Homology of posets of
partitions, graphs, and trees

Michelle Wachs

www.math.miami.edu/~wachs

Based on joint work with JONN Shareshian



What do these 3 simplicial complexes have in common?

e order complex of partition lattice I,

e complex of disconnected graphs on [n]

e complex of homeomorphically irreducible trees on [n 4+ 1].



What do these 3 simplicial complexes have in common?

e order complex of partition lattice I,

e complex of disconnected graphs on [n]

e complex of homeomorphically irreducible trees on [n 4+ 1].
They all have the homotopy type of

\/ Sn—?)
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Homology of the partition Lattice

M, := poset of partitions of [n] := {1,2,...,n} ordered by merg-

ing blocks
1234
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Homology of My = M,\{0, 1} vanishes below the top dimension.

Top homology is a subspace of the chain space Cn_3(I:In).

Top cohomology is a quotient of the chain space Cn_3(ﬁn).
Suppose we have
e A collection of cycles {p;:i=1,...,(n—1)!}

e A collection of maximal chains, {¢;:i=1,...,(n—1)!}

If coef ¢ in p; =0, ; then

{p; :i=1,...,(n—1)!} is a basis for homology
{c; :i=1,...,(n— 1)}, is a dual basis for cohomology



Basis for top cohomology - comb basis

o o(n-1)

o(2)

n o(1) oc Gn—l

{n,o(1)} <{n,o(1),0(2)} < --- < {n,o0(1),0(2),...,0(n—2)}

unique nonsingleton blocks



Basis for top homology - splitting basis
For each ¢ € G, let N, be the subposet of I, consisting of
partitions obtained by splitting o.

4231
4 /231 42/ 31 423 /1

4/2/31 4/23/1 42/3/1

~L

4/2/3/1

M4231



Basis for top homology - splitting basis
For each ¢ € G, let N, be the subposet of I, consisting of
partitions obtained by splitting o.

I

4/231 42 / 31 423 /1

4/2/31 4/23/1 42/3 /1

~L

My031

My is isomorphic to the lattice of subsets of [n — 1] =
A(Mg) is homeomorphic to an (n — 3)-sphere.

Let p, be the fundamental cycle of A(I:Ig)
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Splitting basis for homology

{po:0 € Gp, o(n) =n}

dual to comb basis for cohomology

{co i 0 € &p, c(n) =n}.

Proof: Let 7,0 € &, with o(n) = 7(n) = n.

Then ¢r is a chain of N, iff T = 0.
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Splitting basis for homology

{po:0 € Gp, o(n) =n}

dual to comb basis for cohomology

{co i 0 € &p, c(n) =n}.

Symmetric group &,, acts on partition lattice Ny,

(2,3) [134/58/267] = [124/58/367]

Restriction of representation of &, to &,_; on H,_3(ly) is reg-
ular representation (Stanley 1982).
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Stanley, Klyachko, Joyal (1982) As &, representations
Hn_3(I:In) ;Gn lie,, ® sgn,,

lie,, is multilinear component of free Lie algebra on n generators.

Combinatorial proofs:

Barcelo (1990): dual nbc basis — Lyndon basis

MW (1998): comb basis — comb basis
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Stanley, Klyachko, Joyal (1982) As &,, representations
Hn_3(I:In) ;Gn lie,, ® sgn,,

lie,, is multilinear component of free Lie algebra on n generators.

Combinatorial proofs:

Barcelo (1990): dual nbc basis — Lyndon basis

MW (1998): comb basis — comb basis

binary tree generating set — binary tree generating set
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nbc basis -Bjorner (1982): For each tree T on node set [n], let
[l be the subposet of I, consisting of partitions obtained by
removing edges of T'.

r= 9 = N

3/124 123/4 324 /1

(3) (3) 3/4/12 3/24/1 32/4/1

~L

M, is isomorphic to the lattice of subsets of [n — 1]

Let pp be the fundamental cycle of A(IZIT).
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e Nbc basis for homology

{pr : T increasing rooted tree on node set [n]}

®
5)

[
:

