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Littlewood:

Oz [[a-a” F= ) (—nUNdNIZ

1<J A=\
A IS a partition
)\ is the conjugate of \

sy IS a Schur function

d()\) is the size of the diagonal of \.

A = d(\) =




Macdonald: Weyl denominator formula for root
system Bj,

Burge: Combinatorial proof - sign reversing
involution

Stanley: Representation theoretic interpreta-
tion?

e Jozefiak and Weyman: minimal free reso-
lution of quotient of a polynomial ring

e Sigg: homology of free two-step nilpotent
Lie algebra



Extract degree n terms

> (1) ep[ho] hp—op =D (—1)P > S\

p p Al AbEn
A=\
d(\) =n—2p

Hopf trace formula for the matching complex



The matching complex M, is the simplicial
complex of matchings on

[n] :={1,2,...,n}

vertices 2 element subsets of [n]

faces sets of pairwise disjoint

2 element subsets of [n]
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Homology of the Matching Complex

The symmetric group &, acts on M, by per-
muting node labels.

56 56
(2,3)

12 34 13 24

This induces a representation of &, on Cyp(Mp; C)
and Hy(My; C).

~ 1Pr a2 —2 Sn
Cp—l(Mn) — (S [S ] x S P) T(‘5;0[62]><6n—210

where S* is the irreducible &,,-module indexed
by A



Theorem (Bouc, 1990). As &,-modules,

Hy 1(Mn;C) =

Example: H,_1(My;C)

® <

Al AFEn
A=\
d(A\) =n—2p

Self-conjugate shapes with 9 cells:

H(Mg; C) = §333

2 — 9l
52(M9) — 5.4.3.4.3.2.3.2

= 42

9-1
p = 2—:4

f3(M; ) = §51111

3 _ 9l
53(M9) — 90.4.3.2.4.3-2.

=70



Bouc’s Theorem

Bouc(1990) - Quillen complexes

Jozefiak & Weyman(1988) - homology of
complex of GL,(C)-modules arising from
study of minimal free resolutions of quo-
tient of a polynomial ring

Karaguezian(1994) - homology of bounded
degree graph complexes

Sigg(1996) - homology of free two-step
nilpotent Lie algebra

Reiner & Roberts(1997) - minimal free res-
olutions - homology of bounded degree graph
complexes



Laplacian Proof of Bouc’s Theorem

Dong & MW (1999) (ideas borrowed from Sigg's
work on the homology of the free two-step

nilpotent Lie algebra and from Friedman &

Hanlon's work on the homology of the chess-

board complex)

The combinatorial Laplacian Ay, : Cp(My,C) —
Cp(Mnp,C) is defined by

Ap = 0p—10p + Op410p

where 0 is the boundary map and ¢ is the
coboundary map.

Analogue of Hodge Theory (Kostant):

Hp(Mp;C) g kerAp



Lemma For all v € Cp(Mn,; C),

Np(v) =T -7

where

1<i<g<n

How does T act on irreducibles?

Macdonald: For all v € S?,

T-v=cy\y
where
d i+ 1 Bi+1
CA:.Z;((QQ ) - (75 ))
for

)\:(al,...,ad|51,---7/8d)



Now decompose Cp(Mp; C) into irreducibles by
using another Littlewood formula,

A4 zz) =) sy

i<j A
summed over partitions A of the form

(a1 +1,...,00+1]|a1,...,aq).

By Pieri’'s rule

Cp 1(Mn;C) 2 P v} s
AEA,
where

An={AFn| A= (a1,...,aq | B1,...,8q), ;> B;}

For A self-conjugate, b = 1 if d(A) =n —2p
and is O otherwise.



For A € A, we see ¢y, = O iff A is self-conjugate.
So

kerA, 1= @ W = D S*
Al AFEN Al AFEn
A= N A=
d(\) =n—2p

Problem. Find a natural basis for Hyp(My; C)
(or for ker Ap) indexed by standard tableaux of
self-conjugate shape.



Chessboard Complex My

[m] x [n]
{(i17j1)7 SR (Zkajk)}
is # ity Js # Jt Vs, t

vertex set
face

facet of M3 4:

1
1 1 X

o 2
2 ; 5 X
3\4 3 X

(1,3)

2,1) (3,4)



Homology of the Chessboard Complex

The group 6m x6&y, acts on My, » which induces
a representation of &, x &y, on Hy(Mp,n; C).

