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The matching complex M, is the simplicial complex of matchings
on

[n] :={1,2,...,n}

2 element subsets of [n]
sets of pairwise disjoint 2 element subsets of [n]

vertices
faces

Faces of M,: {12,34}, {14,23}, {13,24},

{12}, {13}, {14}, {23}, {24}, {34}, 0
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Chessboard Complex: Mm.n

vertex set {1,2,...,m} x{1,2,...,n}

face {(217]1)77(’5/%]]{:)} is 7 Uty Js 7= Jt VS, t
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Tits coset complexes: Garst(1979), MW/(2000), Babson &
Reiner(2001),

Quillen complexes: Bouc(1990), Ksontini(2000), Shareshian(2004),
Shareshian & MW (2005)

computational geometry (colored Tverberg problem): Vrecica
& Zivaljevic (1992), Bjorner, Lovasz, Vrecica, Zivaljevic (1994)

minimal free resolutions: Reiner & Roberts (1997)

topological combinatorics (bounded degree graph complexes):
Ziegler (1994), Bjorner & Welker(1998), Friedman & Han-

lon (1998), Karaguezian, Reiner & MW/(1999), Dong(1999),
Dong & MW (2000), MW(2000), Athanasiadis(2002), Shareshian
& MW (2004), Jonsson(2005).



Homology of the Matching Complex
The symmetric group S,, acts on M, in a natural way.

(2,3){12,34,56} = {13,24,56}
This induces a representation of &, on C;(My; C) and H;(My; C).

Theorem (Bouc, 1990). As &,-modules,

H, {(Mp;C) = D SA
A AEn
A= N
d(\) =n— 21
where S? is the irreducible Sn-module indexed by partition A,
)\ is the conjugate of XA and d()\) is the size of the diagonal of \.

A = d(\) = 3




Example: H,_{(Mgy; C)

Self-conjugate shapes with 9 cells:

Hy(Mg; C) = §333

_ ol
52(M9) — 5.4.3.4.3.2.3.2
= 42

. 9-1
| = 2 =4

H3(M9; C) — 551111

_ ol
63(M9) — 0.4.3.2.4.3.2
=70
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Quillen Complexes

Order complex AP of a partially ordered set P is the simplicial
complex whose faces are the chains of the poset.

Sp(G) = poset of nontrivial p-subgroups of finite group G ordered
by inclusion

Ap(G) = subposet of nontrivial elementary abelian p-subgroups
of G

Brown complex: AS,(G) Quillen complex: AA,(G)
Quillen (1978): ASH(G) ~ AALG)
Hi(ASy(G); C) =¢ Hy(AA(G); C)

where G acts by conjugation.
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Quillen Conjecture (1978): AA,(G) is contractible if and only if
G has a nontrivial normal p-subgroup.

< Easy to show AS,(G) contractible
True for solvable G
Aschbacher and Smith (1993); true for large class of G

Quillen (1978): If GG is a group of Lie type in characteristic p then
AAp(G) is homotopy equivalent to the building for G (which is
homotopy equivalent to a wedge of spheres)

Webb (1987): The representation of G on H«(AA,(G);C) is
isomorphic to the representation on the building (the Steinberg
representation).
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What about the symmetric group 6,72 VWhat can we say about
the homotopy type and homology of AA,(G&,)7?

13



What about the symmetric group &,,7 What can we say about
the homotopy type and homology of AA,(G&,)7?

Bouc (1990): Subposet 7,(&,) of A5(6,) consisting of elemen-
tary abelian 2-subgroups generated by transpositions.

Poset isomorphism 75(&,) — P(Mnp)

((1,3),(2,5),(4,6)) — {13,25,46},

where P(M,,) is the face poset of the matching complex.

AT5(Gp) ~ My

H;i(ATy(6n); C) =g, Hi(Mn;C)
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Bouc (1990): M, is (v(n) — 1)-connected, where v(n) = L”—gQJ.
So connected for n > 5 and simply connected for n > 8.



Bouc (1990): M, is (v(n) — 1)-connected, where v(n) = L”T_QJ.
So connected for n > 5 and simply connected for n > 8.

Ksontini (2000, 2003): If n > p? 4+ p then the inclusion map
induces a surjective homomorphism.

f i m(AT(6n)) — m(AA(SR))
So AA,(Gy) is simply connected for n > 8.

