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DEFORMATIONS OF LARGE FUNDAMENTAL
GROUPS

B. DE OLIVEIRA, L. KATZARKOV AND M. RAMACHANDRAN

1 Introduction

The following notion of a variety with a large fundamental group was in-
troduced by Kolldr [Ko2] in his study of the Shafarevich uniformization
conjecture.

DEFINITION 1. A smooth projective variety X has a large fundamental
group if for every irreducible positive dimensional subvariety Z C X and ev-
ery resolution of singularitiesres(Z) of Z the image im|[m(res(Z)) — m1(X)]
is an infinite group.

For future reference, it will be convenient to give a special name to the
subvarieties Z C X which obstruct the largeness of the fundamental group.

DEFINITION 2. A subvariety Z C X will be called 7i-small if for some
(and therefore every) resolution of singularities res(Z) of Z the image
im[m (res(Z)) — w1 (X)] is a finite group.

More generally one says that a projective variety X has a generically
large fundamental group if X contains at most countably many 71 (X)-small
subvarieties.

In this paper we investigate whether the property of a variety having
a generically large and large fundamental groups is stable under Kahler
deformations.

The main tools we will use are collected in the following three theorems.
Their different nature give us extra flexibility to tackle these kind of prob-
lems. The statements of the theorems are also of independent interest and
have applications outside this article.

Before we state the theorems we will need to introduce some notation.
Let D denote a one dimensional complex disk and let 0 € D be a marked
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point. For a smooth proper Kihler morphism f : X — D of complex an-
alytic spaces and a point ¢ € D denote by X; the fiber f=!(¢). Given a
finitely generated group I' we denote by p : I' — funi the natural homo-
morphism from I' to its prounipotent completion. The homomorphism p
is called the Malcev representation of I'. The covering of a space X cor-
responding to the kernel of the Malcev representation of 71 (X) is called
the Malcev covering of X. A group I is called residually unipotent if the
Malcev representation of I" has finite kernel. First we have the following;:

Theorem 1. Let f : X — D be a Kahler deformation of a Kahler

manifold X,. Suppose that m1(X,) is residually unipotent, then there exist
a complex analytic space Y which fits in a commutative diagram

X Y

S

N

where:

e Both p and s are proper analytic maps with connected fibers.

e The fibers of p are normal projective varieties with large fundamental

groups.

e For each t € D the fibers of s|x, : Xy — Y} are m(X;)-small subvari-

eties of X4.

The following theorem contains our basic volume estimate and gives a
restriction on the m-small subvarieties that occur in a Kahler deformation
of a variety with Stein universal covering.

Theorem 2. Let f : X — D be a Kahler deformation of a compact
manifold X, and let {w;}1cp be a family of Kahler metrics along the fibers
of f. Assume that X, has a Stein universal covering. Fix any N € N. Then
there exists a smaller disk o € D(N) C D such that

voly, (Z) - (#im[m (res(Z)) — m(Xy)] +1) > N
for allt € D(N) and for every mi-small subvariety Z C X;.

Finally, we have the following statement of a purely topological nature:
Theorem 3. Let f : X — T be a proper morphism with equidimensional
fibers between analytic spaces. Then the subset

{t € T'| X} has a m-small irreducible component } C T
is a closed analytic subset in T.

The main objective of the present paper is to use the results stated
above to study the behavior of large fundamental groups of Kéahler surfaces
under deformations. In this direction we obtain the following:
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Theorem 4. Let X be a Kahler surface and assume that the Malcev
covering of X is an infinite covering. Then the property of X having a
generically large fundamental group is stable under small Kahler deforma-
tions.

As a consequence we have the following:

COROLLARY 5. Let X be a compact Kahler surface, let U be a finite
dimensional linear unipotent group, and let p : m(X) — U be a repre-
sentation with an infinite image. Suppose that the covering of X defined
by ker(p) is Stein. Then any small Kahler deformation of X has a Stein
universal covering.

We make the following conjectures:

CONJECTURE 1.1. Let X be a Kahler manifold and let p : m(X) —
GL(n,C) be an infinite linear representation. Then the property of having
a generically large fundamental group is stable under small Kahler defor-
mations of X.

CONJECTURE 1.2. Let X be a compact Kahler manifold whose univer-
sal covering is Stein. Then small Kahler deformations of X have large
fundamental groups.