{pr : T linear rooted tree on node set [n] with root n}

T =

e splitting basis for homology

18



The 1 mod k partition poset

1 mod k

M, — subposet of [1,, consisting of partitions with block

sizes =1 mod k

12345

s

123-4-5||124-3-5 | |125-3-4 | (134-2-5||135-2-4 | |145-3-4 | |234-1-5||235-1-4 | |245-1-3 | [345-1-2

=

1-2-3-4-5

1 mod?2

INGE

) has homotopy type of a wedge of 9 O-spheres.
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1 mod k

Bjorner (1983): Mynta1 IS shellable
Stanley (1983): |M(n§n101d %) = (2n — 1)112
(2n—1)11:=1-3-5..-(2n—1)

Calderbank-Hanlon-Robinson (1986): computed representation
of symmetric group on homology of I‘I;nrj_old K

Hanlon-MW (1995): Lie k-algebra

1 mod kN ™ -k
Iief?b :— multilinear part of free Lie k-algebra

proof relies on brush basis
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For each node z, let m(x) = largest leaf in the tree rooted at x.

A k-brush is a (k+ 1)-ary tree on leaf set [kn + 1] such that for
each node y, the child of y with the smallest m value is a leaf.

A 1-brush is a comb. # combs on leaf set [n 4+ 1] = n!.

# 2-brushes on leaf set [2n + 1] = (2n — 1)!12.
21



051/8/3/7/6/2/4 < 95183/7/6/2/4 < 95183/762/4
Hanlon & MW (1995): The k-brushes form bases for

o Hn—Q(ﬁ;n”jfld &

° Iieﬁ
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What about basis for homology?

Are there nice k-analogs of the splitting basis or the nbc basis 7
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The no-perfect matching complex - Linusson, Shareshian &
Welker (2003)

NPM,, = simplicial complex of nonempty graphs on node set
[2n] with no perfect matching.

perfect matching no perfect matching
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GAP homology software package of Dumas, Heckenback, Saud-
ers and Welker = Betti numbers

1

0,00 9,0,0,0,0

, 0,0,0,0,0,0, 225,0,0,0,0,0,0,0,0, ...
o, 00,000,000, 11025,0,0,0,0, ...

> 35 35 5
|

|
O WN
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GAP homology software package of Dumas, Heckenback, Saud-
ers and Welker = Betti numbers

0,0,0,(1-3)%,0,0,0,0
,0,0,0,0,0,0,(1-3-52,0,0,0,0,0,0, ...
0,0,0,0,0,0,0,00,(1-3-5-7)%, 0,0, ...

> 35 35 5
|

|
O WN
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GAP homology software package of Dumas, Heckenback, Saud-
ers and Welker = Betti numbers

n=2:0,0, 12

n=23:00,00,0,(1-3)%0,0,0,0
n=24:00000000(-3-520,0,00,0,0, ...
n=5:00000000000(1-3-5-7)2,0,0, ...

Linusson, Shareshian & Welker: A(NPM,, ) has the

homotopy type of a wedge of (2n — 3)!12 spheres of dimension
(3n —4).

Proof technique: discrete Morse theory and Gallai-Edmonds struc-
ture theorem
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Bjorner-Stanley 4+ Linusson-Shareshian-Welker implies

1 mod 2\ ™

an—3(r|2n_1 ) — H3'n—4(NPM2n)

Question: Is there an equivariant isomorphism?
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Shareshian & MW: As G,,,_i1-modules

62n
Son1

1 mod?2

Hgz,,_4(NPMy,) | = sgn ® H, (N, "7 )

Symmetric group G,,, acts on the poset NPM,, by relabeling
graph nodes.

(2,3

Proof technique: discrete Morse theory and bases
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Discrete Morse Theory - Forman (1998)

Let A have a Morse matching with ¢; critical elements of di-
mension ¢ for each 2. Then A has the homotopy type of a
CW-complex with ¢; cells of dimension z.
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Linusson, Shareshian, Welker: nontrivial critical elements are
the increasing triangle trees on leaf set [2n — 1] together with
isolated node 2n.

