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ABSTRACT. We show that a nodal hypersurface X in P3 of degree d with a sufficiently
large number [ of nodes, [ > %(d2 — gd), is algebraically quasi-hyperbolic, i.e. X can only
have finitely many rational and elliptic curves. Our results use the theory of symmetric
differentials and algebraic foliations and give a very striking example of the jumping of the
number of symmetric differentials in families.

0. INTRODUCTION

A compact analytic variety X is said to be Kobayashi hyperbolic (Brody) if it does
not contain any entire curves, i.e. there are no nonconstant holomorphic mappings

f:C— X.

Conjecture. (Kobayashi) The general hypersurface X of P? of degree > 5 is Kobayashi
hyperbolic.

We are more interested in an algebraic version of this conjecture (see below) but we
recall that the results of McQuillan [Mc98] (d > 36) and [DeEl00] (d > 21) which state
that a very general hypersurface of degree d > 21 in P3 is Kobayashi hyperbolic (a
condition holds for a very generic hypersurface of degree d if it holds for all hypersur-
faces not belonging to some countable union of subvarieties of the parameter space of
hypersurfaces of degree d). See also [SiYe96] and [EGO03] for the related problem of the
hyperbolicity of the complement of an hypersurface in P2.

There is an algebraic version of the conjecture stating that X does not contain any
rational or elliptic curves, i.e. X is algebraically hyperbolic. In fact, Green and Griffiths
[GrGr80] modified the Kobayashi’s conjecture by adding that that is enough to show
that X is algebraically hyperbolic. More generally and in a broader direction, the first
author and separately Green and Griffiths formulated that a surface X of general type
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contains only finitely many rational and elliptic curves, i.e. X is algebraically quasi-
hyperbolic. More precisely, if X is a variety of general type then some jet-bundle Ji(X)
over X contains a proper subvariety S C Ji(X) so that the curves in X are divided into
2 classes. The class of regular curves C' C X consists of the ones whose lifting j(C”)
into Ji(X) (here C’ denotes a normalization of C') is not contained in S. The other class
consists of the special curves whose lifting ji(C’) C S. The special curves satisfy some
differential equations of order k defined by S. Now for regular curves we have a linear
estimate on genus viz degree with respect to Kx. Namely g(C’) < ¢(X)Kx.C, ¢(X) is
a constant depending on X. For special curves we don’t have this estimate, but in the
case of surfaces we have finiteness results for curves of a given genus coming from the
theory of foliations.

On the algebraic version of the Kobayashi’s conjecture, there are the Clemens’s [C186]
and Xu’s [Xu94] results giving that a very general hypersurface in P2 of degree > 5 does
not contain rational or elliptic curves. For higher dimensions, Ein [Ei88] (see also [Vo96])
showed that a very general hypersurface on P"*! of degree > 2n + 2 does not contain
any submanifold that is not of general type.

In this paper, we analyze how the number of nodes in a hypersurface X of P3 impact
on the presence of symmetric differentials on the minimal resolution Y of X (a symmetric
differential on Y is a global section of S™3,). The existence of symmetric differentials
on a surface Y impose constraints on the genus of curves on Y. Moreover, if a sur-
face of general type Y has a growth h(Y,S™QL) 1 m? then Y must be algebraically
quasi-hyperbolic (see section 3 or [Bo77] and [De79]). We remark that this approach
to algebraic hyperbolicity has the advantage that can also be used as an ingredient to
obtain analytic hyperbolicity.

The pivotal result in this paper is that the minimal resolution Y of a nodal hyper-
surface X in P? of degree d with I > $(d? — 5d) nodes satisfies hO(Y,S™Q5,) T m?.
Hence, Y and X are algebraically quasi-hyperbolic. Recall, that the literature on nodal
hypersurfaces give that there are nodal hypersurfaces of degree d with number of nodes
> §(d? — 5d) for degrees d > 6 (see [Mi82]). The existence of symmetric differentials
on the minimal resolutions of nodal hypersurfaces has some striking consequences. It
is well known that the smooth hypersurfaces in P2 have no symmetric differentials ([Br
71], [Bo78] and [Sa79]). Our result brings the theory of symmetric differentials back as a
tool to obtain (algebraic/analytical) hyperbolicity properties of hypersurfaces. Also, we
get a simple example of the jumping of the number of symmetric differentials in families.
Atiyah [At52] showed that a family of smooth hypersurfaces in P? specializing to a nodal
hypersurface has a simultaneous resolution. Consider the simultaneous resolution of a
family whose general member is a smooth hypersurface and whose special member is
a nodal hypersurface with [ > %(al2 — gd) nodes. Our results imply that the resulting
family has a general member with no symmetric differentials but whose special member
has plenty of symmetric differentials. We finally point out that a byproduct of this paper
is source of examples of special hypersurfaces that are algebraically quasi-hyperbolic. In
the smooth case there are some constructions of special hyperbolic hypersurfaces in P3,
see for example [ShZa00].