If the Shafarevich conjecture is correct this implies

CONJECTURE 1.3. If X is a compact Kahler manifold with a Stein
universal cover, then every small deformation of X also has a Stein universal
cover.

It was shown in [BoK] that Conjecture 1.3 is not correct without the
Kahler hypothesis. We also note that what was lost in that example was
not the property of the fundamental group being large but the holomorphic
convexity.

The paper is organized as follows. In section two we describe the meth-
ods and the main technical tools used in the proofs of the above theorems.
In section three we give the proofs of Theorems 2 and 4 and some corollaries.

Acknowledgments. We thank F. Bogomolov, M. Gromov, J. Kollar,
T. Pantev and C. Simpson for useful conversations.

2 Tools

In this section we describe the basic techniques used in the proof of the
main theorem. We start with some facts from nonabelian Hodge theory.
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2.1 The relative Shafarevich morphism in families. Since the -
small subvarieties are the obstruction to largeness of the fundamental group,
we have to learn how to contract such subvarieties in the absolute and
relative context. In the absolute case the answer is given by the Shafarevich
holomorphic convexity conjecture which can be stated as follows:

CONJECTURE 2.1. Let X be a smooth complex projective variety. Then:

(1) There exists a normal analytic space Sh(X) with no compact com-
plex subspaces and a proper morphism with connected fibers sh :
X — Sh(X). This morphism is known as the Cartan-Remmert re-
duction of X.

(2) Sh(X) is a Stein space.

The validity of the Shafarevich conjecture has been recently established
in several classes of examples due to the efforts of F. Bogomolov, F. Cam-
pana, P. Eyssidieux, L. Katzarkov, J. Kollar, T. Napier, R. Narasimhan,
M. Nori, T. Pantev, M. Ramachandran (see e.g. [E], [G], [KR], [KPR],
[Ko1,2], [NR1]). The strongest result to date is due to Eyssidieux [E], who
showed that the Shafarevich conjecture is true for the covering correspond-
ing to the intersections of the kernels of all reductive representations of
m1(X) in some GL(n,C).

A starting point of most of the recent research on the Shafarevich con-
jecture is the important remark of Kollar [Kol] and [Ko2] who observed
that condition (1) above is equivalent to:

(1') There exists a normal variety Sh(X) and a proper morphism with con-
nected fibers sh : X — Sh(X), which contracts exactly the m (X)-
small subvarieties of X.

Clearly, if such a Sh(X) exists, it will have a large fundamental group.
Therefore property (1) will allow one to reduce any geometric question
related to the fundamental group to a question about a variety with a
large fundamental group. Much work has been done on finding various
sufficient conditions for the validity of (1’). The only result in that di-
rection which works in full generality is due to Campana [C2] and Kollar
[Ko1,2], who have shown that one can always find a proper rational map
sh : X ——» Sh(X) with connected fibers which contracts only 7 (X)-small
subvarieties and such that Sh(X) has a generically large fundamental group.

In what follows we will need Kollar’s notion of H-Shafarevich morphism
which is a slight generalization of (1') and which we recall next. We will
say that a subgroup I' C 71(X) is almost contained in H if the intersection
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I' N H has finite index in I and we will write I' < H. The H-Shafarevich
morphism is a proper map with connected fibers sh? : X — Sh¥#(X) to
a normal variety Sh (X) which contracts exactly the subvarieties Z C X
having the property that im[m(res(Z)) — m(X)] < H.

Recently, using ideas and techniques from non-abelian Hodge theory
developed by Corlette [Co], Gromov and Schoen [GS] and Simpson [S] the
following statement was proved (see [K1], [KPR]).

Theorem 2.2 ([K1], [KPR]). Let X be a projective manifold and let
p : m(X) = GL(n,C) be a linear representation with kernel H. Then
there exists a blow-up X of an étale finite cover of X and a projective
morphism alb,, : X > Alb,(X) satisfying:
(i) Alb,(X) is a smooth fibration of abelian varieties over a variety of
general type.
(ii) alb, contracts exactly the subvarieties Z C X having the property
that
im [ﬂl(res(Z)) — 7r1(X)] <H.
In particular the H-Shafarevich morphism sh® : X — Sh¥” ()/f ) exists and
coincides with the Stein factorization of alb,,.

As an immediate consequence of this theorem one shows

CoROLLARY 2.3 ([K1], [KPR]). Let X be a Kéahler manifold and let
p:m(X) = GL(n,C) be an almost faithful representation. Then the Sha-
farevich morphism sh : X — Sh(X) exists and Sh(X) and Sh(X) are
birationally isomorphic. Furthermore, if X is a surface, then the Shafare-
vich conjecture is true for X.

