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Abstract. We show that a nodal hypersurface X in P3 of degree d with a sufficiently
large number l of nodes, l > 8

3
(d2 − 5

2
d), is algebraically quasi-hyperbolic, i.e. X can only

have finitely many rational and elliptic curves. Our results use the theory of symmetric
differentials and algebraic foliations and give a very striking example of the jumping of the
number of symmetric differentials in families.

0. Introduction

A compact analytic variety X is said to be Kobayashi hyperbolic (Brody) if it does
not contain any entire curves, i.e. there are no nonconstant holomorphic mappings
f : C→ X.

Conjecture. (Kobayashi) The general hypersurface X of P3 of degree ≥ 5 is Kobayashi
hyperbolic.

We are more interested in an algebraic version of this conjecture (see below) but we
recall that the results of McQuillan [Mc98] (d ≥ 36) and Demailly and El Goul [DeEl00]
(d ≥ 21) which state that a very general hypersurface of degree d ≥ 21 in P3 is Kobayashi
hyperbolic (a condition holds for a very generic hypersurface of degree d if it holds for
all hypersurfaces not belonging to some countable union of subvarieties of the parameter
space of hypersurfaces of degree d). See also [SiYe96] and [EG03] for the related problem
of the hyperbolicity of the complement of an hypersurface in P2.

The algebraic version of the Kobayashi’s conjecture states that the general hyper-
surface X of P3 of degree ≥ 5 does not contain any rational or elliptic curves, i.e. X
is algebraically hyperbolic. The algebraic version is, a priori, weaker but Green and
Griffiths [GrGr80] formulated a conjecture which reduces the Kobayashi’s hyperbolicity
of X to the algebraic hyperbolicity of X. More generally and in a broader direction,
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the first author and separately Green and Griffiths formulated that a surface X of gen-
eral type contains only finitely many rational and elliptic curves, i.e. X is algebraically
quasi-hyperbolic (this conjecture was first explicitly written by Lang [La86]). If X is
a variety of general type then there is a jet-bundle Jk(X) over X with a proper sub-
variety S ⊂ Jk(X) so that the curves in X are divided into the class of regular curves
and the class of special curves. The class of regular curves C ⊂ X consists of the ones
whose lifting jk(C ′) into Jk(X) is not contained in S (C ′ denotes the normalization
of C). The class of the special curves consists of the ones whose lifting jk(C ′) ⊂ S.
The special curves satisfy differential equations of order k defined by S. Now for regu-
lar curves we have a linear estimate on genus viz degree with respect to KX . Namely
g(C ′) ≥ c(X)KX .C, c(X) is a constant depending on X. For special curves there isn’t
such estimate. But if we consider special curves of X lifting a surface component of S
then we have boundedness results for curves of any fixed genus coming from the theory
of foliations [Jo78].

On the algebraic version of the Kobayashi’s conjecture, there are the Clemens’s [Cl86]
and Xu’s [Xu94] results giving that a very general hypersurface in P3 of degree ≥ 5 does
not contain rational or elliptic curves. For higher dimensions, Ein [Ei88] (see also [Vo96])
showed that a very general hypersurface on Pn+1 of degree ≥ 2n + 2 does not contain
any submanifold that is not of general type.

In this paper, we analyze how the number of nodes in a hypersurface X of P3 in-
fluences the presence of symmetric differentials on the minimal resolution Y of X (a
symmetric differential on Y is a global section of SmΩ1

Y ). The existence of symmetric
differentials on a surface Y imposes constraints on the genus of curves on Y . Moreover,
if a surface of general type Y satisfies h0(Y, SmΩ1

Y ) ↑ m3 then Y must be algebraically
quasi-hyperbolic (see section 3 of [Bo77] and [De79]). We remark that this approach to
algebraic hyperbolicity has the advantage that it can also be used as an ingredient to
obtain analytic hyperbolicity.