Ksontini uses p-hypergraph matching complex ML and p-cycle
poset 7,(G5) to obtain homotopy information about AA,(Gy)

When p is odd, AA,(&y,) is simply connected for n > p? + p
Shareshian (2004): H,(AA3(S3)) has torsion.

Shareshian and MW (2005): results on top homology of AA,(Gy)
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Bouc (1990): For n =1 mod 3 and n > 7, the bottom nonvan-
iIshing reduced integral homology of M,, is

For n = O0mod 3 and n > 12, Hy(n)(Mn) iS @ nonvanishing 3-
group of exponent at most 9.
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Piece of M7
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Bouc (1990):
If n=1mod 3, n>7 then H, (M) = Zs

If n =0mod3, n > 12 then H,, (Mn) is a nontrivial finite
3-group with exponent < 9.

Proof idea: Bouc shows for n = 0,1 mod 3, Hy(n)(Mn) IS gener-
ated by cycles of the form a A 8 where

a € Ho(Migpe1), B € Hygnz)(Mpap\ {ap,c})-
Since
3(aNB) =a N33

induction can be used.

Base step of induction for 1 mod 3:

Hy7y(M7) = Z3
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Shareshian & MW (2004): For n > 12 (except possibly n = 14),
H,/(n)(Mn) has exponent 3.

Our improvement:
Base step for n = 0 mod 3: Computer calculation using homol-
ogy software of Heckenbach, Welker, Dumas, Saunders:

H,10y(M73) = 226

n =2 mod 3: We show that H,,(n)(Mn) is generated by cycles of

the form
a N (3,

o € Ho(M{qpcae))s B € Hyn5)(Mp\fa,bc.de})

Since 3(aAB) = aA38 and n—5 = 0 mod 3, we can apply the
O mod 3 case when n—5 > 12.
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Tits Coset Complexes

Let G be a group and Gl,...,Gm a family of subgroups. Form
a simplicial complex

AG: G ....Gg™)

whose vertices are the cosets of the subgroups and whose facets
are of the form {¢G?t,...,gG™} where g € G.

Examples: Coxeter complexes, Tits buildings, chessboard com-
plexes (Garst)

Mmn = A(G; GL,...,G™) where
G=6G,and G*'={0ce€ B, |o@)=1i} fori=1,...,m.

Garst (1979): My, n has the homotopy type of a wedge of (m —
1)-spheres if and only if 2m — 1 < n.



Assume m < n. dim Mm.n = m — 1.

m

Bjorner, Lovasz, Vrecica, Zivaljevic (1994): Let

v(m,n) = min{m, Lm +§ + 2J} — 1.

Then My n is (v(m,n) — 1)-connected. Consequently

BLVZ Conjecture: H,/(m’n)(Mm,n) # 0.
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Assume m < n. dim Mm.n = m — 1.

m

Bjorner, Lovasz, Vrecica, Zivaljevic (1994): Let

v(m,n) = min{m, Lm +§ + 2J} — 1.

Then My n is (v(m,n) — 1)-connected. Consequently

BLVZ Conjecture: H,/(m’n)(Mm,n) # 0.

Garst (1979): True for n > 2m — 1 (top homology).
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Assume m < n. dim Mm.n = m — 1.

m

Bjorner, Lovasz, Vrecica, Zivaljevic (1994): Let

m-+n—2
i

Then My n is (v(m,n) — 1)-connected. Consequently

v(m,n) =min{m—1,|

BLVZ Conjecture: Hu(m,n)(Mm,n) # 0.
Garst (1979): True for n > 2m — 1 (top homology).

Friedman & Hanlon (1998): H

l/(m,n)(Mm,n) infinite iff n Z 2m —5
or (m,n) = (6,6),(7,7),(8,9)
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Chessboard complex - homology groups Hy(m,n)(Mm,n)

m\n 2 3 4 5 6 7
1 Z 7.2 73 74 7.5 7.0
2 7, 7, Z5 le Zl9 229
3 Z4 ZQ Zl4 Z47 2104
4 715 720 7.5 7225
5 Z3 2152 Z98
10
6 2 @ Ly L3
- 7,588 ¢ 706



Shareshian & MW (2004): BLVZ conjecture true for all m,n.
Finite Hy,(,;, n)(Mm,n) always has 3-torsion.

