 7.5, using 3g`n ą 4 and ζ ‰ 0, we may choose pC, T q such
that either wζ has odd intersection with the cocore of a 1-handle, or has an odd number of boundary
points on some B`-parallel arc of T . Write pYid, Lidq for the double of pC, T q. The existence of a
sphere in Yid ∖ Lid which has odd intersection with wζ implies IpYid, Lid, wζq “ 0, or equivalently

ζ pXpC, T qq X XpC, T q “ H. (68)

On the other hand, we claim that IpYid, Lidq ‰ 0. First observe that

pYid, Lidq –

$

&

%

p#gS1 ˆ S2#S1 ˆ S2, U \ Lq (type I)

p#g´1S1 ˆ S2#S1 ˆ S2#S1 ˆ S2, U 1 \ L1 \ L2q (type II)
(69)

In the type I case, U is an pn ´ 3q{2 component unlink and L is three parallel copies of S1 in the
last S1 ˆ S2 summand. In the type II case, U 1 is an pn ´ 1q{2 component unlink, L1 is a copy of
S1 in the last S1 ˆ S2 summand, and L2 is a knot in the last two summands S1 ˆ S2#S1 ˆ S2

which is in the homotopy class aba´1b´1 in a presentation of π1pS1 ˆ S2#S1 ˆ S2q, based at a
point in the separating 2-sphere, where a and b are the two S1 factors. These descriptions are easily
obtained by taking the doubles of the standard pairs in Figure 7, for example. For type I, the link L
is formed by the gluing the two triples of vertical arcs in each copy of pC, T q. For type II, L1 is the
gluing of the two vertical arcs and L2 that of the two special arcs.

To show IpYid, Lidq ‰ 0, by Theorem 1.10 it suffices to show that there are no 2-spheres in Yid
that intersect Lid in a single point. In the type I case, as such a 2-sphere has odd homological pairing
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with Lid, it has odd pairing with each of the three parallel components of L, and thus intersects Lid
in at least 3 points, yielding the desired claim.

Suppose then that pC, T q is type II. Let S Ă Y be a 2-sphere that intersects Lid in a single point.
Let S1 be the 2-sphere which separates the summand #g´1S1 ˆS2 from S1 ˆS2#S1 ˆS2 in (69).
Suppose S is chosen among all 2-spheres which intersect Lid in one point, with S X S1 transverse,
so that the number of components in SXS1 is minimal. If SXS1 is nonempty, choose a component
of S X S1 which bounds a disk in S1. Doing surgery of S along this disk yields two new spheres,
one of which intersects Lid in one point and has fewer components of intersection with S1 than did
S, a contradiction. Thus we may assume S X S1 is empty.

As U 1 and L2 are nullhomologous, S must intersect the component L1. Together with the
conclusion of the previous paragraph, the problem is reduced to showing that there are no 2-spheres
in pS1 ˆ S2#S1 ˆ S2, L1 \ L2q that intersect L1 once and miss L2. Given such a 2-sphere S, the
complement of a regular neighborhood of S Y L1 implies that L2 lies in a copy of S1 ˆ S2 ∖ B3.
Since L2 is nullhomologous, it must be nullhomotopic in S1 ˆ S2 ∖ B3. This contradicts the fact
that L2 is in the non-trivial homotopy class aba´1b´1 in π1pS1 ˆ S2#S1 ˆ S2q.

Having shown IpYid, Lidq ‰ 0, we conclude from Theorem 1.9 that

npXpC, T q,XpC, T qq ą 0.

Together with (68), we obtain that XpC, T q and ζpXpC, T qq are not Hamiltonian isotopic, and thus
the symplectomorphism on Mg,n induced by ζ is not Hamiltonian isotopic to the identity. This
completes the argument that the intersection of kerpρg,nq with the subgroup H1pΣ˝;Z{2q Ă Γg,n is
the trivial group, and completes the proof of the theorem.

8 The Lagrangian sphere complex of the del Pezzo surface Bl5CP2

In this section, we study Lagrangian spheres in the symplectic manifold M0,5. The main theme of
this section is a connection between the intersection theory of Lagrangian spheres in M0,5, modulo
symplectic isotopy, with the intersection theory of essential simple closed curves in Σ0,5, consid-
ered up to isotopy. As pointed out in the introduction, M0,5 is symplectomorphic to the mono-
tone del Pezzo surface Bl5CP2, the projective plane blown up at 5 generic points. Specifically,
a diffeomorphism between M0,5 and Bl5CP2 follows from [KK91], as explained in [Kir17], and
by [McD98, Theorem 1.2], any two symplectic forms ω1 and ω2 on Bl5CP2 satisfying rωis “

c1pBl5CP2q are symplectomorphic. The cohomology class c1pBl5CP2q is given by

rωs “ 3H ´ E1 ` ¨ ¨ ¨ ´ E5, (70)

where H is the hyperplane class and Ei are the exceptional classes of the blowups.
Let γ be an essential, non-peripheral simple closed curve in Σ0,5. Attaching a 2-handle to a

thickened Σ0,5 along γ produces a 3-manifold diffeomorphic to a 3-ball with two disjoint open
3-balls removed. The 5 marked points determine a tangle in this manifold whose three boundary
components contain five, three, and two marked points, respectively. Cap off the latter boundary
sphere by gluing in a ball with a B`-parallel arc, to obtain the pair pCγ , Tγq. Then Cγ is the
compression body S2 ˆ r0, 1s and Tγ is a trivial tangle with one B`-parallel boundary component
and three vertical boundary components. In particular, pCγ , Tγq is a standard p0, 5q pair of type I.
Thus to the curve γ in Σ0,5 we have an associated Lagrangian

Λ`
γ :“ XpCγ , Tγq Ă Mg,n.
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p1 p2 p3 p4 p5p5

γ

Figure 10: After identifying S2 with the plane together with the point at infinity, and placing the
marked points at the locations pi shown above, any essential curve may be mapped to the curve γ
by a suitable diffeomorphism of Σ0,5.

Let wγ be an embedded compact 1-manifold in Cγ with Bwγ “ wγ X Tγ the union of a point on
the B`-parallel boundary component of Tγ and a point on one of the vertical boundary components.
From this we obtain another Lagrangian associated to the curve γ:

Λ´
γ :“ XpCγ , Tγ , wγq Ă Mg,n.

From (66), we see that Λ˘
γ are Lagrangian spheres. Explicitly, applying a diffeomorphism of Σ0,5,

we may assume that γ is as in Figure 10. With respect to a standard presentation of π1pS2∖Pq with
generators c1, . . . , c5 and relation c1c2c3c4c5 “ 1, the moduli space M0,5 consists of the conjugacy
classes of tuples pC1, . . . , C5q of traceless elements in SUp2q with C1C2C3C4C5 “ 1, and Λ˘

γ

corresponds to the subspace defined by the conditions

C1C2 “ ˘1, C3C4C5 “ ˘1. (71)

Note that although the choice of wγ is not unique, Λ´
γ is independent of this choice. Any given

rC1, . . . , C5s P Λ˘
γ has a unique representative with

C3 “ ¯

„

i 0
0 ´i

ȷ

, C4 “

„

0 1
´1 0

ȷ

, C5 “

„

0 i
i 0

ȷ

,

and where C1 “ ¯C2 is any traceless element. Note that Λ`
γ and Λ´

γ are disjoint.
A signed curve in Σ0,5 is a pair pγ, ϵq of an essential simple closed curve γ in Σ0,5 and a choice

of sign ϵ P t´,`u. Signed curves pγ1, ϵ1q and pγ2, ϵ2q are isotopic if γ1 and γ2 are isotopic and
ϵ1 “ ϵ2. The above construction associates to a signed curve pγ, ϵq in Σ0,5 a Lagrangian sphere Λϵ

γ

in M0,5 “ Bl5CP2 which clearly only depends on the isotopy class of pγ, ϵq.