The pivotal result in this paper is that the minimal resolution Y of a nodal hyper-
surface X in P3 of degree d with l > 8

3 (d2 − 5
2d) nodes satisfies h0(Y, SmΩ1

Y ) ↑ m3.
Hence, Y and X are algebraically quasi-hyperbolic. Recall, that the literature on nodal
hypersurfaces gives that there are nodal hypersurfaces of degree d with number of nodes
l > 8

3 (d2 − 5
2d) for degrees d ≥ 6 (see [Mi83]). The existence of symmetric differentials

on the minimal resolutions of nodal hypersurfaces has some striking consequences. It
is well known that the smooth hypersurfaces in P3 have no symmetric differentials ([Br
71], [Bo78] and [Sa79]). Our result brings the theory of symmetric differentials back as a
tool to obtain (algebraic/analytical) hyperbolicity properties of hypersurfaces. Also, we
get a simple example of the jumping of the number of symmetric differentials in families.
Atiyah [At52] showed that a family of smooth hypersurfaces in P3 specializing to a nodal
hypersurface has a simultaneous resolution. Consider the simultaneous resolution of a
family whose general member is a smooth hypersurface and whose special member is
a nodal hypersurface with l > 8

3 (d2 − 5
2d) nodes. Our results imply that the resulting

family has a general member with no symmetric differentials but whose special member
has plenty of symmetric differentials. We finally point out that a byproduct of this paper
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is a source of examples of special hypersurfaces that are algebraically quasi-hyperbolic.
In the smooth case there are some constructions of special hyperbolic hypersurfaces in
P3, see for example [ShZa00].

We would like to thank the referee for his remarks that improved the readability of
this article and Jánus Kollár for his important comments.

1. Preliminaries

Let E be a vector bundle of rank r on a smooth surface X. The Hirzebruch-Riemann-
Roch theorem expresses the Euler characteristic χ(X, E) =

∑
(−1)i dim Hi(X,O(E)) in

terms of topological invariants c1(E), c2(E), K = −c1(TX) and χ = c2(TX) ∈ H∗(X,Z):

χ(X, E) = ch(E)Td(X)[X] = (−1
2
c1(E).K +

1
2
c2
1(E)− c2(E) +

r

12
(K2 + χ))[X] (1.1)

We are interested in the asymptotic Hirzebruch-Riemann-Roch formula for SmE and
in particular its leading term:

χ(X,SmE) =
mr+1

3!
(c2

1(E)− c2(E)) + O(mr) (1.2)

which depends on the bundle invariants and does not depend on the surface’s Chern
classes. We are interested in the symmetric products of the sheaf of differentials Ω1

X . So,
actually in this case, the invariants of the bundle Ω1

X are invariants of the surface X.

Our results require the analysis of the case where the smooth surface Y is the minimal
resolution of a surface X with quotient (nodal) singularities. In particular, a key factor
in our study is the contribution of the singularities of X to the Euler characteristic
χ(Y, SmΩ1

Y ). We used the general framework developed in the work of Wahl [Wa93] and
Blache [Bl96]. In their work, they considered a local Riemann-Roch with local Chern
classes [Wa 93], [Bl96] and the connection between the local and the global Riemann-
Roch [Bl96].

Let (X,x) be the germ of a normal surface singularity and (Y,E) be a good resolution
of (X,x), i.e the exceptional divisor E over x consists of smooth curves intersecting
transversely. Wahl defined local Chern classes, ci(F̃)loc, of locally free sheaves F̃ of rank
2 on Y (Wahl also calls them, relative Chern classes since they can be viewed as classes
in H2i(Y, ∂Y,Q)). Let F̃ be a locally free sheaf of rank 2 then the Chern numbers are
given by:

a) c2
1(F̃)loc = [detF̃ ]2 ∈ Q
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where [detF̃ ] is the unique divisor [detF̃ ] =
∑

aiEi, Ei are the irreducible components
of E, satisfying (

∑
aiEi)Ej = degEj detF̃ for all j.

b) c2(F̃)loc = inf{ 1
degf [L].[M]}

where the infimum is taken over all quadruples [W, f : (W,F ) → (Y, E),L,M] such that
f is a proper surjective generically finite map with f−1(E) = F and L, M are line
bundles fitting an exact sequence 0 → L → f∗F̃ →M→ 0.

In [Wa93] it was defined a modified Euler characteristic of a locally free sheaf F̃ on
Y :

χ′(F̃)x = dim[H0(Y \ E, F̃)/H0(Y F̃)] + h1(Y, F̃) (1.3)

Wahl conjectured that for a rank 2 bundle F̃ the following asymptotic local Riemann-
Roch formula holds:

χ′(SmF̃)x = −m3

6
(c2

1(F̃)loc − c2(F̃)loc) + O(m2) (1.4)

using the local Chern numbers of F̃ . This conjecture holds in the case (X, x) is a nodal
singularity [Wa93] and more generally when (X, x) is any quotient singularity [La00].