1. PRELIMINARIES

Let E be a vector bundle of rank r on a surface X. The Hirzebruch-Riemann-Roch
theorem expresses the Euler characteristic x(X, E) = > (—1)*dim H*(X, O(E)) in terms
of topological invariants ¢1(F), co(E), K = —c1(Tx) and x = c2(Tx) € H*(X,Z):

X(X,E) =ch(E)Td(X)[X] = (—%cl(E).K + 1c%(E) —co(E) +

3 5 (K2 +0)X] (L)

12
We are interested in the asymptotic Hirzebruch-Riemann-Roch formula for S™FE and
in particular its leading term:

%@%(E) —es(E)) + O(m") (1.2)

which depends on the bundle invariants and does not depend on the surface’s Chern
classes. We are interested in the symmetric products of the sheaf of differentials % . So,
actually in this case, the invariants of the bundle Q) are invariants of the surface X.

X(X,S"E) =

We will consider surfaces X with quotient singularities. A key factor in our analysis
is the contribution of the singularities of X to the Euler characteristics x(Y,F) on the
resolution Y of X. This problem was tackled in the work of Wahl [Wa93| and Blache
[B196]. In their work, they consider a local Riemann-Roch with local Chern classes [Wa
93], [B196] and the connection between the local and the global Riemann-Roch [B196].

Let (X, x) be the germ of a normal surface singularity and (Y, E) be a good resolution
of (X,x), i.e the exceptional divisor E over x consists of smooth curves intersecting
transversely. Wahl defined local Chern classes, ¢;(F)ioc, of locally free sheaves F of rank
2 on Y (Wahl also calls them, relative Chern classes since then can be viewed as classes
in H*(Y,0Y,Q)). Let F be a locally free sheaf of rank 2 then the Chern numbers are

given by:
a) 2 (Fioe = [detF]?2 € Q

where [detF] is the unique divisor [detF] = 3" a;E;, E; are the irreducible components
of E, satisfying (3 a;E;)E; = degg,detF for all j.

b) e2(Foe = inf{ g7 [L].IM]}

where the infimum is taken over all quadruples [W, f : (W, F) — (Y, E), L, M| such that
f is a proper surjective generically finite map with f~!(F) = F and £, M are line
bundles fitting an exact sequence 0 — £ — f*F — M — 0.
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In [Wa93] it was defined a modified Euler characteristic of a locally free sheaf F on
Y:

X'(F)y = dim[H(Y \ E, F)/H(Y F)] + h* (Y, F) (1.3)

Wahl conjectured that for a rank 2 bundle F the following asymptotic local Riemann-
Roch formula holds:

m3 . -
X/(Sm]:—)ac = _?(Cﬂ}—)loc — c2(F)oc) + O(mz) (1.4)

using the local Chern numbers of F. This conjecture holds in the case (X, ) is a nodal
singularity [Wa93] and more generally when (X, x) is any quotient singularity [La00].

Recall that X is an orbifold if all z € X have a neighborhood U, C X such that:
there is an open neighborhhod of 0 € C with a small finite subgroup G, C GL,(C)
such that U, = V/G,. Hence an orbifold has only quotient singularities. If the germ
(X,z) =(Y,y)/G, with (Y,y) = (C",0) then the projection 7 : (Y,y) — (X, ) is called
the local smoothing covering of X at x. A coherent sheaf S on an orbifold X is locally V-
free if all € X have a neighborhood (U, x) with a local smoothing 7 : (V,y) — (U, x)
and a free sheaf S such that S|y, ~ 7&=(S) [B196].