In order to understand how the varieties with large fundamental groups
vary in families one has to understand how the Shafarevich variety Sh(X)
of a projective manifold X changes under small deformations of the complex
structure of X. We believe that the following conjecture should be true:

CONJECTURE 2.4. Let f: X — D be a Kahler deformation of a Kahler
manifold X, over D. Let H C m(X) = m(X,) be a subgroup for which
the H-Shafarevich morphism X, — Sh' (X,) exists. Then there exist

a) a finite base change A — D branched at o € D,

b) a relative Shafarevich variety py : Sh* (X xp A) = A and a mor-

phism
sh' : X xp A — Sh# (X xp A),

so that for all t € A the restriction shg(t : X; — ShY(X;) is the H-
Shafarevich morphism for X;.
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Unfortunately, the methods employed in [K1], [KPR] for proving Theo-
rem 2.2 and Corollary 2.3 do not extend to the relative situation. The main
problem which prevents one from proving Conjecture 2.4 by the methods
of [K1], [KPR] is analytic in nature. More specifically, recall that for a
projective manifold X the Shafarevich variety Sh(X) corresponding to
the kernel H = ker(p) of a reductive representation p : m1(X) — GL(n,C)
is built as a Castelnuovo—de Franchis reduction of X with respect to a cer-
tain system of multivalued holomorphic one forms on X These forms are
constructed as pullbacks of some constant one forms on a non-positively
curved space by a p-equivariant pluriharmonic map. In the situation when
f X — D is a smooth projective morphism, it is very hard to ensure the
global existence of such a p-equivariant harmonic map, and even when it
exists, it is hard to show that this map has reasonable regularity properties.
Some partial results in that direction have been obtained in [KorS] but they
require that some very stringent conditions are imposed on the boundary
0X of X and do not seem to be immediately applicable to the situation at
hand. In particular, even when one can prove that the multivalued forms
giving rise to S ht (X}) exist for every Xy, it seems quite hard to check that
these forms will vary holomorphically with ¢ € D.

On the other hand, there are several instances in which one can prove
Conjecture 2.4 under some mild additional assumption on the group H or
on the Kahler deformation f : X — D. For example Theorem 1 asserts
validity of Conjecture 2.4 under the additional condition that H is the
kernel of the Malcev representation of 71 (X). Slightly more generally we
have the following

Cram 2.5. Let f : X — D be a morphism with smooth projective
connected fibers. Let U be any proalgebraic group which is a quotient
of the prounipotent completion 7ry,i(X) of the fundamental group of X.
Let H = ker[ry(X) — U]. Then the Shafarevich morphism sh¥ : X, —
Shf(X,) exists and Conjecture 2.4 holds for f : X — D and H.

Proof. Let I' := im[m1(X) — U] and consider the image L := im[h;(X,,Z)
— T'/[[,T]]. The finitely generated abelian group L corresponds to some
abelian variety A, which is a quotient Alb(X,) — A, of the Albanese
variety of X,. As explained in [K2, Section 2] the existence of a MHS
on 7ryni(X) and the strictness property of morphism of MHS implies that
the Stein factorization of the natural morphism X, — Alb(X,) — A, is
precisely the H-Shafarevich morphism

shf : X, —» ShH(X,).
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On the other hand, since f : X — D is smooth, projective and with
connected fibers we may assume that (after maybe shrinking D) f ad-
mits an analytic section and that we have a relative Albanese variety
Alb(X/D) — D and a relative Albanese morphism

X —2 - Alb(X/D)
™~
D
Let A — D be the family of abelian varieties which is the quotient of
Alb(X/D) corresponding to L. Again by [K2, Section 2] the Stein factoriza-
tion of the composition X — Alb(X/D) — A restricts to the H-Shafarevich
morphism on each X;. The claim is proven. o

Another special case of Conjecture 2.4 can be obtained as follows:

CLAIM 2.6. Let f : X — D is a smooth projective morphism with
connected fibers and suppose that there exist a morphism with connected
fibers of smooth projective varieties w : M — S and a fiber product diagram

X—M

|k

D——S§S.
Assume further that H is the kernel of the pullback of some finite dimen-
sional linear representation p : m1(M) — GL(n,C) of m1 (M) via the natural
map 71(X) — m1(M). Then there exists a blow-up X of a finite étale cover-

ing of X, S0 that H-Shafarevich morphism exists for X, and Conjecture 2.4
holds for f : X — D and H.