Recall that X is an orbifold if all x ∈ X have a neighborhood Ux ⊂ X such that:
there is an open neighborhhod of 0 ∈ Cn with a small finite subgroup Gx ⊂ GLn(C) such
that Ux = V/Gx. Hence an orbifold has only quotient singularities. Consider the germ
(X,x) = (Y, y)/Gx with (Y, y) = (Cn, 0), the projection π : (Y, y) → (X,x) is called the
local smoothing covering of X at x. A coherent sheaf S on an orbifold X is locally V-free
if every x ∈ X has a neighborhood (Ux, x) with a local smoothing π : (V, y) → (Ux, x)
and a free sheaf S̃ such that S|Ux ' πGx∗ (S̃) [Bl96].

The interplay between the local and global Hirzebruch-Riemann-Roch formula for
orbifolds is described in [Bl96]. Let X be a projective orbifold with isolated singularities
and σ : Y → X a good resolution of X. Let F be a locally V-free sheaf on X and F̃ be
a coherent sheaf on Y such that F ' (σ∗F̃)∨∨, then:

χ(X,F) = χ(Y, F̃) +
∑

x∈SingX

χ′(F̃)x (1.5)
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2. Symmetric tensors on nodal hypersurfaces

The goal of this section is to show that the resolutions Y of nodal hypersurfaces
X ⊂ P3 containing a sufficiently large number of nodes have symmetric differentials.
This result contrasts with the, well known, fact that smooth hypersurfaces X ⊂ P3 have
no symmetric differentials, see (2.5). Atiyah’s result on simultaneous resolution of nodal
surfaces [At58] states that Y lies in a smooth family ω : Xt → ∆ whose central fiber
X0 = Y and the other members Xt are smooth hypersurfaces of the same degree as
X. So as a consequence of this section, we have perhaps the most striking example of
a smooth family of projective manifolds with jumps on the dimension of the spaces of
symmetric differentials. In section 3, we use the existence of symmetric differentials to
obtain the algebraic quasi-hyperbolicity of nodal hypersurfaces.

Let X be an hypersurface of degree d in Pn. We first recall what is known for smooth
hypersurfaces. There are two key exact sequences for determining the properties of the
sheaf of differentials Ω1

X for a smooth X:

0 → Ω1
Pn |X →

n+1⊕
OX(−1) → OX → 0 (2.1)

0 → OX(−d) → Ω1
Pn |X → Ω1

X → 0 (2.2)

Our main interest is on hypersurfaces in P3. For this case, the Chern character identity
for the exact sequence (2.1) gives ch(Ω1

P3 |X) = ch(
⊕4OX(−1)) = (1 + c1(OX(−1))4.

The exact sequence (2.2) gives ch(Ω1
X)ch(OX(−d)) = ch(Ω1

P3 |X). Hence (noting that
c1(OX(1))c1(OX(1)) = d):

c1(Ω1
X) = (d− 4)c1(OX(1))

c2(Ω1
X) = c2(Ω1

P3 |X)− c1(Ω1
X)c1(OX(−d)) = d(d2 − 4d + 6) (2.3)

The formula (1.2) then gives the asymptotic behavior of the Euler characteristic χ(X,SmΩ1
X)

on X:

h0(X, SmΩ1
X)− h1(X,SmΩ1

X) + h2(X, SmΩ1
X) =

1
6
(10d− 4d2)m3 + O(m2) (2.4)

As is well known, if X is a smooth hypersurface in Pn then it has no symmetric
differentials, i.e:

H0(X, SmΩ1
X) = 0 (2.5)
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There are at least 3 different proofs of this result ([Br71], [Bo78] and [Sa79]). Sakai’s ver-
sion is the shortest to describe. Consider the spectral sequence: Epq

1 = Hq(X,∧−pN∨
X/P3⊗

Sm+pΩ1
Pn |X) =⇒ Hp+q(X, SmΩ1

X) (−m ≤ p ≤ 0). The vanishing (2.5) follows from
Hi(X, SmΩ1

Pn |X ⊗OX(t)) = 0 for i = 0, 1 and m ≥ t + 2.