* 20
12 7

5 19

9
14 10
16

18

17 11

The number of increasing triangle trees on node set [2n — 1] is
(2n — 3)112.
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A graph is called factor critical if removal of any node results in
a graph with a perfect matching.

Example: triangle trees

Let FC,,,_; be the poset of factor critical graphs on node set
[2n — 1].

Shareshian and MW/:

6 n
(a) Hs, 4(NPM,, ) le

=6, 4 H*(FCy,,_1) ®sgn

~ 1 d?2
(b) H*(FCp,_1) =g, , H, 3(Ny " %)

35



62n

(@) Hz,_a(NPMy,) ls, | =651 H*(FCy),_1) ®sgn

n—1

Lemma: Let A be a G-simplicial complex with a Morse matching.
If the (nontrivial) critical elements form a G-invariant upper order
ideal Q of FF(A) with a maximum element m then for all ¢

Hi(A) =¢ H'™7(Q) @ sgng .,

36



1 mod 2
H, 3(N )

(b) H*(FCQn—l) —65 2n—1

n_

Linusson, Shareshian & Welker: Basis for H*(FC,, 1),

v | TelTy, 1},

IT,, _1:= set of increasing triangle trees on node set [2n — 1].

Shareshian & MW: Bijection

IT,,_ 1 — {2—Dbrushes on [2n — 1]}
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~ dd
(b) H*(FCoy_1) =g, , Hp3(N5 ")

2n—1

n_

Linusson, Shareshian & Welker: Basis for H*(FC,, 1),

v | TelTy, 1},

IT,, _1:= set of increasing triangle trees on node set [2n — 1].

Shareshian & MW: Bijection

IT,,_ 1 — {2—Dbrushes on [2n — 1]}

not equivariant
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1 mod 2
)

Triangle tree splitting basis for Hn—3(n2n—1

For triangle tree T on node set [2n— 1], split T' by choosing some
triangles of T' and removing all the edges of these triangles.

2 g
5 19
9
14 10
16
18

1 6 13

4

17 11

3 15

1,4,14 / 12,5,2,8,7 / 10,18,19 / 17 / 3,15,11,13,16,9,6
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Let Il be the subposet consisting of all the partitions obtained
by splitting T'.

M7 is isomorphic to the lattice of subsets of [n — 1].
pr .= fundamental cycle of A(lN})

e {pr| T €IT,, 1} is a basis for Hn_3(l‘lén”lold %)

e The bijection pp — v determines an G,,,_;-module isomor-
phism

1 d?2
Hn_3(ﬂ2nnici ) = H*(FCy,, 1)

40



(k + 1)-clique tree splitting basis for H,,_,(N:m%#)

A connected graph T'is a k-clique tree if either
e 7' is a single node, or

e ' contains a k-clique, the removal of whose edges discon-

nects the graph into k£ connected components that are all
k-cligue trees.

2-clique tree = ordinary tree, 3-clique tree = triangle tree



(k + 1)-clique tree splitting basis for Hn_z(l'liknjl_old k)

A connected graph T'is a k-clique tree if either
e 7' is a single node, or

e ' contains a k-clique, the removal of whose edges discon-
nects the graph into k£ connected components that are all
k-clique trees.

2-cligue tree = ordinary tree, 3-clique tree = triangle tree
For (k4 1)-clique tree T on node set [nk+ 1], let My be subposet

1 mod k -
nknjl—ol - remove edges of (k + 1)-cliques.

of I
fundamental cycle ppr

basis: {pp : T increasing (k + 1)-clique tree}



(k + 1)-clique tree splitting basis for Hn_z(l'liknjl_old k)

A connected graph T'is a k-clique tree if either
e 7' is a single node, or

e ' contains a k-clique, the removal of whose edges discon-
nects the graph into k£ connected components that are all
k-clique trees.