The interplay between the local and global Hirzebruch-Riemann-Roch formula for
orbifolds is described in [B196]. Let X be a projective orbifold with isolated singularities
and 0 : Y — X a good resolution of X. Let F be a locally V-free sheaf on X and F be
a coherent sheaf on Y such that F ~ (0, F)"V then:

XX F) =x(V.F)+ > X(Fl (1.5)

zeSing X

2. SYMMETRIC TENSORS ON NODAL HYPERSURFACES

The goal of this section is to show that the resolutions Y of nodal hypersurfaces
X C P? containing a sufficiently large number of nodes have symmetric differentials. On
the other hand, it is well known that smooth hypersurfaces X C P? have no symmetric
differentials, see (2.5). Atiyah’s result on simultaneous resolution of nodal surfaces [At58]
states that Y lies in a smooth family w : X; — A whose central fiber Xy = Y and
the other members X; are smooth hypersurfaces of the same degree as X. So as a
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consequence of this section, we have perhaps the most striking example of a smooth
family of projective manifolds with jumps on the dimension of the spaces of symmetric
differentials. We use the existence of symmetric differentials on section 3 to obtain the
algebraic quasi-hyperbolicity of nodal hypersurfaces.

Let X be an hypersurface of degree d in P"™. We first recall what is known for smooth
hypersurfaces. There are two key exact sequences for determining the properties of the
sheaf of differentials Q% for a smooth X:

n+1
0= Qpu|x = P Ox(-1) =0 =0 (2.1)
0 — Ox(—d) = Qpu|x — Q% — 0 (2.2)

Our main interest is on hypersurfaces in P3. For this case, the Chern character identity
for the exact sequence (2.1) gives ch(Qs|x) = ch(@* Ox(=1)) = (1 + c1(Ox(=1))4
The exact sequence (2.2) gives ch(Q%)ch(Ox(—d)) = ch(Qs|x). Hence (noting that
¢1(0x(1))er(0x (1)) = d):

1(x) = (d = 4)e1 (Ox (1))

c2(Q%) = c2(Qps|x) — c1(Q%)e1 (Ox (—d)) = d(d* — 4d + 6) (2.3)

The formula (1.2) then gives the asymptotic behavior of the Euler characteristic x (X, S™QY )
on X:

1
RO(X, S™Q%) — b (X, 8™Q%) + kX, S™QY) = 6(1od —4d*)ym® + O(m?)  (2.4)

As is well known, if X is a smooth hypersurface in P" then it has no symmetric
differentials, i.e:

HY(X,8m0%) =0 (2.5)

There are at least 3 different proofs of this result ([Br71], [Bo78] and [Sa78]). Sakai’s ver-
sion is the shortest to describe. Consider the spectral sequence: EY? = HI(X,A™P Ny /p3®
SmPOL. | x) = HPTI(X,SmQ%) (—m < p < 0). The vanishing (2.5) follows from
HY(X,5" . |x ® Ox(t)) =0 fori=0,1and m >t + 2.

Let X be a nodal hypersurface in P3, i.e. its singularities are ordinary double points.
Denote by Y the minimal resolution of X with resolution map o : ¥ — X. It follows
5



from Atiyah’s result on simultaneous resolution of nodal surfaces [At58] that Y lies in
a smooth family w : X; — A whose central fiber Xqg = Y and the other members X;
are smooth hypersurfaces of the same degree as X. In fact, these X; come, after base
change, from a family of hypersurfaces whose central fiber is X. This implies that every
coherent sheaf F on the family X; that is flat over A has constant Euler characteristic
X(X¢, Ft) in the family. In particular, one gets:

x(Y,S™0y) = x (X4, S"Q%,) = %(10d — 4d*)m? + O(m?) (2.47)

Let X be a nodal hypersurface in P? with [ nodes and Y be the minimal resolution
of X with resolution map o : ¥ — X and exceptional locus E = II; E; where the E;
are (—2)-rational curves. The nodal hypersurface X is an orbifold and Q1 , the reflexive
sheaf extending the locally free sheaf Q% |x,.,, is a locally V-free sheaf on X. On the
resolution Y there are two natural sheaves of differentials to consider Q3. and Q3. (logE).
It is clear that (0.Q3)VY = Q% and (0.Q3 (logE))VY = Q.

Recalling that the class of reflexive sheaves is not closed under tensor product oper-
ations we define S™QL = (S™QL )YV (note that (0,S™QL)YY = (6.5™Q (logE))¥V =
ng}() The formula (1.5) gives the relation between the Euler characteristics of both
sheaves S™Q3, and S™O, (logE) on Y and the Euler characteristic of Smﬁk on X.