Proof. For any blow-up X of a finite étale covering of X, Theorem 2.2
implies that the H-Shafarevich morphism for )?0 exist. To check the va-
lidity of Conjecture 2.4 note that by [S, Theorem 3] we can deform p to a
representation A underlying a complex variation of Hodge structures and
so the restriction of A to each 71(X;) will be a representation underlying
a complex variation of Hodge structures on X;. Now consider the Stein
factorization s : X — Y of the holomorphic horizontal map corresponding
to the periods of these variations of Hodge structures. As argued in [NR2],
the maps s|x, : Xy — Y; will be precisely the ker() 1, (x))-Shafarevich mor-

A~

phisms on each X;. By replacing X with a blow-up X of a finite étale
covering of X we may assume that Y is smooth. Finally, as explained in

the proof of [K1, Theorem 4.4], one has a dichotomy — either 5%, is in

fact the H-Shafarevich on )?t or A is defined over a number field and some
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finite direct sum of conjugates of A underlies a polarized integral variation
of Hodge structures V of weight one on Y. Furthermore, the strictness
property of maps of MHS implies [K1, Theorem 4.4] that the relative Al-
banese morphism a : X — A for the family of abelian varieties A on Y
corresponding to V contracts precisely the subvarieties Z C X for which
im(7 (res(Z)) — m1(X)] < ker(pm (x))- Thus sh™ : X — ShH(X) exists
and coincides with the Stein factorization of a. The claim is proven. O

REMARK 2.7. It is worth observing that the relative version of Kollar’s
Shafarevich map does exist and is relatively easy to construct. In other
words, for any analytic map f : X — D whose fibers are connected Kahler
manifolds and any subgroup H C 71(X) we can find a complex analytic
space Sh(X) which fits in a commutative diagram

x- T o spt(x)
N

so that sh(§, : X; - Sh"(X); is a Kolldr’s Shafarevich map for all ¢ € D.
Indeed, in order to construct Sh(X) we only have to repeat the argument
in the proof of [Ko2, Theorem 3.6]. The only ingredient in this proof which
does not automatically carry over to the analytic situation is the existence
of a locally topologically trivial family of normal cycles on X. This however
is guaranteed in the relative situation (possibly after a finite base change)
by [P].

Note also that since by construction sh? fails to contract at most
countably many compact subvarieties Z C X for which im[m;(res(Z)) —
m1(X)] < H, it follows that for all but countably many ¢ € D the rational
map shg(t : X; -——» Sh¥(X); will actually coincide with the Shafarevich
morphism for X;. If in addition H is the kernel of a finite dimensional
linear representation of 71 (X) we can apply Theorem 2.2 to conclude that
the H-Shafarevich morphism exists fiber by fiber and so in each of the
countably many fibers Sh¥ (X); of Sh¥(X) which do not equal Sh(X;)
we will have at most finitely many subvarieties Z C Sh” (X;) for which
im[rm (res(Z)) — 71 (ShH (X)) < H.

2.2 Volume tools. In this section we study the Kihler deformations
of compact Kédhler manifolds X, whose universal coverings are Stein. A
Kahler deformation of X, means a Kahler manifold X and a smooth proper
morphism f : X — D to the one dimensional complex disk D with X, =
f~1(0), so that the induced Kiihler metric on the fibers X; varies smoothly.
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From now on X will denote the universal covering of X and o : XX
will denote the respective covering map. If Z is a compact subvariety
of X we denote by Z its reduced image under 0. We denote the degree
of the mapping 97 cZ > Z by nz. Clearly the fact that Z is compact is
equivalent to im[m (res(Z)) — 71 (X)] being finite. We denote the order of
this subgroup of m1(X) by # im[r(res(Z)) — m1(X)]. We also introduce
the following notation:

DEFINITION 3. Let X be a complex manifold and let i : Z — X be a
compact subvariety of dimension d. If w is a Kahler form on X define

voly(Z) = %/Z . Z(i*w)dz ([wl?,[2]),
ing

[w] € H%(X,C) is the Kiihler class and [Z] € Hyq(X,Z) is the homology
class of Z. Similarly if L is a positive line bundle on X define

volp,(Z) = / v, =1 / (i*1) = deg (L)
Z—Sing Z Z—Sing Z

where dVp, is the volume element coming from a metric associated to a
curvature form v for L.