Theorem 8.1. Two Lagrangians Λϵ1
γ1 and Λϵ2

γ2 associated to non-isotopic pγ1, ϵ1q and pγ2, ϵ2q can
be displaced from each other by a Hamiltonian isotopy if and only if the simple closed curves γ1
and γ2 can be made disjoint from each other by isotopy.

In preparation for the proof we have the following. Recall the notation from §7.1.

Lemma 8.2. For the compression body with trivial tangle pCγ , Tγq, we have:

(i) DpCγ , Tγq “ tγu.

(ii) Every γ1 P A pCγ , Tγq may be displaced from γ.
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Proof. Recalling Σ0,5 “ pS2,Pq where P “ tp1, . . . , p5u, note

π1pS2 ∖ Pq – F4, π1pCγ ∖ Tγq – F3,

where Fn is the free group with n generators. Let γ1 be an essential simple closed curve that is
nullhomotopic in Cγ ∖ Tγ and pick orientations for both of γ, γ1. Then γ1 determines a conjugacy
class in π1pS2∖Pq such that the inclusion of S2∖P into Cγ ∖Tγ maps this conjugacy class to the
identity class in π1pCγ ∖ Tγq. Since the fundamental group of Cγ ∖ Tγ is the quotient of the free
group π1pS2 ∖ Pq by the normal closure xxγyy determined by γ, the conjugacy class of γ1 belongs
to xxγyy. Therefore, the identity map of π1pS2 ∖ Pq induces a surjection

π1pS2 ∖ Pq{xxγ1yy Ñ π1pS2 ∖ Pq{xxγyy.

The domain and the codomain of this map are isomorphic to F3, and the Hopfian property of free
groups implies that this map is an isomorphism, hence xxγyy “ xxγ1yy. Using [Mag30], we conclude
that γ1 is conjugate to γ or γ´1. In particular, the underlying simple closed curves are isotopic to
each other. It follows that DpCγ , Tγq “ tγu, proving (i).

Next, let γ1 P A pCγ , Tγq. Let γi be a small loop around the marked point pi. By definition
of A pCγ , Tγq, there is a disk D Ă Cγ with BD “ γ1 that intersects Tγ transversely in one point,
and we assume pi is one of the endpoints of the component of Tγ intersecting D. Note that in the
case of Figure 10, the point pi must be one of p3, p4, p5. Cut out a small disk in D which intersects
Tγ and replace it with a tube that runs down to S2, yielding an annulus in Cγ ∖ Tγ with boundary
components γ1 and γi. Do surgery on this annulus along a disk cobounding an arc on S2 ∖ P and
an arc on the annulus, each running from γ1 to γi. The result is a possibly immersed disk whose
boundary is a band sum γ1#γi. As this curve is essential in S2∖P and is null-homotopic inCγ∖Tγ ,
item (i) implies γ1#γi is isotopic to γ. From this, (ii) follows.

Proof of Theorem 8.1. Suppose Lagrangians Λϵ1
γ1 and Λϵ2

γ2 for non-isotopic pγ1, ϵ1q and pγ2, ϵ2q can
be displaced by Hamiltonian isotopy. Let pY,L,wq be the triple obtained from gluing pCγ1 , Tγ1 , w1q

and pCγ2 , Tγ2 , w2q along their common boundaries, where wi “ H if ϵi “ ` and wi “ wγi if
ϵi “ ´. Theorem 1.9 implies that IpY,L,wq “ 0, and then by Proposition 7.3 we have

pD1 X A2q Y pA1 X D2q Y
`

D0
1 X D1

2

˘

Y
`

D1
1 X D0

2

˘

‰ H

where Di “ DpCi, Tiq, Dε
i “ DεpCi, Ti, wiq, and Ai “ A pCi, Tiq. If D1 X A2 is non-empty,

then Lemma 8.2 implies that γ1 can be made disjoint from γ2 by an isotopy. We obtain a similar
conclusion if A1 XD2 is non-empty. If D0

1 XD1
2 or D1

1 XD0
2 is non-empty, then Lemma 8.2 implies

γ1 is isotopic to γ2. In particular, γ1 can be made disjoint from γ2 by an isotopy.
In the reverse direction, if pγ1, ϵ1q and pγ2, ϵ2q are non-isotopic and γ1 and γ2 can be made

disjoint from each other, then either γ1 and γ2 are isotopic to each other and ϵ1 ‰ ϵ2 or γ1 and γ2
are non-isotopic to each other. In the former case, either D0

1 XD1
2 or D1

1 XD0
2 contains γ1 “ γ2, and

hence there is an embedded sphere S in Y that is disjoint from L and S ¨w is odd. In particular, the
character variety XpY, L,wq “ Λϵ1

γ1 XΛϵ2
γ2 is empty. In the latter case that γ1 and γ2 are non-isotopic

and they can be made disjoint from each other by isotopy, either D1 X A2 or A1 X D2 is non-empty.
In particular, there is an embedded sphere S in Y that intersects L transversely in exactly one point.
This again implies XpY, L,wq “ Λϵ1

γ1 X Λϵ2
γ2 is empty.
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E1 ´ E2 E2 ´ E3
E3 ´ E4

E4 ´ E5

H ´ E1 ´ E2 ´ E3

Figure 11: A basis for the lattice rωsK realizing the D5 Dynkin diagram

The symplectic mapping class group of the del Pezzo surface Bl5CP2 has been studied ex-
tensively. In particular, the isomorphism type of this group can be recovered from the results of
[Eva11]. The basis tH,E1, ¨ ¨ ¨ , E5u of H2pM0,5;Zq consists of orthogonal elements with respect
to the intersection form. Furthermore, H ¨ H “ 1 and Ei ¨ Ei “ ´1. Any symplectomorphism
ϕ : M0,5 Ñ M0,5 determines an action on H2pM0,5;Zq that preserves the intersection form and
acts identically on the cohomology class rωs given in (70). In particular, any such ϕ determines an
automorphism of the negative definite lattice rωsK Ă H2pM0,5;Zq. This lattice is isomorphic to
negative definite root lattice of type D5, as exhibited by the basis in Figure 11.

The group W pD5q of isometries of the lattice rωsK is isomorphic to S5 ˙ H1pΣ˝;Z{2q. In
particular, we have a homomorphism π0SymppM0,5q Ñ W pD5q, which is surjective, as follows
from [Sei08] or the proof of Proposition 8.3 below. Recall that the kernel of this homomorphism,
denoted by π0SymphpMg,nq, is the group of symplectomorphisms acting trivially on H2pM0,5;Zq.
This group is isomorphic to the pure mapping class group PModpΣ0,5q, see [Eva11].

Proposition 8.3. The map ρ0,5 : Γ0,5 Ñ π0SymppM0,5q is an isomorphism.

Proof. In the previous section, we showed that ρ0,5 : Γ0,5 Ñ π0SymppMg,nq is injective, and
by Proposition 3.5, this action maps the subgroup PModpΣ0,5q of Γ0,5 into π0SymphpM0,5q –

PModpΣ0,5q. This implies that the restriction of ρ0,5 to PModpΣ0,5q is an isomorphism because
PModpΣ0,5q is co-Hopfian [BM07, Corollary 3]. Thus ρ0,5 induces an injective map

Γ0,5{PModpΣ0,5q Ñ π0SymppM0,5q{π0SymphpM0,5q.

Since the domain and the codomian of this map are both isomorphic to the finite group S5 ˙pZ{2q4,
this map has to be an isomorphism. In particular, ρ0,5 is an isomorphism.