XX, SmQ%) = x(Y, 5™ )+ Y X(S" ), (2.6)
z;ESing X

X(X,8™Q%) = Xx(Y, 5™ (logE)) + Y . X' (S (logE)).a, (2.7)
z;ESing X

Lemma 2.1. Let (Y, E) be a good resolution of the germ (X,z) of a nodal surface
singularity. Then the asymptotic local Euler characteristic for S™Q3. and S™3 (logE)
s given by the formula:

1
X (8" = X' (S™0 (logE)) . = Zm3 + O(m?) (2.8)

Proof. To find the leading terms of x/(S™Q1), and x'(S™Q (logE)),, we recall what
is known about their respective local Chern numbers [Wahl93]:

C§<Q%f)loc =0 C%(Q%/(ZOQE))IOC = (Cl(Q%/)loc + E)2 = -2

1 3
CQ(Q%/(ZOQE))IOC = ) CQ(Q%f)loc = CQ(Q%/(ZOQE)IOC + XtOp(E) = (2'9)

2
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The key facts, for arriving to the above numbers, are that the nodes are quotient
singularities with group Zs and that the following exact sequence holds:

0— 0 — O (logE) - O — 0 (2.10)

The formula (1.4) and the local Chern numbers (2.8) provide us with the desired
equality (2.8).
U

The modified local Euler characteristic x'(S™4,), is composed of two terms dim[H°(Y"\
E,F)/H°(YF)] and h'(Y, F), see formula (1.3). The following calculation clarifies what
are the two terms for a nodal singularity.

Lemma 2.2. Let (Y, E) be a good resolution of the germ (X,x) of a nodal surface
singularity. Then:

dim[HO(Y \ B, S™QL)/HO(Y, S™QL)] = im3 +O0(m?) (2.11)
and:
R (Y,S™Q5) < Cm? (2.12)

Proof. Let o : (Y,E) — (X, z) be the minimal resolution of the nodal singularity. The
germ of a nodal singularity (X, z) has a local smoothing covering 7 : (X', 2’) — (X, x)
with group Zs (i.e. (X, x) is the quotient of a smooth germ (X', ') by Zs with fixed point
set 2’). Denote by f: (Y, E') — (X', 2) the blow up of (X', 2’) at 2’ and g : (Y', E') —
(Y, E') the double covering ramified at £ making for = goo. There is a natural bijection
between HO(Y'\ E,S™Q4.), HO(X \z,S™Q% ) and [H(X'\2’, S™Q%L.,)]?2. The following
then holds:

dim[HO(Y'\ E, S™Q})/HO(Y, S Q})] = dim[f*[HO(X'\a/, S QY )| [g" HO(Y, SO} )

Below we give a coordinate chart approach to find this dimension.

Consider the blow up map f : (C2,u,v) — (C2 21,22) given by (u,v) — (u,uv).
Consider also the double ramified covering g : (C?,u,v) — (C?,x,y) given by (u,v)
(u?,v).

The relations between the differentials in the different coordinate charts C? are:

ffdzy =du  f*dzy = udv + vdu
and (2.13)



g dr =2udu  ¢g*dy = dv

Let us write the pullback by f of a symmetric differential on (C2, 21, 25):

ma
fr(d=1""dz5"?) = Z <m2) w2 Tt dy™2 Ty ™

- 1
1=0

So in any pullback of a symmetric differential monomial of order m (m1 + my = m)
there is a term in du™ with no power of u in the coefficient (and all other terms have du
with an order smaller than m). On the other hand, by (2.13) a symmetric differential
w = uhv2du™ dv™ is a pullback by g only if iy > m;. This and (2.13) imply that
[¥(h(z1,22)dz]" dz3"?) with m; + ma = m is also a pullback by g only if the Taylor
expansion of A has all terms with combined order in z; and 25 to be greater or equal to
m (hence all terms of f*(h(z1,z22)dz]""dz3"?) will have the coefficients with u of order
greater or equal to m).