Let f : X = D be a deformation of the compact manifold X, over the
disc D. Then we also have a deformation f : X — D of the universal cov-
ering X, of X,. This deformation is naturally C* trivial. Pick a general
point z(0) € X, and let (o) C X be a fundamental domain for the 7 (X,)
action on X, containing z(0). Using the C* trivialization X 2~ X, x D of
f: X — D we can extend z(0) to a smooth section z : D — X of the struc-
ture map f. Also, since 71 (X) = m1(X,), the subset ¥ := Ya0) X D C X
will be a fundamental domain for the 71(X) action on X containing z(0).
Therefore the subset X = X N Xy will be a fundamental domain for the
m1(X}) action on X, containing x(¢). with this notation established we are
now ready to prove:

CrLAamM 2.8. Let f : X — D be a Kahler deformation of X, and let {w;}ep
be a smooth family of Kahler metrics along the fibers of f. Assume that
X, has a Stein universal covering. Fix any N € N. Then there exists a
smaller disk D(N) C D centered at o so that

volg,(Z) > N

for all compact subvarieties ZC Xt where Xt is the universal covering of
X, and W, is the pullback of w;.
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Proof. The deformation f : X — D of the Stein manifold X, is locally
pseudo-trivial [AV], i.e. for any relatively compact open subset U, C X,
we can find an open set U C X such that U N )NCO = U,, and for which the
family fiy : U — D defines a holomorphically trivial deformation of U,.

The open sets Uy = U N )Aft are obtained by flowing U, along a holomorphic
vector field. Choose U, so that it contains a very big ball By, (r), r > 0,
around a point z(0) € X,. Since a fundamental domain Ya(o) containing
(o) is relatively compact we have ;o) C By (1), for some r'. Since Uy,
z(t), Xp) and wy vary smoothly with ¢ we can shrink D so that for all
t € D we have

1) Byy(r) C Ut, and
2) By C By (r').

Condition 1) implies that all compact subvarieties Z of X’t which in-
tersect the fundamental domain ¥, can not be contained in By (r)-
This follows from U; being biholomorphic to an open subset of the Stein
space X,. Condition 2) states that any subvariety Z C X; which intersects
Yg(s) must consist of [r — 7'] (the integer part of r — ') disjoint pieces of
type Z N By (1).

Recall the standard fact saying that for any Ké&hler manifold X of
bounded geometry, any k-dimensional subvariety S C X and any points
z € X one has voly(S N Bg(1)) > C > 0, where C depends only on
the bound for the geometry of X. Since every subvariety Z C X can
be translated to a subvariety intersecting ;) the claim follows from the
inequalities:

[r—r']
VOlu”,t (2) > Z VOlujt (2 n Bw(t)(l)) > [’r’ — T’].C
i=1
and the fact that r can be made as big as wanted by making D sufficiently
small. Notice that the minimum C = inf;cp{C};} of the geometry bounds
C; described above is not zero since the metrics vary smoothly. o

2.3 Topological tools. In this subsection we prove Theorem 3. In the
proof we use the topological stratification and the “lower semicontinuity”
property of the homotopy groups of the fibers of a proper morphism.

Proof of Theorem 8. Let f : X — T be a proper morphism with equidimen-
sional fibers between analytic spaces. Let X; = Uf;lXi be the irreducible
decomposition of the fiber X;. Let o € T be a point such that the fiber X,
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does not have any 7;-small irreducible component. We have
#im [ (res(X}) = m(X)] = .

forallt € U and all 1 <[ < k;. Due to [V, Theorems 2.2; 3.3; 4.14] and
the fact that f is proper we can find an open neighborhood U of 0 € T and
a finite stratification that is U = U;S; of U by locally closed irreducible
subsets so that f; := fj;-1(g;) : f71(S;) — S; are topologically trivial
fibrations. Now pick a neighborhood o € V C U s.t. S;NV £ @ iff o € S;.
Consider the morphisms f; := f| 1S f71(S;) — S;. The theorem will
follow if we show that the general fiber component of each of the morphisms
fi is not 7;-small.

Pick an irreducible component of f~!(S;) that dominates S;. Let

o —

f=1(S;) and S; denote the normalizations of f~!(S;) and §- respectively.
We get an induced morphism of normal irreducible varieties fz S —

S Notice that the irreducible components of the fiber f1 (t) are partial
normalizations of some irreducible components of the fiber X; = f~1(2).