Moreover, if m4+n=1mod 3 and n < 2m — 5 then

Hl/(m,n) (Mm,n) = 43
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Analog of Bouc s long exact sequence — Hy(m,n)(Mm,n) is gen-
erated by cycles of the form

a (B
where
Q€ HO(M2,1>7 SAS Hu(m—Q,n—l)(Mm—Q,n—l)
or
o € Ho(My 2), BeH, (m1n-—2)My_1n_2)

We must factor cycles in the top homology in order to apply
induction.
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Top Homology

The symmetric group G5, acts on Mm n by permuting the columns
of the chessboard. This induces a representation of &, on
H*(Mm,n)

Garst (1979): As &,-modules
H__(MnnC) = a A

AbFn
Al =n—m

where \* is obtained from A by removing the first row.
So rank(H,, 1(Mmn)) = # pairs of SYT of sizes m and n, whose
shapes differ by a row (Garst pair).

For each Garst pair we construct a cycle and a cocycle of top
dimension.
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Cocycle in M4’8:

v(P,Q) = (2,3) AN (4,5) AN (3,7) N (1,8)
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Cycle

112146

35
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Cycle

112146

35

2| 3 |oojo0
4 |00

42



Cycle

3 7

13
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35

214 |oojoo
00|00
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Cycle

3 7
1
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214 |00

0100
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Cycle

1 4

214

1

pie’elle’s
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Cycle

N O

W| |00
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Cycle

1 3
2 4 cooo

W
N o1 ~
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Cycle

1 4
2 00 00 00

N O1 N

W
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Cycle

13
2 4
o0 OO OO OO

= W
N 01 N

49



Cycle

13
2 4
o0 OO OO OO

= W
N 01 N

M1 oy 41,38y My3.4) 4257 My a1, My g6y
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Cycle

1 3 8 7
2 4 35
00 00 0O OO 1 246

M1 2y 11,38y Mz.4y,(257 My sy My (6

Complexes are pseudomanifolds. So top homology is cyclic.
Hy (M1 0y(138)) = (@)
Hi(M341(20571) = (5)

Define

p(P,Q) =aAp e Hz(Myg)
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Theorem: {p(P,Q) : (P,Q) a Garst pair}isa basisfor H_,_{(Mmn).

Idea of Proof: We find an ordering of the pairs of standard
Young tableaux

(PlaQ]_)a"'a(Pk)Qk)

so that the matrix

(o(P;, Qi) v( Py, Q4)))i i=1... k

IS unitriangular.
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So H,, 1{(Mm,n) is generated by elements of the form
[A ] B] AT,

where
e AC[m], BC[n] and |A| = |B| -1

e [A| B] is a fundamental cycle of the pseudomanifold M4 g

e 7€ Hpy 1 A(Myy)—a[n]-B)-

T his factorization of generating cycles in the top homology en-
ables us to push through the induction step of the torsion result.

The base step H,, (5 5)(M5 5) - Z3 was obtained using the soft-
ware package of Dumas, Heckenbech, Saunders, Welker.
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Shareshian & MW: H,,(,, ,y(Mmn) is nonvanishing for all m and
n. Has 3-torsion whenever finite. Moreover

e m+n=1mod3
Ifm<n<2m—5 then

Hy(m,n) (Mm,n) — ZS

e m+n=0mod3
If m < n < 2m -9 then H,, ,\(Mmn) is a 3-group with
exponent at most 9.

e m+n=2mod3

If m < n < 2m —13 then H,, ,)(Mmn) is a 3-group with
exponent at most 9.

54



Conjecture: Shareshian & MW

e If n>2m —5 then H,,(, ,y(Mm,;n) torsion-free

o if n <2m —5 then H,, ,»(Mmn) has 3-torsion.
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Conjecture: Shareshian & MW

e If n>2m —5 then H,,(, ,y(Mm,;n) torsion-free

o if n<2m —5 then H, ., ,»(Mmn) has 3-torsion.

Shareshian-MW Theorem applies.

v(m,n)

(m,n) = (6,6),(7,7) computer found 3-torsion.

(m,n) = (8,9) open

(Mm.n) is finite.