Let X be a nodal hypersurface in P3, i.e. its singularities are ordinary double points.
Denote by Y the minimal resolution of X with resolution map σ : Y → X. It follows
from Atiyah’s result on simultaneous resolution of nodal surfaces [At58] that Y lies in
a smooth family ω : Xt → ∆ whose central fiber X0 = Y and the other members Xt

are smooth hypersurfaces of the same degree as X. In fact, these Xt come, after base
change, from a family of hypersurfaces whose central fiber is X. This implies that every
coherent sheaf F on the family Xt that is flat over ∆ has constant Euler characteristic
χ(Xt,Ft) in the family. In particular, one gets:

χ(Y, SmΩ1
Y ) = χ(Xt, S

mΩ1
Xt

) =
1
6
(10d− 4d2)m3 + O(m2) (2.4’)

Let X be a nodal hypersurface in P3 with l nodes and Y be the minimal resolution
of X with resolution map σ : Y → X and exceptional locus E = qiEi where the Ei

are (−2)-rational curves. The nodal hypersurface X is an orbifold and Ω1
X , the reflexive

sheaf extending the locally free sheaf Ω1
X |Xreg , is a locally V-free sheaf on X. On the

resolution Y there are two natural sheaves of differentials to consider Ω1
Y and Ω1

Y (logE).
It is clear that (σ∗Ω1

Y )∨∨ = Ω1
X and (σ∗Ω1

Y (logE))∨∨ = Ω1
X .

Recalling that the class of reflexive sheaves is not closed under tensor product oper-
ations we define ŜmΩ1

X ≡ (SmΩ1
X)∨∨ (note that (σ∗SmΩ1

Y )∨∨ = (σ∗SmΩ1
Y (logE))∨∨ =

ŜmΩ1
X). Formula (1.5) gives the relation between the Euler characteristics of both

sheaves SmΩ1
Y and SmΩ1

Y (logE) on Y and the Euler characteristic of ŜmΩ1
X on X.

χ(X, ŜmΩ1
X) = χ(Y, SmΩ1

Y ) +
∑

xi∈SingX

χ′(SmΩ1
Y )xi (2.6)

χ(X, ŜmΩ1
X) = χ(Y, SmΩ1

Y (logE)) +
∑

xi∈SingX

χ′(SmΩ1
Y (logE))xi (2.7)

Lemma 2.1. Let (Y, E) be a good resolution of the germ (X, x) of a nodal surface
singularity. Then the asymptotic local Euler characteristic for SmΩ1

Y and SmΩ1
Y (logE)

is given by the formula:

χ′(SmΩ1
Y )x = χ′(SmΩ1

Y (logE))x =
1
4
m3 + O(m2) (2.8)
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Proof. To find the leading terms of χ′(SmΩ1
Y )x and χ′(SmΩ1

Y (logE))x, we recall what
is known about their respective local Chern numbers [Wahl93]:

c2
1(Ω

1
Y )loc = 0 c2

1(Ω
1
Y (logE))loc = (c1(Ω1

Y )loc + E)2 = −2

c2(Ω1
Y (logE))loc = −1

2
c2(Ω1

Y )loc = c2(Ω1
Y (logE)loc + χtop(E) =

3
2

(2.9)

The key facts, for arriving to the above numbers, are that the nodes are quotient
singularities with group Z2 and that the following exact sequence holds:

0 → Ω1
Y → Ω1

Y (logE) → OE → 0 (2.10)

The formula (1.4) and the local Chern numbers (2.9) provide us with the desired
equality (2.8).

¤

The modified local Euler characteristic χ′(SmΩ1
Y )x is composed of two terms dim[H0(Y \

E, F̃)/H0(Y F̃)] and h1(Y, F̃), see formula (1.3). The following calculation clarifies each
of the two terms for a nodal singularity.

