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The matching complex Mn is the simplicial

complex of partial matchings on

[n] := {1,2, . . . , n}

vertices := 2 element subsets of [n]

faces := sets of pairwise disjoint

2 element subsets of [n]
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Chessboard Complex Mm,n

vertex set := [m]× [n]

face := {(i1, j1), . . . , (ik, jk)}
is 6= it, js 6= jt ∀s, t

facet of M3,4:
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Theorem ( Björner, Lovász, Vrécica, Z̆ivaljević

1994) Let

νn = bn+1
3 c − 1

νm,n = min{m,n, bm+n+1
3 c} − 1.

Then

• Mn is (νn − 1)-connected

• Mm,n is (νm,n,−1)-connected

Conjecture ( Björner, Lovász, Vrécica, Z̆ivaljević

1994)

• H̃νn(Mn;Z) 6= 0

• H̃νm,n(Mm,n;Z) 6= 0



Bouc (1990):

If n ≡ 1 mod 3, n ≥ 7 then H̃νn(Mn) ∼= Z3

If n ≡ 0 mod 3, n ≥ 12 then H̃νn(Mn) is a

nontrivial finite 3-group with exponent ≤ 9

Proof idea: Bouc shows for n = 0,1 mod 3,

H̃νn(Mn) is generated by cycles of the form

α ∗ β

where

α ∈ H̃0(M{a,b,c}), β ∈ H̃νn−3(M[n]\{a,b,c}).

Since

3(α ∗ β) = α ∗ 3β

induction can be used.

Base step of induction for 1 mod 3:

H̃ν7(M7) = Z3



Shareshian & MW (1999): H̃νn(Mn) is non-
vanishing for all n. Moreover, for all n ≥ 12
(except possibly n = 14)

H̃νn(Mn) ∼= Zrn3
where rn ≥ 1.

Our improvement:

Base step for n ≡ 0 mod 3: Computer calcula-
tion using homology software of Heckenbach,
Welker, Dumas, Saunders:

H̃ν12(M12) = Z56
3

n ≡ 2 mod 3: We show that H̃νn(Mn) is gener-
ated by cycles of the form

α ∗ β,

α ∈ H̃0(M{a,b,c,d,e}), β ∈ H̃νn−5(M[n]\{a,b,c,d,e})

Since 3(α∗β) = α∗3β and n−5 ≡ 0 mod 3, we
can apply the 0 mod 3 case when n− 5 ≥ 12



Chessboard complex - homology groups

H̃νm,n(Mm,n)

m\n 2 3 4 5 6 7

1 Z Z2 Z3 Z4 Z5 Z6

2 Z Z Z5 Z11 Z19 Z29

3 Z4 Z2 Z14 Z47 Z104

4 Z15 Z20 Z5 Z225

5 Z3 Z152 Z98

6 Z25 ⊕ Z10
3 Z3

7 Z588 ⊕ Z66
3



Torsion in the Chessboard Complex

Shareshian & MW (2000): H̃νm,n(Mm,n) is non-

vanishing for all m and n. Moreover

• n+m ≡ 1 mod 3

If 5 ≤ m ≤ n ≤ 2m− 5 then

H̃νm,n(Mm,n) ≡ Z3

• n+m ≡ 0 mod 3

If 9 ≤ m ≤ n ≤ 2m− 9 then H̃νm,n(Mm,n) is

a 3-group with exponent at most 9.

• n+m ≡ 2 mod 3

If 13 ≤ m ≤ n ≤ 2m− 13 then H̃νm,n(Mm,n)

is a 3-group with exponent at most 9.

Note: If 2m − 1 ≤ n then νm,n = m − 1. So

H̃νm,n(Mm,n) is top homology which is free.



The proof is more difficult than for the match-

ing complex.

Base step limitation: Computer provides only

H̃ν5,5(M5,5)
∼= Z3.

H̃ν6,6(M6,6) and H̃ν7,7(M7,7) have free parts.

H̃ν9,9(M9,9) is too big for the computer.

If H̃ν9,9(M9,9) turns out to have exponent 3

then we can bring the exponent down to 3 in

all cases.

Induction step difficulty: We can show that

generating cycles have the form α ∗ β where

α ∈ H̃0(M2,1), β ∈ H̃νm−2,n−1(Mm−2,n−1) or

α ∈ H̃0(M1,2), β ∈ H̃νm−1,n−2(Mm−1,n−2).

We need to decompose cycles in the top ho-

mology.



Friedman & Hanlon(1998): As (Sm × Sn)-
modules,

H̃p−1(Mm,n;C) ∼=
⊕

(λ,µ)∈R(m,n,p)

Sλ
′ ⊗ Sµ

where R(m,n, p) is the set of all pairs of par-
titions (λ ` m, µ ` n) which can be obtained
from a partition α ` p in the following way
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When p = m ≤ n
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dim(Sλ) = # standard tableaux T of shape λ

dim(H̃m−1(Mm,n;C)) = # pairs of standard

tableaux (S, T ) of sizes m and n, whose shapes

differ by a row.

From each such pair of standard young tableaux

we construct a cycle and a cocycle of top di-

mension.
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Cocycle:

∞ ∞ 2 ∞ 4 ∞ 3 1
1 2 3 4 5 6 7 8

γ(S, T ) = (23,45,37,18)
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Cycle:
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M{1,2}{1,3,8} and M{3,4}{2,5,7} are pseudoman-

ifolds. So top homology is cyclic. Let

H̃1(M{1,2}{1,3,8}) = 〈α〉
H̃1(M{3,4}{2,5,7}) = 〈β〉

Define

ρ(S, T ) = α ∗ β ∈ H̃3(M4,8)



Shareshian & MW:

• {ρ(S, T ) | (S, T ) is a Friedman-Hanlon pair}
is a basis for H̃m−1(Mm,n)

• {γ(S, T ) | (S, T ) is a Friedman-Hanlon pair}
is a basis for the free part of H̃m−1(Mm,n)

Idea of Proof: We find an ordering of the pairs

of standard tableaux

(S1, T1), . . . , (Sk, Tk)

so that the matrix

(〈ρ(Si, Ti), γ(Sj, Tj)〉)i,j=1,...,k

is triangular with 1’s on the diagonal.



What about 2m− n = 2,3,4,6,7,10?

Shareshian and MW (2001): Free when

2m− n = 2

Conjecture:

• 3,4 - free

• 6,7,10 and m,n sufficiently large - Zr3



Generalizations and Variations

Hypergraph version: Björner, Lovász, Vrécica

& Z̆ivaljević(1992), Björner & Eriksson(1999),

Ksontini(2000), Shareshian(2000), Shareshian

& MW(2001), Athanasiadis(2002)

Directed graph and multigraph versions: Björner

& Welker(1998), MW(1999), Shareshian & MW

(2002)

General bounded degree: Reiner & Roberts(1997),

Karaguezian, Reiner & MW(1999), Dong(1999),

MW(1999)

Bn-analogue and wreath product generaliza-

tion: Garst(1979), MW(2001)

Coxeter-like complexes: Babson & Reiner(2001)


