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Topology of the Chessboard Complex

Garst(1979):
o Mpyn is Cohen-Macaulay iff n > 2m — 1

e Computation of top homology

Bjorner, Lovasz, Vrécica, Zivaljevic (1994): Let

v(m,m) = minfm, ™2}

Then My, is (v(m,n) — 1)-connected

BLVZ Conjecture: m,(,, ) (Mmn) 7 0



Action of the Symmetric Group

The symmetric groups G, and G, act on My,
by permuting the rows and columns , resp., of
the rook placement.
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This induces a representation of G,, x &, on
Hy(Mp n,; C).



Friedman & Hanlon(1998): As (6, x 6&p)-
modules,

Flp—l(Mm,n; C) = @ SX ® SH
(A,u)ER(m,n,p)

where R(m,n,p) is the set of all pairs of par-
titions (A m, u = n) which can be obtained

from a partition o+ p in the following way

n-p
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Shareshian and Wachs (2000):
e Proof of BLVZ conjecture

o If n> 11 then H,(, ,\(Mn,n) is a nontrivial

3-group of exponent at most 9

e For n >5 and n =2 mod 3,

ﬁl/(n,n) (Mnan) = 713



Tits Coset Complexes (Garst 1979)

Let G be a group and G1,...,Gm a family of
subgroups. Form a simplicial complex

AG; G1,...,Gm)
vertex set := {gG; | g € G, i € [m]}
face := {g9Gj,,...,9G;, } where g € G.
G acts on A(G;Gq,...,Gm) by left multiplica-
tion: h-(9G;) = hgG;

Examples: Coxeter complexes, Tits buildings,
chessboard complexes

Let G = 6, and G; = {0 € &, | 0(i) = i} for

1=1,...,m. Then

9G; ={o0 €6n|o() =g} — (i,9(0)) € [m]x[n]
{9Giy, -, 9G;, y = {(i1,9(i1)), -, (ig, g(ig)) }



Hyperoctahedral group B,
Group of barred permutations

B, = {12,12,12,12,21,21,21,21}

Let G = By, and G; = {0 € By | 0(i) = i} for
1=1,...,m.

Then

9G; ={o € Bn | 0(i) = g(i)} — (4,9(2)) € [m]x[n]x{+1}
{9Giy, -, 9Gi} — {0i1,901)), ..., (ig, 9(ig)) }

A(G; G, ..., Cm) — Momn

Example: g = 31524 ¢ Bs

{9G2,9G3} — {(2,1),(3,5)}



M has vertex set [m] x [n] x {—1,1}
Faces have form

{(v1,€1), (v2,€2), ..., (vg, €x) },

where {vy,vo,...,v} is a k-face of My, n and
e, € {—1,1} Vi.
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r-Inflation

Let A be a simplicial complex on vertex set
V. The r-inflation A" is the simplicial complex
with vertex set V x [r] and

faces of the form {(vi,¢1),...,(vg, cr)} where
{vi,...,v} is a k-face of A.

M, n is the 2-inflation of My,

Bjorner (1994): If A is connected

A2~ \/ susplfl(ikaF)
FeA



Bjorner (1994): If A is connected

A2~ \/ suspFl(lkaF)
FeA
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Since Ky, . F' = My, _|p|;m—|F| W have:

T heorem:

e My, n is Cohen-Macaulay iff n > 2m — 1
Garst(1979)

© Mm.n is (v(m,n) — 1)-connected.

] ﬁu(m,n) (Mm,n) # O

o If n> 11 then H,, ,y)(Mnp) is a nontrivial
3-group of exponent at most 9.

e Forn>5 and n =2 mod 3,

ﬁl/(n,n) (Mn7n) = 13



Bn-Analogue of Friedman-Hanlon

Equivariant version of Bjorner’s result: Let
group G act simplicially on A and A2. Sup-
pose the actions commute with the natural
map A2 — A. Then

G

Apy(a®) = @ (Hjp-1(F?) @ By py(kaF)) |
FeA/G Stab, F

where F' is the simplicial complex whose only
facet is F.

Theorem: As (B, X Bp)-modules,

Ay 1(Mmn;C) 2 P sV.B) & g(k6)
B u

summed over all partitions g, A\, such that

s(uB) denotes the irreducible B,,-module in-
dexed by (u,3)



sh) = (sr@ ($° ® par))in ;
u* B

e B; acts as &; on S*

e par is the 1-dimensional parity representa-
tion of B;: Character is (—1)#Pars

Proof Sketch (for B, action):

Let F; = {(1,1),(2,2),..., (4,7}

Bn
(M n) 2 (";7) (A;1(FH) @ ﬁp_jOij)ﬂ
J Z%xBn_j
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Wreath product generalization
G — Gn ! Zr

View w € G as colored permutation

W= Wiwo...Wn

where w; = (o(i),c;), o € &, and c¢; € Zy.
Let G; ={g€G|g; = (:,0)}.
A(G, G1,...,Gm) is the r-inflation of M n.

Bjorner, Wachs, Welker (2000): Let A be
connected.

e A"~ \/ Susplfl(lkam)Vr-D",
FeA

e Let group GG act simplicially on A and AT".
Suppose the actions commute with the nat-
ural map A" — A. Then

G

(A Z B (Hjp-1(F") @ H, p|(kaF)) |
FEA/G StabGF



The irreducible (&, Zr)-modules are indexed
by r-tuples of partitions (u,31,...,08,_1) satis-

fying |u| + 1681+ -+ |Br_1| = n.

Theorem: As ((Gm1Zy) x (Gl Zy))-modules,

A, 1 (M}, ,.:C) =P N8Bl 1) g g(sfB1,esBr—1)

7n’

summed over all partitions 31,...,08,—-1, A, u such
that 37 [8i| < p, (A, ) € R(m—X|Bi], n=32Bi|, p—
> 18il)-