Lemma 2.2. Let (Y, E) be a good resolution of the germ (X, x) of a nodal surface
singularity. Then:

dim[H0(Y \ E, SmΩ1
Y )/H0(Y, SmΩ1

Y )] =
1
4
m3 + O(m2) (2.11)

and:

h1(Y, SmΩ1
Y ) < Cm2 (2.12)

Proof. Let σ : (Y,E) → (X,x) be the minimal resolution of the nodal singularity. The
germ of a nodal singularity (X, x) has a local smoothing covering π : (X ′, x′) → (X,x)
with group Z2 (i.e. (X, x) is the quotient of a smooth germ (X ′, x′) by Z2 with fixed
point set x′). Denote by f : (Y ′, E′) → (X ′, x′) the blow up of (X ′, x′) at x′ and
g : (Y ′, E′) → (Y,E) the double covering ramified at E making π ◦f = σ ◦g : (Y ′, E′) →
(X,x). There are natural bijections between H0(Y \ E,SmΩ1

Y ), H0(X \ x, SmΩ1
X) and

[H0(X ′ \ x′, SmΩ1
X′)]Z2 . The following then holds:

dim[H0(Y \E, SmΩ1
Y )/H0(Y, SmΩ1

Y )] = dim[f∗[H0(X ′\x′, SmΩ1
X′)]Z2/g∗H0(Y, SmΩ1

Y )

Below we give a coordinate chart approach to find this dimension.
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Consider the blow up map f : (C2, u, v) → (C2, z1, z2) given by (u, v) → (u, uv).
Consider also the double ramified covering g : (C2, u, v) → (C2, x, y) given by (u, v) →
(u2, v).

The relations between the differentials in the different coordinate charts C2 are:

f∗dz1 = du f∗dz2 = udv + vdu

and (2.13)

g∗dx = 2udu g∗dy = dv

We may write the pullback by f of a symmetric differential monomial on (C2, z1, z2)
as:

f∗(dzm1
1 dzm2

2 ) =
m2∑

i=0

(
m2

i

)
um2−ividvm2−idum1+i

So in any such pullback of order m (m1 +m2 = m) there is a term in dum with no power
of u in the coefficient (and all other terms have du with an order smaller than m). On
the other hand, by (2.13) a symmetric differential ω = ui1vi2dum1dvm2 is a pullback by
g only if i1 ≥ m1. This and (2.13) imply that f∗(h(z1, z2)dzm1

1 dzm2
2 ) with m1 +m2 = m

is also a pullback by g only if the Taylor expansion of h has all terms with combined
order in z1 and z2 to be greater or equal to m (hence all terms of f∗(h(z1, z2)dzm1

1 dzm2
2 )

will have the coefficients with u of order greater or equal to m).

Now there are m + 1 symmetric differential monomials of order m in z1 and z2. The
number of all monomials in z1 and z2 of degree less than m is 1 + 2 + ... + m. Hence the
number symmetric differentials of the form ω = zi1

1 zi2
2 dzm1

1 dzm2
2 having m1 + m2 = m

such that f∗ω is not a pullback by g, i.e. i1 + i2 < m, is 1
2m3 mod m2. Recall that the

goal is to find dim[f∗[H0(X ′ \ x′, SmΩ1
X′)]Z2/g∗H0(Y, SmΩ1

Y ). Hence we should only
count the symmetric differentials that are Z2 invariant, i.e. i1 + i2 = m mod 2, which
gives 1

4m3 mod m2. From dim[H0(Y \ E,SmΩ1
Y )/H0(Y, SmΩ1

Y )] = dim[f∗[H0(X ′ \
x′, SmΩ1

X′)]Z2/g∗H0(Y, SmΩ1
Y ) = 1

4m3 mod m2, lemma 2.1 and formula (1.3) it follows
h1(Y, SmΩ1

Y ) < Cm2.
¤

Proposition 2.3. Let X be a surface with nodal singularities whose resolution Y is a
surface of general type. Then for m > 2:

h2(X, ŜmΩ1
X) = 0 (2.14)

Proof. From Serre duality for reflexive sheaves on normal surfaces, one obtains:
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h2(X, ŜmΩ1
X) = h0(X, ((ŜmΩ1

X)∨ ⊗ ωX)∨∨)

The normality property of the reflexive sheaf ((ŜmΩ1
X)∨⊗ωX)∨∨ plus the reflexive nature

of (ŜmΩ1
X)∨ ⊗ ωX on Xreg give:

h0(X, ((ŜmΩ1
X)∨ ⊗ ωX)∨∨) = h0(Xreg, (SmΩ1

X)∨ ⊗ ωX)

From the isomorphism Ω1
X
∨ ' Ω1

X ⊗ ωX on Xreg, one derives the following equality:

h2(X, ŜmΩ1
X) = h0(Xreg, S

mΩ1
X ⊗ ω

(1−m)
X ) (2.15)