Now there are m + 1 symmetric differential monomials of order m in z; and z5. The
number of all monomials in z; and 25 of degree less than m is 1 + 2+ ... + m. Hence the
number symmetric differentials of the form w = 2! 222dz]" d23" having mi + my = m
such that f*w is not a pullback by g, i.e. i1 +io < m, is %mg’ mod m?. Recall that the
goal is to find dim[f*[H®(X' \ 2/, S™Q%)]%2/g* HO(Y, S™OL). Hence we should only
count the symmetric differentials that are Zs invariant, i.e. i1 4+ i = m mod 2, which
gives 1m?® mod m?. From dim[H*(Y \ E,S™QL)/HO(Y,S™0)] = dim[f*[HO(X' \
2!, S"Q )2 /g  HO (Y, S™QY,) = +m® mod m?, lemma 2.1 and formula (1.3) it follows
RI(Y,S™O5) < Cm?2.

O

Proposition 2.3. Let X be a surface with nodal singularities whose resolution Y is a
surface of general type. Then for m > 2:

h2(X,5m0%) =0 (2.14)
Proof. From Serre duality for reflexive sheaves on normal surfaces, one obtains:
h3(X,5m0%) = h'(X, (S™Qk)Y @ wx)YY)

The normality property of the reflexive sheaf ((S™QL )Y @wx)¥Y plus the reflexive nature
of (S™QY )Y @wx on X, give:

RO(X, ((S™Q%)Y @ wx)VY) = 7 (Xpeg, (™) © wx)

From the isomorphism Q&v ~ Q% @ wx on X,.,4, one derives the following equality:
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W2 (X, S™0k) = (X pey, ST @ w (™) (2.15)

Consider the the auxiliary vector bundles S?'QY ® w;(l on X,.q. Suppose there is an

m > 2 such that h2(X, 5mQL) > 0 then h%(X,eq, S™QL @w (™) > 0 by (2.15). Let [ =
qm, s € H'(Xyeq, SO ® wg_m)) be a nontrivial section and w € HO(Xreg,wg(m_z)q)

then 527 @ w € H(X,eq, S2QL @ wy!). Since m > 2 this implies that if ¢ > 0 then
520 @ wy' has a nontrivial section vanishing at some point of X,.,.

The existence of a nontrivial section of S*QL ® w)_(l vanishing at some point of X,
implies unstability properties of Q% on X,.,. Applying the stability theory of Bogomolov
(and Mumford) it folows that there is a line bundle L C Q% on X,.4 such that the line
bundle (L2 ® wy')* has nontrivial sections sections for some k ([Bo78] or [De79]). The
bigness of Kx on X,., finally implies that:

hO(Xyeg, LF) = Ck? + O(k) (2.15)
Before proceeding we need the following lemma:

Lemma 2.4. Let X be projective surface with nodal singularities. Then there is a
smoothing double cover of X. More precisely, there is smooth surface S and a map
of degree two f : S — X such that the pre-image of singular points consists of a finite
set of smooth points.

Proof. : Let U, be small neighborhood of a singular point p € X then the double covering
D? — U, = D?/Z5 (D? is a small disk in C?, and Zs acts by the involution —1) is given
by taking v/f. If we look in coordinates x,v, z, 2 — yz = 0 is U, then we can take /y
(indeed for (C?, u,v), z = uv, y = u? and z = v? is the basis of the invariants).

Now consider an open affine subvariety Y C X which contains all the singular points
{pi} of X and f € C[Y] with f = y; mod m, where m,, is the local maximal ideal of p;
in C[Y]. Then C[Y]/f defines (after projective completion and smoothing) the desired
surface S.

O

By the previous lemma there is a smoothing double cover of X, f : § — X. Denote
by T the pre-image on S of the set of nodal points of X. Let df : f*Q% — QL be the
differential map. Consider the rank one subsheaf of Q1] s\r on S\ T which is the image
sheaf § = df(L). Since T has codimension 2 on S on can extend S to rank one coherent
subsheaf on S of QL. Let L' C Qf be the line bundle which is the saturation of S on
QL. The growth of the number of sections of L* described (2.16) implies that:

KOS, L'%) > Ck? + O(k) (2.17)
9



On the other hand one has the general result stating that on any complex surface Y if
F C Q3 is a line bundle then growth of h°(S, F*) is at most linear on k, which gives the
desired contradiction. OJ

So far the results we have gathered can be used to show the existence of symmetric
differentials, i.e. sections of H?(X, S™Q%)), on nodal hypersurfaces X C P3 with enough
nodes.