Hence the hypothesis of the theorem is still valid for the morphism f;. By
construction of the stratification we know that if S; # S; are two strata

such that S; C S; is of minimal codimension then the fiber of f; over a

point in S; will be a deformation retract of the fiber of f; over a point in

~—1
S;. In particular if Y is the normalization of a component of f; (¢),t € S;,
then im[m (Y) — 71 (X)] coincides with 1m[7r1( ) = m1(X)], where Z is the
-1

normalization of some component of fZ (s) for some point s € S;. Due
to this we may assume that o € S; and so it suffices to check the validity
of the theorem for a f : X — T satisfying: (a) f is a proper morphism of
irreducible normal complex spaces which; (b) f a topological fiber bundle
over a dense open subset 7' of T; (c¢) o € T. But in this situation the
statement of the theorem is obvious since f is topologically locally trivial
around the point o. o

For future reference we also give a proof of the following topological
result which is a straightforward generalization of the results of [KoMM],
[C1], and [Ko2].

PROPOSITION 2.9. Let X be a normal projective variety. Then 71(X) is
finite if and only if X is chain connected via mi-small curves.

Proof. One implication is obvious. Suppose that X is chain connected via
mi-small curves. By [Ko2, Theorem 1.8] there exists an open subset X and
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a proper morphism f : X 5 Z , the Shafarevich map, such that if z € Z
then X, = f~!(z) is m;-small. This map has also the property that if z € Z
is very general all normal cycles which are 7;-small and intersect X, must
be contained in X,. Pick a point x € X, with z very general. Let y be any
other point in X. There is a chain of 71-small curves {C1, Cy,...,Cy} with
CiNCiy1 # 3, x € C1 and y € Ci. The property of the Shafarevich map
mentioned above implies that C; C X,, which in turn implies Cy, C X, and
so on and hence y € X,. This implies f(X) = point and we are done. O

3 Theorems on Generically Large Fundamental Groups

3.1 Proof of the main theorem. In this subsection we prove Theo-
rem 2 and Theorem 4

Proof of Theorem 2. Let X, be a compact Kahler manifold with a Stein
universal cover and let f : X — D be a Kahler deformation of X,. Let as
before {w;}icp denote a smooth family of Kéahler metrics along the fibers
of f. Fix N € N. According to Claim 2.8 we can find a smaller disk
o € D(N) C D so that for any ¢ € D(N) and all compact subvarieties
Z C X; we have volg,(Z) > N. The theorem now follows from the obvious
identities ~
Volﬁ,t(Z) = nZ . VOlwt (Z)

and

ny = #im [ (res(Z)) — m1(Xy)] - O
We also have some immediate corollaries:
COROLLARY 3.1. Let X, be a compact Kahler manifold with a Stein
universal cover. Suppose f : X — D is a deformation of X, and let L — X
be a f-ample line bundle. Then for any N € N there exists a smaller disk
o € D(N) C D so that for any t € D(N) and all compact subvarieties
ZC )’(v't we have

deg;,(Z) - (# im[my (res(Z)) — m (X¢)] + 1) >N

where Ly = Lx,.

Proof. 1t is an immediate consequence of Theorem 2 applied to the family

of Kéhler metrics corresponding to the curvature form of relative ample
line bundle L. o

COROLLARY 3.2. Let X, be a compact Kahler manifold with a Stein
universal cover and let f : X — D be a Kahler deformation of X,. Suppose
that the order of all finite subgroups in m1(X,) is bounded from above.
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Then for any N € N we can find a smaller disk o € D(N) C D so that for
any t € D(N) and all 1-small subvarieties Z C X; we have vol,,(Z) > N.

Proof. Let b be the upper bound for the order of the finite subgroups
of m1(X,). By Theorem 2 we can find a disk 0 € D' C D so that for any
t € D' and any -small subvariety Z C X; we have

voly, (Z) - (#im[m (res(Z)) — m(X)] +1) > N - b.