Consider the the auxiliary vector bundles S2lΩ1
X ⊗ ω−l

X on Xreg. Suppose there is an
m > 2 such that h2(X, ŜmΩ1

X) > 0 then h0(Xreg, S
mΩ1

X⊗ω
(1−m)
X ) > 0 by (2.15). Let l =

qm, s ∈ H0(Xreg, S
mΩ1

X ⊗ ω
(1−m)
X ) be a nontrivial section and w ∈ H0(Xreg, ω

(m−2)q
X )

then s2q ⊗ w ∈ H0(Xreg, S
2lΩ1

X ⊗ ω−l
X ). Since m > 2 this implies that if q À 0 then

S2lΩ1
X ⊗ ω−l

X has a nontrivial section vanishing at some point of Xreg.

The existence of a nontrivial section of S2lΩ1
X ⊗ ω−l

X vanishing at some point of Xreg

implies unstability properties of Ω1
X on Xreg. Applying the stability theory of Bogomolov

(and Mumford), it follows that there is a line bundle L ⊂ Ω1
X on Xreg such that the line

bundle (L2 ⊗ ω−1
X )k has nontrivial sections for some k ([Bo78] or [De79]). The bigness

of KX on Xreg finally implies that:

h0(Xreg, L
k) = Ck2 + O(k) (2.16)

Before proceeding we need the following lemma:

Lemma 2.4. Let X be a projective surface with nodal singularities. Then there is a
smoothing cover of X. More precisely, there is smooth projective surface S with a finite
map f : S → X. In particular, the pre-image of the singular points consists of a finite
set of smooth points.

Proof. The proof follows from the construction in theorem 2.5 of [KaBo98]. More pre-
cisely, for any surface X with a finite number of quotient singularities {x1, ..., xl} there
is a projective variety W with a holomorphic surjection π : W → X. The fibration given
by π is a Pn-bundle over X \Sing(X) and has fibers Pn/Gxi over the quotient singularity
xi. The group Gxi is the local fundamental group at the xi, Gxi acts on Pn×U , where U
is a neighborhood of the xi in X. The action of the Gxi on Pn is faithful and projective
and the action on U is the action producing the quotient singularity xi. The variety W
has singularities in codimension ≥ 3, hence the intersection of a general codimension n
plane with W is our smooth S and f = π|S . ¤
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By the previous lemma, there is a smoothing cover of X, f : S → X. Denote by
T the pre-image on S of the set of nodal points of X. Let df : f∗Ω1

X → Ω1
S be the

differential map. Consider the rank one subsheaf of Ω1
S |S\T on S \ T which is the image

sheaf S = df(L). Since T has codimension 2 on S, one can extend S to rank one coherent
subsheaf on S of Ω1

S . Let L′ ⊂ Ω1
S be the line bundle which is the saturation of S on

Ω1
S . The growth of the number of sections of Lk described in (2.16) implies that:

h0(S,L′k) ≥ Ck2 + O(k) (2.17)

On the other hand one has the general result stating that, on any complex surface Y , if
F ⊂ Ω1

Y is a line bundle, then growth of h0(S, F k) is at most linear on k, which gives
the desired contradiction. ¤

So far the results we have gathered can be used to show the existence of symmetric
differentials, i.e. sections of H0(X, ŜmΩ1

X)), on nodal hypersurfaces X ⊂ P3 with enough
nodes.

Corollary 2.5. Let X be a nodal hypersurface of degree d and l nodes in P3. If l >
8
3 (d2 − 5

2d) then :

h0(X, ŜmΩ1
X) ≥ [

l

4
+

1
6
(10d− 4d2)]m3 + O(m2)

Proof. Let Y be the minimal resolution of X and {xi}i=1,...,l be the l nodes of X. The
Riemann-Roch formula (2.6), the formula (2.4’) and the leading term of the local Euler
Characteristics χ(Y, SmΩ1

Y )xi found in lemma 2.1 give:

χ(X, ŜmΩ1
X) = [

1
6
(10d− 4d2) +

l

4
]m3 + O(m2)

Hence if l > 8
3 (d2 − 5

2d) the Euler characteristic χ(X, ŜmΩ1
X) > 0 and grows with m as

m3. The result follows since h2(X, ŜmΩ1
X) = 0 by proposition 2.3.