Remark 8.4. Given an essential non-peripheral simple closed curve γ, let τγ : Σ0,5 Ñ Σ0,5 be
the diffeomorphism given by half twist along γ. Then the symplectomorphism ρ0,5pτγq is given by
symplectic Dehn twist along the Lagrangian sphere Λ`

γ . This observation goes back to Seidel and
it is discussed in detail in [WW16b, Theorem 3.11].

Proposition 8.5. Γ0,5 acts transitively on symplectic isotopy classes of Lagrangian spheres inM0,5.

Proof. For any Lagrangian sphere L in M0,5, the homology class ζ of L has self-intersection ´2
and pairs trivially with (70). In particular, ζ belongs to the lattice ofD5 described above. The action
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pγ1,`q pγ2,`q pγ3,`q

pγ4,`q

pγ5,´q

Figure 12: A family of Lagrangians spheres inducing the graph D5

of the Weyl group W pD5q on the lattice is transitive on the points with self-intersection ´2. This
implies that starting with a fixed pγ0, ϵ0q, there is a symplectomorphism ϕ : M0,5 Ñ M0,5 such
that ϕpΛϵ

γq is in the same homology class as ζ. Now the result follows from [BLW14, Corollary
1.2] which states that the action of π0SymphpM0,5q on symplectic isotopy classes of Lagrangian
spheres in the same homology class is transitive.

The homologicalD5 configuration of Figure 11 may be realized geometrically as follows. First,
suppose γ1 and γ2 are essential non-peripheral simple closed curves in Σ0,5 with minimal geomet-
ric intersection number 2. After a diffeomorphism, we may assume γ1 and γ2 are as in Figure
12. Choose signs ϵ1 and ϵ2. Then, using the description of Λϵ1

γ1 given in (71), and the analogous
description of Λϵ2

γ2 , we obtain that Λϵ1
γ1 XΛϵ2

γ2 intersects transversely in a single point represented by

C1 “ ´ϵ1C2 “ ϵ1ϵ2C3 “

„

i 0
0 ´i

ȷ

, C4 “ ´ϵ2

„

0 1
´1 0

ȷ

, C5 “

„

0 i
i 0

ȷ

.

It follows that the Lagrangian spheres associated to the signed curves in Figure 12 form a D5 con-
figuration. That is, after an automorphism of the lattice, the homology classes of the associated
Lagrangian spheres align with the vertices in Figure 11, and two Lagrangian spheres intersect trans-
versely in a single point if their vertices are connected by an edge, and are otherwise disjoint.

Recall from the introduction the definitions of the signed curve complex rCpΣ0,5q and the La-
grangian sphere complex LpM0,5q. The association of the Lagrangian sphere Λϵ

γ to a signed curve
pγ, ϵq defines a map on the vertices of these simplicial complexes:

F : rCpΣ0,5qp0q Ñ LpM0,5qp0q

There is a natural simplicial action of π0SymppM0,5q on LpM0,5q. The natural action of ModpΣ0,5q

on rCpΣ0,5q extends to a simplicial Γ0,5-action, where pϕ, ζq P Γ0,5 “ ModpΣ0,5q ˙ H1pΣ˝;Z{2q

maps a vertex pγ, ϵq to pφ˚pγq, ϵ ¨ζpγqq, where ζpγq is the pairing of the cohomology class ζ and the
homology class of γ. These actions on the set of vertices of rCpΣ0,5q and LpM0,5q are intertwined
via ρ0,5 and the map F . The following implies Theorem 1.2.

Theorem 8.6. There is a Γ0,5-equivariant simplicial isomorphism rCpΣ0,5q – LpM0,5q.

Proof. First we show that F is an isomorphism. Since F is Γ0,5-equivariant and the action of Γ0,5

on the set of vertices of LpM0,5q is transitive by Proposition 8.5, the map F is surjective. To show
injectivity, let pγ, ϵq and pγ1, ϵ1q be mapped to two Lagrangians in the same symplectic isotopy class.
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Since Λϵ
γ and Λ´ϵ

γ can be displaced, we may displace Λ´ϵ
γ and Λϵ1

γ1 . Therefore, Theorem 8.1 implies
that γ and γ1 can be made disjoint from each other by an isotopy. Another application of Theorem
8.1 shows that if γ and γ1 are not isotopic to each other, then Λϵ

γ and Λϵ1

γ1 can be displaced from
each other. But this is impossible because these two Lagrangians are isotopic to each other and
they have self-intersection ´2. Thus γ and γ1 are isotopic. Now if ϵ ‰ ϵ1, then Λϵ

γ and Λϵ1

γ1 can be
made disjoint from each other, which is another contradiction. We conclude that pγ, ϵq and pγ1, ϵ1q

represent the same vertices in rCpΣ0,5q. Thus F is an isomorphism.
To show that F can be extended to an isomorphism of simplicial complexes, we need to show

that distinct vertices pγ0, ϵ0q, . . . , pγn, ϵnq span an n-simplex in rCpΣ0,5q if and only if the Lagrangian
spheres Λϵ0

γ0 , ¨ ¨ ¨ , Λϵn
γn span an n-simplex in LpM0,5q. For n “ 1, this is proved in Theorem 8.1. For

n ą 1, we observe that rCpΣ0,5q and LpM0,5q are both flag simplicial complexes: a set of vertices in
these complexes span a simplex if and only if every pair of such vertices are connected by an edge.
In the case of LpM0,5q, this property is already established in the proof of Theorem 8.1. Indeed, the
proof shows that if two Lagrangian spheres Λϵ

γ and Λϵ1

γ1 can be displaced by a symplectic isotopy,
then they are already disjoint without applying a non-trivial isotopy. This property for rCpΣ0,5q

follows from standard properties of simple closed curves on a punctured surface.

Finally, Corollary 1.3 follows from Theorem 1.2 and the following.

Lemma 8.7. There is a homotopy equivalence rCpΣg,nq » CpΣg,nq.

Proof. For a simplex ∆ in CpΣg,nq spanned by k ` 1 vertices γ0, . . . , γk we denote by ∆‹ the
simplex in rCpΣg,nq spanned by the 2k ` 2 vertices pγ0,˘q, . . . , pγk,˘q. The geometric realization
of ∆‹ is the subset of the real vector space with basis the vertices of ∆‹ given by linear combinations

ÿ

tϵipγi, ϵq

where the sum is over 0 ď i ď k and ϵ P t`,´u, and
ř

tϵi “ 1, tϵi ě 0. A deformation retraction
f : r0, 1s ˆ ∆‹ Ñ ∆‹ onto the simplex spanned by the vertices pγ0,`q, . . . , pγk,`q is defined by

fps,
ÿ

tϵipγi, ϵqq “
ÿ

pt`i ` st´i qpγi,`q ` p1 ´ sq
ÿ

t´i pγi,´q

Noting p∆ X ∆1q‹ “ ∆‹ X ∆1
‹, we see that these deformation retractions combine to define a

deformation retraction of rCpΣg,nq onto the subcomplex spanned by vertices with sign `, and the
latter may be identified with the ordinary curve complex CpΣg,nq.