But by assumption # im[n;(res(Z)) — m1(X)] < b and so the corollary is
proven. o

The above corollary explains why for a small Kahler (projective) defor-
mations of a Kdhler (projective) manifold as in the corollary the property
of having a large fundamental group can be only broken by subvarieties
with very big volume (degree). Hence if we have an upper bound for the
degree of the 7i-small subvarieties, we can show that large fundamental
groups are preserved under small Kihler deformations. We use this idea to
give a proof of Theorem 4. In fact we can proof the following general

ProprosiTION 3.3. Let f : X — D be a Kahler deformation of a Kahler
surface X and assume that H C m(X) is a subgroup of infinite index
such that the H-Shafarevich morphism for X, exists and Conjecture 2.4
holds for f : X — D and H. Assume also that X, has a generically large
fundamental group. Then X; has a generically large fundamental group for
all t in a small analytic neighborhood of 0 € D.

REMARK 3.4. Note that the previous proposition in combination with
Claim 2.5 implies Theorem 4. Moreover Claims 2.5 and 2.6 give other situ-
ations to which we can apply Proposition 3.3 to conclude that the property
of having a generically large fundamental group will be preserved under
deformations

We will give two different proofs of Proposition 3.3. (All surfaces are
assumed to be compact and connected unless stated otherwise.)

First Proof. 'The existence of a relative Shafarevich morphism plus the
“lower semicontinuity” of the the homotopy groups in a family gives the
first proof.

Let X, be a compact Kahler surface and let p : m(X,) — GL(n,C)
be an infinite linear representation with kernel H. Let f : X — D be a
deformation of X,. By Conjecture 2.4 there exists a relative H-Shafarevich
morphism for the family f : X — D possibly after a finite base change.
Since the stability of m;-small curves cannot be affected by a base change
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we may assume without a loss of generality that we have a relative H-
Shafarevich morphism sh : X — sh#(X) for X itself. Let g denote the
product morphism g := sh” x f: X — Sh¥ (X) x D.

Since the mi-small curves must lie in the fibers of g, we need to show
that there exists an open neighborhood U, 0 € U C D s.t. for all t € U the
fibers X, ; = g~ !(y,t) satisfy

im [ﬂl(res(X(y,t))) = m(X)] = 0.
There are two cases:

Case 1. All fibers X(,,), ¥ € Shf(X) are zero dimensional. The
dimension of the fibers of f is an upper-semicontinuous function in the
analytic topology of g(X). This implies that there exists an open neigh-
borhood U of o € A such that all fibers for X, for ¢ € U are zero
dimensional. Hence there are no mi-small curves.

Case 2. Some X(,,) are l-dimensional. From the upper-semicontin-
uity mentioned above and the fact that g(X;) can not be a point it follows
that the set S := {s € g(X) | dimg~!(s) = 1} is a closed analytic subspace
of g(X). By shrinking D we can assume that all irreducible components
S; of S pass through g(X,). This implies that all possible 7;-small curves
on X3, t € D, lie in a family of curves in X containing a curve in X,.
Fix a curve X(,, ,) and an irreducible component S; of S. The family of
curves g : g '(S;) — S;, is a family whose central fiber contains no -
small curves. Theorem 3 then implies that there is an open neighborhood
Y, € U C ShH(X) x D, s.t. over U N S; does not have any not ;-small
curves. Since S has only finitely many irreducible components, there is only
a finite number of families to consider and so we can choose U which does
not contain any mi-small curves. Now since g(X,) is compact the result
follows. O

Second proof. We now give a second proof of Proposition 3.3 but under
some additional hypothesis — we will assume that that 71(X,) has finite
torsion. In the second proof we use the volume tools (Theorem 2).

Cram 3.5. Let X, be a Kahler surface with p : 71(X,) = GL(n,C) an
infinite linear representation. Assume that X, has a Stein universal cover
and that m (X,) has finite torsion. Then any small Kahler deformation of
X, has a large fundamental group.

Proof. We will use the relative p-Shafarevich morphism to control the vol-
ume of the 71-small curves and then use Corollary 3.2 to get a contradiction.
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Let g = sh® x f: X — Sh¥(X) x D be the same morphism as in the
previous proof. Since g is proper we can assume that by shrinking A the set
of points y € g(X) with 1-dimensional g~!(y) is a finite union of irreducible
closed sets, U;F;. Let Xp, = red(g~!(F;)) be the reduced analytic space
associated with g~1(F;). The spaces Xp, are finite unions of irreducible
components, hence to simplify the proof we can assume X, is irreducible.
Let E be the normalization of F; and 9f. X s 1?', be the pullback to E
of g: X, — F.