¤

The goal of this section is not yet achieved. The sections of H0(X, ŜmΩ1
X) do not

give, apriori, symmetric differentials on the resolution Y . They correspond to sections
of H0(Y \E, SmΩ1

Y ). We would like to point out, that we have immediately a bit more.
It follows from a result of Miyaoka ([Mi83], see also corollary 4.7 of [Wa93]) that for
quotient singularities:

h0(Y \ E,SmΩ1
Y ) = h0(Y, SmΩ1

Y (logE))

Therefore if X has enough nodes then Y has symmetric log-differentials. In the next
result, we go farther and show the existence of the desired symmetric differentials on Y .
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Theorem 2.6. Let X be a nodal hypersurface of degree d and l nodes in P3 and Y
its minimal resolution. If l > 8

3 (d2 − 5
2d), then Y has symmetric differentials. More

precisely:

h0(Y, SmΩ1
Y ) ≥ [

l

4
+

1
6
(10d− 4d2)]m3 + O(m2) (2.18)

There are nodal hypersurfaces of degree d ≥ 6 with l > 8
3 (d2 − 5

2d) nodes.

Proof. Consider the exact sequence :

0 → SmΩ1
Y → SmΩ1

Y (logE) → Q→ 0 (2.19)

where the sheaf Q = SmΩ1
Y (logE)/SmΩ1

Y is supported on the exceptional locus E.

To start with, we want to find the asymptotic growth of h0(Y,Q). Let (Ui, Ei) be
the germ of a neighborhood of an exceptional curve Ei. The long cohomology sequence
associated with (2.19) on Ui and h1(Ui, S

mΩ1
Y ) = O(m2), (2.12), give that h0(Ui,Q) =

dim(H0(Ui, S
mΩ1

Y (logEi))/H0(Ui, S
mΩ1

Y )) + O(m2).
To proceed we recall a result of Miyaoka (see corollary 4.7 of [Wa93] or [Mi83]) stating

that for germs (U,E) of resolutions of quotient singularities:

H0(U \ E, SmΩ1
U ) = H0(U, SmΩ1

U (logE)) (2.20)

Combining all the above with (1.3) and lemma 2.2, it follows that:

h0(Ei,Q) =
1
4
m3 + O(m2) (2.21)

and
h0(Y,Q) =

l

4
m3 + O(m2) (2.22)

Next, we want to find a lower bound for h1(Y, SmΩ1
Y ). Consider the exact sequence

(2.19) tensored with the line bundle O((1−m)KY ) and use the isomorphism O(KY )|Ui '
OUi for the neighborhood germ (Ui, Ei) of a (-2)-curve to obtain:

0 → SmΩ1
Y ⊗O((1−m)KY ) → SmΩ1

Y (logE)⊗O((1−m)KY ) → Q→ 0 (2.23)

The associated long cohomology sequence gives:

H0(Y, SmΩ1
Y (logE)⊗O((1−m)KY )) → H0(Y,Q) → H1(Y, SmΩ1

Y ⊗O((1−m)KY ))

Serre duality gives h1(Y, SmΩ1
Y ) = h1(Y, SmΩ1

Y ⊗ O((1 − m)KY )). Hence if we show
that h0(Y, SmΩ1

Y (logE)⊗O((1−m)KY )) = 0, it follows that:
11



h1(Y, SmΩ1
Y ) ≥ l

4
m3 + O(m2) (2.24)

The inequality (2.18) then follows from proposition 2.3 and the Euler characteristic
χ(Y, SmΩ1

Y ) = 1
6 (10d− 4d2)]m3 + O(m2) being constant along a flat family.

The equality (2.20) implies that H0(Y, SmΩ1
Y (logE) ⊗ O((1 − m)KY )) = H0(Y \

E, SmΩ1
Y ⊗O((1−m)KY )). On the other hand, it follows from proposition 2.3 and its

proof that h0(Y \ E, SmΩ1
Y ⊗ O((1 −m)KY )) = h0(Xreg, S

mΩ1
X ⊗ O((1 −m)KX)) =

h2(X, ŜmΩ1
X) = 0.