For an alternative and more symmetric viewpoint, note that there is a simplicial involution

σ : rCpΣg,nq Ñ rCpΣg,nq

induced by the map on vertices σpγ, ϵq “ pγ,´ϵq. The fixed point set of σ, while not a subcomplex
of rCpΣg,nq, is homeomorphic to the ordinary curve complex CpΣg,nq. An argument similar to the
one above shows that rCpΣg,nq deformation retracts onto the fixed point set of σ.
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9 Intersections of Lagrangians in Mg,n and SUp2q-simple knots

A knot K Ă S3 is called non-degenerate SUp2q-simple if every element of the traceless SUp2q

character variety XpS3,Kq is non-degenerate and has binary dihedral image. In §9.2, given a Hee-
gaard decomposition of pS3,Kq along Σg,n, we will associate Lagrangians Λ1 and Λ2 in Mg,n`1,
and in the case that K is non-degenerate SUp2q-simple, we compute the minimal intersection num-
ber of these Lagrangians, see Theorem 9.5. In §9.3, we apply these methods to the case of M0,5 to
prove Theorem 1.5. In the course of the proof of this theorem, we require a relationship between
two different versions of singular instanton homology, which is established in §9.1.

9.1 Connected sums and I6pY, Lq

Following [KM11a], for a given (not necessarily admissible) triple pY,L,wq and a choice of base-
point p on the link L, define the reduced singular instanton homology group

I6pY,Lq “ IpY,L#H,w \ wHq

where, as before, H is a Hopf link and wH is an arc connecting the two components of H; the
connected sum is taken at the chosen basepoint p of L with one of the components of H . This
instanton homology group by definition is equal to IpY, Lπ, wπq, introduced in §6, with π “ tpu.
The constructions of this paper are related to I6pY,Lq via the following.

Proposition 9.1. Let pY, L,wq be an admissible link, with a chosen basepoint on L. Then

IppY, L,wq#S1 ˆ Σ0,3q – I6pY, L,wq ‘ I6pY, L,wq

as Z{2-graded abelian groups, where the connected sum is taken with respect to the chosen base-
point onL and any basepoint on S1ˆtp1, p2, p3u. The same claim holds if Y is an integer homology
sphere, L is a link with non-zero determinant and w is empty.

Proof. For the proof of the claim in the case that pY, L,wq is admissible or a knot in an integer
homology sphere, we apply the connected sum theorem [DS24a, Theorem 8.8]. We refer to that
reference for the necessary background on S-complexes. The same argument applied to the con-
struction of [DS24b] treats the case that L is a non-zero determinant in an integer homology sphere.
To apply the connected sum theorem, we must describe the S-complex rCpS1 ˆ Σ0,3q. This may be
done using some computations from [KM25], which we now recall.

The admissible link S1 ˆ Σ0,3 has two irreducible critical points for the unperturbed Chern–
Simons functional. Indeed, its traceless SUp2q character variety consists of two copies of M0,3

(each a point), distinguished by whether the holonomy around the S1-factor is ˘1. The Floer
gradings of these generators differ by 2 pmod 4q, and thus after choosing an absolute Z{4-grading,
the irreducible singular instanton chain complex may be written

CpS1 ˆ Σ0,3q “ Zp0q ‘ Zp2q

where subscripts indicate Z{4 gradings. The differential d of this complex vanishes for degree
reasons. To determine the S-complex rCpS1 ˆΣ0,3q, it remains to determine the v-map v : CpS1 ˆ

Σ0,3q Ñ CpS1 ˆΣ0,3q, which is degree 2 pmod 4q. A priori, v depends on a choice of basepoint in
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S1 ˆ tp1, p2, p3u. Up to a nonzero constant, it is equal to one of the operators δi in [KM25], where
i P t1, 2, 3u records which component of S1 ˆ tp1, p2, p3u contains the basepoint.

Following [KM25, §7.4] (with trivial local coefficient systems, setting the variables τi “ 1),
in addition to δ1, δ2, δ3, there are operators α, ε acting on irreducible instanton homology IpS1 ˆ

Σ0,3q “ CpS1 ˆ Σ0,3q that satisfy the relations

ϵ1δ1 ` ϵ2δ2 ` ϵ2δ3 ` 2α ` 2ε “ 0

for any ϵi P t´1, 1u with ϵ1ϵ2ϵ3 “ 1. Taking the differences of two such relations gives δi ` δj “ 0
for i ‰ j, which leads to δi “ 0 for i P t1, 2, 3u. In particular, v “ 0.

Thus the S-complex rCpS1 ˆΣ0,3q splits as a direct sum of two copies of the S-complex for the
pair pH,wHq of the Hopf link, with the copies differing in grading by 2 pmod 4q. The connected
sum theorem applies just as in [DS24a, §8.2] to yield the desired result.

9.2 Lagrangians from stabilized Heegaard splittings

Two embedded Lagrangians Λ1 and Λ2 in a symplectic manifold M have clean intersection if
Λ1 X Λ2 is a smooth submanifold of M , and for all p P Λ1 X Λ2,

TppΛ1 X Λ2q “ TpΛ1 X TpΛ2.

Lemma 9.2. Suppose Λ1 and Λ2 are embedded Lagrangians in a symplectic manifold that have
clean intersection, and choose a Morse function f : Λ1 X Λ2 Ñ R. Then

npΛ1,Λ2q ď |Critpfq|.

Proof. Given the Morse function f , Pozniak shows in [Poź99, Theorem 3.4.11] how to perturb one
of the Lagrangians by a small Hamiltonian isotopy so that the resulting intersection is transverse
and in bijection with the critical points of f .

SupposeL is a link in a closed 3-manifold Y , andw Ă Y is a 1-manifold satisfying Bw “ wXL.
We do not assume pY, L,wq is admissible. Choose a Heegaard decomposition

pY,L,wq “ pC1, T 1, w1q YΣg,n pC2, T 2, w2q (72)

wherew “ w1Yw2; we may assumewXΣg,n “ H, for homological reasons. Note nmust be even.
Choose a basepoint on L which lies on Σg,n, and form the connected sum of pY, Lq with S1 ˆ Σ0,3

with respect to this point and a basepoint on S1 ˆ tp1u. We have an induced decomposition

pY, L,wq#S1 ˆ Σ0,3 “ pC1, T1, w1q YΣg,n`1\Σ0,3 pC2, T2, w2q (73)

where pCi, Tiq is formed by performing a boundary connect sum of pCi, T iq with I ˆ Σ0,3, and
these are glued in the obvious way. The compression bodies pCi, Ti, wiq induce, in the familiar
way, embedded Lagrangians Λi “ XpCi, Ti, wiq in Mg,n`1.

As a variation of the traceless character variety XpY, L,wq, define the representation variety

RpY, L,wq “ tρ : π1pY ∖ pLY wqq Ñ SUp2q | ρpµq “

„

i 0
0 ´i

ȷ

, ρpνq “ ´1u,
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where µ is a distinguished meridian around the basepoint of L, and ν ranges over all meridians
of w. There is a circle action on RpY,L,wq by conjugating with respect to diagonal matrices of
SUp2q, and the quotient is XpY,L,wq. We may also view the elements of RpY,L,wq as singular
flat connections A on pY, L,wq with holonomy approaching diagpi,´iq around meridians of the
preferred basepoint of L, modulo gauge transformations that preserve this condition; see [DS24a].

The dimension of the Zariski tangent space of rAs P RpY, L,wq is

dimH1
A ` 1 ´ dimH0

A. (74)

Note dimH0
A “ dim StabS1pAq is either 0 or 1, depending on whether A is irredicible or not.

We say RpY, L,wq is Morse-Bott non-degenerate if it is a smooth manifold and the Zariski tangent
space at each point has the same dimension as the component of RpY, L,wq in which the point
lies. Equivalently, the relevant Chern–Simons functional on the space of singular connections for
pY, L,wq, framed at the basepoint of L, is Morse–Bott non-degenerate.

Lemma 9.3. Suppose RpY, L,wq is Morse-Bott non-degenerate. Then for any Heegaard decompo-
sition of pY, L,wq as in (72), the induced Lagrangians Λ1,Λ2 Ă Mg,n`1 have clean intersection.

