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The matching complex M, is the simplicial
complex of partial matchings on

[n] :={1,2,...,n}

vertices 2 element subsets of [n]

faces sets of pairwise disjoint

2 element subsets of [n]
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Chessboard Complex My

[m] x [n]
{(i17j1)7 SR (Zkajk)}
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Theorem ( Bjorner, Lovasz, Vrécica, Zivaljevic
1994) Let

Vmm = min{m,n, T2} 1.

Then

e My is (vn — 1)-connected

® Mmn is (v n,—1)-CONnected
Conjecture ( Bjorner, Lovasz, Vrécica, Zivaljevic
1994)

o H, (Mn,Z)# 0

° ﬁVm,n(Mm,n; Z)#0



Bouc (1990):

If n =0mod3, n > 12 then H, (My) is a
nontrivial finite 3-group with exponent <9

Proof idea: Bouc shows for n = 0,1 mod 3,
H,, (My,) is generated by cycles of the form

o * O3

where

Q€ ﬁO(M{a,b,c})7 [CNS ﬁVn—?,(M[n]\{a,b,c})'

Since
3(a*xB) = ax*x303

induction can be used.

Base step of induction for 1 mod 3:

EV7(M7) = 713



Shareshian & MW (1999): H,, (M) is non-
vanishing for all n. Moreover, for all n > 12
(except possibly n = 14)

Hy, (Mp) £ 73

where r, > 1.

Our improvement:

Base step for n = 0 mod 3: Computer calcula-
tion using homology software of Heckenbach,
Welker, Dumas, Saunders:

ﬁu12(M12) — Zg6

n =2 mod 3: We show that H,, (M,) is gener-
ated by cycles of the form

o x 3,

o € Ho(Mapcde))s B € Hus(Mpp)\(apcde))

Since 3(a*xB) = a*x3p3 and n—5 = 0 mod 3, we
can apply the O mod 3 case when n—-5 > 12



Chessboard complex - homology groups

ﬁVm,n(Mm,n)

1 72 73 74 7>
2 7z 7 7> 7zl 719
3 Z4 ZQ Zl4 Z47
4 Zl5 ZQO ZS
5 Z3 Zl52
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Torsion in the Chessboard Complex

Shareshian & MW (2000): Hy,, ,(Mm,n) is non-
vanishing for all m and n. Moreover

en+m=1mod3
IF5<m<n<2m—>5 then

ﬁVm,n(Mm,n) = 13

e n+m=0mod3
If 9 <m <n<2m-—9 then Hy,, ,(Mmny) is
a 3-group with exponent at most 9.

e n+m=2mod3
If 13 <m <n<2m-—13 then Hy,, ,(Mmnn)
IS a 3-group with exponent at most 9.

Note: If 2m — 1 < n then vpyn = m — 1. SO
Hy,, (M) is top homology which is free.



The proof is more difficult than for the match-
ing complex.

Base step limitation: Computer provides only
ﬁV5,5(M5,5) = Zs3.
Hyg (Mg g) and Hy, ,(M7 7) have free parts.

Hyg o(Mg ) is too big for the computer.

If Hygo(Mgg) turns out to have exponent 3
then we can bring the exponent down to 3 in
all cases.

Induction step difficulty: We can show that
generating cycles have the form « x 8 where
o€ Hy(Mz1), B€ Hypy_p, 1 (Mp_2p,_1) OF

o € Hy(M12), B € Hy,, 1, o(Mp_1n—2).

We need to decompose cycles in the top ho-
mology.



Friedman & Hanlon(1998): As (6, x 6&p)-
modules,

Flp—l(Mm,n; C) = @ SX ® SH
(A,u)ER(m,n,p)

where R(m,n,p) is the set of all pairs of par-
titions (A m, u = n) which can be obtained

from a partition o+ p in the following way

n-p

S




When p=m <n

n-m

—



dim(SA) — # standard tableaux T of shape )\
dim(H,,—1(Mmn;C)) = # pairs of standard
tableaux (S,T) of sizes m and n, whose shapes

differ by a row.

From each such pair of standard young tableaux
we construct a cycle and a cocycle of top di-
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Cocycle:
o0 00 2 oo 4 o 31
1 2 3 4 5 6 7 8

~(S,T) = (23,45,37,18)

A w N B
X




Cycle:

4+ 8 ~ W

M and M3 412 57} are pseudoman-
ifolds. So top homology is cyclic. Let

1?1(M )
Hi(M3 24100577) = (B)

Define

p(S,T) = x 3 € H3(Mag)



Shareshian & MW:
o {p(S,T)| (S, T) is a Friedman-Hanlon pair}

is a basis for H,,_1(Mmn)

e {~v(S,T)]| (S, T) is a Friedman-Hanlon pair}
is a basis for the free part of A™ (M)

Idea of Proof: We find an ordering of the pairs
of standard tableaux

(S1,71),...,(SE, Tx)

so that the matrix

((p(Si, T3),v(S,T5)) )i j=1,... k

IS triangular with 1's on the diagonal.



What about 2m —n =2,3,4,6,7,107

Shareshian and MW (2001): Free when
2m —n = 2

Conjecture:
e 3,4 - free

e 6,7,10 and m,n sufficiently large - Z5



Generalizations and Variations

Hypergraph version: Bjorner, Lovasz, Vrécica
& Zivaljevié(1992), Bjorner & Eriksson(1999),
Ksontini(2000), Shareshian(2000), Shareshian
& MW(2001), Athanasiadis(2002)

Directed graph and multigraph versions: Bjorner
& Welker(1998), MW(1999), Shareshian & MW
(2002)

General bounded degree: Reiner & Roberts(1997),
Karaguezian, Reiner & MW(1999), Dong(1999),
MW (1999)

Bn-analogue and wreath product generaliza-
tion: Garst(1979), MW(2001)

Coxeter-like complexes: Babson & Reiner(2001)