Segre showed in [Se47] that the maximum number of nodes l(d) allowed in an hyper-
surface of degree d satisfies l(d) ≥ 1

4d2(d − 1). The lower bound for l(d) of Segre gives
that for d ≥ 9 then there are nodal hypersurfaces with l > 8

3 (d2 − 5
2d) nodes. The cases

d = 6, 7, 8 follow from other specific lower bounds already found, see table in [Mi83]. For
the case d = 5 there are not enough nodes, the maximum number of nodes is 31 [Be83]
and we needed 33. ¤

Remark: As was mentioned in the introduction of this section, the theorem 2.6 gives
us an example of the jumping of the number of symmetric differentials on a smooth
family of projective manifolds. This example, a family of smooth hypersurfaces Xt of
degree d ≥ 6 in P3 specializing to the resolution Y of a nodal hypersurface with enough
nodes, is perhaps the most striking in its consequences and simplicity.

3. Hyperbolicity of nodal hypersurfaces

We prove in this section that the nodal hypersurfaces X ⊂ P3 whose number of nodes
are sufficiently large when compared with their degrees are algebraically quasi-hyperbolic.
The main tools are the existence of symmetric differentials proved in section 2 and the
restrictions that they impose on curves with a fixed geometric genus in X.

A nontrivial symmetric differential ω ∈ H0(Y, SmΩ1
Y ) defines a multi-foliation on Y .

Recall that there is a natural bijection between H0(Y, SmΩ1
Y ) and H0(P(Ω1

Y ),O(m)).
If ω ∈ H0(Y, SmΩ1

Y ) and y ∈ Y then ω(y) defines naturally a polynomial of order
m on P(Ω1

Y )y ' P1. The zeroes of ω(y) in P(Ω1
Y )y determine the directions that the

local leaves, of the multi-foliation defined by ω, can take at y. Let C be a smooth
curve and f : C → Y be holomorphic map which is bimeromorphic onto its image.
The curve f(C) is a leaf of the multi-foliation defined by ω if the differential pullback
f∗ω ∈ H0(C, (Ω1

C)⊗m) is trivial. There is another way to describe the condition of
being a leaf of ω. Consider the lift of the map f : C → Y to a map tf : C → P(Ω1

Y ).
12



The curve f(C) is a leaf if tf (C) ⊂ (sω)0, where (sω)0 is the zero locus of the section
sω ∈ H0(P(Ω1

Y ),O(m)) corresponding to ω.

Theorem 3.1. Let X be a nodal hypersurface of P3 with l > 8
3 (d2 − 5

2d) nodes, then X
is algebraically quasi-hyperbolic.

Proof. The result follows if we show that the minimal resolution Y of X is algebraically
quasi-hyperbolic. Let φm : P(Ω1

Y ) → Pl be the rational map defined by the linear
system |O(m)|. Denote by Zm ⊂ P(Ω1

Y ) the locus consisting of the union of the positive
dimensional fibers of φ and the base locus Bm of |O(m)|. The condition on the number of
nodes implies, by the theorem 2.6, that H0(Y, SmΩ1

Y ) ↑ m3. Hence the locus Zm consists
of a finite union of irreducible components. Let C be a smooth curve and f : C → Y be
holomorphic map which is bimeromorphic onto its image. The curve f(C) is said to be
irregular if its lift tf (C) ⊂ Zm, otherwise it is called regular. The set of irregular curves
can be broken into two groups: the curves that are leaves of all multi-foliations defined
by the elements of H0(Y, SmΩ1

Y ) (i.e. the ones whose lift lies on the base locus Bm); the
curves whose lift lie on the positive dimensional fibers of φ.

Let C ′ be a regular curve with normalization f : C → C ′ ⊂ Y . The regularity
of C ′ implies that there is a symmetric differential ω ∈ H0(Y, SmΩ1

Y ) such that the
differential pullback f∗ω ∈ H0(C, (Ω1

C)⊗m) is nontrivial but vanishes somewhere. Hence
degC(Ω1

C)⊗m > 0 and C can not be rational or elliptic.
If C ′ is irregular then its lift lies on Zm. The number of curves that lift into irreducible

components of Zm that are not horizontal and 2-dimensional is clearly finite. The finite-
ness of the number of curves that lift to the 2-dimensional horizontal components of Zm

is more delicate. These components have a naturally defined foliation on them which
permits the use of the theory of foliations. In fact, the theory of algebraic foliations and
Y being of general type give that there are at most finitely many rational and elliptic
curves lifting to any of the 2-dimensional horizontal components of Zm, which finishes
the proof (for more details see [Bo77] and [Jo78] and also [De79]). ¤
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