Proof. As explained in (55), Λ1XΛ2 can be identified with X# “ XppY, L,wq#S1ˆΣ0,3q modulo
a free involution. The Zariski tangent space of an element rA#s in X# is equal to H1

A# . We have

H1
A# “ TA#Λ1 X TA#Λ2,

as follows from the Mayer-Vietoris exact sequence for the decomposition (73) in cohomology with
coefficients associated to the adjoint flat connections. From this we see that Λ1 and Λ2 intersect
cleanly if and only if X# is Morse-Bott non-degenerate.

It remains to argue that X# is Morse-Bott non-degenerate. First, there is a diffeomorphism

RpY, L,wq ˆ t´1,`1u Ñ X#

which, from the viewpoint of flat connections, sends prAs,˘1q to rA#
˘s, where A#

˘ is a singular
flat connection on pY,L,wq#S1 ˆ Σ0,3 obtained by gluing the unique singular flat connection B
on S1 ˆΣ0,3 with holonomy ˘1 around S1 to the flat connection A on pY,L,wq using the framing
at the basepoint of L. Thus X# is a smooth manifold. To verify the Zariski tangent space condition,
apply the Mayer-Vietoris sequence with local coefficients to the decomposition of pY, L,wq#S1 ˆ

Σ0,3 along the connected sum sphere pS2, 2 ptsq to obtain the induced exact sequence

0 Ñ H0
A Ñ H0

θ Ñ H1
A#

˘

Ñ H1
A Ñ H1

θ

where we have used the irreducibility and the non-degeneracy of B, giving H i
B “ 0 for i P t0, 1u,

and the irreducibility of A#
˘ . Furthermore, θ is the unique singular flat connection on pS2, 2 ptsq,

and satisfies H0
θ “ R, H1

θ “ 0. It follows that dimH1
A#

˘

agrees with (74).

For a triple pS3, L, wq, we say w is non-trivial if w intersects one of the components of L in an
odd number of points. Otherwise, we say w is trivial.
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Lemma 9.4. Suppose pS3, L, wq has XirrpS3, L, wq non-degenerate. If w is trivial and detpLq ‰ 0,
then for the induced Lagrangians Λ1,Λ2 Ă Mg,n`1 we have

npΛ1,Λ2q ď 2|L|´1 ` 2|XirrpS3, L, wq,

where |L| is the number of components of L. If w is non-trivial , then we have

npΛ1,Λ2q ď 2|XirrpS3, L, wq|.

Proof. If w is trivial and detpLq ‰ 0, the character variety XpS3, L, wq has 2|L|´1 reducible
classes, all non-degenerate [DS24b, Prop. 3.1]. Together with the non-degeneracy assumption
on XirrpS3, L, wq, we obtain that RpS3, L, wq is Morse-Bott non-degenerate for any choice of base-
point on L, and is the disjoint union of 2|L|´1 points and |XirrpS3, L, wq| circles. The result then
follows from Lemmas 9.2 and 9.3, by choosing f so that it is a standard Morse function with two
critical points on each circle. The argument in the case that w is non-trivial is the same, except that
there are no reducibles in XirrpS3, L, wq.

Theorem 9.5. If K Ă S3 is a non-degenerate SUp2q-simple knot, then Λ1,Λ2 Ă Mg,n`1 satisfy

npΛ1,Λ2q “ detpKq.

Proof. By Theorem 1.9, the decomposition (73), and Proposition 9.1, we have

npΛ1,Λ2q ě
1

2
rankZ IppS3,Kq#S1 ˆ Σ0,3q “ rankZ I6pKq (75)

Furthermore, by [KM10a], rankZ I6pKq ě detpKq. The reverse inequality npΛ1,Λ2q ď detpKq is
implied by Lemma 9.4 and the fact that for any knot K the number of irreducible binary dihedral
SUp2q representations, up to conjugacy, is pdetpKq ´ 1q{2; see [Kla91].

The basic examples of non-degenerate SUp2q-simple knots are two-bridge knots. For more
details, including constructions of non-two-bridge examples, see [Zen17].

9.3 Intersection numbers in Σ0,5 and two-bridge links

We now turn to the proof of Theorem 1.5. Let pγ, ϵq and pγ1, ϵ1q be non-isotopic signed curves in
Σ0,5. Suppose that there is a disk D Ă Σ0,5 containing exactly two of the marked points and which
is disjoint from γ and γ1. Referring to Figure 12, after a diffeomorphism of Σ0,5 we may assume
that γ “ γ1 and that the disk D is the compact disk interior to γ5.

The isotopy class of γ1 Ă Σ0,5zD may be understood as follows. By collapsing D to a point,
we may view γ1 as a curve in the 4-punctured sphere Σ0,4. Isotopy classes of essential simple
closed curves in Σ0,4 are in correspondence with Q Y t8u, see [FM12, §2.2.5]. In our setting,
γ1 corresponds to the reduced fraction p{q where, upon orienting γ1, γ2, γ1, the minimal oriented
geometric intersection number of γ1 with γ1 is 2p, and that of γ1 with γ2 is 2q.

In this case, the closed pair pY, Lq “ pCγ , Tγq YΣ0,5\Σ0,3 pCγ1 , Tγ1q may be identifed as

pY, Lq “ pS3, Lp{qq#S1 ˆ Σ0,3 (76)
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where Lp{q is a two-bridge link of type p{q, and the connected sum is of links. The particular
components that are joined in the connected sum will not be important.

To explain the identification (76), view γ and γ1 in Σ0,4 by collapsingD to a point. Let pCγ , T γq

be a 4-ball Cγ with tangle T γ consisting of two B`-parallel arcs such that BpCγ , T γq “ Σ0,4 and
the two pairs of points in Σ0,4 which are divided by γ are respectively connected by the arcs of
T γ . Define pCγ1 , T γ1q similarly. Then gluing these 4-balls, each containing a trivial 2-tangle, in the
obvious way gives a standard description of the two-bridge link Lp,q via rational tangles:

pS3, Lp{qq “ pCγ , T γq YΣ0,4 pCγ1 , T γ1q

The effect of remembering that one of the four points is the collapsing of the disk D, and replacing
pCγ , T γq by the original compression body pCγ , Tγq and similarly for γ1, we obtain the connected
sum description of pY, Lq given above. With this background we proceed to the proof.

Proof of Theorem 1.5. If p{q “ 0, then γ and γ1 are isotopic, and this is covered by Theorem 8.1.
If p{q “ 8, then after a diffeomorphism, γ and γ1 are γ1 and γ2 in Figure 12, a case already treated
above. Henceforth assume p{q P Q∖ t0u. Note detpLp{qq “ |p| and ipγ, γ1q “ 2|p|.

The Lagrangians Λϵ
γ , Λϵ1

γ1 in M0,5 are exactly the sort considered in the previous section. If p is
odd, so that Lp{q is a knot, then Theorem 9.5 directly applies to yield the desired result.

To handle the case in which p is even and w is possibly non-trivial, first note that by Theorem
1.9, the decomposition (76), and Proposition 9.1, we have

npΛϵ
γ ,Λ

ϵ1

γ1q ě
1

2
dim IpY,L,w;Z{2q “ dim I6pLp{q, w;Z{2q. (77)

Using [DS24a, Cor. 8.17], which holds for any choice of w, we have an isomorphism

I#pLp{q, w;Z{2q – I6pLp{q, w;Z{2q ‘ I6pLp{q, w0;Z{2q.

