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Littlewood:

Oz [[a-a” F= ) (—nUNdNIZ

1<J A=\
A IS a partition
)\ is the conjugate of \

sy IS a Schur function

d()\) is the size of the diagonal of \.

A = d(\) =




Macdonald: Weyl denominator formula for root
system Bj,

Burge: Combinatorial proof - sign reversing
involution

Stanley: Representation theoretic interpreta-
tion?

e Jozefiak and Weyman: minimal free reso-
lution of quotient of a polynomial ring

e Sigg: homology of free two-step nilpotent
Lie algebra



Extract degree n terms

S (=1)F eplhal hp_op = S (—1)F > S\

k k A AFEn
A=)\
d(\) = n — 2k

Hopf trace formula for the matching complex



The matching complex M, is the simplicial
complex of matchings on

[n] :={1,2,...,n}

vertices 2 element subsets of [n]

faces sets of pairwise disjoint

2 element subsets of [n]

12 34 14 23 13




Homology of the Matching Complex

The symmetric group S, acts on M,, by per-
muting node labels.

56 56
(2,3)

12 34 13 24

This induces a representation of &,, on C.(My; C)
and H,(My; C).

~ ]_k 2 —2k Sn
Cr—1(Mn) = (ST[ST @ 8" ) 18" e,]x6, o

where S* is the irreducible &,,-module indexed
by .

ch Ci_1(Mn) = eg[ho]h,_ok






Theorem (Bouc, 1990). As &,-modules,
. 1(My,;C) = an S
Al Abn

A=\
d()\) =n — 2k

Example: H;_1(Mg; C)

Self-conjugate shapes with 9 cells:




The r-matching complex M, (r) is the simpli-
cial complex of r-matchings on [n]

vertices

r — subsets of [n]
faces

sets of pairwise disjoint
r — subsets of [n]

Generalization of Littlewood identity?
Generalization of Bouc’'s Theorem?

> (=1)F eglhr] by, = Y- (=1)*chHj_1 (Mn(r))
k k

[T (1—zazyze) [[(1—z) "t = S (—1)Fchily_1 (Mn(3))
n,k

a<b<lc 1

chHy,_1(Mn(r)) <schur exlhr]hn—rk



12
13

r= 3
H\p 371 (Mn(3))

(3,1)

(4,1)+ (3,2)

0

(5,1,1) + (3,3,1)

(6,1,1) 4+ (5,3) + (5,2,1) + (4,3,1) + (3,3,2)
0

(7,1,1,1) 4+ (5,3,1,1) + (3,3,3,1)

(8,1,1,1) +(7,3,1) +(7,2,1,1) + (6
+(6,3,2) +(6,3,1,1) +(5,4,3) + (5
+(5,3,3) +(5,3,2,1) + (4,3,3,1) +

0

(971717 )_I_(?) 717171)+(575717171)
+(5,3,3,1,1) +(3,3,3,3,1)

747 1)
74717 )
(3,3,3,2)

Y



Conjecture:

chHjy_1 (My;41(r)) = eglhrlhaliength=k+1

For any partition A, let AF) be the partition
obtained from A\ by adding a column of size k.
Homomorphism ~;. : A — A defined by

S)\ > S)\(k)

Plethysm Lemma:

e length ei[h,] <k

o erlhrllicngin=r = Y& (hlhr—1])

So the conjecture is equivalent to

chHy 1 (M 4+1(r)) = vgg1(hi[hr—1])

Thm: For »r = 2,3 the conjecture holds.



o r—2:

Chﬁk_l(M2k+1(2)) — S(k+1,1,...,1)

o r = 3.
ChHy_1(M3,41(3)) = ) s
)\EAk

where A, consists of partitions (Aq,..., g, 1)
of 3k 4+ 1 with each )\; odd.

Proof uses the Plethysm Lemma and a long
exact sequence of Ksontini.



Ksontini’'s long exact sequence for r = 3

0 — Hy_1(M3441(3)) le,,— Hio(Mzg_o(3)) 193

— Hj,_o(M31(3)) — Hp_2(M3r41(3)) ley,—

This is used to eliminate partitions of length
less than k+ 1.