Corollary 2.5. Let X be a nodal hypersurface of degree d and | nodes in P3. If 1 >
8(d? — 2d) then :
5 2

KO (X, S5m0k > [% + é(l()d — 4d®)m?® + O(m?)

Proof. Let Y be the minimal resolution of X and {x;};=1,..; be the ]l nodes of X. The
Riemann-Roch formula (2.6), the formula (2.4’) and the leading term of the local Euler
Characteristics x(Y, S™Q%),, found in lemma 2.1 give:
. 1 [
X(X, 5" Q) = [ (10d — 4d°) + 7]m” + O(m”)

Hence if I > §(d? — 5d) the Euler characteristic (X, S™0L) > 0 and grows with m as

m3. The result follows since h?(X, S’mQﬁ() = 0 by proposition 2.3.
]

The goal of this section is not yet achieved. The sections of H°(X,S™QL) do not
give, apriori, symmetric differentials on the resolution Y. They correspond to sections of
H°(Y \ E,S™Q3.). We would like to point out, that we have immediately a bit more. It
follows from a result of Miyaoka (see corollary 4.7 of [Wa93] or [Mi83]) that for quotient
singularities:

RO(Y \ E,S™Q3) = h(Y, S™Q3 (logE))

Therefore if X has enough nodes then Y has symmetric log-differentials. In the next
result, we go farther and show the existence of the desired symmetric differentials on Y.

Theorem 2.6. Let X be a nodal hypersurface of degree d and | nodes in P3 and Y its
mainimal resolution. Ifl > %(d2— %d) then'Y has symmetric differentials. More precisely:

1
hO(Y, S™QOL) > 7+ 6(1Od — 4d*)Im3 + O(m?) (2.18)
There are nodal hypersurfaces of degree d > 6 with I > %(d2 = gd) nodes.

Proof. Consider the exact sequence :
10



0 — S0 — S™Q3 (logE) — Q — 0 (2.19)

where the sheaf Q = S™Q1, (logE)/S™), is supported on the exceptional locus E.

To start with we want to find the asymptotic growth of h°(Y, Q). Let (U;, E;) be
the germ of a neighborhood of an exceptional curve E;. The long cohomology sequence
associated with (2.19) on U; and h'(U;, S™Q3) = O(m?), (2.12), give that h°(U;, Q) =
dim(H®(U;, S™Q5- (logE;))/HO (U;, S™Q5-)) + O(m?).

To proceed we recall a result of Miyaoka (see corollary 4.7 of [Wa93] or [Mi83]) stating
that for germs (U, F) of resolutions of quotient singularities:

HY(U\ E,S™Q}) = H(U, S™Q (logE)) (2.20)
Combining all the above with (1.3) and lemma 2.2 it follows that:
1
h(E;, Q) = X' (S™0y) — B! (U;, S™Qy ) = Zm3 +O0(m?) (2.21)

and l
R(Y, Q) = Zm3 + O(m?) (2.22)

Next, we want to find a lower bound for h'(Y, S™Q3.). Consider the exact sequence
(2.19) tensored with the line bundle O((1—m)Ky ) and use the isomorphism O(Ky )|y, =~
Oy, for the neighborhood germ (U;, E;) of a (-2)-curve to obtain:

0— S™Qy @ O((1 —m)Ky) — S™0 (logE) @ O(1 —m)Ky) - Q — 0  (2.23)

The associated long cohomology sequence gives:
HO(Y, 80 (logE) ® O((1 — m)Ky)) — H(Y, Q) — H' (Y, 5™ @ O((1 — m)Ky))

Serre duality gives h'(Y,S™Q3,) = R1(Y,S™) ® O((1 — m)Ky)). Hence if we show
that hY(Y, S™Q3 (logE) @ O((1 — m)Ky)) = 0 if follows that:

hH (Y, S™Qy) > im?’ + O(m?) (2.24)

The theorem follows from (2.24) and the Euler characteristic x(Y,S5™Q3,) = #(10d —
4d%)Im? + O(m?).