So
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Conjecture: Shareshian & MW

e If n>2m —5 then H,, ,y(Mmnn) torsion-free

o ifn<2m—5 then H

v(m,n)

(Mm,n) has 3-torsion.

2m —n < 1 = v(m,n) = m — 1. Top homology always free.
2m —n =2,3,4 = v(m,n) = m — 2. Codimension 1 homology

57



Conjecture: Shareshian & MW

e If n>2m —5 then H,, ,y(Mmnn) torsion-free

o ifn<2m—5 then H

v(m,n)

(Mm,n) has 3-torsion.

2m —n < 1 = v(m,n) = m — 1. Top homology always free.
2m —n =2,3,4 = v(m,n) = m — 2. Codimension 1 homology
Shareshian & MW: If 2m — n = 2 then

Hl/(m,n)(Mm,n) — Zcm—1’

where Cm — ﬁ(%ﬁ)

2m —n = 3,4 open.
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Friedman & Hanlon(1998): As (&, x &5)-modules,

~Y /
Hy s(Mmn;©)= P Vo s
(A,p)ER(m,n,p)
where R(m,n,p) is the set of all pairs of partitions (AFm, u+n)
which can be obtained from a partition v + p as follows

«— n-p —»

<—$—>
©

7

<-— n-p+1 — - nN-p —»

«—3
o
3
T

- +—>

7 2




Slm ® S(m—l,m—l)

Hm—Q(Mm,Qm—Q; C) —GmXx6s,,

H, (M, 5, 2:C) =6, . g(m—1,m-1)

m

dim H,,_o(M,, 20,—2: C) = #SYT of shape (m—1,m—1) =¢,,_;

To show H,, 5(M,, 5, »;Z) is free we show = Sém_l’m_l)
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Presentation of Specht module 52:
Generators: tableaux of shape A with distinct entries 1,2,....,n.

Column relations: oT =sgn(c) T VYoeC(T)

32 112
1 3

Garnir relations:



Let w; ;(T') := word obtained by reading top ¢ entries of column
7+ 1 followed by entries of column 5 from row ¢ down.

10

N | Ol

O W~
(@) INO oSN —

’U}2’2 = 52486

11

Define
9 ;(T) =) sgn(o) oT
o

summed over all ¢ € &, such that o7 is obtained from T by
replacing the red entries of column 5 + 1 with a subword of Wi
and replacing the red entries of column 3 with the complementary
subword.
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922 —

The Garnir relations are the relations g; ;(T) =0 Vi,j

711510

322 ’UJ272:52486

11/6
71510 |7/1/510 |7/1/510 |7|1/510 |7]1(210
342 3124 _|_328 326 3|54
9|3 0|8 04 04 9|38
116 11/6 116 118 11/6

Let TA = {tableaux of shape A}

7

S = (T* | Garnir relations & column relations )




Sgn_l’m_l) relations
a; b.;
f b
] aj
a; 1 ]a aj | aj |51
bj_1| - bj_1| - aj_1| -
| 4 | aj b; —0
bi_1| b bj | bj_1 aj|bj_1
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(m—1)2

fined on generators by

Let ¢ : Sy — H,,_>(M,, 5,,_2) be the homomorphism de-
@1 92| """ | 9m-—1 )
b1 1 ba | by

o

== [1 | al,bl] A\ [2 | CL2,b2] AN... N\ [m— 1 | a’m—17bm—1]7

where [j | a;,b;] denotes the fundamental cycle (j,a;) — (j,b;) of

Ho(M{5y 1a;b;})

Clear that column relations map to O.

a;]- b,

b T

J

):(---[j|aj,bj]°°')+("'[j|bjaaj]"')
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Check that Garnir relations map to boundary relations, i.e.,

—1

o o o a
oot
by

IS a boundary

b1
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Claim: ¢ is surjective.

Theorem: H,, (M, 5,,_») is generated by elements of the form
[1 | al,bl] N\ [2 | CLQ,bQ] A... N\ [m — 1 | am_l,bm_l],

where [,] | G,J,b]] L= (.]7 a’j) — (]7 bj)

S(m—1)2 ¢ H M ~H M H M

m

surjection between free abelian groups of the same rank c,,_4

So H,,_o(M,, o,,,—2) is free of rank ¢, _;.

67