Friedman & Hanlon(1998): As &,,x&,-modules,

I:Ip—l(Mm,n; C) = @ S)\ ® SH
s
summed over all pairs of partitions AFm, ukFn
which can be obtained from a partition a F p
in the following way






Garst(1979): Tits coset complexes - computed
top homology

Vrécica & Zivaljevic(1992): Computational ge-
ometry (Colored Tverberg Problem) - connec-
tivity bounds

Reiner & Roberts(1997): Commutative alge-
bra (minimal free resolutions) -bounded degree
bipartite graph complexes



Bjorner, Lovasz, Vrécica, Zivaljevic (1994): Let

vp = "] 1 & vmp = min{m, | 222} 1.

Then
e My is (vn — 1)-connected

© Mmn is (vm,n — 1)-connected

BLVZ Conjecture:

o ﬁVm,n(Mm,n; Z)#0
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Bouc (1990):
Ifn=1mod3, n>7 then H,,(M,) = Z3

If n = 0mod3, n > 12 then H,, (My) is a
nontrivial finite 3-group with exponent at most
0.

Shareshian & MW (1999): H,, (M) is non-
vanishing for all n. Moreover, for all n > 12
(except possibly n = 14)

A, (My) 22 75

where rp, > 1.

Proof idea: Bouc shows for n = 0,1 mod 3,
H,, (My) is generated by cycles of the form

o * 3

where a € Ho(Myape}): B € Huy s (Mpnpfap.e})-
Since 3(ax ) = a* 33, induction can be used.

Base step of induction for 1 mod 3:

ﬁl/7(M7) = L3



Our improvement:

Base step for n = 0 mod 3: Computer calcula-
tion using homology software of Heckenbach,
Welker, Dumas, Saunders:

ﬁu12(M12) — Zg6

n =2 mod 3: We show that H,, (M,) is gener-
ated by cycles of the form

o * 3,

Q€ HO(M{a,b,C,d,€}>’ /8 = ﬁl/n_5(M[n]\{a,b,c,d,e})

Since 3(a*xB) = a*x3p3 and n—5 = 0 mod 3, we
can apply the O mod 3 case when n—-5 > 12

Open Problems:
e Eliminate use of the computer
e Determine rp,

e Show that there is only 3-torsion in all ho-
mology groups of M, (conjecture of Bab-
son, Bjorner, Linusson, Shareshian, Welker)



Chessboard Complex - homology groups

ﬁVm,n(Mm,n)

1 72 73 74 7>
2 7z 7 7> 7zl 719
3 Z4 ZQ Zl4 Z47
4 Zl5 ZQO ZS
5 Z3 7152
25 10
6 7> & L3
.



Torsion in the Chessboard Complex

Note: If 2m — 1 < n then vyn = m — 1. SO
Hypy (M) is top homology which is free.

Shareshian & MW (2000): Hy,, ,,(Mmn) is non-
vanishing for all m and n. Moreover

e n+m=1mod3
IF5<m<n<2m—>5 then

ﬁvm,n(Mm,n) = 13

e n+m=0mod3
If 9 <m <n<2m-—9 then Hy,,,(Mmnn) is
a 3-group with exponent at most 9.

e n+m=2mod3
If 13 <m <n<2m-—13 then Hy,, ,(Mmnn)
IS a 3-group with exponent at most 9.



Basis for Top Homology and Cohomology

Recall Friedman-Hanlon

Hpy_1(Mp,n; C) 2 P S @ S*
A1
When p=m <n

n-m

ANl = m L — n



From a pair of young tableaux of shape A\ and
@ we construct a cycle and a cocycle of di-
mension m — 1 using the Robinson-Schensted

correspondence.