2-cligue tree = ordinary tree, 3-clique tree = triangle tree

For (k4 1)-clique tree T on node set [nk+ 1], let My be subposet

1 mod k

of I‘Ink_i_1

- remove edges of (k + 1)-cliques.
fundamental cycle ppr
basis: {pp : T increasing (k + 1)-clique tree}

k = 1: Bjorner s nbc basis
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Problem: Is there a generalization of the nonperfect matching
poset or the factor critical graph poset whose homology is iso-

morphic to the &, . ;-module Hn_Q(I‘IfrllkriolOI )7
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The complex of not k-edge connected graphs -
Jakob Jonsson s Thesis (KTH, 2005) page 298.

A graph is said to be k-edge connected if removal of any set of
at most k£ — 1 edges leaves the graph connected.

1-edge connected = connected

trees are 1-edge connected but not 2-edge connected

triangle trees are 2-edge connected but not 3-edge connected.

k-clique trees are (k — 1)-edge connected but not k-edge con-
nected.
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10

19
9
16
18
6 13
17 11
3 15
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NECQ — complex of not k-edge connected graphs on [n].

Jonsson: Bottom nonvanishing integral homology of NEC
occurs in dimension 3n — 2 and has rank ((2n — 1)!11)2.

Proof: Discrete Morse theory

basis: {0T : T is an increasing triangle tree}

2
2n+1
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NEC’,,‘“L — complex of not k-edge connected graphs on [n].

Jonsson: Bottom nonvanishing integral homology of NEC

occurs in dimension 3n — 2 and has rank ((2n — 1)!11)2.
Proof: Discrete Morse theory
basis: {O0T : T is an increasing triangle tree}

Shareshian & MW (2005):

2 ~ 1 mod 2

2
2n+1
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Conjecture (Shareshian and MW): Bottom nonvanishing homol-
ogy of NECZM_1 occurs in dimension (kg:l)n— 2 and

k ~ 1 mod k k41
H(k;rl)n_z('\'ECknJrl) =641 Hn—2(Mp,q7 ) ®@san g

k= 1: well-known

k= 2: Jonsson, Shareshian-MW
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Tree poset Vogtmann (1990)

T, = poset of trees on leaf set [n] where all internal nodes have
degree > 3.

T < T"if T can be obtained from T’ by contracting internal edges.

A(7,) has the homotopy type of a wedge of (n — 2)! (n — 4)-
spheres.
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SO A(T,,41) ~ A(My)

Robinson (2004), Ardila and Klivans (2004): A(7,41) and A(y)
are homeomorphic

Robinson and Whitehouse (1996):
As G,-modules

S, 11~
H, 3(Tp41) lg = H,_3(Mx)

As 6, 4 -modules

~ S,
H, 3(Tp41) = H, 3(Mn) 16" —H, 5(M,41)
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Other occurrences of Vogtmann complex and Whitehouse mod-

ule:

Cyclic Lie operad - Kontsevich (1993), Getzler, Kapranov
(1995)

Not 2-connected graph complex - Vassiliev (1997), Bab-
son, Bjorner, Linusson, Shareshian, Welker (1997), Turchin
(1997)

Kernel of Varchenko operator - Hanlon & Stanley (1998)
Bounded block size partition poset - Sundaram (1998)
Nonmodular partition poset - Sundaram (1999)
Phylogenetic tree space -Billera, Holms, Vogtmann (2003)

Bergman complexes- Sturmfels, Ardila, Klivans (2004)
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k
%n—l—Q

k-analog of Whitehouse Module - Hanlon (1996)

= subposet of 7y, ., consisting of trees in which all
internal nodes have degree = 2 mod k.

e As G, 41-modules

Srnt1 ~ 1 mod k
e AS 6,m+2-modules
1 mod k 6kn—|—2 1 mod k

Trappmann and Ziegler, MW: T’“+

5 IS shellable, brush basis

)
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: : , _ L 1 mod k
Robinson shomeomorphism restricts: A(Tkn+2) and A(I‘Ilm_'_1 )

are homeomorphic.

Shareshian & MW: As &,,_;-modules

62n

62n ~ 2
H3n—4(NPM2n) l62n— — n—3(7'2n) l62n_1

1

Conjecture (Linusson, Shareshian, Welker): As S,,,-modules

~ 2
H3n—4(N PMQn) — Hn—3(,72n)
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