According to [B, Theorem 3] the volume of the fibers of g5 : X5 — F;

relative to any hermitian metric over Xz is locally bounded over F;. We
consider the metric induced from the Kdhler metric on X. Due to the fact
that there are only a finite number of F; implies that there is neighborhood
0 € U C D s.t all surfaces X;, t € U have 71-small curves with bounded vol-
ume. Recall that Corollary 3.2 says that the volume of the 7;-small curves
is larger than any given number by making the deformation sufficiently
small. Hence the result follows by contradiction. O

Using the previous results we can now prove the stability of the Stein-
ness of universal covers mentioned in the introduction:

Proof of Corollary 5. This result follows from looking at an intermediate
cover of X, more precisely the infinite cover X? defined by ker(p). The
starting point are the result of [K1] stating that X* is holomorphic convex
and the fact that this follows just from p being an infinite linear representa-
tion. Hence X! being holomorphically convex is stable under deformations
of X. To get the result one needs only to show that X! remains Stein for
small Kéhlerian deformation of X, since unramified coverings (even infinite
ones) of Stein varieties are still Stein.

By the previous paragraph, it only remains to show that having a p-
large fundamental groups is stable for small Kahlerian deformations of X.
This however follows from Theorem 4 O

3.2 Deformations of surfaces and mi-small curves. This subsec-
tion gives some results on 7; -small curves on surface deformations. We
are going to use geometric bounds for the degree of curves on surfaces plus
Theorem 2 to get information on the small curves that can appear along a
deformation.

We also give a proof of the fact that a small deformation of a surface
of general type whose universal covering is Stein has no rational curves
C with C? < 0. We then note that this result plus a consequence of the
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Shafarevich Conjecture would rule out the appearance rational curves.

PRroPOSITION 3.6. Let X, be a surface of general type whose universal
covering is Stein. Suppose f : X — D is a deformation of X, over the disc.
Then for any N € N there is a sufficiently small disco € D(N) C D s.t. all
mi-small curves C C X3, t € D(N), satisfy

max {g(C),CZ,#im[m(a) — 7T1(Xt)]} >N, (1)
where C is the normalization of C.

Proof. First note that the canonical class K x, is ample since 71 (X,) being
large rules out the existence of (—2)-rational curves. By shrinking the
base D, if necessary, we can choose the relative canonical bundle wx/p as
the relative ample line bundle required by Corollary 3.1. Thus we can find
a disk 0 € D(N) C D s.t. all small curves C C Xy, t € D(N), satisfy

max {Kx, - C, #im[m (C) = m(X,)]} > N. (2)
Using the results of [LM] in the spirit of the results of [Bo] we know that

the degree of a curve C having geometric genus ¢g(C) and selfintersection
C? in a surface of general type X is bounded by

Kx - C < 6cy(X) — 2¢2(X) + 69(C) — 6 + C2. (3)
Since 6cy(X) — 2¢2(X) is a topological invariant of the surface it remains

constant under deformations. Therefore the combination of (2) and (3)
yields the desired conclusion. o

The previous proposition implies that if any two of the three entries in
(1) can be bounded the remaining entry must be very high.

The study of rational curves C' along small deformations is more attain-
able because in this case # im[m1(C) — 71 (X:)] = 0 (see the next remark)
and so it is not necessary to give a bound for the order of the torsion

subgroups of 71(X,).

REMARK 3.7. Let C be a rational curve on a complex manifold X and
let C’ be an irreducible component of the preimage of C' in the universal
covering o : X — X. Then (' is compact and the covering map o :
c’ — C'is of degree one. To see this we just notice that there is a map
& : C' — C between the normalizations of C' and C, that is by construction
an unramified covering. Since C = P! we have C' = P! and deg(5) = 1.

ProrosiTION 3.8. Let X, be a surface of general type whose universal
covering is Stein. Then any small deformation of X, has no rational curves
C with C? < 0.
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Proof. 1t follows from the previous remark that # im[m(a) — m(Xy)] = 0.
The hypothesis of the proposition bounds C?, hence the conclusion is ob-
tained using Proposition 3.6. O

REMARK 3.9. The Shafarevich conjecture combined with Proposition 3.8
imply that if X is a surface with large fundamental group then any small
Kéhler deformation of X has no rational curves. If the universal covering Y
of a surface Y is holomorphically convex then there is Remmert reduction,
r:Y — S. The compact curves C of Y are contained in the fibers of the
reduction map 7 and hence a mi-small curve C of Y must have C? < 0.
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