Then, by Corollary 1.5 of [Gon19], since Lp{q is non-split alternating, I#pLp{q, w;Z{2q does not
depend on w, and hence neither does I6pLp{q, w;Z{2q. By the proof of Corollary 1.6 in [KM11a],

dimI6pLp{q, w;Z{2q “ |p|,

since Lp{q is non-split alternating and detpLp{qq “ |p|. Thus npΛϵ
γ ,Λ

ϵ1

γ1q ě |p|.
It remains to establish the reverse inequality npΛϵ

γ ,Λ
ϵ1

γ1q ď |p|. For this, we use

|XirrpLp{q, wq| “
1

2
pdetpLp{qq ´ 2|Lp{q |´1q,

and that these character varieties are non-degenerate. This is standard in the case that w is trivial,
and one proof, just as in the case for knots, follows by passing to adjoint SOp3q representations
and pulling back to the branched double covers, which are lens spaces with cyclic fundamental
group. The case of more general w may be treated similarly, or we may alternatively appeal to
[Gon19, Theorem 1.8]. The desired inequality then follows from Lemma 9.4.
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10 Lagrangians in the odd character variety M odd
g

We turn to adapt some of the above methods to the case of the odd character varieties Modd
g . In

§10.1, in parallel with results from §7, we study certain Lagrangians in Modd
g that come from com-

pression bodies, and describe when two such Lagrangians can be displaced via Heegaard splitting
data. As mentioned in the introduction, in the genus 2 case, the symplectic manifold Modd

2 may be
identified with the intersection of two generic quadrics Q1 and Q2 in CP2 equipped with a mono-
tone symplectic form. In §10.2 we study this case, and prove Theorem 1.6. Finally, in §10.3 we
study the relationship between intersection numbers of the Lagrangians in Modd

g and SUp2q-cyclic
3-manifolds, and derive an explicit result in the genus 2 case.

10.1 A general detection result for Lagrangians

Assume n is odd. Suppose C is a compression body obtained from pg ´ 1q-many 1-handles to a
thickened torus Σ1 ˆ r0, 1s along Σ1 ˆ t1u. Let w “ w1 \ w2 Ă C where w1 is the union of n
disjoint arcs tptu ˆ r0, 1s (located away from the 1-handle attaching regions) and w2 is a closed
1-manifold in the interior of C. Identifying B`pC,wq with Σg,n we obtain a Lagrangian

pS3qg´1 – XpC,wq Ă Modd
g :“ Mg,np1, . . . , 1q, (78)

where the marked points on Σg,n are labelled with the conjugacy class of ´1 P SUp2q. In particular,
the holonomy of a connection in XpC,wq around any meridian of w is ´1. These Lagrangians were
studied in [DS25]. In all of these constructions, the particular choice of n is immaterial, apart from
it being odd; the reader may prefer to assume n “ 1 throughout.

Recall that the sign-twisted curve complex CtwpΣg,nq has vertices equivalence classes rγ, ϵs
where γ is a simple closed curve in Σg ∖ P which is essential in Σg, and pγ, ϵq „ pγ1, ϵ1q if and
only if γ and γ1 are isotopic through an isotopy which passes through P tranversely m times, where
the parity of m agrees with the sign ϵϵ1. There is a simplicial involution induced by negation:

σ : CtwpΣg,nq Ñ CtwpΣg,nq, σ prγ, ϵsq “ rγ,´ϵs.

Also denote by N pΣgq the subcomplex of CtwpΣg,nq spanned by non-separating curves of Σg. Thus

N pΣgqp0q “ trγ, ϵs | Σg ∖ γ connectedu Ă CtwpΣg,nqp0q

Consider a compression body pair pC,wq with B`pC,wq “ Σg,n as above. For a properly embedded
submanifold A Ă C write B˘A “ AX B˘C. Then BA “ B´A\ B`A. Define

N pC,wq “ trγ, ϵs | γ “ B`D, D a disk in C, D ¨ w ” 1
2p1 ´ ϵ ¨ 1q pmod 2qu Ă N pΣgqp0q

DpCq “ trγs | γ “ B`D, D a disk in C, γ non-separating u Ă CpΣgqp0q

A pCq “ trγs | γ “ B`A, A an annulus in C, B´A essential in B´Cu Ă CpΣgqp0q

Note that there is natural 2-to-1 map from CtwpΣg,nqp0q to CpΣgqp0q which forgets signs. Under this
map, N pC,wq is sent bijectively to DpCq.
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For pC1, w1q, pC2, w2q two such compression body pairs as above, form the closed pair

pY,wq “ pC1, w1q YΣg,n\Σ1,1 pC2, w2q

Use the abbreviations Ni “ N pCi, wiq, D i “ DpCiq, and A i “ A pCiq. The following detection
result is an analogue of Proposition 7.3.

Proposition 10.1. Suppose pY,wq is formed by gluing two compression bodies as above. Then

IpY,wq “ 0 ô pN1 X σ pN2qq Y pD1 X A 2q Y pA 1 X D2q ‰ H.

Proof. First, suppose IpY,wq “ 0. By Theorem 1.10, there is a 2-sphere S Ă Y which has rSs ¨ rws

odd. Denote by F Ă Y the torus obtained by gluing the tori B´Ci – Σ1. Suppose S Ă Y is a
2-sphere with rSs ¨ rws odd for which F is transverse to S and the number of components in S XF
is minimal. If some component of S X F bounds a disk in F , surgery on S along this disk yields
two 2-spheres, both of which have less components of intersection with F than S, and one of which
has odd intersection with w, a contradiction. Thus no components in S X F bound a disk in F .

Thus S X F , if non-empty, consists of a collection of parallel disjoint copies of some essential
simple closed curve γ1 Ă F . Cutting S along S X F gives a union of planar surfaces, and among
these at least one component is a disk. We may view this disk D inside

Y ˝ “ C1 YΣg,n C2

which, from another viewpoint, is Y cut along F . From D we obtain, using [CG87b, Lemma 1.1],
a disk D1 Ă Y ˝ which intersects Σg in a single essential simple closed curve γ. In particular, D1 is
either divided into a disk in C1 and an annulus A in C2 with B`A “ γ and B´A “ γ1, implying

rγs P D1 X A 2,

or D1 is divided by an annulus in C1 and a disk in C2, implying rγs P A 1 X D2. Note that γ
is non-separating because every curve in A i is automatically non-separating. Indeed, an annulus
A Ă Ci having B´A Ă B´Ci an essential closed curve guarantees that the simple closed curve
B`A Ă B`Ci is homologically non-trivial, hence non-separating.

If on the other hand S X F is empty, then S may be viewed as a 2-sphere in Y ˝. Applying
[CG87b, Lemma 1.1], we obtain a 2-sphere S1 in Y ˝ which intersects Σg in a single essential
simple closed curve γ in Σg. The curve γ divides S1 into two disks, one in C1 and another in
C2. The condition that the union of these disks has odd intersection with w implies that γ is non-
separating and rγ, ϵs P N1 X σ pN2q for some sign ϵ.

Now consider the converse. We explain how each of the conditions gives rise to a 2-sphere
S Ă Y with rSs ¨ rws odd, which implies IpY,wq “ 0. First, given rγ, ϵs P N1 X σ pN2q, gluing
the relevant disks Di Ă Ci with BDi “ γ gives the desired 2-sphere. Next, given rγs P D1 X A 2,
glue the relevant disk and annulus to obtain an embedded disk D in Y such that BD is an essential
simple closed curve on F “ Σ1 away from the marked point. Take D1 to be a parallel pushoff of D
whose boundary is a small parallel pushoff of BD on F . In particular, D X D1 “ H. Then BD and
BD1 cobound two annuli on F . Choose the annulus A that contains the marked point of F . Then
gluing D YAYD1 gives the desired 2-sphere. The case D2 X A 1 ‰ H is similar.