[1[2]ale
5

=
8
8

N
~




1]2]4]6]
1]3 3|5
2 7
4 3
S T
1] 3]0 o] 1]2]4]6l
2 |oo 3|5
4 7
00 8

l inverse Robinson-Schensted

0000200440031



Cocycle:
oo 00 2 o0 4 oo 31
1 2 3 4 5 6 7 8

~(S,T) = (23,45,37,18)



Cycle:

4+ 8 ~ W

M and M3 412 57} are pseudoman-
ifolds. So top homology is cyclic. Let

1?1(M )
Hi(M3 24100577) = (B)

Define

p(S,T) = x 3 € H3(Mag)



Shareshian & MW:
o {p(S,T)| (S, T) is a Friedman-Hanlon pair}

is a basis for H,,_1(Mm.n)

o {~v(S,T)]| (S, T) is a Friedman-Hanlon pair}
is a basis for the free part of A™ (M)

Idea of Proof: We order the pairs of standard
tableaux

(SlaT1>7 SRR (Sk,Tk)

so that the matrix

((p(S;, T3),v(S5,T5)) )i j=1,..t

IS triangular with 1's on the diagonal. From
this we can establish the result.



Shareshian and MW (2001): H«(My, ) is free
for all n > 2m — 2.

ﬁm—Q(Mm,Qm—Q) = Zm-1

where ¢, is the mth Catalan number.

Proof outline: Friedman and Hanlon =>

A o(Myyom-—2:C) 2 81" gm=1)°

YT, := set of Young tableaux of shape A
SYT) := set of standard Young tableaux of
shape \.



For each T € YT(m_l)g construct

PT € ﬁm—Q(Mm,Qm—Q)

as follows

PT — a{l},{al,bl} ook a{m—l};{am—labm—l}

where ayg;y ¢, 1 IS the fundamental cycle
of Ho(M{;1 fa,0,})



e Show map defined on polytabloids by

er — pPT
is a well-defined Z-homomorphism
2 ~
P . S(m_l) — Hm—Q(Mm,Qm—2>

by using the Garnir relations.

e Show

{or | T € YT 1y2)

spans H,,_o>(Mp, 2m—2) by using the de-
composition of bottom homology cycles into
smaller cycles.

So ¢ is onto.

By Friedman-Hanlon, rank of free part 201‘
Hyy—2(My, 2m—2) equals rank of s(m=1)% gq
@ IS an isomorphism which implies that
Hyy—2(Mpy, 2m—2) is free of rank 1SYT(,, _1y2| =

Cm—1-



Monotone graph property is a property of a
labeled graph that is closed under removal of
edges and relabeling of vertices.

Examples:
e Not connected
e Not k-connected

e degree < b

Set of graphs on vertex set [n] that have a
monotone graph property P forms an &,-simplicial
complex A(P).

vertices := 2 element subsets of [n]
faces := edge sets of graphs on [n]
with Property P

Second example: kK = 2, connections with Vasiliev
knot invariants

Third example: b=1, A(P) = M,



Generalizations and Variations

Hypergraph version: Bjorner, Lovasz, Vrécica
& Zivaljevic(1992), Bjorner & Eriksson(1999),
Ksontini(2000), Shareshian(2000), Shareshian
& MW(2001)

Directed graph and multigraph versions: Bjorner
& Welker(1998), MW/(1999)

General Bounded Degree: Reiner & Roberts(1997),
Karaguezian, Reiner & MW (1999), Dong(1999),
MW (1999)



Littlewood Identities:

[Tz [[1-z)~t = 3 (~1)A=A2s,

1<J A=N

[T =iz = Y (—1)H/2s,

1< neB
where B is the set of all partitions of form
(a1, aq| a1 +1,...,aq+ 1) for some d.

Combine to get
[1(1 — 2z) JJ(1 — )"t =
i,j i

S (—1)UANFIWI=dN)/2 g

A=)\
©weB

MW (1999): Hopf Trace formula for the di-
rected matching complex, DM,

H, 1(DM;C) 2 @ S
Al +pl =n
A= N
d(\) =n—2p

uwebB



Generalization to Multigraphs

Let M)" be the matching complex of the com-
plete multigraph on node set [n] with m dis-
tinct edges between each (unordered) pair of
vertices.

MW: As S,-modules,

A, (ML) 2 @ (r—1)H/2 gow

To prove this we express the homology of M/ in
terms of the homology of M,,. This relation-
ship leads to a generalization of the Quillen
Fiber Lemma due to Bjorner, MW & Welker
(1999).