The equality (2.20) implies that H°(Y, S™Q3 (logE) @ O((1 — m)Ky)) = HO(Y \
E, S5m0 @ O((1 —m)Ky)). On the other hand, it follows from proposition 2.3 and its
proof that A%(Y \ E, S™QL @ O((1 — m)Ky)) = h%(Xyeq, S™Q% @ O((1 — m)Kx)) =
h2(X, S5m0k ) = 0.
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Segre showed in [Se47] that the maximum number of nodes I(d) allowed in an hyper-
surface of degree d satisfies I(d) > 1d?(d — 1). The lower bound for I(d) of Segre gives
that for d > 9 then there are nodal hypersurfaces with [ > %(d2 — gd) nodes. The cases
d = 6,7,8 follow from other specific lower bounds already found, see table in [Mi83]. For
the case d = 5 there are not enough nodes, the maximum number of nodes is 31 [Be83]
and we needed 33. O

Remark: As was mentioned in the introduction of this section, the theorem 2.6 gives
us an example of the jumping of the number of symmetric differentials on a smooth
family of projective manifolds. This example, a family of smooth hypersurfaces X; of
degree d > 6 in P? specializing to the resolution Y of a nodal hypersurface with enough
nodes, is perhaps the most striking in its consequences and simplicity.

3. HYPERBOLICITY OF NODAL HYPERSURFACES

We prove in this section that the nodal hypersurfaces X C P? whose number of nodes
are sufficiently large when compared with their degrees are algebraically quasi-hyperbolic.
The main tools are the existence of symmetric differentials proved in section 2 and the
restrictions that they impose on curves with a fixed geometric genus in X.

A nontrivial symmetric differential w € H°(Y, S™Q3.) defines a multi-foliation on Y.
Recall that there is a natural bijection between H°(Y,S™Q3,) and H°(P(3.), O(m)).
If w e HY(Y,S™QL) and y € Y then w(y) defines naturally a polynomial of order
m on P(Q4), ~ P'. The zeroes of w(y) in P(Q3,), determine the directions that the
local leaves, of the multi-foliation defined by w, can take at y. Let C be a smooth
curve and f : ' — Y be holomorphic map which is bimeromorphic onto its image.
The curve f(C) is a leaf of the multi-foliation defined by w if the differential pullback
ffw € H%C,(Q5)®™) is trivial. There is another way to describe the condition of
being a leaf of w. Consider the lift of the map f : C — Y to a map t; : C — P(Q5).
The curve f(C) is a leaf if t;(C') C (s,)0, where (s,)o is the zero locus of the section
5w € HO(P(Q1.), O(m)) corresponding to w.

Theorem 3.1. Let X be a nodal hypersurface of P3 with | > %(d2 — gd) nodes then X
18 algebraically quasi-hyperbolic.

Proof. The result follows if we show that the minimal resolution Y of X is algebraically

quasi-hyperbolic. Let ¢, : P(Q}) — P! be the rational map defined by the linear

system |O(m)|. Denote by Z,, C P(2},) the locus consisting of the union of the positive

dimensional fibers of ¢ and the base locus B,,, of |O(m)|. The condition on the number of
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nodes implies, by the theorem 2.6, that H°(Y, S™Q3.) T m®. Hence the locus Z,, consists
of a finite union of irreducible components. Let C' be a smooth curve and f: C' — Y be
holomorphic map which is bimeromorphic onto its image. The curve f(C) is said to be
irregular if its lift ¢;(C) C Z,,, otherwise it is called regular. The set of irregular curves
can be broken into two groups: the curves that are leaves of all multi-foliations defined
by the elements of H?(Y, S™Q%.) (i.e. the ones whose lift lies on the base locus B,,); the
curves whose lift lie on the positive dimensional fibers of ¢.

Let C' be a regular curve with normalization f : C — C’ C Y. The regularity
of C" implies that there is a symmetric differential w € HO(Y,S™Q},) such that the
differential pullback f*w € HY(C, (25)®™) is nontrivial but vanishes somewhere. Hence
degc(Q5)®™ > 0 and C can not be rational or elliptic.

If C' is irregular then its lift lies on Z,,,. The number of curves that lift into irreducible
components of Z,,, that are not horizontal and 2-dimensional is clearly finite. The finite-
ness of the number of curves that lift to the 2-dimensional horizontal components of Z,,
is more delicate. These components have a naturally defined foliation on them which
permits the use of the theory of foliations. In fact, the theory of algebraic foliations and
Y being of general type give that there are at most finitely many rational and elliptic
curves whose lift lies in any of the 2-dimensional horizontal components of Z,,, which

finishes the proof (see [Bo77]| and [Jo78] and also [De79]). O
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