Corollary 10.2. Given two compression body pairs pC1, w2q and pC2, w2q as above, the displacibil-
ity of the associated Lagrangians Λi “ XpCi, wiq Ă Modd

g is determined by:

npΛ1,Λ2q “ 0 ô pN1 X σ pN2qq Y pD1 X A 2q Y pA 1 X D2q ‰ H.
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10.2 Lagrangians in the intersection of two quadrics in CP5

For g “ 2, the construction (78) gives Lagrangian spheres in Modd
2 . These may be described

alternatively as follows. Start with Σ2,n “ pΣ2,Pq and choose a non-separating simple closed
curve γ Ă Σ2 ∖ P which is essential on Σ2, the underlying closed surface. Attach a two-handle to
Σ2 ˆr0, 1s to obtain a compression body Cγ . Choose a circle w1

´ in the interior of Cγ , disjoint from
P ˆ r0, 1s, which intersects the core of the two-handle transversely in one point. Let w1

` “ H. For
a given sign ϵ P t´,`u define wϵ “ w1

ϵ Y P ˆ r0, 1s. We obtain a Lagrangian 3-sphere

Λϵ
γ :“ XpCγ , wϵq Ă Modd

2 (79)

This Lagrangian may be described as the flat SUp2q connections in Modd
2 whose holonomy around

γ is ϵ ¨ id. If γ is isotoped to a curve γ1 by an isotopy that crosses a single marked point in P
transversely, then the holonomy of a given connection in Λϵ

γ along γ1 is ´ϵ ¨ id.

Lemma 10.3. For the compression body pair pCγ , wϵq, we have:

(i) N pCγ , wϵq “ trγ, ϵsu.

(ii) DpCγq “ tγu.

(iii) Every γ1 Ă Σg which bounds a disk D1 Ă Cγ may be displaced from γ.

(iv) Every γ1 P A pCγq may be displaced from γ and is not isotopic to γ.

Proof. Similar to the proof of Lemma 8.2, we begin with the observation

π1pΣ2 ∖ Pq – F3`n, π1pCγ ∖ P ˆ r0, 1sq – F2`n

where the latter fundamental group is the quotient of the former by the normal closure of γ. Let
rγ1, ϵ1s P N pCγ , wϵq. If γ1 bounds a disk in Cγ ∖ P ˆ r0, 1s then, since γ1 is an essential simple
closed curve which is non-separating, the argument of Lemma 8.2 (i) implies that γ1 is isotopic to
γ, and ϵ “ ϵ1 since the isotopy does not cross any marked points. In the more general case, we have
that γ1 bounds a disk D Ă Cγ that intersects P ˆ r0, 1s transversely in m points where the parity of
m agrees with ϵϵ1. The argument of Lemma 8.2 (ii) shows that γ1 may be related to γ by performing
m consecutive band sums, at each step involving a small loop around one of the marked points. In
particular, γ1 is isotopic to γ as a curve on Σ2 through an isotopy that passes through P transversely
m times. Thus rγ, ϵs “ rγ1, ϵ1s. This proves (i), which also implies (ii).

Next, we consider (iii). If γ1 is non-separating, this follows from the previous paragraph, so
assume γ1 is separating. Isotope γ1 to have minimal intersection with γ and suppose γ X γ1 ‰ H.
Let D Ă Cγ be a disk with BD “ γ which intersects D1 transversely. If there is a circle component
inDXD1, then an innermost circle component inDXD1 Ă D bounds a disk inD with ints interior
disjoint from D1. Doing surgery on D1 along such a disk produces a disk D2 with BD2 “ γ1 that
intersects D in a smaller number of components. For this reason, we may assume D X D1 has no
circle components. Thus there exists an outermost arc in D X D1 Ă D which bounds a disk in D.
Do surgery on D1 along this disk to obtain two disks D1 and D2 in Cγ and write γi “ BDi. Thus γ1

is a band sum of two disjoint curves γ1 and γ2. By the minimality assumption on γ X γ1, each of γ1
and γ2 is essential. Since two disjoint separating essential simple closed curves on Σ2 are isotopic,
and necessarily have null-homotopic band sum, one of γ1 or γ2 must be non-separating. In fact, the
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triviality of the homology class of γ1 implies that both γ1 and γ2 are non-separating. By (ii), γ1, γ2
are isotopic to γ. Thus after an isotopy, we may assume that γ1 is the band sum of γ and another
curve disjoint from γ. Now if we push γ in this band sum in the direction of the band, we obtain a
curve isotopic to γ1 and disjoint from γ.

Finally, we prove (iv). Isotope γ1 to have minimal intersection with γ and suppose γ X γ1 ‰ H.
Let A Ă Cγ be an annulus with boundary components γ1 “ B`A and B´A. Our assumption on
A pCγq implies that the homology class rB´As “ rγ1s in Cγ is non-trivial. Since γ represents
the trivial homology class in Cγ , the closed curve γ1 is not isotopic to γ. Let D Ă Cγ be a disk
which intersects A transversely and BD “ γ. As in the previous paragraph, if A X C contains
a circle component, we may do a surgery on A along a disk D1 Ă D that D1 X A “ BD1. If
D1 X A is essential in A, then this surgery produces a disc with boundary γ1. In particular, γ1 is
null-homologous, which is a contradiction as we agued above. Thus this surgery produces another
annulus with the same boundary components as A that intersects the disk D in smaller number of
components. Iterating this surgery process, we may assume that AXD has no circle components.

There is an outermost arc in A X D Ă D which bounds a disk in D. Surgery on A along this
disk gives a disk D1 and an annulus A2. Write γ1 “ BD1, γ2 “ B`A2. By (ii), γ1 is either isotopic
to γ or separating. In the former case and after applying an isotopy, we conclude that γ1 is a band
sum of γ, γ2, and as in the proof of (iii) we may displace γ1 from γ. In the latter case, the minimality
assumption on γ X γ1 implies that γ1 is an essential separating curve. By (iii) and after applying
an isotopy, we may assume that γ1 is disjoint from γ. The space Cγ ∖D1 contains two connected
components and their closures inCγ can be identified with a solid torus and a thickened torus IˆΣ1.
SinceA2 intersects B´Cγ non-trivially,A2 is a subset of the thickened torus component of Cγ∖D1.
The homology class of γ in Cγ is trivial, and hence γ is contained in the solid torus component of
Cγ ∖D1. In particular, γ and γ2 are in different connected components of Σ2 ∖ γ1, and the curve
γ1 obtained by a band sum of γ1 and γ2 is disjoint from γ. This proves (iv).

Recall N pΣ2q is the subcomplex of CpΣg,nqtw spanned by vertices rγ, ϵs with γ non-separating.
The construction (79) induces a well-defined map

N pΣ2qp0q Ñ LpModd
2 qp0q (80)

by associating the Lagrangian sphere Λϵ
γ to the equivalence class rγ, ϵs. We now prove that this map

induces an injection of simplicial complexes, which implies Theorem 1.6.

Proof of Theorem 1.6. First we prove an analogue of Theorem 8.1 in the present setup by showing
that for rγ1, ϵ1s ‰ rγ2, ϵ2s, the Lagrangians Λ1 “ Λϵ1

γ1 and Λ2 “ Λϵ2
γ2 can be displaced by a

Hamiltonian isotopy in Modd
g if and only if γ1 and γ2 can be made disjoint from each other by an

isotopy. By Corollary 10.2, Λ1 and Λ2 are displaceable by a Hamiltonian isotopy if and only if

pN1 X σ pN2qq Y pD1 X A 2q Y pA 1 X D2q ‰ H.

