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A Lie algebra L has Property M if

H«(L ® C[t]/(t")) & Ho (L)®* VE>0

Strong Macdonald Conjecture (Hanlon 1988):
Semisimple — property M

This implies Macdonald’s root system conjec-
tures.

Hanlon also conjectured that the following Lie
algebras have property M

e Lie algebra T, of strictly upper triangular
n X n matrices

e Heisenberg Lie algebra Hy, 41



Results

Cherednik (1995): Macdonald root system con-
jecture

Fishel, Grojnowski, Teleman (2001): Strong
Macdonald Conjecture

Kumar (1999): False for T, n > 4

Still open for the Heisenberg Lie algebra Ho, 4 1.
Even for Hz = T3.



Basis for T3x:

O 10 O 0O
e= |0 0 O f=10 01 r =
|0 0 0 |0 0 0 ]

Bracket for 13:
le,fl=ef —fe=u
[f7 6] — =

All other brackets of basis elements = 0O

oNoN®)
oNoN®)
oNoN




Lie algebra Homology
Or i AL — AT
Or(ug A -+ ANuyp) =
ST I wg A ATA AT Aur A, ug]
i<j
Homology of Koszul complex (ATL,0r):

Hy(L) := ker 0r/imd,41

Example: L =13
AN'13 =0 for r >4 since dimiz = 3.

A3Tz = (e A fAx)
OenfArzx) = zNle f] — fAlez] + en[f, ]

x/N\x

0
So kerog=(eANfAx) & iMmos=0—
H3(T3) = (e N f N zx)



Hy(T3) = O forr > 4
H3(T3) = (eAfAux)

H>(T3) = (eAz, fAx)

Hy1(T3) = (e, f)

Ho(T3) = (1)

So

S dim Hy(T3)y" = 14 2y + 242 + 4/°

Property M for Tx is

N dim Hy (T30C[1]/(17)y" = (14+2y+2y2+y3)"
r>0



Extended Lie algebra

Lie algebra L, associative algebra A
L ® A is the Lie algebra with bracket

[u®a,v®b] .= [u,v] ®ab

Basis for L, := T3 @ C[t]/(tF):

{eg, ... ex—1,for s fr_1,%0,- -, Th_1},
where e; = e®t!, fi=fRt, =, =zt
The only nonzero brackets on basis elements:

[e;, f]] = —[fj, e;] = Titj where 7 4+ 5 < k.

AL = @ A(E) @ AN"(F) @ AP(X),
m7n7p
where £ = <607° . -aek—1>>F — <f07 . -»fk—1>7
X =(zg,...,Tp_1)-

Koszul complex (ALy,0) is graded by (e, f,x)-
degree.



Homology graded by (e, f,xz)-degree

H(Ly) = @ Hmnp(Ly)

m7n7p

H3(L1) = (eo A foANzg) = H111(L1)

Ho(L1) = (eo Az, foAxo) = Hi01(L1) ® Ho11(L1)
H1(L1) = (eo, fo) = H1ioo(L1) ® Hpo10(L1)

Ho(L1) = (1) = Hooo(L1)

So

Z dim Hp np(L1)u"v"w? = 1+u+tv+uw+vwtuvw

m7n7p

Refinement of Property M for T3 is
Z dim Hpnp(Lp)uo"wP = (1—I—’u,—l—fu—l—fu/w—I—’Uw—I—ufvfw)]‘j

m7n7p

Set w=20
Theorem (Hanlon and MW)

> dim Hy,  o(Lp)u™0™ = (14 u + v)F

m,n




Equivalently,

dim Hpnot)=(  ° )

m,n,k —m—n
Adin & Athanasiadis (1996): m=1 case.

To prove this we switch to cohomology

H"™™P(L) = Hm,n,p(Lk)

Coboundary map ¢

d(eo Ne3z Nxg) = eo Negz ANeg A fg
eo Neg ANeq A fg
eo NegANex A fa
ex> Nez ANez A f3
eo Neg Neg /N [o
eo Nez Neg A fq
e> Ne3z NAeg A fo

+ 4+ + 4+ + +

d(ep ANesANea N fo) =0



Ker S 1m0 = A (E) @ A" (F)
Hm’n’O(Lk) = A""(E) @ A" (F)/im 5m—1,n—1,1

Let By = €y N Neg, it I ={i1 <...<1im}.
So H™™0(L,) has generating set

ler ANyl =m, |J| =n;}

subject to coboundary relations.

Theorem (Hanlon and MW)

{erANfs| || =m, |J|=n, minJ > m}

is a basis for H™™0(L,).

Follows that

amimnow) = (¢ =( )

m,n,k —m—n



To prove spanning we use coboundary relations
to ‘“straighten” ey Aejy when minJ < |I|.

Difficulties:
e Which coboundary relations?

e \What does it mean to be straighter?

Straighten eo Aeg Aeg A f1

O0=4d6(ex Ne3 Axg) = eo ANez Aeg N fe
eo ANeg Aeq A fg
eo NegANex A fa
eo Negz ANe3 A f3
eo ANeg Aeg N fo
eo Neg ANeg A fq
e> Negz Aeg A fo

+ 4+ + + 4+ +

better
better
0
0
better

WOrse



Ordered alphabet

A={0<0<1<l<...<k—-1<k-1}

Associate word in A* with each wedge product

P19 i1 im ITj<m

pleig - Aei M) = { 1112 * - " im it j >m

Straighter = lexicographically smaller word

O=9¥d(exANesAxg) = exANegsAegA fa 025
+ e>NesANei A f3 125
+ e>ANegANex A fo
+ ecANegAe3z A fi 235
+ ecANegAesg N fo 245



By Poincaré duality we get a complementary
basis for H,, ,, (L) and

| k
AiM Hyp 1, (L) = <l~c—m k—n m—l—n—k)

Conjecture

{ernay || =m, |J|=p, {0,...,p =1} C I}

is a basis for H,, g ,(Lg)-

Follows that

| ks k — k
dim Hyp, 0 (L) = (p) (m _Z) — (p, m—p, k — m)

Again by Poincaré duality we get a comple-
mentary basis for H™*P(L,;) and

| k
Aim Hop g p (L) = (k—m k—p m-l-p—k)



