Math 461 Spring 2015
Homework 6 Drew Armstrong

1. Symmetric Functions. Consider the elementary symmetric functions

eg1=r+s+1t
es =18+ 1rt+ st
e3 = rst.

They are called elementary because every other symmetric function can be expressed in terms
of them. Express the following symmetric functions in terms of ey, es, 3.

(a) 72 + 52 + 2
(b) 34 s34+ 3
(c) 2+ o+

For part (a), we note that the leading term of 72 + s? + 2 is 72. This matches the leading
term of ef. Subtracting gives

(r2 4+ s +t3) —e? = (2 + 2 +t3) — (r? + 8% + 12 + 2rs + 2rt + 2st)
—2(rs + 1t + st)
= —262.

Hence r? 4 s% 4+t = e} — 2e,.

For part (b), we note that the leading term of 73 + s% 43 is 3, which matches the leading
term of e = r® + 83 + 3 + 3125 + 3rs? + 3r%t + 3rt? + 3s%t + 3st? + 6rst. Subtracting gives
(r3 + 83 +13) — et = —3r%s — 3rs® — 3r’t — 3rt? — 35t — 3st> — 6rst.

Note that the new leading term is —3r2s, which matches the leading term of
—3eieg = —3(r + s+ t)(rs + 1t + st) = —3r’s — 3rs® — 3r’t — 3rt? — 3s5°t — 3st> — 9rst.
Subtracting gives
(13 + 83 +t3) — €3 + 3ejen = 3rst = 3es.
Hence 73 + 83 + 3 = e?l’ — 3ejes + 3es.
For part (c), note that
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Now our goal is to express the numerator in terms of ej,es,e3. The leading term of the
numerator is r2s%, which matches the leading term of e2. Subtracting gives

(r2s® + 1722 + 8%1%) — €2 = (r?s® + r?t% 4 s%t%) — (r2s® + 22 + 22 + 2rPst + 2rsPt + 2rst?)
= —2r2st — 2rs*t — 2rst’.
The new leading term is —2r2st, which matches the leading term of
—2eje3 = —2(r + 5 + t)(rst) = —2r°t — 2rs*t — 2rst>

Subtracting gives
(1252 + 122 + 5%t?) — €2 4 2e1e3 = 0.



Hence
1 1 1 e3—2ee;
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2. Application. Suppose that the polynomial 23 +px+q has roots r, s, . Find the polynomial
(with leading coefficient 1) whose roots are rs,rt, st. The coefficients must be expressed in
terms of p and ¢. [Hint: The polynomial is (z — rs)(z — rt)(z — st).]
We are given that
B 4pr+q=(x—7r)(z—s)(z—1t)
=2 — (r+s+t)2® + (rs+rt + st)x — (rst),

and hence ey =r+s+t =0, eag =rs+rt+ st =p, and e3 = rst = —q. The polynomial we
are looking for is
(x —rs)(x —rt)(x — st) = 2® — (rs + vt + st)a® + (r’st + rs*t + rst?)z — (r2s*?)
=% — 62.’E2 + ejezx — eg
= o® — pa? + 0z — (~q)

=a2® —pa? — ¢

3. Discrete Fourier Transform. Let w = ¢2™/3. In class I claimed that
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Verify that this is true.

First note that w? =1, w* = w, and 1 + w 4+ w? = 0. Then we have
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This is just what we wanted to show.

4. Example of Lagrange’s Method. In this problem we will find the full solution to
the cubic equation 23 — 6z — 6 = 0. [Compare to Exam 1 Problem 3.] Let rq,72,73 be the
three complex solutions and note that ey = r{ +r9 + 13 =0, eo = 1179 + r1r3 + 19013 = —6,
e3 =1rirory = 6. Let w = (327”/37 and define

S1=7T1+7r2+7r3
Sog =711 +wre+ w2r3
S3 =11+ w2r2 + wrs.

(a) We saw in class that sj + sg = 2e3 —9ejea + 27Te3 = 162 and s953 = €3 — 3eg = 18. Use
this information to compute the values of s3 and s3.



(b) Let s2 and s3 be the positive real cube roots of the values for s3 and s3 that you
computed above (it doesn’t matter which values we choose, so we might as well choose
the easiest ones). Now use the result from Problem 3 to find explicit formulas for the
three roots 1,79, 3.

For part (a), we are given that
22— 6x—6= (x —7r1)(x —ro)(z —13)
s - (Tl + 179+ T3)$2 + (7“17‘2 +rirs + 7“27“3)1‘ — (7‘17“2?”3)
=z — 61x2 + esxr — e3,
and hence that e; =0, e = —6, and e3 = 6. This implies that
s34 55 = 2¢} — 9ejen +27Te3 = 2- 0% —9-0(—6) +27-6 = 162
and
s953 = €7 — 3eg = 0% — 3(—6) = 18.
Now €3 and eg are the roots of the polynomial

(u— sg)(u — 53) =% - (sg + sg)u + sgsg

=% - (s% + sg)u + (s283)
= u® — 162u + 182

= u? — 162u + 324.
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Using the quadratic formula gives

1
55,55 = 5 (1624 V/162% — 4 3242)
1
= 5(162+54)
= 54,108.

It doesn’t matter which is which, so let’s just say s3 = 54 and s3 = 108.
For part (b) we take the real cube roots to get

S9=Vb4=3-v2 and 83:\3/@:3-\3/21
Finally, we use the result of Problem 3 to compute the roots of 23 — 6z — 6:
r1=(s1+s2+83)/3=V2+ V4
ro = (51 +w?sy + ws3)/3 =w? - V2 +w- V4
r3 = (s1 +wss +w?s3)/3=w- V2 +w? V4

If you don’t believe it, I encourage you to check that these three numbers satisfy the equation
x3 —6x —6 = 0. Since a polynomial of degree 3 has at most 3 roots, these must be all of them.
See the last page of the Course Notes for a picture of these roots in the complex plane.