By Lemma 10.3 (i), we have Ni “ trγi, ϵisu. Thus if N1 X σ pN2q ‰ H, then γ1 and γ2 are
isotopic, and hence are displaceable on Σ2. Lemma 10.3 (ii) implies D1 “ tγ1u and Lemma 10.3
(iv) implies any curve in A 2 is displaceable from γ2. Thus if D1 X A 2 ‰ H, then γ1 and γ2 are
displaceable. The case D2 X A 1 ‰ H is similar. For the converse, suppose γ1 and γ2 are disjoint.
If they are isotopic, then ϵ1 “ ´ϵ2 and N1 XσpN2q ‰ H. If γ1 and γ2 are not isotopic, we see that
both D1 X A 2 and D2 X A 1 are non-empty by Lemma 10.3 (ii) and (iv).
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Now the rest of the proof follows a similar plan as in the proof of Theorem 8.6. To show that
(80) is injective, let rγ1, ϵ1s, rγ2, ϵ2s be vertices in N pΣ2qp0q that induce Hamiltonian isotopic La-
grangians Λϵ1

γ1 and Λϵ2
γ2 . Thus, Λϵ1

γ1 and Λ´ϵ2
γ2 are displaceable because Λϵ2

γ2 and Λ´ϵ2
γ2 can be displaced

by a Hamiltonian isotopy. The previous paragraph implies that γ1 and γ2 can be made disjoint from
each other by an isotopy. If γ1 and γ2 are not isotopic to each other, then by another application of
the previous paragraph, the Hamiltonian isotopic Lagrangians Λϵ1

γ1 and Λϵ2
γ2 are displaceable. This

is a contradiction because it can be checked easily using Corollary 10.2 and Lemma 10.3 that a
Lagrangian sphere of the form Λϵ

γ in Modd
g cannot be displaced from itself. Thus, γ1 and γ2 are

isotopic. This implies that rγ1, ϵ1s “ rγ2, ϵ2s, otherwise Λϵ1
γ1 and Λϵ2

γ2 are displaceable which leads
again to a contradiction. Finally we may also check that the map (80) preserves simplices by ob-
serving as in the Proof of Theorem 8.6 that N pΣ2q and LpModd

2 q are both flag simplicial complexes
and then using again the result of the previous paragraph.

10.3 Intersections of Lagrangians in M odd
g and SUp2q-cyclic 3-manifolds

Given a closed 3-manifold Y with 1-manifold w Ă Y , consider a Heegaard decomposition

pY,wq “ pC1, w1q YΣg pC2, w2q

where C1 and C2 are handlebodies of genus g with boundary Σg, and wi is a closed 1-manifold in
the interior of Ci. Choose a basepoint in Y that lies on Σg and form the connected sum of pY,wq

with S1 ˆ Σ1,1. We have an induced decomposition

pY,wq#S1 ˆ Σ1,1 “ pC1, w1q YΣg`1,1\Σ1,1 pC2, w2q

where Ci is formed by a boundary sum of Ci and I ˆ Σ1,1 and wi is the union of wi and I ˆ tpu

where p is the marked point on Σ1,1. We have induced Lagrangians

Λi “ XpCi, wiq Ă Modd
g`1

Call pY,wq non-degenerate SUp2q-cyclic if b1pY q “ 0 and XpY,wq consists entirely of represen-
tations with abelian image, all of which are non-degenerate.

Lemma 10.4. Consider Lagrangians Λ1 and Λ2 in Modd
g associated to a Heegaard decomposition

of pY,wq as above. If b1pY q “ 0, then we have the inequality

npΛ1,Λ2q ě |H1pY ;Zq|.

If moreover pY,wq is non-degenerate SUp2q-cyclic, then equality holds.

Proof. For the first statement, an application of Theorem 1.9 adapted to the present setting gives

npΛ1,Λ2q ě
1

2
rankZ IppY,wq#S1 ˆ Σ1,1q “ rankZ I#pY,wq ě |H1pY ;Zq|,

where the middle equality is the definition of framed instanton homology I#pY,wq, and the last
inequality follows from the Euler characteristic computation χpI#pY,wqq “ |H1pY ;Zq| in the
case b1pY q “ 0, see [Sca15, Corollary 1.4].
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For the second statement, consider the representation variety

RpY,wq “ tρ : π1pY ∖ wq Ñ SUp2q | ρpνq “ ´1u,

which has an SOp3q-action induced by conjugation, and the quotient is XpY,wq. There is a natural
double covering from XppY,wq#S1 ˆ Σ1,1q to RpY,wq. In particular, Λ1 X Λ2 is identified with
RpY,wq. Moreover, by a similar argument as given for Lemma 9.3, Λ1 X Λ2 is a clean intersection
if and only if RpY,wq is Morse-Bott non-degenerate.

Assume pY,wq is non-degenerate SUp2q-cyclic. Then RpY,wq is automatically Morse-Bott
non-degenerate. If rws “ 0 in H1pY ;Z{2q, then RpY,wq consists of |H1pY ;Z{2q| points and
p|H1pY ;Zq| ´ |H1pY ;Z{2q|q{2 many 2-spheres. If rws ‰ 0 in H1pY ;Z{2q, then RpY,wq consists
of |H1pY ;Zq|{2 many 2-spheres. See [ME26, Proposition 2.7]. In either case, by choosing a Morse
function which on each two-sphere has exactly 2 critical points, we obtain from Lemma 9.2 that
npΛ1,Λ2q ď |H1pY ;Zq|, completing the proof.

Theorem 10.5. Suppose rγ1, ϵ1s and rγ2, ϵ2s are distinct vertices in N pΣ2q. In particular, γ1 and
γ2 are non-separating essential simple closed curves in Σ2. Suppose moreover that there is a
separating essential simple closed curve in Σ2 which is disjoint from γ1 and γ2. Then

npΛϵ1
γ1 ,Λ

ϵ2
γ2q “ ipγ1, γ2q.

Proof. The proof is similar to that of Theorem 1.5. First, using the separating curve we may write
Σ2 as the connected sum of two genus 1 surfaces Σ1

1 and Σ2
1. If γ1 and γ2 are separated by this curve

then they are disjoint, and the result follows from Theorem 1.6. So we may assume both γ1 and γ2
are on the side of the Σ1

1-summand. Using a diffeomorphism we may write Σ1 “ S1 ˆ S1 and,
viewing γ1 and γ2 as curves in Σ1, we may assume γ1 and γ2 are in the homology classes ˘p0, 1q

and ˘pp, qq in H1pΣ1;Zq – Z ‘ Z.
In gluing the two compression bodies defining the Lagrangians, we then have

pCγ1 , wϵ1q YΣ2,n\Σ1,1 pCγ2 , wϵ2q – pLpp, qq, wq#S1 ˆ Σ1,1

where Lpp, qq is a lens space, w Ă Lpp, qq is some closed 1-manifold. The result then follows from
Lemma 10.4 and the fact that pLpp, qq, wq is non-degenerate SUp2q-cyclic.

References

[AB83] M. F. Atiyah and R. Bott, The Yang-Mills equations over Riemann surfaces, Philos. Trans. Roy. Soc. London
Ser. A 308 (1983), no. 1505, 523–615. MR702806 Ò14

[Aco19] Miguel Acosta, Character varieties for real forms, Geom. Dedicata 203 (2019), 257–277. MR4027594 Ò18

[AS05] Aaron Abrams and Saul Schleimer, Distances of Heegaard splittings, Geom. Topol. 9 (2005), 95–119.
MR2115669 Ò9, 52, 54

[Ati88] Michael Atiyah, New invariants of 3- and 4-dimensional manifolds, The mathematical heritage of Hermann
Weyl (Durham, NC, 1987), 1988, pp. 285–299. MR974342 Ò9

[Ban78] Augustin Banyaga, Sur la structure du groupe des difféomorphismes qui préservent une forme symplectique,
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